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SOME ISOTROPIC CURVES AND REPRESENTATION IN

COMPLEX SPACE C
3

Jinhua Qian and Young Ho Kim

Abstract. In this paper, we give a representation formula for an iso-
tropic curve with pseudo arc length parameter and define the structure
function of such curves. Using the representation formula and the Frenet
formula, the isotropic Bertrand curve and k-type isotropic helices are
characterized in the 3-dimensional complex space C3.

1. Introduction

In the 3-dimensional complex space C3, the curves, of which the square of
the distance between two points equal to zero, are called isotropic curves (see
[4] and [7]). Due to the well-known one-to-one correspondence between the
isotropic curves in C3 and the minimal surfaces in R3, the isotropic curves
also can be understood as meromorphic mappings r : t ∈ U ⊂ C → C3, with
vanishing complex length of their tangent vectors, i.e., with 〈ṙ, ṙ〉 = 0. Because
of the close relation with minimal surfaces, isotropic curves are also called
minimal curves.

The isotropic curves defined by a complex variable were deeply studied in
recent years. For instance, U. Pekmen discussed the minimal space curves in
the sense of Bertrand curves in [4], in which the author assume the two mini-
mal curves have parallel tangents in opposite directions with common principal
normals at corresponding points. S. Yilmaz and M. Turgut characterized the
isotropic curves with constant pseudo curvature which is called the isotropic he-
lix in [7]. In 2011, S. Yilmaz studied the k-type isotropic helices in C

4 (see [6]),
in which the sufficient and necessary conditions for each kind of isotropic helix
are obtained by some differential equations of pseudo curvatures. However,
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due to the complication of some equations, some problems are restricted to the
isotropic cubic, i.e., the isotropic curves have vanishing pseudo curvatures.

In this paper, we defined the isotropic Bertrand curves and k-type isotropic
helices in C

3. The sufficient and necessary conditions for an isotropic curve to
be an isotropic Bertrand curve and a k-type isotropic helix are obtained. In
addition, we define the structure function of isotropic curves. The relationship
between the pseudo curvature and the structure function is also achieved. By
solving some differential equations, the isotropic Bertrand curves and k-type
isotropic helices in C3 are characterized.

In the present paper, C stands for the complex space and the isotropic curves
under consideration are regular and analytic unless otherwise stated.

2. Preliminaries

Definition. The curves, of which the squared distance between two points
equal to zero are called isotropic or minimal curves (see [4] and [7]).

Definition. A regular isotropic curve r : t ∈ U ⊂ C → C3 is full if and only if
〈r̈, r̈〉 6= 0.

To meet the requirements in the following discussion, the basic elements of
isotropic curves in C3 are briefly presented.

Let r(t) : C → C3 be an isotropic curve with the standard inner product

〈a, b〉 = x1y1 + x2y2 + x3y3

for a = (x1, x2, x3), b = (y1, y2, y3) ∈ C
3. Recall that an arbitrary nonzero

vector υ ∈ C3 is called an isotropic vector if and only if 〈v, v〉 = 0.
According to the definition of isotropic curves, ṙ(t) is an isotropic vector.

Since it is impossible to normalize the tangent vector of an isotropic curve, we
can adopt the so-called pseudo arc length parameter normalizing the accelera-
tion vector such that 〈r′′(s), r′′(s)〉 = −1 (for details, see [4] and [7]). Then, a
curve is an isotropic curve if and only if

ds2 = dr2 = 0.

Remark. Hereafter, the isotropic curves are always assumed to be parametrized
by the pseudo arc length.

Proposition 2.1. Let r(s) : C → C3 be an isotropic curve. Then r(s) can be

framed by an unique Cartan Frenet frame {e1, e2, e3} such that

(2.1)















r′(s) = e1(s),
e′1(s) = −ie2(s),
e′2(s) = iκ(s)e1(s) + ie3(s),
e′3(s) = −iκ(s)e2(s),

where

〈e1, e1〉 = 〈e3, e3〉 = 〈e1, e2〉 = 〈e2, e3〉 = 0, 〈e2, e2〉 = 〈e1, e3〉 = 1;
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e1 ∧ e2 = ie1, e2 ∧ e3 = ie3, e3 ∧ e1 = ie2; det(e1, e2, e3) = i; i2 = −1.

In sequel, e1, e2, e3 are called the tangent, principal normal and binormal vector

field of r(s), respectively. The function

κ(s) =
1

2
〈r′′′(s), r′′′(s)〉

is called the pseudo curvature of r(s) (see [4]).

Next, we introduce the definitions of the isotropic Bertrand curves and the
k-type isotropic helices, respectively.

Definition. Let r(s) be an isotropic curve in C3. If there exists another
isotropic curve r̃(s̃) in C3 such that the principal normal vector field of r̃(s̃)
coincides with that of r(s), then r(s) is called an isotropic Bertrand curve and
r̃(s̃) is called the isotropic Bertrand mate of r(s) and vice versa.

Definition. Let r(s) be an isotropic curve framed by {e1, e2, e3} in C
3. If there

exists a nonzero constant vector field V ∈ C3 such that 〈ek, V 〉 6= 0 (k = 1, 2, 3)
is a (complex) constant, then it is said to be a k-type (k = 1, 2, 3, respectively)
isotropic helix and V is called the axis of r(s).

3. Representation formula of the isotropic curves in C3

Let r(s) : C → C
3 be an isotropic curve. Since r′(s) is an isotropic vector,

by putting r′(s) = (ξ1(s), ξ2(s), ξ3(s)), then we have

ξ21 + ξ22 + ξ23 = 0.

From ξ21 + ξ23 = −ξ22 , we get

ξ1 + iξ3

−ξ2
=

ξ2

ξ1 − iξ3
.

Without loss of generality, we may assume

(3.1)

{

ξ1+iξ3
ξ2

= −ξ2
ξ1−iξ3

= f(s),

ξ2 = 2ρ(s),

where f(s) and ρ(s) are analytic functions of complex variable s.
Rearranging (3.1), we get

(3.2)







ξ1 + iξ3 = 2ρf,
ξ1 − iξ3 = −2ρf−1,

ξ2 = 2ρ.

From (3.2), we have






ξ1 = ρ(f − f−1),
ξ2 = 2ρ,
ξ3 = −iρ(f + f−1).
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Thus, the isotropic curve r(s) can be written as

(3.3) r(s) =

∫

(ξ1, ξ2, ξ3)ds =

∫

ρ
(

(f − f−1), 2,−i(f + f−1)
)

ds.

From (3.3), after a simple calculation, we have

r′′(s) = ρs
(

(f − f−1), 2,−i(f + f−1)
)

+ ρfs
(

1 + f−2, 0,−i(1− f−2)
)

.

Since s is the pseudo arc length of r(s), from the above equation, we have

〈r′′(s), r′′(s)〉 = 4ρ2f2
s f

−2 = −1.

Obviously, fs = df
ds

6= 0. By an appropriate transformation, if necessary, we
can assume

(3.4) ρ(s) =
if(s)

2fs(s)
.

Substituting (3.4) into (3.3), we obtain:

Theorem 3.1. Let r(s) : C → C3 be an isotropic curve. Then r(s) =
(x1(s), x2(s), x3(s)) can be written as

r(s) =
i

2

∫

f−1
s

(

(f2 − 1), 2f,−i(f2 + 1)
)

ds

or






























x1(s) = i

∫
(

f2(s)− 1

2fs(s)

)

ds,

x2(s) = i

∫
(

f(s)

fs(s)

)

ds,

x3(s) =

∫
(

f2(s) + 1

2fs(s)

)

ds

for some non constant analytic function f(s).

Definition. The function f(s) in Theorem 3.1 is called the structure function

of the isotropic curve r(s) with pseudo arc length parameter s.

In the following, we discuss the relation between the pseudo curvature and
the structure function. From Theorem 3.1, through direct calculation, we have

r′′′(s) = (f−3
s f2

ss −
1

2
f−2
s fsss)

(

i(f2 − 1), 2if, (f2 + 1)
)

− f−1
s fss(if, i, f) + fs(i, 0, 1).

Based on κ(s) = 1
2 〈r′′′(s), r′′′(s)〉 and the above equation, we have:

Theorem 3.2. The pseudo curvature κ(s) and the structure function f(s) of

an isotropic curve satisfy

κ(s) = −S(f)(s),

where

(Sf)(s) =

(

fss

fs

)

s

− 1

2

(

fss

fs

)2
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is the Schwarzian derivative of the function f(s) (see [5]).

Remark. Using Theorem 3.1 and Theorem 3.2, we can study the properties of
the isotropic curves and construct isotropic curves with certain characters.

First, we consider the isotropic curves with vanishing pseudo curvatures. In
such a case, by the Frenent formula (2.1), we have

r(4)(s) = 0.

Solving the above equation and by an appropriate translation, we have:

Theorem 3.3. Let r(s) be an isotropic curve with vanishing pseudo curvature.

Then it is an isotropic cubic written by

(3.5) r(s) = C1s
3 + C2s

2 + C3s,

where C1, C2, C3 ∈ C3.

Corollary 3.4. Let r(s) be an isotropic curve with vanishing pseudo curvature.

Then the structure function f(s) of r(s) is given by

f(s) =
c1

s+ c2
,

where c1, c2 ∈ C and c1 6= 0.

Proof. From Theorem 3.2, when κ ≡ 0, we have

(3.6)

(

fss

fs

)

s

− 1

2

(

fss

fs

)2

= 0.

We put

(3.7)
fss

fs
= g(s).

Substituting (3.7) into (3.6), we have

(3.8) 2g′(s) = g2(s).

Then, we get

(3.9) g(s) =
−2

s+ c
,

where c ∈ C is a constant of integration.
Substituting (3.9) into (3.7) and integrating twice, we get the conclusion. �

Next, we consider the case that the isotropic curve has a nonzero constant
pseudo curvature. From the Frenent formula (2.1), we have

r(4)(s) = 2κ(s)r′′(s).

Putting r′′(s) = ω(s), then the above equation can be written as

(3.10) ω′′(s) = 2κ(s)ω(s).
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Since κ(s) is a nonzero constant, without loss of generality, we may assume

(3.11) 2κ = r(cos θ + i sin θ),

where r, θ ∈ R and r > 0, θ ∈ [0, 2π). Meanwhile, we may put

(3.12) ω(s) = ω(x+ iy) = u(x, y) + iv(x, y),

where u, v are analytic functions. Then, we have

(3.13) ω′′(s) = uxx + ivxx = −(uyy + ivyy).

Substituting (3.11)-(3.13) into (3.10), we have

(3.14)

{

−uyy = uxx = r cos θu− r sin θv,
−vyy = vxx = r sin θu + r cos θv.

Putting

Y =

(

u

v

)

, A =

(

r cos θ −r sin θ
r sin θ r cos θ

)

.

Then, the system of partial differential equations (3.14) can be written as

(3.15)

{

∂2

∂x2Y = AY,
∂2

∂y2Y = −AY.

Solving (3.15), we get

Y = C exp(Bx) exp(iBy) = C exp(Bs),

where

C =

(

c1
c2

)

, B =

(√
r cos θ

2 −√
r sin θ

2√
r sin θ

2

√
r cos θ

2

)

,

c1, c2 are constants and B2 = A.
For convenience, we denote by

{ √
r cos θ

2 = α,√
r sin θ

2 = β.

According to the property of exponential function of matrix (see [2]), we have

exp(Bs) = eαs
(

cosβs − sinβs
sinβs cosβs

)

.

Thus, we have

Y = eαs
(

c1 cosβs− c2 sinβs
c1 sinβs+ c2 cosβs

)

.

Consequently, ω(s) is obtained by

(3.16) ω(s) = eαs[(c1 cosβs− c2 sinβs) + i(c1 sinβs+ c2 cosβs)].

Integrating (3.16) with respect to s twice, we obtain:



SOME ISOTROPIC CURVES AND REPRESENTATION IN COMPLEX SPACE C
3 969

Theorem 3.5. Let r(s) be an isotropic curve with a nonzero constant pseudo

curvature

κ =
r

2
(cos θ + i sin θ) (r > 0, θ ∈ [0, 2π)).

Then r(s) can be expressed by

(3.17) r(s) =
C1

r
(cos θ − i sin θ)eαs(cosβs+ i sinβs) + C2s+ C3,

where α =
√
r cos θ

2 , β =
√
r sin θ

2 and C1, C2, C3 ∈ C
3.

Remark. The representation forms of isotropic curves presented by Theorem
3.3 and Theorem 3.5 will be often used in the discussion from now on.

4. Isotropic Bertrand curves in C3

In this section, we mainly discuss the sufficient and necessary condition for
an isotropic curve to be an isotropic Bertrand curve.

Theorem 4.1. Let r(s) be an isotropic curve in C3. Then it is an isotropic

Bertrand curve if and only if it has a nonzero constant pseudo curvature.

Proof. Suppose that (r(s), r̃(s̃)) is an isotropic Bertrand pair. Then r̃(s̃) can
be expressed by

(4.1) r̃(s̃) = r(s) + λ(s)e2(s),

where λ(s) is a nonzero analytic function and s̃ is the pseudo arc length pa-
rameter of r̃(s̃).

Assume that r(s) and r̃(s̃) are framed by {e1, e2, e3} and {ẽ1, ẽ2, ẽ3}, respec-
tively. Differentiating (4.1) with respect to s, we have

(4.2) ẽ1
ds̃

ds
= (1 + iλκ)e1 + λ′e2 + iλe3,

Since ẽ2 = εe2(ε = ±1), by taking the scalar product with (4.2), we have
λ′ = 0. Thus, λ is a nonzero constant and (4.2) can be written as

(4.3) ẽ1
ds̃

ds
= (1 + iλκ)e1 + iλe3.

Taking the scalar product to both sides of (4.3), we obtain

2iλ(1 + iλκ) = 0.

So, the pseudo curvature κ(s) = i
λ
is a nonzero constant.

Conversely, for an isotropic curve r(s) with a nonzero constant pseudo cur-
vature, we can define a new curve r̃(s̃) as following:

(4.4) r̃(s̃) = r(s) +
i

κ
e2(s).

Obviously, it is an isotropic curve.
Differentiating (4.4) with respect to s, we get

(4.5) ẽ1
ds̃

ds
= −e3

κ
.
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Differentiating (4.5) with respect to s, we obtain

(4.6) −iẽ2(
ds̃

ds
)2 + ẽ1

d2s̃

ds2
= ie2.

Taking the scalar product to both sides of (4.6) with e2 and ẽ2, respectively,
we have

(4.7)

{

−i〈e2, ẽ2〉(ds̃ds )2 + 〈e2, ẽ1〉d
2s̃

ds2
= i,

−i〈ẽ2, ẽ2〉(ds̃ds )2 = i〈e2, ẽ2〉.
From (4.5), we have 〈e2, ẽ1〉 = 0. Then, (4.7) yields

(4.8) 〈e2, ẽ2〉 =
1

〈e2, ẽ2〉
.

Because e2 and ẽ2 are all real vectors, (4.8) implies that e2 = εẽ2 (ε = ±1). The
curve r̃(s̃) is the isotropic Bertrand mate of r(s). This completes the proof. �

From Theorem 4.1 and Theorem 3.5, we can characterize the isotropic
Bertrand curves as follows:

Corollary 4.2. Let r(s) be an isotropic Bertrand curve in C3. Then r(s) can

be expressed by (3.17).

5. k-type isotropic helices in C3

In this section, we discuss three kinds of isotropic helices. In order to facili-
tate the discussion below, we make some notations and calculations, firstly.

Let V be an axis of a k-type isotropic helix. Taking into account of the
Cartan Frenet frame used in Proposition 2.1, it can be decomposed by

(5.1) V = v1e1(s) + v2e2(s) + v3e3(s),

where vi = vi(s)(i = 1, 2, 3) are analytic functions of pseudo arc length s and

v1 = 〈e3, V 〉, v2 = 〈e2, V 〉, v3 = 〈e1, V 〉.
Differentiating (5.1) with respect to s, we get

(v′1 + iκv2)e1 + (v′2 − iv1 − iκv3)e2 + (v′3 + iv2)e3 = 0,

which implies

(5.2)







v′1 + iκv2 = 0,
v′2 − iv1 − iκv3 = 0,
v′3 + iv2 = 0.

We now consider:

Theorem 5.1. Let r(s) be an isotropic curve in C3. Then the following state-

ments are equivalent:

(1) r(s) is a 1-type isotropic helix.

(2) r(s) is a 3-type isotropic helix.

(3) The pseudo curvature of r(s) is a constant.
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Proof. At first, according to the definition of 1-type isotropic helix, we have

v3 = 〈e1, V 〉 = C0,

where C0 is a nonzero constant. Substituting it into (5.2), we get

(5.3)







v′1 + iκv2 = 0,
v′2 − iv1 − iκC0 = 0,
iv2 = 0.

Equation (5.3) yields
{

v′1 = v2 = 0,
v1 + κC0 = 0.

Obviously, κ = constant.
Similarly, based on the definition of 3-type isotropic helix, we have

v1 = 〈e3, V 〉 = C0,

where C0 is a nonzero constant. Substituting it into (5.2), we get

(5.4)







iκv2 = 0,
v′2 − iC0 − iv3κ = 0,
iv2 + v′3 = 0.

By the first equation in (5.4), we consider the open subset O = {p ∈ r |κ(p) 6=
0} and assume O 6= ∅. Then, we have

(5.5)

{

v′3 = v2 = 0,
κv3 + C0 = 0.

By (5.5), obviously, κ is a constant.
On the other hand, when O = ∅, then the pseudo curvature κ ≡ 0. By

continuity, the pseudo curvature κ(s) is a constant for 3-type isotropic helices.
Conversely, suppose that r(s) is an isotropic curve with constant pseudo

curvature. By choosing the vector field V as following:

V = c(−κe1 + e3), (c ∈ C− {0}),(5.6)

we have V ′ = 0 and 〈e1, V 〉 = c. So V is a constant vector and r(s) is a 1-type
isotropic helix.

At the same time, we can choose the vector fields V as

(5.7) V = c(e1 −
1

κ
e3), (c ∈ C− {0})

for κ 6= 0 and

(5.8) V = c[e1 + (is+ c1)e2 + (
1

2
s2 − ic1s+ c2)e3], (c ∈ C− {0}, c1, c2 ∈ C)

for κ = 0.
In both cases, we have V ′ = 0 and 〈e3, V 〉 = c. Thus, V is a constant vector

and r(s) is a 3-type isotropic helix. This completes the proof. �

As an immediate consequence of Theorem 5.1, we have:
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Corollary 5.2. Let r(s) be a 1-type isotropic helix in C3. Then the axes of

r(s) are taken as (5.6).

Corollary 5.3. Let r(s) be a 3-type isotropic helix in C3. Then the axes of

r(s) can be expressed by (5.8) when κ = 0 and represented by (5.7) when κ is a

nonzero constant.

From Theorem 5.1, Theorem 3.3 and Theorem 3.5, we can characterize the
1-type and 3-type isotropic helices in the following:

Corollary 5.4. Let r(s) be a 1-type (3-type) isotropic helix in C3. Then, when

the pseudo curvature vanishes, r(s) can be expressed by (3.5); when the pseudo

curvature is a nonzero constant, r(s) is denoted by (3.17).

Summarizing Theorem 4.1 and Theorem 5.1, we easily have:

Theorem 5.5. Let r(s) be an isotropic curve with a nonzero constant pseudo

curvature in C3. Then the following statements are equivalent:

(1) r(s) is an isotropic Bertrand curve.

(2) r(s) is a 1-type isotropic helix.

(3) r(s) is a 3-type isotropic helix.

At last, we discuss the 2-type isotropic helix.

Theorem 5.6. Let r(s) be an isotropic curve in C3. Then r(s) is a 2-type

isotropic helix if and only if the pseudo curvature is expressed by

κ(s) =
a

(s+ b)2
,

where a, b ∈ C.

Proof. From the definition of 2-type isotropic helix, we have

v2 = 〈e2, V 〉 = C0,

where C0 is a nonzero constant. Substituting it into (5.2), we get

(5.9)







v′1 + iκC0 = 0,
v1 + κv3 = 0,
iC0 + v′3 = 0,

from which, we get
( κ

κ′

)′
= −1

2
,

i.e.,

(5.10) 2κκ′′ − 3κ′2 = 0.

Solving it, we obtain

(5.11) κ(s) =
a

(s+ b)2
,

where a, b ∈ C.
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Conversely, suppose r(s) is an isotropic curve satisfying (5.10). By choosing
the vector field V as follows:

V = c

[(

−i

∫

κds

)

e1 + e2 +

(

i

∫

κds

κ

)

e3

]

, (c ∈ C− {0}),(5.12)

we have V ′ = 0 and 〈e2, V 〉 = c. Thus, V is a constant vector and r(s) is a
2-type isotropic helix. �

Corollary 5.7. Let r(s) be a 2-type isotropic helix in C3. Then the axes of

r(s) are obtained by (5.12).

In the following, we try to express the 2-type isotropic helices. By an ap-
propriate parameter transformation, we may put b = 0 in (5.11). Then, the
pseudo curvature κ(s) = as−2. By the Frenet formulas (2.1), we get

(5.13) s3e′′′1 (s)− 2ase′1(s) + 2ae1(s) = 0,

where a ∈ C. Denoting r′(s) = e1(s), we have:

Theorem 5.8. Let r(s) be a 2-type isotropic helix in C3. Then the position

vector of r(s) satisfies

s3r(4)(s)− 2asr′′(s) + 2ar′(s) = 0,

where a ∈ C.

The vector differential equation in Theorem 5.8 is a characterization for the
2-type isotropic helix. However, the general solution has not been found yet.
In particular, when the tangent vector e1(s) is parametrized by a real variable
s and a is a real number, by solving the Euler equation (5.13), we obtain the
following three cases:

(1) e1(s) = B1s+B2s log s+B3s log
2 s for 2a = −1;

(2) e1(s) = B1s+B2s
(1+

√
1+2c) +B3s

(1−
√
1+2c) for 2a > −1;

(3) e1(s) = B1s+B2s sin[(
√
−1− 2c) log s] +B3s cos[(

√
−1− 2c) log s] for

2a < −1,

where Bi (i = 1, 2, 3) ∈ C3.
Therefore, we have:

Corollary 5.9. Let r(s) : R → C3 be a 2-type isotropic helix in C3 and the

pseudo curvature κ(s) = as−2(a ∈ R). Then r(s) can be written by

(1) r(s) = C1s
2 + C2s

2 log s+ C3s
2 log2 s for 2a = −1;

(2) r(s) = C1s
2 + C2s

(2+
√
1+2a) + C3s

(2−
√
1+2a) for 2a > −1;

(3) r(s) = C1s
2 + C2s

2 sin[(
√
−1− 2a) log s] + C3s

2 cos[(
√
−1− 2a) log s]

for 2a < −1,

where Ci (i = 1, 2, 3) ∈ C3.

Corollary 5.10. Let r(s) : R → C
3 be a 2-type isotropic helix in C

3 and the

pseudo curvature κ(s) = as−2(a ∈ R). Then the structure function f(s) of r(s)
is given by
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(1) f(s) = sc or f(s) = s−c for c 6= 0,±1 and 2a = c2 − 1;

(2) f(s) = c
log s

or f(s) = log s
c

for c 6= 0 and 2a = −1;

(3) f(s) = 2
c
tan( c2 log s) or f(s) = − 2

c
tan−1( c2 log s) for c 6= 0 and 2a =

−c2 − 1,

where a, c ∈ R.

Proof. From Theorem 3.2, we have

(5.14)

(

fss

fs

)

s

− 1

2

(

fss

fs

)2

= −as−2.

Similarly to the proof of Corollary 3.4, we can put

(5.15)
fss

fs
= g(s).

Substituting (5.15) into (5.14), we have

(5.16) g′(s) =
1

2
g2(s)− a

s2
.

Solving the above Ricatti equation (5.16) and by an appropriate transforma-
tion, we can get the conclusion (see [3]). �
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