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Abstract
An important problem in cluster analysis is the selection of variables that define cluster structure that also
eliminate noisy variables that mask cluster structure; in addition, outlier detection is a fundamental task for cluster analysis. Here we provide an automated K-means clustering process combined with variable selection and
outlier identification. The Automated K-means clustering procedure consists of three processes: (i) automatically
calculating the cluster number and initial cluster center whenever a new variable is added, (ii) identifying outliers for each cluster depending on used variables, (iii) selecting variables defining cluster structure in a forward
manner. To select variables, we applied VS-KM (variable-selection heuristic for K-means clustering) procedure
(Brusco and Cradit, 2001). To identify outliers, we used a hybrid approach combining a clustering based approach and distance based approach. Simulation results indicate that the proposed automated K-means clustering
procedure is eﬀective to select variables and identify outliers. The implemented R program can be obtained at
http://www.knou.ac.kr/∼sskim/SVOKmeans.r.

Keywords: Automated K-means clustering, variable selection, outlier detecting, VS-KM, adjusted
rand index, Mahalanobis distance.

1. Introduction
The K-means clustering method assigns a case to the cluster for which the distance to the smallest
cluster mean. It starts with an initial partition with user-given k clusters, and repeatedly reassigns
cases to the closest cluster’s center and updates partitions. The K-means clustering does not require
computation of all possible pairwise distances of cases and only requires looping steps of calculating
centroids of new clusters and reassigning cases to closest clusters; therefore, it is easily applicable to
very large data sets and is widely used in data mining. However, K-means clustering has two crucial
problems - the number of clusters and initial centroids of clusters. The number of clusters should
be provided before clustering and the K-means cluster solution is dependent on initial centroids. To
be applicable to very large data sets, one of the possible solutions for these problems is to apply
the results of prior hierarchical clustering methods based on random small samples. This process
is consisted of the following two-stage clustering procedure (Kim, 2009). The first stage is to run
hierarchical clusters to obtain the number of clusters and cluster centroids based on random samples,
and the second stage is to run nonhierarchical K-means clustering using first stage results.
In clustering analysis, it has been frequently observed that only a limited subset of variables is
valuable to defined the cluster structure (Brusco and Cradit, 2001). Furthermore, the incorporation
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of masking variables which do not define cluster structure may complicate or obscure the recovery of cluster structure during hierarchical or nonhierarchical cluster analysis (Milligan, 1980, 1989;
Fowlkes and Mallows, 1983; Brusco and Cradit, 2001). For the general approaches to identify masking variables in cluster analysis, see Gnanadesikan et al. (1995) and Brusco and Cradit (2001). For
the variable selection in K-means clustering, Carmone et al. (1999) proposed a graphical variableselection procedure, named HINoV (heuristic identification of noisy variables) based on the adjusted
Rand (1971) index of Hubert and Arabie (1985). Brusco and Cradit (2001) proposed a heuristic
variable-selection procedure, VS-KM (variable-selection heuristic for K-means clustering). This procedure utilizes the adjusted Rand index like HINoV, and adds variables in a forward manner as well
as uses between-cluster and total sum-of-squares information.
K-means clustering is sensitive to outliers. Outliers are the set of objects that are considerably
dissimilar from the remainder of the data (Jayakumar and Thomas, 2013) and can be considered as
data points that do not conform to normal points that characterize the data set (Pamula et al., 2011).
As a clustering point of view, outliers can be defined as small clusters that are far from most of points
(Jiang et al., 2001). Detecting outliers is an important task with a direct application in a wide variety of
application domains such as fraud detection, stock market analysis, intrusion detection, and marketing
(Pamula et al., 2011; Jayakumar and Thomas, 2013). When doing K-means clustering, the task of
outlier detection should be performed for the results to be stable as well as to detect outliers. In this
paper we will provide automated K-means clustering procedure combined with variable selection and
outlier detection. Automated K-means clustering consists of the following functions.
1) It automatically determines the number of clusters and initial centroids of clusters whenever a new
variable is added.
2) It automatically selects a subset of variables which are valuable to define cluster structure and
eﬀective to reduce the influence of variables with minimal contribution to the cluster structure.
3) It identifies outliers whenever a new variable is added in a forward manner.
When terminating automated K-means clustering, we can select subset of variables to find cluster
structure and detect outliers. Also, through 3), we can reveal the relationship between the variables
and outliers. We will review some approaches to select variables and to detect outliers in Section 2,
and provide the detailed automated K-means clustering process in Section 3. R implementation and
simulation results are provided in Section 4, and concluding remarks are provided in Section 5.

2. Review of Variable Selection and Outlier Detection for K-means Clustering
Here we will provide a description of VS-KM (variable-selection heuristic for K-means clustering)
and we will describe the outlier detection method for automated K-means clustering.

2.1. Variable-Selection heuristic
Carmone et al. (1999) proposed a variable selection method, HINoV (heuristic identification of noisy
variables), based on the principle that a good measure of actual recovery might be useful to guide the
selection of cluster variables to include in the analysis. They used the adjusted Rands (1971) index by
Hubert and Arabie (1985) to measure the agreement of partitions.
Brusco and Cradit (2001) developed a heuristic variable-selection procedure, VS-KM(variableselection heuristic for K-means clustering) that builds on the strengths of HINoV and adds variables

Variable Selection and Outlier Detection for Automated K-means Clustering

57

in a forward manner as well as uses information about the between-cluster and total-sum-of-squares,
similar to the Fowlkes et al. (1988) method. This procedure begins by selecting first two variables
considering the adjusted Rand index and the ratio of between cluster sum-of squares to the total sumof-squares, and then adds a variable in a forward manner. For detailed description of VS-KM, see
Brusco and Cradit (2001).
In VS-KM process, the number of fixed clusters for a K-means partition should be given in advance and the process of adding variables is applied for fixed number of clusters. However, the
number of clusters is generally unknown and can vary depending on used input variables. Hence,
it is recommended that the number of cluster be decided automatically for each variable instead of
fixed number of clusters. In the VS-KM method, the first two selected variables play an important
role since variables with a similar shape of clusters of the first two variables are added independently
systematically. VS-KM computes the ratio of the between cluster sum-of-squares to the total sum-of
squares for all the possible pairs of partition to avoid the initial selection of masking two variables
which have a large Rand index due to a high correlation. However, it is recommended that we choose
several pairs of variables which have the highest adjusted index and only compute the ratio of these
selected variable since the main index of selecting variables is an adjusted Rand index.
The VS-KM method is eﬀective to select significant variables. However, it still has two crucial
problems of K-means clustering-the number of clusters and initial centroids. The number of clusters
and initial centroids can vary according to selected variables; therefore, it is recommended that we
combine the variable-selection process with the automatic decision of the number of clusters whenever
a new variable is added to the previously selected variables instead of continuing the variable-selection
process with a fixed number of clusters.

2.2. Outlier detection for K-means clustering
An outlier is an observation that deviates from other observations as to arouse suspicions that it was
generated by a diﬀerent mechanism (Hawkins, 1980) and is also defined as a noisy observation that
does not fit to the assumed model that generated the data (Hautamaki et al., 2005). Outlier detection
is an important task in a wide variety of application domains such as credit card fraud detection,
medical anomaly detection, and industrial damage detection. There have been many approaches to
detect outliers, which are categorized as statistical tests based on Mahalanobis distance, depth-based
approaches, deviation-based approaches, distance-based approaches, density-based approaches and
clustering-based approaches. For a brief review of these approaches, refer to Pamula et al. (2011),
Jayakumar and Thomas (2013) and Kriegel et al. (2010). However, all these approaches to detect
outliers are based on fixed user-input variables. Outliers can be dependent on the input variables;
consequently, it is helpful to show the relationships between outliers and selected variables if we can
detect outliers while we systematically add variables.
Outliers can be categorized as two parts, global and local outliers. Global outlier means that it is
far isolated from the center of data set, i.e., observation inconsistent with rest of the data set. Local
outlier is an observation inconsistent with its neighborhoods. It is noted that global outliers are not
always outliers since they can be considered as another cluster if there are some cases over some
threshold compared to the total number of cases. Our focus is to find local outliers. To detect local
outliers, we adopt hybrid approaches that combine clustering-based approaches and distance-based
approaches similar to the approaches used by Pachgade and Dhande (2012). The data set is partitioned
into Kclusters using K-means clustering in hybrid approaches; subsequently, the (robust) Mahalanobis
distance is calculated with each instance for each cluster. Since squared (robust) Mahalanobis distance
is asymptotically distributed as χ2 -distribution and all points whose distance is larger than threshold,
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for example χ2 (0.975) or χ2 (0.99), will be declared as “potential outlier”. For the detailed use of
Mahalanobis distance and Robust Mahalanobis distance to detect outliers, see Rousseeuw and Leroy
(1987), Rousseeuw and van Zomeren (1990), Rocke and Woodruﬀ (1996) and Bartkowiak (2005).
Also small clusters (i.e., clusters containing significantly less points than other clusters) are considered
potential outliers (Jayakumar and Thomas, 2013).

3. Variable Selection and Outlier Detection for Automated K-means Clustering
The crucial problems of K-means clustering decide the number of clusters and initial centroids of
clusters. A variety of suggested methods may be helpful in particular situations. The results of Kmeans clustering against the number of K values (or previous application of the hierarchical clustering
methods) can be used to solve problems. For details, see Everitt et al. (2001). It is very helpful for
users to explore the data in the data mining approach if the number of clusters can be provided without
the previous user-handling task.
Many approaches for the selection of the number of clusters in K-means clustering have been
tried. Recently Kim (2009) proposed a semi-automated K-means clustering procedure to determine
the number of clusters and initial centroids and Kim (2012) also combined a VS-KM procedure to
select variables. A semi-automated K-means clustering procedure can be described as: This procedure
selects random sample from a large data sets and applies Ward’s (1963) hierarchical method and
Mojena’s (1977) rule to determine the number of clusters. After repeating this step several times, the
number of clusters and initial centroids are determined and K-means clustering is proceeded using
full data sets. When this procedure is combined with the VS-KM method, we can see the role of
variables in a forward manner in K-means clustering since a new result of K-means clustering is
obtained whenever a new variables is added to the existing input variables and we can then get the
selected variables in the final step. It is noted that K-means clustering is sensitive to outliers, and
outliers can also be dependent on the selected variables in K-means clustering. Hence if outliers can
be identified while in the process of variable selection, automated K-means clustering can provide
information about variable selection and outlier detection.
Our focus is on variable selection and outlier detection in K-means clustering; therefore, we use
the following two-stage K-means clustering procedure instead of semi-automated K-means clustering.
Two-stage K-means clustering procedure (we refer to this procedure as TStep-KM) can be stated as:

(Two- Stage K-means clustering procedure: TStep-KM)
Step 1. Select random sample from full data sets using simple random sampling or full data sets.
Step 2. Apply Ward’s clustering method and decide the number of clusters using Mojena’s Rule and
obtain cluster centers
Step 3. Run K-means clustering using full data sets.
Step 1 of this procedure can be eﬀective when data sets are large, as used by many approaches
(Banfield and Raftery, 1993; Brusco and Credit, 2001; Wehrens et al., 2004). In Step 2, we applied
Ward’s clustering method and used Mojena’s Rule (Mojena, 1977; Mojena et al., 1980) to decide the
number of clusters. Mojena’s Rule can be stated as:
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(Mojena’s Rule)
Generate h = (h1 , h2 , . . . , hn−1 ) where h j is the minimum Euclidean error sum of squares at which
fusion takes place in stage j and n is the number of objects in the data matrix. We determine the
number of clusters in stage satisfying h j+1 > h̄ + ksh where h̄ and sh are, respectively, the mean and
standard deviation of n − 1 values, and k is the standard deviate value.
To decide the number of clusters, we can use the other decision rules. For general studies of
choosing the number of clusters, see Milligan and Cooper (1985). Now we describe detailed procedure
of variable selection and outlier detection for K-means clustering as:

(Variable selection and outlier detection for K-means clustering)
Step 0. Initialize - choose the options of data transformation, sampling, Mojena’s constant value
Step 1. Run TStep-KM procedure and develop a partition, p j , of clusters using only variable j, for
j = 1, 2, . . . , D where D is the number of variables.
Step 2. Compute the adjusted Rand index for all D(D − 1)/2 pairs of partitions p j and p k ( j =
1, 2, . . . , D − 1, k = j + 1, . . . , D) and find two variables showing highest top 5 adjusted Rand
index.
Step 3. Compute the ratio of between cluster sum-of-squares to the total sum-of-squares, q jk , only
of two variables showing highest top 5 adjusted Rand index, where q jk = qk j for j =
1, 2, . . . , D − 1 and k = j + 1, . . . , D.
Step 4. Select two variables which have the highest ratio of between cluster sum-of-squares to the
∪
total sum-of-squares. Let j′ and k′ denote two variables and set S = S { j′ , k′ } and U =
U − { j′ , k′ }, where is the set of variables selected for inclusion in the cluster analysis and is
the set of unselected variables.
Step 5. Using selected variables, run TStep-KM procedure and develop a partition y that defines a
partition developed using variables j ∈ S and apply outlier detection procedure.
Step 6. For each unselected variable j ∈ U , run K-means clustering and compute the adjusted Rand
index between selected variables in Step 5 and unselected variables.
Step 7. Let λ = Max j∈U (G j ). If λ < Gmin , or λ < η · G f ac , then go to Step 8. Otherwise, let j′ denote
∪
the variable for which G j′ = λ, set η = λ, and set S = S { j′ }, U = U − { j′ }. If U = ∅, then
go to Step 8. Otherwise go to Step 5.
Step 8. Variables in S are selected for inclusion and variables in U are discarded. Run TStep-KM
procedure and apply outlier detection procedure using only the variables in S .
The main diﬀerence between VS-KM method and our proposed procedure is that VS-KM starts
with user-supplied fixed cluster number while the cluster number in our procedure is determined automatically. Therefore the cluster number can be changed when a new variable is added in a forward
manner. Through Step 5, whenever a new variable is added, we can see the results of new K-means
clustering, and potential outliers are supplied. Hence, we can explore relationships between input
variables and outliers. In the variable selection process, we have a question on how to deal with potential outliers. We process the variable selection process without removing potential outliers detected
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in earlier steps. Finding outliers is an exploratory work; therefore, we should carefully check the outliers again and decide how to deal with them after finding potential outliers. The eﬀect of outliers in
the process of selecting variables can be another work and we hope to provide some further research
at a later time.

4. R Implementation and Experimental Results
We implemented R program (http://www.knou.ac.kr/∼sskim/SVOKmeans.r). We use well known Iris
data sets and simulation data sets to show the eﬀectiveness of our procedure for variable selection and
outlier detection. Simulation data sets are generated using the R package “clusterGeneration”.

4.1. Iris data sets
We provide the R implementation process using the Iris data sets to show the performance of our
proposed procedure since it is known to many users and easy to understand (Arai and Barakbah, 2007).
Iris data sets have three classes of Iris flowers (Setosa, Versicolor and Virginica) with 4 variables
(Sepal Length, Sepal Width, Petal Length and Petal Width). For simplicity the three classes are
named as (1, 2, 3) and 4 variables are ordered as (1, 2, 3, 4) in the results.
<R Console 1> Initial step of selecting options

<R Console 1> shows the initial step of selecting options. We can choose options of data transformation in Step 0-1, Sampling or Full data in Step 0-2, Mojena’s K value in Step 0-3 and Parameters
for outliers in Step 0-4. If we choose large Mojena’s value, then it tends to choose a small number of clusters. Mojena et al. (1980) recommended the value of k ≤ 2.5, and Milligan and Cooper
(1985) recommended the value of k = 1.25. As parameters for to detect detecting outliers, we provide options of choosing Mahalanobis or Robust Mahalanobis distance, chi-square quantile for the
threshold of outliers and the ratio of small cluster size for determining cluster-based outliers. When
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we choose Robust Mahalanobis distance, we provide an option to select robust method to compute
robust multivariate location and scale estimate(<R Console 3>).
<R Console 2> shows the repeating process of variable selection and outlier detection. The stopping criteria for variable selection in Step 7 were based on parameter values of Gmin = 0.05 and
G f ac = 0.5. Step 6 shows the adjusted Rand indexes between pre-selected variables (3, 4) and unselected variables (1), (2). We can see that variables 1 and 2 are added in a forward manner along
with the clustering results and potential outliers whenever a variable is added systematically consequently, we can find some relationships between variables and outliers. SSB/SST stands for the ratio
of between-cluster sum of squares to the total sum of squares. High value of SSB/SST means that the
performance of clustering results for classification is good. From the results of SSB/SST, we can find
that the performance of the first two selected variables (3, 4) is higher than the (3, 4, 1) and (3, 4, 1, 2)
variables. Last, the repeating result shows that selected variables are (3, 4, 1, 2), and local potential
outliers are 4 cases, and global outliers are 6 cases. Our focus is on the local outliers since they are
identified after K-means clustering. Global outliers provide insight into the identified outliers.
<R Console 2> Procedure of variable selection and outlier detection : Step 5–7
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<R Console 3> Last Results using robust Mahalanobis distance

<R Console 3> shows the options of robust Mahalanobis distance and outlier results. R package
chemometrics (Filzmoser and Varmuza, 2013) contain a function Moutlier to calculate the Mahalanobis distance and robust Mahalanobis distance. However, we provide a function to calculate robust
Mahalanobis distance using various algorithms since the Moutlier function is unstable depending on
the data sets used. From the result of outliers, we find that robust Mahalanobis distance is more sensitive than the Mahalanobis distance to detect outliers. For reference, we hope to try other real data
sets such as Hawkins-Bradu-Kass data, Modified Wood Gravity data and Stackloss data which are
provided in R systems (In R systems, the name of data sets are hbk, wood, stackloss respectively) and
compare the results are provided by Bartkowiak (2005).

4.2. Simulation data sets
Simulation data sets are generated using the R package “clusterGeneration” developed by Qui and Joe
(2006a,b). We produced 18 (3 × 2 × 3) data sets considering the following 4 factors. Number of each
cluster cases ranges from 2000 to 4000.
A. Number of clusters = 3, 4, 5
B. Cluster Separation = 0.21, 0.40
C. Number of true variables (noisy variables) = 4(2), 6(2), 8(2)
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D. Number of Outliers = 10
The R script for generating simulated clustering data is:

The size of generated simulation data sets in cluster ranges from 2000 to 4000; therefore, it is
recommended to use sampling data to find initial cluster center for K-means and determine the number
of clusters. The results for 18 simulation data sets give similar results, so we only provide the results
using one of the generated data sets produced by the listed R scripts.
<R Console 4> Initial step of selecting options for simulated clustering data

<R Console 4> shows the initial step of selecting 0-1 transformation, sampling rate 10%, Mojena’s
value 2.5 and quantile value 0.995 to detect outliers.
<R Console 5> shows the last results of simulated clustering data. Here selected variables are
(3, 5, 1, 2, 7) in the order of adding variables to the first two selected variables (3, 5) and identified
cluster-based potential outliers are 44 cases that covered 10 outliers in simulated clustering data.
Identified outliers and Mahalanobis distances are provided according to the descending order. The
result of Step 8 show that it interesting to find that the outliers in simulation data sets are identified as
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having the largest 10 Mahalanobis distances. For reference, we provide the adjusted Rand index and
confusion matrix with objects removing potential outliers from two clustering data sets. In this result,
adjusted Rand index and confusion matrix shows a perfect coincidence between two clustering data.
In the variable selection procedure, we note that the inclusion of noisy variables can cause serious
recovery problems even when all true variables are contained in selected variables, and as long as the
first true pair variables are selected, other true variables can be omitted without significant degradation
in cluster recovery (Milligan, 1985; Brusco and Cradit, 2001). We can see that noisy variables (4, 8)
are not selected and that the value of adjusted Rand indexes is high (even when true variable 6 is not
selected), which means that the process shows a high performance of cluster recovery. In identifying
outliers, we can see that there is some tendency to detect more outliers than outliers in the simulated
data sets. After finding potential outliers, it is better to check again why they are identified as outliers.
Generally, finding more outliers than in the data sets is not a serious problem, since it can be adjusted
by changing the cutoﬀ value.
We have not listed the step by step results; however if we check the results as in <R Console 2>,
it will be more helpful to decide which variables to select as well as to explore the relation between
variables and outliers. Here, we listed only the results of potential outliers using Mahalanobis distance,
but we recommend identifying outliers using robust Mahalanobis distance as well as recommend to
run with other simulation data sets.
<R Console 5> Simulation results comparing original data and automated K-means clustering

Variable Selection and Outlier Detection for Automated K-means Clustering

65

5. Concluding Remarks
We presented the automated K-means clustering procedure combined with selecting variables and
identifying outliers. For variable selection process, we applied VS-KM method proposed by Brusco
and Cradit (2001). VS-KM method is a heuristic algorithm to select subsets of variables for inclusion
in a K-means cluster analysis. Hence it starts with a user-given fixed number of clusters and proceeds
to select variables with keeping the initial fixed number of clusters. However, it is recommended to
determine the number of clusters whenever a new variable is added to pre-selected variables since a
suitable number of clusters in K-means cluster analysis depends on selected variables.
The proposed automated K-means clustering procedure combines the VS-KM algorithm proposed
by Brusco and Cradit (2001) with a semi-automated K-Means procedure proposed by Kim (2009,
2012), and the identification of outliers is also applied to the variable selection process. Through the
automated K-means clustering process shown in <R Console 2>, we can see the results of variable
selection and identification of outliers systematically whenever a new variable is added in a forward
manner.
We provided the R scripts (www.knou.ac.kr/∼sskim/SVOKmeans.r). In R implementation, we
used the Ward’s method and applied the Mojena’s Rule to determine the number of clusters. However, there are many approaches to determine the number of clusters such as model-based clustering
analysis (Banfield and Raftery, 1993; Fraley and Raftery, 1998), Gap approach (Tibshirani et al.,
2001). We hope that some researchers can implement these methods to supply results to users. To
detect potential outliers, we used a hybrid approach that combines a clustering based approach and
distance based approach using (robust) Mahalanobis distance. There are many other methods to detect
multiple outliers. We also hope these methods can be implemented. In the variable selection process,
we proceed variable selection without removing potential outliers. We hope further works show the
eﬀect of outliers in the process of selecting variables. In our implementation, we need several options
as shown in <R Console 1>. The GUI approach is needed for the easier handling of the options and
represents a future work for a practical application for users. If some errors in R scripts are found, we
hope notification will be given to the author (sskim@knou.ac.kr).
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