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RULED SURFACES AND GAUSS MAP
Dong-Soo Kim
Abstract. We study the Gauss map G of ruled surfaces in the 3-dimensional Euclidean space E3 with respect to the so called Cheng-Yau
operator  acting on the functions defined on the surfaces. As a result,
we establish the classification theorem that the only ruled surfaces with
Gauss map G satisfying G = AG for some 3 × 3 matrix A are the flat
ones. Furthermore, we show that the only ruled surfaces with Gauss map
G satisfying G = AG for some nonzero 3×3 matrix A are the cylindrical
surfaces.

1. Introduction
The theory of Gauss map of surfaces in the n-dimensional Euclidean space
En or in the n-dimensional Lorentz-Minkowski space Ln is always one of interesting topics and it has been investigated from various viewpoints by a lot of
differential geometers ([2, 4, 7, 9, 10, 11, 14, 15, 16, 17, 18, 21, 24, 25]).
We denote by M a surface of the Euclidean 3-space E3 . The map G : M →
2
S ⊂ E3 which sends each point p of M to the unit normal vector G(p) to M at
p is called the Gauss map of the surface M, where S 2 is the unit sphere in E3
centered at the origin. It is well known that M has constant mean curvature if
and only if ∆G = ||dG||2 G, where ∆ is the Laplace operator on M with respect
to the induced metric on the surface M from E3 ([26]). As a special case, one
can consider surfaces whose Gauss map is an eigenfunction of a Laplacian, that
is, ∆G = λG for some constant λ ∈ R. Generalizing this equation, F. Dillen,
J. Pas and L. Verstraelen ([12]) studied surfaces of revolution in the Euclidean
3-space E3 whose Gauss map G satisfies the condition
(1.1)

∆G = AG,

A ∈ R3×3 .

As a result, they proved ([12]):
Proposition 1.1. Among the surfaces of revolution in E3 , the only ones whose
Gauss map satisfies (1.1) are the planes, the spheres and the circular cylinders.
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C. Baikoussis and D. E. Blair also studied ruled surfaces in E3 and proved
([3]).
Proposition 1.2. Among the ruled surfaces in E3 , the only ones whose Gauss
map satisfies (1.1) are the planes and the circular cylinders.
In [20], generalized slant cylindrical surfaces (GSCS’s) were introduced,
which are natural extended notion of surfaces of revolution. Surfaces of revolution, cylindrical surfaces and tubes along a plane curve are special cases of
GSCS’s. Generalizing Proposition 1.1, the author and B. Song proved that
among the GSCS’s in E3 , the only ones whose Gauss map satisfies (1.1) are
the planes, the spheres and the circular cylinders ([22]).
The so-called Cheng-Yau operator  (or, L1 ) is a natural extension of the
Laplace operator ∆ (cf. [1], [8]). Hence, following the condition (1.1), an
interesting geometric question is raised as follows.
Question 1.3. Among ruled surfaces in the Euclidean 3-space E3 , which one
satisfy the following condition?
(1.2)

G = AG,

A ∈ R3×3 .

In this paper, we give a complete answer to the above question as follows.
Theorem 1.4. Let M denote a ruled surface in the Euclidean 3-space E3 .
Then the Gauss map of M satisfies (1.2) for a matrix A if and only if it is a
developable surface.
Theorem 1.5. Suppose that M denotes a ruled surface in the Euclidean 3space E3 . Then the Gauss map of M satisfies (1.2) for some nonzero matrix
A if and only if it is a cylindrical surface.
For surfaces of revolution in the Euclidean 3-space E3 , recently the author
et al. established the following ([19]):
Proposition 1.6. Let M be a surface of revolution. Then the Gauss map G
of M satisfies G = AG for some 3 × 3 matrix A if and only if M is an open
part of the following surfaces:
1) a plane,
2) a right circular cone,
3) a circular cylinder,
4) a sphere.
Throughout this paper, we assume that all objects are smooth and connected, unless otherwise mentioned.
2. Cheng-Yau operator and lemmas
Suppose that M denotes an oriented surface in the Euclidean 3-space E3 with
Gauss map G. We denote by S the shape operator of M with respect to the
Gauss map G. For each k = 0, 1, we put P0 = I, P1 = tr(S)I −S, where I is the
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identity operator acting on the tangent bundle of M . Let us define an operator
Lk : C ∞ (M ) → C ∞ (M ) by Lk (f ) = tr(Pk ◦ ∇2 f ), where ∇2 f : χ(M ) → χ(M )
denotes the self-adjoint linear operator metrically equivalent to the hessian of
f . Then, up to signature, Lk is the linearized operator of the first variation
of the (k + 1)-th mean curvature arising from normal variations of the surface.
When k = 0, the operator L0 is nothing but the Laplace operator acting on M ,
i.e., L0 = ∆. If k = 1, L1 = □ is called the Cheng-Yau operator introduced in
[8].
In order to prove our theorems in Sections 3 and 4, we need the following
useful lemma ([1, 23]).
Lemma 2.1. Let M denote an oriented surface in E3 with Gaussian curvature
K and mean curvature H. Then, the Gauss map G of M satisfies
(2.1)

−□G = ∇K + 2HKG,

where ∇K denotes the gradient of K.
Now, using Lemma 2.1 we give some examples of surfaces with Gauss map
satisfying (1.2).
Example 2.2. (1) Flat surfaces: In this case, we have □G = 0, and hence flat
surfaces satisfy □G = AG for some 3 × 3 matrix A. Note that the matrix A
must be singular.
(2) Spheres: (x − a)2 + (y − b)2 + (z − c)2 = r2 . In this case, we have
G = 1r (x − a, y − b, z − c) so the sphere satisfies □G = AG with A = r23 I, where
I denotes the identity matrix.
(3) Cylindrical surfaces: For a unit speed plane curve α(s) = (x(s), y(s), 0),
we consider the cylindrical surface M defined by X(s, t) = (x(s), y(s), t). In
this case, we have G = (−y ′ (s), x′ (s), 0) so the surface M satisfies □G = AG
for some nonzero matrix A of the following form:


0 0 ∗
A = 0 0 ∗ .
0 0 ∗
3. Proof of Theorem 1.4
We suppose that M is a ruled surface in the Euclidean 3-space E3 . The
surface M can be expressed in terms of a directrix curve α(s) and a unit vector
field β(s) pointing along the rulings as
(3.1)

X(s, t) = α(s) + tβ(s).

When M is cylindrical, that is, the direction vector field β is constant, the
Gaussian curvature K vanishes. Hence M satisfies (1.2) trivially.
Henceforth, we consider only the ruled surface M which is not cylindrical,
that is, β ′ (s) never vanish. Thus, we can choose the parameter s so that β(s)
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is of unit speed. For such parameter s of β, we also choose an orthogonal
trajectory α to the rulings. Hence, we have
hα′ , βi = 0, hβ, βi = hβ ′ , β ′ i = 1.

(3.2)

We put u(s) = hα′ (s), β ′ (s)i and v(s) = hα′ (s), α′ (s)i. Then the Gauss map
G of M is given by
G = Q−1/2 {(α′ × β) + t(β ′ × β)},

(3.3)

where Q = |α′ + tβ ′ |2 = t2 + 2ut + v. It is straightforward to show that the
Gaussian curvature K is given by ([13])
K = Q−2 w,

(3.4)

where we use w = u2 − v.
For the mean curvature H of M , first we note that the Laplacian ∆ of M
can be expressed as
(3.5)

−∆ =

1 ∂2
1 ∂Q ∂
1 ∂Q ∂
∂2
+
−
+
.
2
2
2
∂t
Q ∂s
2Q ∂s ∂s 2Q ∂t ∂t

Using the well-known Laplace-Beltrami equation ([5, 6])
(3.6)

−∆X = 2HG,

it follows from (3.1) and (3.5) that
(3.7)

2H = Q−3/2 P (t),

where P (t) = a0 t2 + a1 t + a2 with coefficients given by
(3.8) a0 = hβ ′′ , β ′ × βi , a1 = hα′′ , β ′ × βi + hβ ′′ , α′ × βi , a2 = hα′′ , α′ × βi .
In order to get the expression of ∇K, we use the orthonormal frame {e1 , e2 }
of M given by
(3.9)

e1 = Q−1/2 Xs , e2 = Xt ,

where Xs means the derivative of X with respect to s, etc.. Then we get
(3.10)

∇K = e1 (K)e1 + e2 (K)e2 = Q−4 R(t),

where R(t) is a vector-valued polynomial in t of deg(R) ≤ 3 which is given by
(3.11)

R(t) = {Qw′ − 2w(2u′ t + v ′ )}(α′ + tβ ′ ) − 4Q(t + u)wβ.

Together with (3.3), (3.4), (3.7) and (3.10), Lemma 2.1 shows that
(3.12)

G = −Q−4 [R(t) + wP (t){(α′ × β) + t(β ′ × β)}].

Now, suppose that the Gauss map G of M satisfies G = AG for some 3 × 3
matrix A. Then, from (3.3) and (3.12) we have
(3.13) R(t) + wP (t){(α′ × β) + t(β ′ × β)} = −Q7/2 {A(α′ × β) + tA(β ′ × β)}.
By considering the degrees in t of both sides of (3.13), we can conclude
(3.14)

A(α′ × β) = A(β ′ × β) = 0,
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and hence we obtain
(3.15)

R(t) + wP (t){(α′ × β) + t(β ′ × β)} = 0.

We consider the coefficient of t3 in the equation (3.15). Then from (3.8) and
(3.11) we have
(3.16)

w′ β ′ − 4wβ + a0 w(β ′ × β) = 0.

Since β ′ , β and β ′ × β are linearly independent, it follows from (3.16) that w
vanishes identically. Therefore (3.4) implies that M is flat, and hence it is
developable.
The converse follows from Example 2.2. This completes the proof of Theorem 1.4.
4. Proof of Theorem 1.5
In this section, we prove Theorem 1.5.
First of all, we need the following lemma.
Lemma 4.1. Let M be a non-cylindrical ruled surface in the Euclidean 3-space
E3 which is given by
(4.1)

X(s, t) = α(s) + tβ(s),

where α and β satisfy (3.2). Suppose that the Gauss map G of M satisfies (1.2)
for some nonzero 3 × 3 matrix A. Then M is nothing but an open part of a
plane.
Proof. We use the same notations as in Section 3. From the arguments there,
we get w = u2 − v = 0, and hence Q = (t + u)2 . Since {β ′ , β, β ′ × β} is
orthonormal, from (3.2) we have
(4.2)

α′ = uβ ′ + hα′ , β ′ × βi β ′ × β.

This shows that
(4.3)

2

v = hα′ , α′ i = u2 + hα′ , β ′ × βi .

Hence we get
(4.4)

α′ = uβ ′ .

Together with (3.3), (4.4) shows that
(4.5)

G = β ′ × β.

If we denote by V the kernel space of the matrix A, then (3.14) implies
that β ′ × β lies in the space V . By assumption, there exists a unit vector a
(for simplicity, say a = (0, 0, 1)) which is orthogonal to V . We put β(s) =
(x(s), y(s), z(s)). Then we have
(4.6)

ha, β ′ × βi = x′ y − xy ′ = 0.
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We denote by J = {s ∈ I | (x(s), y(s)) 6= 0}, where I is the domain of s.
Then, on J (4.6) shows that for some function f = f (s)
(x′ , y ′ ) = f (x, y).

(4.7)

This, together with (3.2), leads to the following:
f2 =

(4.8)

1 − (z ′ )2
.
1 − z2

Moreover, it follows from (3.2), (4.7) and hβ ′ , βi = 0 that
(4.9)

f=

−zz ′
.
1 − z2

We eliminate the function f from (4.8) and (4.9). Then we get
(z ′ )2 = 1 − z 2 .

(4.10)
Integrating (4.10), we obtain
(4.11)

z(s) = ± sin(s + c),

where c is a constant. This shows that
(4.12)

x2 + y 2 = cos2 (s + c),

and hence we have for some function θ = θ(s)
(4.13)

β(s) = (cos θ(s) cos(s + c), sin θ(s) cos(s + c), ± sin(s + c)).

Differentiating (4.13) and using hβ ′ , β ′ i = 1, we see that θ′ (s) = 0. Thus we
have
(4.14)

β(s) = (cos d cos(s + c), sin d cos(s + c), ± sin(s + c)),

where d is a constant.
It follows from (4.14) that on the subinterval J of I, β ′ × β is a constant
vector. Since β ′ (s) 6= 0 for s ∈ I, we see that the complement J c of J has no
interior points. This shows that β ′ × β is constant on the whole interval I of
s. Therefore, (4.5) completes the proof of Lemma 4.1.

Finally, we prove Theorem 1.5.
Let us denote by M a ruled surface in the Euclidean 3-space E3 . Suppose
that the Gauss map of M satisfies (1.2) for some nonzero matrix A. Then
Lemma 4.1 shows that M is either a cylindrical surface or an open part of a
plane. Since a plane can be reparametrized so that the directrix curve α is a
straight line and hence the direction vector field β is constant, M is cylindrical.
This completes the only if part of Theorem 1.5.
Conversely, the if part of Theorem 1.5 follows from Example 2.2. This
completes the proof of Theorem 1.5.
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