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Abstract

In observational study, handling confounders is a primary issue in measuring treat-
ment effect of interest. Historically, a regression with covariate adjustment (covariate-
adjusted regression) has been the typical approach to estimate treatment effect incor-
porating potential confounders into model. However, ever since the introduction of the
propensity score, covariate-adjusted regression has been gradually replaced in medical
literatures with various balancing methods based on propensity score. On the other
hand, there is only a paucity of researches assessing propensity score methods com-
pared with the covariate-adjusted regression. This paper examined the performance of
propensity score methods in estimating risk difference and compare their performance
with the covariate-adjusted regression by a Monte Carlo study. The study demonstrated
in general the covariate-adjusted regression with variable selection procedure outper-
formed propensity-score-based methods in terms both of bias and MSE, suggesting that
the classical regression method needs to be considered, rather than the propensity score
methods, if a performance is a primary concern.

Keywords: Inverse probability of treatment weighting, Monte Carlo study, propensity
score.

1. Introduction

In observational study, in the absence of ability to control on baseline characteristics of
subject, handling confounder is a primary issue in measuring treatment effect of interest.
Randomized studies are designed to balance, from the beginning, distributions of subjects’
baseline characteristics across groups so as to guarantee similarity across groups except for
the treatments only. However, in the observational study, treatment exposure is impossible to
control so that treatment exposure has a potential to be associated with subjects’ characteris-
tics resulting in seriously-imbalanced distribution of baseline characteristics. Consequently,
unbiased treatment comparisons from observational data require methods that adjust for
such confounding of exposure to treatment with subject characteristics. Moreover, to make
an inferences with a causal interpretation, it is necessary to make appropriate adjustment
taking into account the imbalance in baseline characteristics.
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In addressing confounder issues, there have typically been two approaches (Susanne, 2010).
The first one takes model-based approaches in which outcome is regressed on treatment and
on covariates as well and treatment effect is estimated with being adjusted for covariates
which may play potential confounder role. The other one is a design-based approach to
mimic RCT, which attempted to define classes of individuals within which those individuals
are balanced, i.e., the individuals are comparable regarding their covariate distributions in
a way that comparisons within classes are meaningful.

Since Rosenbaum and Rubin (1983) introduced the propensity score to estimate marginal
causal treatment effects, various balancing methods based on propensity-score have been
introduced and practiced in observational studies. Now that the propensity score aggre-
gates covariate information into a single score, propensity score is easier to use rather than
numerous covariates, if a control for confounding is needed. Typically, four methods have
been frequently exercised in practice to use the propensity score: stratification, matching,
covariate adjustment and inverse probability weighting. Stratification and matching by the
propensity score can be classified as the design-based approach and covariate adjustment and
inverse probability weighting by the propensity score can be as the model-based methods
(Susanne, 2010).

Historically, a regression with covariate adjustment (covariate-adjusted regression) has
been the typical approach to estimate treatment effect while explaining the effects of aux-
iliary covariates on outcomes. However, ever since the propensity score was introduced by
Rosenbaum and Rubin (1983), adoption of the propensity score methods has gradually grown
and recently they almost become mandatory procedures in medical literatures. On the other
hand, there is only a paucity of researches on pros and cons of the propensity score meth-
ods over the covariate-adjusted regression method (Austin, 2008; Austin, 2011; Shah et al.,
2005). Even in the performance studies of the propensity score where the classical covariate-
adjusted regression approach was employed, the propensity score methods tended to be
compared with suboptimal regression models. For example, Austin (2008) compared the
propensity score methods with the regression models in which covariates were pre-specified
without variable selection procedures considered. A primary objective of the current study is
to examine the performance of propensity score matching, inverse probability of treatment
weighting (IPTW) and covariate adjustment using propensity score in estimating the risk
difference and compare their performance with the regression with covariate adjustment to
see how much benefit we can get from the propensity score methods. In Section 2 and 3,
we will review on propensity score and associated methods. We will present the outcome of
Mote Carlo study in Section 4 and conclude in the Section 5.

2. Propensity score

Let R be an indicator of observed treatment exposure (R = 1 if treated, R = 0 if untreated)
and X be a covariate vector of baseline characteristics. Each subject is assumed to have an
associated random vector (Y 0, Y 1), where Y 0 is the outcome that a subject would have if
treatment is not received and Y 1 is the outcome that a subject would have if treatment is
received. For each subject, we can observe only one of Y 0 and Y 1 so that Y 0 and Y 1 are
referred to as counterfactuals. The observed outcome Y can be formulated as

Y = Y 1R+ (1−R)Y 0. (2.1)
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In medical or epidemiological studies, quantities of central interest tend to involve E(Y 1)
and E(Y 0). For instance, in evaluating treatment effect, it is an usual practice to report risk
difference defined by

∆ ≡ E(Y 1)− E(Y 0).

The distributions of Y 0 and Y 1 can be considered to represent the hypothetical outcome
distributions provided that all the subjects in the population received treatment or not,
respectively so that resulting measurement of treatment effects would be attributable to,
or caused by, the treatments. This framework makes it possible to make causal statements,
from observational data.

It is remarkable, however, that for any subject the both counterfactuals are never able to be
observable so that capability of estimation on ∆ relies on whether E(Y 0) and E(Y 1) are able
to be estimated from the observed data. The sample risk difference calculated from subjects
receiving treatment estimates E(Y |R = 1) and it is equal to E(Y 1|R = 1) by (2.1), which
is evidently different from E(Y 1). In a randomized trial, this limitation can be overcome by
randomization scheme at designing stage. If R is assigned to each participant at random, we
obtain (Y 0, Y 1) |= R, where |= denotes statistical independence. Then it follows from (2.1)
that we have E(Y |R = 1) = E(Y 1|R = 1) = E(Y 1), and similarly E(Y |R = 0) = E(Y 0).
Therefore, we can obtain unbiased estimator of risk difference with a causal interpretation,
as widely accepted.

Non-estimability of causal risk difference in observational studies is caused by uncontrol-
lable R that may not be independent of (Y 0, Y 1). Rosenbaum and Rubin (1983) addressed
this issue by introducing the propensity score to enable (Y 0, Y 1) independent from R given
propensity score. The propensity score e(X) ≡ P (R = 1|X) is the probability of treat-
ment given the observed covariates. Rosenbaum and Rubin (1983) showed that under some
conditions

(Y 0, Y 1) |= R|e(X) (2.2)

X |= R|e(X) (2.3)

where |= denotes statistical independence between random variables (Lunceford and David-
ian, 2004). We can see from (2.2) that by conditioning on propensity score we can achieve
independence of counterfactuals for individuals from treatment exposure. We can also see
from (2.3) that subjects from either treatment group or control group with the same propen-
sity score are balanced in the manner that the distribution of X is the same regardless of
exposure status.

3. Review on different propensity-score methods

In this section, we will review three propensity-score-based methods and for the sake
of comparison we will also review the covariate-adjusted regression method. Let Y =
(Y1, . . . , Yn) be outcome and R = (R1, . . . , Rn) denote treatment assignment, where Ri = 1
denoting subject i received treatment and Ri = 0 denoting an absences of treatment. We
also let X = (X1, . . . ,Xn) be a collection of covariates in which Xi is a p-dimensional
vector of baseline characteristics associated with subject i. Furthermore, let ei denote the
propensity score associated with subject i.
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These developments may be exploited to derive estimators for ∆ from observed data
(Yi, Ri,Xi), i = 1, . . . , N , an i.i.d. sample containing both treated and control subjects. In
practice, the propensity score is unlikely to be known, so it is routine to estimate it from
the observed data (R,X ) by assuming that e(X) follows a parametric model. In estimating
e(X) ≡ P (R = 1|X), logistic model is typically employed, which is formulated by

logit{e(X)} = β∗
0 + β∗X,

where β∗ is a coefficient vector associated with covariate vector X.

3.1. Propensity score matching

Propensity-score matching methods yield treatment and control groups by matching distri-
bution of propensity scores. The most common approach is nearest-neighbor pair-matching
without replacement. To enhance matching performance, it is common practice to specify
calipers of the propensity score. It is widely accepted that practically-optimal caliper width
is set to 20% of standard deviation of estimation propensity scores (Rosenbaum, 2010). Set-
ting caliper width can secure that the propensity score of the matched subjects lies within
a specified distance of one another (the caliper width). Once a propensity-score-matched
sample has been formed, the risk difference can be estimated as the difference between the
proportion of untreated subjects experiencing the outcome and the proportion of treated
subjects experiencing the outcome in the matched sample.

3.2. Inverse probability of treatment weighting

The inverse probability of treatment weighting is defined as wi ≡ Ri/ei+(1−Ri)/(1−ei)
(Lunceford and Davidian, 2004) and this weighting scheme is designed to estimate average
treatment effect (ATE). The first IPTW estimator of risk difference we considered is the one
originally proposed by Rosenbaum (1987), that is defined by

∆IPTWRosen
=

1

n

n∑
i=1

RiYi
êi
− 1

n

n∑
i=1

(1−Ri)Yi
1− êi

.

The other IPTW estimator we also considered is obtained by fitting weighted logistic
regression in which we regress logit(π) on R with IPTW incorporated as a weight. Then we
can estimate ∆ using

∆IPTWlogit
≡ eγ̂ − 1

eγ̂ + 1
,

where γ̂ is the estimated coefficient associated with R.

3.3. Covariate adjustment using propensity score

In covariate adjustment using the propensity score, the effect of treatment on the out-
come is estimated by the regression of outcome on indicator variable denoting treatment
assignment and propensity score. This is the most commonly used propensity-score method
in the medical literature (Weitzen et al., 2004; Shah et al., 2005; Rosenbaum, 2010). The
first approach we considered was a logistic regression modeled by

logit(π|X, R) = β0 + β1ê(X) + γR
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where π ≡ P (Y = 1). The problem with this approach is that what we obtain is the
conditional probability π(X, R)

π(X, R) ≡ P (Y = 1|X, R) =
exp{β0 + β1ê(X) + γR}

1 + exp{β0 + β1ê(X) + γR}
.

It is evidently different from the unconditional probability π, a necessary quantity in es-
timating ∆. In order to estimate ∆, then, we employed a bootstrapping idea. For each
subject i, we resample Y 1∗

i from B(1, π̂(X, R = 1)) with estimated π̂(X, R = 1) and obtain

π̂1 ≡
∑n
i=1 Y

1∗
i /n. Then we can estimate E(Y 1) by

∑M
m=1 π̂

1
m, where M is the number of

bootstrap replications. In the same way, we resample Y 0∗
i from B(1, π̂(X, R = 0)), calculate

π̂0 ≡
∑n
i=1 Y

0∗
i /n and estimate E(Y 0) by

∑M
m=1 π̂

0
m. This bootstrapping approach was also

mentioned in Susanne (2010).

3.4. Regression with covariate adjustment

In this approach, we regress logit(π) on covariateX and treatment selection R as following;

logit(π|X, R) = β0 + βXi + γR. (3.1)

To find the best predictable baseline characteristics, we employed a stepwise variable
selection technology without excluding R in the midst of variable selection procedure. As
discussed in the Section 3.3, in order to compute unconditional probability, we resample
Y 1∗
i and Y 0∗

i respectively from B(1, π̂(xi, R = 1)) and B(1, π̂(xi, R = 0)) for each subject
i. Then we computed π̂1 ≡

∑n
i=1 Y

1∗
i /n and π̂0 ≡

∑n
i=1 Y

0∗
i /n. We then estimate ∆ by

Ê(Y 1)− Ê(Y 0), where Ê(Y 1) =
∑M
m=1 π̂

1
m and Ê(Y 0) =

∑M
m=1 π̂

0
m.

4. Monte Carlo simulation study

4.1. Methods

The data was generated following Austin (2008). For each case of 5, 10, and 25 percent
of the sample being exposed to the treatment, we examined scenarios in which the risk-
differences between the treated and the untreated subjects were −0.05, −0.1, −0.15, and
−0.2 (i.e. ∆ = −0.05, −0.1, −0.15, −0.2). We randomly generated 10 independent covariates
Xi = (Xi,j , . . . , Xi,10) from a standard normal distribution for each of 10,000 subjects:

Xi,j ∼ i.i.d. N(0, 1),

where i = 1, . . . , 10000 and j = 1, . . . , 10. Then we model the probability of treatment
selection by

logit{P (R = 1)} =α+

7∑
j=1

βjXi,j .

We then assumed that the following logistic regression model associating the probability of
the outcome Yi with Xi and an indicator variable Ri as following:

logit(π|Xi, Ri) =

10∑
j=4

βjXi,j + γRi.
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As in the Austin (2008), we set regression coefficients for the baseline covariates as follows:
β1 = log(1.25), β2 = log(1.5), β3 = log(1.5), and β4 = log(2). These are intended to reflect
low, medium, high, and very high sizes. In the above regression model, π ≡ P (Y = 1)
denotes the probability of the outcome for the subject and γ denotes the log-odds ratio
relating treatment to the outcome. As pointed out to in Austin (2008) and Austin (2013),
in setting α, we needed to consider conditional structure of logistic model in generating
proportion of subjects to ensure the nominal proportion level of treatment exposure. This
is the identical issue arising in fixing γ at the desired ∆. In setting α and γ, therefore, we
employed the iterative processes as described in Bender et al. (2005) and Austin (2010).

For each combination of treatment selection proportion (0.05, 0.1, 0.25) and risk differ-
ence (-0.05, -0.1, -0.15, -0.2), we randomly generated 1000 data sets with the required risk
difference. Within each dataset, we estimated the propensity score using a logistic regres-
sion model regressing R on the (X1, . . . , X10) in which (X1, . . . , X7) are covariates acting
on R and (X4, . . . , X10) are the ones affecting outcome Y . This approach was employed
because it has been shown that inclusion of covariates explaining the outcome yields better
estimation compared with selecting only those variables having an influence on treatment
selection (Austin et al., 2007). In the propensity matching procedure, the propensity score
was estimated using matchit() command of MatchIt package of R (Ho et al., 2011). In other
procedures than matching, propensity scores were estimated by glm() command of R. After
estimating the propensity scores, we used different propensity-score methods described in
Section 2 to estimate the risk difference due to treatment.

1. In matching propensity score, we matched subjects using a caliper of width equal to
0.1, 0.2, 0.5, and 0.7 of the standard deviation of the logit of the propensity score using
matchit() command of MatchIt package of R (Ho et al., 2011). In addition, we also
matched propensity score discarding observations either in treated group or untreated
groups if showing large deviations.

2. We used two different IPTW-based estimators: IPTWRosen and IPTWlogit. The lo-
gistic model in IPTWlogit was fitted by glm() command. In employing IPTW-based
approaches, to avoid pathological case that weights can be so extreme as to lead to
unstable results, we trimmed propensity score if close to zero or one.

3. After selecting the best case each out of the propensity score matchings and of the
IPTW methods, we compared them with covariate adjustment using propensity score
and with covariate-adjusted regression in which logistic models were fitted using glm().
In selecting the best model in the covariate-adjusted regression procedure, stepAIC()
of R was employed.

For each true risk difference, estimating the mean risk difference across the 1,000 simulated
data sets, we computed relative bias defined by risk difference on the relative risk scale as
100× (∆̂−∆)/∆ (Austin, 2008).

4.2. Results

Figure 4.1 shows the relative bias of the propensity score matching methods with various
caliper widths, insinuating in practice care needs to be taken in selecting caliper width. As
was suggested in Rosenbaum (2010), 10% ∼ 20% of standard deviation of distribution of
logit of propensity score show overall good performance.
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Figure 4.1 Relative bias computed for the propensity score matching methods with four caliper widths :
0.1, 0.2, 0.5, and 0.7. For each plot, x-axis and y-axis denotes respectively the true absolute relative
difference and the estimated relative bias from 1,000 datasets. Each of left, middle, and right plot

corresponds to the case with 0.05, 0.1, and 0.25 treatment selection proportions respectively.

We also matched propensity scores using additional settings. The one is without caliper
specified and the other is with discard option implemented in matchit() command, which
excludes any observation of large deviation from the others in either treatment or control
group. Figure 4.2 shows the relative bias of the propensity score matching of these two addi-
tional settings and of 10% caliper width. Overall, the matching procedure with 10% caliper
width shows more stable performance than others under various situations and a careful
specification of caliper width may reduce biases for propensity score matching methods.

Figure 4.2 Relative bias computed for the propensity score matching methods: one without caliper
setting, the other with 10% clipper width, and another with discard option in matchit() of R-package. For

each plot, x-axis and y-axis denotes respectively the true absolute relative difference and the estimated
relative bias from 1,000 datasets. Each of left, middle, and right plot corresponds to the case with 0.05, 0.1,

and 0.25 treatment selection proportions respectively.

Next, we assessed performance of IPTW methods with a variety of settings. In practice, to
avoid the pathological case that might happen when propensity score is close to either zero
or one, trimming of propensity score is often suggested. To investigate the effect of trimming
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on propensity scores, we computed ∆Rosen and ∆logit without trimming and two following
trimming strategies:

(A) Trim a score to 0.001 if the score is less than 0.001 and to 0.999 if greater than 0.999.

(B) Trim a score to 0.0001 if the score is less than 0.0001 and to 0.9999 if greater than
0.9999.

It is evident from Figure 4.3 and Figure 4.4 that logistic approach, ∆logit, outperforms
Rosenbaum’s estimator, ∆Rosen, by substantial amount of relative bias (∼ 200% points).
We can also see that both IPTW methods are not sensitive to weights under the data
scenarios we considered. Finally, we selected the matching with 10% caliper width and the
∆logit without trimming of weights as the best out of the matchings and the IPTWs and
compared them with two covariate adjustment methods: the covariate adjustment using
propensity score and the regression with covariates adjustment.

Figure 4.3 Relative bias computed for IPTW methods: ∆Rosen without trimming and with the two
trimming strategies (A) and (B). For each plot, x-axis and y-axis denotes respectively the true absolute

relative difference and the estimated relative bias from 1,000 datasets. Each of left, middle, and right plot
corresponds to the case with 0.05, 0.1, and 0.25 treatment selection proportions respectively.

Figure 4.4 Relative bias computed for IPTW methods: ∆logit without trimming and with the two
trimming strategies (A) and (B). For each plot, x-axis and y-axis denotes respectively the true absolute

relative difference and the estimated relative bias from 1,000 datasets. Each of left, middle, and right plot
corresponds to the case with 0.05, 0.1, and 0.25 treatment selection proportions respectively.
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Figure 4.5 Relative bias computed for matching with 10% caliper width, ∆logit without trimming of
weights, the covariate adjustment using propensity score (denoted by Cov.adjust(Propensity) in the

legend), and the regression with covariates adjustment (denoted by Regression(Cov.adjust) in the legend).
For each plot, x-axis and y-axis denotes respectively the true absolute relative difference and the estimated
relative bias from 1,000 datasets. Each of left, middle, and right plot corresponds to the case with 0.05, 0.1,

and 0.25 treatment selection proportions respectively.

Figure 4.6 MSE computed for matching with 10% caliper width, ∆logit without trimming of weights, the
covariate adjustment using propensity score (denoted by Cov.adjust(Propensity) in the legend), and the
regression with covariates adjustment (denoted by Regression(Cov.adjust) in the legend). For each plot,
x-axis and y-axis denotes respectively the true absolute relative difference and the estimated relative bias
from 1,000 datasets. Each of left, middle, and right plot corresponds to the case with 0.05, 0.1, and 0.25

treatment selection proportions respectively.
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One of remarkable findings from Figure 4.5 and 4.6 is that the regression with covariate
adjustment shows superior overall-performance to propensity-score-based methods including
covariate adjustment using propensity score in terms both of bias and MSE. Specifically, we
can see from Figure 4.5 that IPTWlogit (squares with long-dashed line) and the regression
with covariate adjustment (circles with solid line) show consistently smaller relative bias
than the others, in which their outperformance in bias is the more evident when treatment
selection proportion is the smaller. Furthermore, Figure 4.6 shows that the regression with
covariate adjustment yields consistently smaller MSE than IPTWlogit, more noticeably when
the treatment selection proportion is 0.05. Therefore, the Monte Carlo study shows that the
regression with covariate adjustment outperforms the other propensity-score based methods
in terms of bias and MSE.

5. Conclusion

Historically, the regression with covariate adjustment has been the typical approach to es-
timate treatment in the presence of confounders. Since the introduction of propensity scores,
however, the regression with covariate adjustment have been replaced with propensity-score-
based methods. Now that we have only a paucity of researches in which the performance of
propensity score methods were compared with the optimal covariate-adjusted regression ap-
proach, in this paper we investigated the performance through Monte Carlo study of popular
propensity score methods in estimating risk difference and compared their performance with
the classical regression adjustment to see how much benefit we can get from the propensity
score methods.

The Monte Carlo study in this paper has demonstrated the classical regression with co-
variate adjustment combined with variable selection outperformed propensity-score-based
methods in general in terms both of bias and MSE. The underperformance of propensity-
score matching may be possibly explained by the fact that it estimates the average treat-
ment effect for the treated (ATT) whereas the datasets were generated according to the
specified average treatment effect (ATE). The Monte Carlo study is, however, still suggest-
ing the possibility the classical approach may reduce bias and MSE substantially over the
propensity-score-based methods. The propensity score methods provide advantages to field
researchers of simplicity to deal with one number instead of numerous covariates and of
ability to check balances of subjects’ baseline characteristics between treatment and control
groups. On the other hand, if a performance of estimators is researchers’ primary concern,
it is recommendable to consider the regression with covariate adjustment instead of the
propensity score methods.
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