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Abstract - Using the existing exact but quite complicated symbol error rate (SER) expressions for M-ary phase shift keying 

(M-PSK) and M-ary differential phase shift keying (M-DPSK), we derive effective and concise closed-form asymptotic SER 

formulas especially in Rician-Nakagami fading channels. The derived formulas can be utilized to efficiently verify the 

achievable error rate performances of M-PSK and M-DPSK systems for the Rician-Nakagami fading environments. In addition, 

by exploiting the modulation gains directly obtained from the asymptotic SER formulas, we also theoretically demonstrate that 

M-DPSK suffers an asymptotic SER performance loss of 3.01dB with respect to M-PSK for a given M in Rician-Nakagami 

fading channels at high signal-to-noise ratio (SNR).
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1. Introduction

Performance evaluations of digital communication systems 

have been extensively carried out in particular over 

small-scale fading channels (e.g., Rayleigh, Rician, Hoyt, 

Nakagami-m, etc.) (e.g., [1], [2] and references therein). 

Additionally, in an effort to investigate the impacts of both 

small-scale (e.g., multipath) and large-scale (e.g., shadowing) 

fading channels on the error rate performance of various 

transmission techniques, Rician shadow fading models, such 

as Rician-Lognormal, Rician-Nakagami, and so on, have 

been considered [3-6]. Among the models, the Rician- 

Nakagami fading model is a line-of-sight (LOS) shadow 

fading model that assumes the Rician and Nakagami-m 

distributions for the multipath fading and shadowing, 

respectively, and is more mathematically tractable than the 

Rician-Lognormal fading model. Moreover, this model is also 

well-known to fit well to the land mobile satellite (LMS) 

channel data as well as provide good experimental fit to the 

underwater acoustic communication (UAC) channels [2, 7].

Recently, exact closed-form expressions for the average 

symbol error rate (SER) of various modulation schemes (e.g., 

M-ary phase shift keying (M-PSK) and M-ary differential 

phase shift keying (M-DPSK), etc.) over Rician-Nakagami 

fading channels were proposed in [6], where the formulas are 

expressed in terms of multivariate hypergeometric functions 

from the moment-generating function (MGF) based approach, 

as used in [2]. However, due to their computational 

complexity caused by utilizing the hypergeometric functions, 

it is hard to obtain explicit and useful insights into the 

achievable error rate performance (e.g., achievable modulation 

gain, asymptotic diversity order, etc.) from the exact (but 

complex) formulas for the transmission schemes over the 

fading environments. Therefore, in this paper, we attempt to 

derive more effective and simpler closed-form SER 

expressions for both M-PSK and M-DPSK modulation 

schemes, which are based on the existing formulas given in 

[6]. Furthermore, it is well-known that 3.01dB performance 

gain can be achieved by M-PSK over M-DPSK in Rayleigh 

fading channels [8]. Thus, by deriving the formulas for the 

achievable modulation gains of M-PSK and M-DPSK, we also 

evaluate the SER performance loss of M-DPSK with respect 

to M-PSK for any modulation order M at high signal- 

to-noise ratio (SNR) in Rician-Nakagami fading channels. 

Finally, we note that, more recently, some research results on 

the asymptotic SER performance comparison between M-PSK 
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and M-DPSK were presented in [9], however, where the 

theoretical analysis was carried out for the typical fading 

channels, such as Rayleigh, Rician, Nakagami-m, Weibull, etc. 

(but not for the Rician-Nakagami fading, which is considered 

in this paper). Furthermore, while, in order to obtain 

asymptotic SER formulas, the authors in [9] adopted Taylor 

series expanded forms of the probability density function 

(PDF) for various fading types, we derive the asymptotic SER 

expressions by applying the high SNR approximation 

technique directly to the existing formulas.

The remainder of this paper is organized as follows. 

Section 2 presents the channel model for the Rician- 

Nakagami fading. In Section 3, the existing exact SER 

expressions are given for both M-PSK and M-DPSK. In 

Section 4, concise closed-form asymptotic SER formulas are 

derived, followed by some numerical results in Section 5. 

Finally, this paper is concluded in Section 6.

2. Rician-Nakagami Fading Channel Model

Let  be the instantaneous SNR of the receiver output in 

Rician-Nakagami fading channels. Then, the corresponding 

PDF and MGF are given, respectively, as [1, 3, 6]
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where   ,    ,    ,  and  are the 

transmitted symbol power and the noise power spectral 

density, respectively,   is a parameter to describe the 

severity of shadowing with  ≥  ,  is the average power 

of the specular LOS component,  is the average power of 

the scattered component, and ∙∙ ∙  denotes the 

confluent hypergeometric function [10, 11].

3. Existing Exact SER Expressions 

3.1 SER of M-ary Phase Shift Keying

According to [1, 2], the exact SER formula for M-PSK in 

arbitrary fading channels is given, by MGF-based approach, 

as
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where   sin . Then, by combining Eq. (2) and Eq. 

(3) and after some straightforward algebraic manipulations, we 

can obtain the following closed-form expression for M-PSK 

modulation schemes in Rician-Nakagami fading channels as [6, 

Eq. (8)]
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where 
∙∙∙ ∙ ∙∙  is the Lauricella 

multivariate hypergeometric function, which is defined by 

[6, 11] by
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and  
  is the Appell 

hypergeometric function [11].

3.2 SER of M-ary Differential Phase Shift Keying

Using MGF-based approach, the exact SER formula for 

M-DPSK is given as [1, 2]
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Thus, by substituting Eq. (2) into Eq. (6) and after some 

manipulations, the exact SER formula for M-DPSK can be 

reformulated as [6, Eq. (18)]
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4. Asymptotic SER Expressions 

4.1 Asymptotic SER of M-ary Phase Shift Keying

In order to simplify the exact but quite complicated SER 

formula (i.e., Eq. (4)), from the high SNR approximation 

technique (i.e., →∞ ), the concise closed-form asymptotic 

SER formula can be derived as 

   
∞ 
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where ∞  


 
  is 

obtained from Eq. (2) with →∞  and 


       is used, which can be 

readily obtained from the definition of the Lauricella 

hypergeometric functions in [11].

Based on the above simple equation (i.e., Eq. (8)) and 

from the fact that in general the asymptotic error rate can 

be expressed as ∞  ∞∙ 
∞

 [1], where 
∞  and 

∞  stand for the achievable modulation gain and asymptotic 

diversity order, respectively, we can further evaluate another 

useful performance measure (i.e., achievable modulation gain) 

achieved by M-PSK signaling over Rician-Nakagami fading 

channels, which is given by 
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In addition, Eq. (8) clearly indicates that the asymptotic 

diversity order achieved by M-PSK signaling over 

Rician-Nakagami fading channels is 
∞   .

4.2 Asymptotic SER of M -ary Differential Phase Shift 

Keying

As in the case of M-PSK signaling, the simple 

closed-form asymptotic SER formula for M-DPSK in 

Rician-Nakagami fading channels can be given as
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Accordingly, the corresponding modulation gain is readily 

obtained as
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and the diversity order is given by 
∞   .

4.3 Asymptotic SER Performance Loss of M-DPSK w.r.t. 

M-PSK

Although M-PSK is known as a fundamental modulation 

scheme that is widely applied in practical wireless 
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Fig. 2 Average SER vs. SNR of M-DPSK (i.e., 4-DPSK 

and 8-DPSK) over Rician-Nakagami fading 

channels with various channel conditions
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Fig. 1 Average SER vs. SNR of M-PSK (i.e., QPSK and 

8-PSK) over Rician-Nakagami fading channels with 

various channel conditions

communication systems, it requires channel state information 

(CSI) at the receiver to achieve its optimal performance. On 

the contrary, M-DPSK with differentially coherent detection 

can be adopted with a sacrifice of some performance without 

channel state information at the receiver. In addition, it is 

well-known that M-PSK has 3.01dB performance advantage 

over M-DPSK in Rayleigh fading channels [8]. Thus, to 

analytically evaluate the performance loss of M-DPSK with 

respect to M-PSK over Rician- Nakagami fading channels, we 

calculate the following asymptotic SER performance loss (in 

dB) of M-DPSK w.r.t. M-PSK, using Eq. (9) and Eq. (11) and 

after some algebraic manipulations, as

  
∞   log
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∞ 




 dB
     (12)

Hence, Eq. (12) obviously reveals that the asymptotic SER 

performance loss of M-DPSK w.r.t. M-PSK over Rician- 

Nakagami fading channels is exactly 3.01dB, as in the case 

of Rayleigh fading channels. Furthermore, we can also find 

that the performance loss is independent of channel 

parameters (e.g.,  ,  , and ) and modulation order M.

5. Numerical Results

In this section, we present some numerical results to 

evaluate the accuracy of the derived formulas. In addition, 

we also consider three different channel parameter sets for 

Rician-Nakagami fading channels, as in [3, Table III]; 

infrequent light shadowing (   ,   ,   ), 

frequent heavy shadowing (   ,  × 
 , 

  ), and average shadowing (   ,   , 

  ).

Figure 1-(a) and Figure 1-(b) present the SER 

performances of QPSK and 8-PSK, respectively, over 

Rician-Nakagami fading channels with various channel 

parameters. For comparison purpose, the curves obtained 

from the exact SER formula (i.e., Eq. (4)) are illustrated 

along with the lines from our derived asymptotic SER 

formula (i.e., Eq. (8)). From the figures, it is obvious that 

the lined from the proposed asymptotic formula yield an 

excellent agreement with the curves from the existing 

complicated expression in the high SNR regime.

For the case of M-DPSK with differentially coherent 

detection, we demonstrate the SER performances of 4-DPSK 

and 8-DPSK in Figure 2-(a) and Figure 2-(b), respectively. 

Similar to the case of M-PSK in Figure 1, we can easily 

observe in Figure 2 that the lines obtained from our derived 

asymptotic SER formula (i.g., Eq. (10)) for M-DPSK over 

various channel conditions are asymptotically converges to 

those from the exact SER formula (i.e., Eq. (7)) at high SNR.

In Figure 3, to investigate the SER performance loss of 
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Fig. 3 Average SER vs. SNR of M-PSK and M-DPSK (i.e., 

BPSK and 2-DPSK) over Rician-Nakagami fading 

channels with various channel conditions

M-DPSK over M-PSK in Rician-Nakagami fading channels, 

we compare the SER performances, for example, of BPSK 

and 2-DPSK over aforementioned three different channel 

conditions. As evaluated in Eq. (12), we can apparently 

observe that the SER performance gap between BPSK and 

2-DPSK is exactly 3.01dB, regardless of various channel 

parameters, such as  ,  , and  .

6. Conclusion

In this paper, judiciously utilizing the existing exact SER 

expressions, we have derived simple and effective 

closed-form asymptotic SER formulas of both M-PSK and 

M-DPSK over Rician-Nakagami fading channels. In contrast 

to the existing but very complex SER expressions, the 

derived concise asymptotic SER formulas can be efficiently 

exploited to more intuitively and usefully evaluate the 

achievable SER performance in the high SNR regime. In 

addition, by using the corresponding modulation gains easily 

obtained from the derived asymptotic SER formulas, we 

have also demonstrated that the SER performance loss of 

M-DPSK with respect to M-PSK is constant with a value of 

3.01dB, which coincides with the case of Rayleigh fading 

channels.
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