
Communications for Statistical Applications and Methods
2016, Vol. 23, No. 2, 179–187

http://dx.doi.org/10.5351/CSAM.2016.23.2.179
Print ISSN 2287-7843 / Online ISSN 2383-4757

A Bayesian inference for fixed effect panel probit model

Seung-Chun Lee1,a

aDepartment of Applied Statistics, Hanshin University, Korea

Abstract
The fixed effects panel probit model faces “incidental parameters problem” because it has a property that

the number of parameters to be estimated will increase with sample size. The maximum likelihood estimation
fails to give a consistent estimator of slope parameter. Unlike the panel regression model, it is not feasible to
find an orthogonal reparameterization of fixed effects to get a consistent estimator. In this note, a hierarchical
Bayesian model is proposed. The model is essentially equivalent to the frequentist’s random effects model, but
the individual specific effects are estimable with the help of Gibbs sampling. The Bayesian estimator is shown
to reduce reduced the small sample bias. The maximum likelihood estimator in the random effects model is also
efficient, which contradicts Green (2004)’s conclusion.

Keywords: panel probit model, Gibbs sampling, incidental parameters problem, fixed effects,
random effects, individual-specific effects

1. Introduction

Panel data (also known as longitudinal data) has long been common in econometrics and other statis-
tical fields. It is a timewise observation of data from different observational units. It has the charac-
teristics of both cross-sectional and time-series data; in addition, the statistical analysis of panel data
requires an accounting for both between-subject heterogeneity and within-subject correlation.

The response variables in panel studies can be either continuous or discrete, and the objective of
a statistical analysis of panel data is usually to model the expected value of the response variable as
a linear or a nonlinear function of explanatory variables. Typical examples are panel the regression
model and panel probit model for continuous and discrete response variables, respectively. Either,
linear or nonlinear, researcher often decides if individual-specific effects are random or fixed. The
random effects model requires an assumption that the effects are uncorrelated with other included
variables, which may be unpalatable. The fixed model can relax the assumption, but faces the “inci-
dental parameters problem,” first considered by Neyman and Scott (1948). See also Lancaster (2000).
The number of parameters to be estimated will increase with sample size; consequently, the maximum
likelihood estimator (MLE) is inconsistent when T (the length of panel) is fixed. It is widely known
that the MLE is inconsistent and substantially biased away from zero when group sizes are small. The
bias will be diminished with increasing group size (see, Heckman, 1981; Baltagi, 2000; Green, 2004);
however there is only little theoretical foundation for the inconsistency. How serious the problem is
in practical terms remains to be established.

Several authors have considered the Bayesian method for the panel data. For instance, Hamilton
(1999) analyzed a survival data using a Bayesian panel Tobit model. Bruno (2004) compared the
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Bayesian estimates with classical maximum likelihood estimates assume random effects and a limited
dependent variable. Morawetz (2006) built a Bayesian model for a panel regression model. Lee and
Choi (2014) studied a Bayesian approach for the panel regression model with a censored response
variable. In particular, Harris et al. (2000) and Aßmann et al. (2014) considered Bayesian inferences
for panel probit model with random effects. However, it is rare to find literature on the Bayesian
approach for a panel probit model with fixed effects.

A Bayesian point of view considers every parameter to be estimated a random variable. Bayesian
treatments are the same for both the fixed and the random effects. Thus, the incidental parameters
problem can be solved easily by the Bayesian frame. Note that the incidental parameters problem
seems more serious in nonlinear panel models, and must be solved for practical purpose. In this
paper, we propose a hierarchical Bayesian approach for the fixed effects panel probit model.

2. Fixed-effects panel probit model

We consider a standard probit model for panel data with individual specific effects:

y∗it = αi + x′itβ + ϵit, (2.1)
yit = 1

(
y∗it > 0

)
.

Here the subscripts i = 1, . . . ,N, and t = 1, . . . , Ti indicate the individual and the time period, re-
spectively. Let Ti be the number of time period observed for i th individual, αi be a time-invariant
individual-specific effect, β be k × 1 vector of slope parameters, and ϵit be an idiosyncratic error term.
The data consist of N observations on (yi,Xi), i = 1, . . . ,N, where yi = (yi1, . . . , yiTi )

′ and the tth row
of Xi is x′it. The observed value yit is the expression of a latent continuous random variables y∗it. Note
that the observed data has no information on the scaling of the latent variable. Thus to be identifiable,
it is customarily assumed that the latent variable has unit variance. See, for example Albert and Chib
(1993). Subsequently, we assume that disturbance terms are independently and normally distributed
with mean zero and unit variance.

When αi is assumed to be constant over time, the model is referred to as the “fixed effects” model,
that has an incidental parameter problem versus the “random effects” model that treats αi as a random
variable just like ϵit. Green (2004) argued that the random effects model requires an unpalatable
orthogonality assumption that the effects should be uncorrelated with dependent variables, which
can be relaxed by the fixed effects model; however, Maddala (1983) provided several reasons for
employing random effects model. For instance, the individual specific effect should be treated as
random in order to make inferences about the population from which the cross-section data came
from. Therefore, choice between the fixed and the random effects models should depend on the
statistical properties of implied estimators. McCulloch (1996) stated that the frequentist’s decision to
regard an effect as fixed or random is complicated.

The problem in the fixed effects model is that the estimation of αi is based only on the Ti obser-
vations, so that the asymptotic variance of MLE is O(1/Ti). Therefore, the MLE is biased when Ti is
small. In addition, the MLE of slope parameter β is a function of αi’s. This implies that the MLE of
β is a function of the estimator of αi, which does not converge to a constant as N → ∞. Therefore, a
small sample bias is inevitable for both estimations.

Lancaster (2002) provided a method to find a consistent estimator of the slope parameter by an
orthogonal reparameterization of the fixed effects and then integrate the new effects from the likeli-
hood with respect to a prior density when the underlying model is linear, i.e., y∗it’s are observable. This
estimator is therefore a likelihood-based that borrows a Bayesian framework. The strategy is success-
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ful to find a consistent estimator of β under the first-order autoregressive model as well. However,
the method fails to provide a consistent estimator in the model (2.1) because the reparametrized fixed
effects cannot be integrated out.

Hsiao (1996) showed analytically that the small sample bias is 100% in a binary logit model with
a single dummy regressor and a panel in which Ti = 2 for all individuals. Note that, by the nature
of probit or logit model, the individual-specific effect is unidentifiable if an individual has the same
response for all time periods (which may happen frequently with small T ); therefore, the data will not
have information about the slope parameter. The result of Hsiao (1996) may only be of theoretical
interest and seem too pessimistic. However, Heckman (1981) claimed that the slope parameter is only
10% underestimated when based on Monte Carlo study of the probit model with Ti = 8 and N = 100.
According to this result, the small sample bias may not be too critical when sample size is moderate.
However, Green (2004) argued that Heckman’s results appears optimistic when based on his own
Monte Carlo study. He examined the behavior of the MLE with N = 1000 and various values of T up
to 20, and found that the pattern of overestimation (in contrast to Heckman) persists to large T . Even
at T = 20, substantial biases, 7%–10% are detected. In addition, he said that increasing the sample
size N from 100 to 1000 did not remove the bias, but increasing in group size T from 2 to 20 had a
large effect.

3. Bayesian estimation

Under the normality assumption, the conditional distribution of y∗it, given β and αi is a normal distri-
bution with mean αi+ x′itβ and unit variance; in addition, a Bayesian model is established by imposing
a certain proper or improper joint prior distribution for the individual-specific effects and slope param-
eter. Usually the prior distribution reflects prior knowledge about parameters; however, in the absence
of prior information, a noninformative or reference prior is chosen. The noninformative uniform prior
is widely accepted for the slope parameter. Note that the noninformative or reference prior often
yields good frequentist’s properties. The parameter employing noninformative uniform prior also acts
like frequentist’s fixed effects in a linear model. Thus, we may put the uniform prior for αi as well
as β, but such a diffuse prior is subject to the incidental parameter problem in general. See Nickell
(1981) and Hahn (2004). The uniform prior is not appropriate for αi. Instead, we will apply N(µ, σ2

α)
for the fixed effects, which lead to frequentist’s random effects model:

y∗it = α̃i + µ + x′itβ + ϵit, (3.1)

where α̃i = αi − µ and α̃i ∼ N(0, σ2
α).

Let NT =
∑N

i=1 Ti and write (3.1) as a matrix form,

y∗ =Wα̃ + X̃β̃ + ϵ, (3.2)

where y∗ is a NT × 1 vector of latent values, β̃ is the (k+ 1)× 1 vector of slope parameter including µ,
X̃ is a NT × (k+1) full column rank design matrix of input variables, W = ⊕N

i=11Ti , α̃ is a N ×1 vector
of α̃i, and ϵ is a NT × 1 vector of disturbance terms. Here ⊕ denotes the direct sum of matrices, and
1Ti is a Ti × 1 vector of 1’s.

For (3.2), a hierarchical Bayesian model can be setup as y∗| β̃, α̃, σ2
α ∼ N(Wα̃+ X̃β̃, I), and p(β̃) ∝

1 and α̃ |σ2
α ∼ N(0, σ2

αI). These priors require a second stage prior for σ2
α. A conventional diffuse

noninformative prior for σ2
α is p(σ2

α) ∝ 1/σα (Gelman et al., 2013).
Note that certain improper priors lead to improper posterior distributions, and the Gibbs chains

corresponding to improper posterior are quite ill-behaved. Since Gibbs output does not inform a user
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that the posterior is improper, one must be careful in choosing the improper prior. However, it can be
shown that the priors described above yield proper posterior distributions. See Theorem 1 of Hobert
and Casella (1996) for further details.

The full conditional posterior distributions for the Gibbs sampling can be obtained from the joint
posterior distribution,

p
(
β̃, α̃, σ2

α | y∗
)
∝ p

(
y∗| β̃, α̃, σ2

α

)
p
(
β̃
)

p
(
α̃ |σ2

α

)
p
(
σ2
α

)
. (3.3)

From (3.3), we have the following full conditional distributions.

1. β̃ | α̃, σ2
α, y∗ ∼ N

((
X̃′X̃

)−1
X̃′ (y∗ −Wα̃) ,

(
X̃′ X̃

)−1
)
.

2. α̃ | β̃, σ2
α, y∗ ∼ N

((
W′W + 1/σ2

αI
)−1

W′
(
y∗ − X̃β̃

)
,
(
W′W + 1/σ2

αI
)−1

)
.

3. σ2
α | α̃ ∼ IG((N − 1)/2, α̃′α̃/2),

where IG(α, β) represents the inverse-gamma distribution with shape parameter α and scale param-
eter β.

We need additional full conditional distributions of latent variables, which will be employed at
data-augment step (Tanner and Wong, 1987). Note that, given β̃, α̃ and y, each y∗it is independent, and
has a truncated normal distribution on (−∞, 0], if yit = 0, or a truncated normal distribution on (0,∞),
if yit = 1.

Let θ(t) represent the sample value from the full conditional distribution of θ at t th iteration. Then,
the Gibbs algorithm is defined to draw samples from the full conditional distributions at each iteration
versus sampling carried out by the following procedure:

1. Draw y∗(t) from the distribution p
(
y∗| β̃(t−1)

, α̃(t−1), σ2(t−1)

α , y
)
.

2. Draw β̃
(t)

from the distribution p
(
β̃ | α̃(t−1), σ2(t−1)

α , y∗(t)
)
.

3. Draw α̃(t) from the distribution P
(
α̃ | β̃(t)

, σ2(t−1)

α , y∗(t)
)
.

4. Draw σ2(t)

α from the distribution p
(
σ2
α | α̃(t)

)
.

The proposed Bayesian estimation is applicable to both the fixed and the random effects models in
contrast to the frequentist’s maximum likelihood estimation. In a frequentist’s point of view, when the
individual-specific effects are assumed random, then the effects are of interested only through σ2

α. Our
concern is the incidental parameters problem in the fixed effects model, but we have also examined
the behavior of the Bayesian estimator in the random effects model.

4. Monte Carlo results

To compare our results with previous studies, the experiments were done on the same designs of
Heckman (1981), Green (2004) and other researchers.

The study design for the fixed effects model was

y∗it = αi + βxit + δdit + ϵit, ϵit ∼ NID(0, 1), (4.1)
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Table 1: Monte Carlo simulations for fixed effects model when T = 7, 10, 15 and N = 30, 50

T = 7 T = 10 T = 15
N Category MLE Bayesian MLE Bayesian MLE Bayesian

β δ β δ β δ β δ β δ β δ

30

Estimate 1.478 1.428 1.211 1.069 1.268 1.233 1.132 1.079 1.158 1.118 1.072 1.041
Std. err. 0.316 0.471 0.253 0.399 0.232 0.672 0.204 0.294 0.159 0.226 0.146 0.215
MSE 0.429 0.511 0.128 0.208 0.156 0.265 0.069 0.105 0.058 0.074 0.029 0.052
Coverage 0.725 0.884 0.923 0.970 0.818 0.901 0.928 0.949 0.861 0.915 0.930 0.941
M. effect 1.262 1.156 1.172 0.988 1.179 1.099 1.102 1.022 1.118 1.060 1.058 1.012

50

Estimate 1.424 1.354 1.176 1.061 1.234 1.200 1.063 1.063 1.146 1.129 1.031 1.014
Std. err. 0.246 0.622 0.197 0.271 0.170 0.233 0.145 0.212 0.114 0.170 0.104 0.159
MSE 0.286 0.345 0.076 0.091 0.094 0.112 0.025 0.054 0.038 0.050 0.012 0.025
Coverage 0.640 0.809 0.932 0.940 0.741 0.848 0.947 0.941 0.776 0.883 0.943 0.954
M. effect 1.270 1.159 1.150 1.014 1.163 1.105 1.043 1.027 1.105 1.075 1.025 1.002

MLE = maximum likelihood estimator, MSE = mean square error, M. effect = marginal effect.

where xit ∼ N(0, 1), dit = 1[(xit + νit) > 0], νit ∼ N(0, 1), and αi =
√

T x̄i + ui, ui ∼ N(0, 1). Once αi’s,
xit’s and dit’s were generated, y∗it’s were obtained 2000 times using (4.1) with β = δ = 1.

The numbers of periods and individuals analyzed were T = 7, 10, 15, and N = 30, 50. The
averages of Bayesian and maximum likelihood estimates and the averages of standard errors (Std.
err) were calculated in each experiment. The average of estimates might be used to measure the bias.
These experimental results were based on 2000 replications. Also, using

1
2000

2000∑
i=1

(estimate − true value)2,

the mean squared error was estimated to compare the efficiency. In addition, we estimated the cover-
age probability of 95% Wald-like confidence interval. We believe that the coverage probability would
be close to 0.95 if the bias of estimate were not significant. Sometimes, the object of estimation in
the model could be a marginal effect and not the coefficient itself. Thus, we computed the ratios of
marginal effect (M. effect) as suggested by Green (2004).

The marginal effects are

∂E(yit |αi, xit, dit)
∂xit

= βϕ(αi + βxit + δdit) and ∆E(yit |αi, xit, dit) = Φ(αi + βxit − δ) − Φ(αi + βxit)

for the continuous variable xit, and the dummy variable dit, respectively, where ϕ(·) and Φ(·) denote
the density and distribution function of a standard normal distribution. The true marginal effects at
averages of zero for αi and xit, and 0.5 for dit are 1 × ϕ(0 + 1 × 0 + 1 × 0.5) = 0.352 and Φ(1) −
Φ(0) = 0.341. These marginal effects were estimated by substituting the estimates for corresponding
parameters. Table 1 contains the ratio of estimated marginal effect to be a true marginal effect.

Gibbs sampling has been implemented using 25,500 iterations with the first 500 samples ignored
(commonly called burn-in periods). After the burn-in periods, we used only every fifth draw to migrate
the impact of autocorrelation. The statistics related to maximum likelihood estimation were obtained
from glm function of R (R Core Team, 2015).

The bias of MLE in the panel probit model is large when T = 7 and decreases as T increases (but
persistent). Increasing the sample size N from 30 to 50 did not reduce the bias. Even at T = 15, it
seems that the bias of MLE is too large to make appropriate statistical inference for the model. For
instance, the coverage probability of MLE is significantly smaller than 95%, whereas the Bayesian
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Figure 1: Boxplots of 2000 estimates of the first 10 individual-specific effects when N = 30,T = 15.

method has a coverage probability close to the nominal level. Note that the MLE has a larger standard
error with a wider confidence interval than the Bayesian. The Bayesian estimation also provided an
estimate of the marginal effect that was closer to true value for all N and T values.

The estimation of individual-specific effects is more distinct the Bayesian inference from the max-
imum likelihood estimation. The boxplot in Figure 1 demonstrates the distribution of estimates of the
individual-specific effects when N = 30,T = 15. In the plot, “M” and “B” stand for the MLE and
Bayesian estimates, respectively, and diamond-shaped object represents the true value of αi generated
in our simulation study. We only plotted the boxplots of the first 10 individual-specific effects for
demonstration.

The MLE produced many unexpected small or large value of estimates during 2000 replications.
For instance, “M1” shows small values of outliers in the estimation of α1. These outliers occurred
when the first individual provided the same value zero of responses for all time periods. As previously
noted the data does not have information about the individual-specific effect in a frequentist’s point
of view. Thus, any small value could be a maximum likelihood estimate. However, Bayesian can
utilize the information from neighborhoods to estimate α1. This also impacts the estimation of the
slope parameter. Note that the Bayesian estimates are more crowded to the true value than the MLE
does even if we ignore the outliers. This might conclude that the Bayesian estimation is efficient for
the panel probit model.

The incidental parameters problem occurs when the number of parameters increases with the sam-
ple size. In the Bayesian frame, the individual-specific effects are controlled by the hyper-parameters
(µ, σ2

α). The prior for the individual-specific effects restricts the number of parameters; consequently,
the Bayesian method is free from the incidental parameters problem. For the same reason, it is be-
lieved that the frequentist’s random effects model would not be influenced by the incidental problems
problem and the MLE of slope parameter would be consistent.

In contrast to this belief, Green (2004) said that the random effects estimator was overwhelmingly
poor as based on his own Monte Carlo study using the data from (4.1) with T = 3 and 8, and N = 1000.
This may be a violation of statistical common sense. We examined his assertion under the same
configurations in Table 1 using Rchoice (Sarrias, 2015), but we have been unable to replicate Green’s
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Table 2: Monte Carlo simulations for random effects model when T = 7, 10, 15 and N = 30, 50

N = 30 N = 50
T Category MLE Bayesian MLE Bayesian

β0 β1 β2 σα β0 β1 β2 σα β0 β1 β2 σα β0 β1 β2 σα

7

Estimate 0.515 −1.024 1.020 0.971 0.533 −1.065 1.075 1.097 0.511 −1.016 0.997 0.991 0.511 −1.036 1.046 1.062
Std. err. 0.332 0.266 0.438 0.229 0.367 0.272 0.497 0.278 0.275 0.188 0.344 0.180 0.292 0.190 0.371 0.201
MSE 0.115 0.072 0.212 0.058 0.126 0.083 0.252 0.099 0.083 0.038 0.122 0.036 0.087 0.041 0.133 0.048
Coverage 0.951 0.963 0.937 0.920 0.960 0.950 0.958 0.964 0.938 0.952 0.947 0.931 0.948 0.947 0.958 0.954

10

Estimate 0.517 −1.019 1.001 0.976 0.518 −1.044 1.043 1.079 0.503 −1.010 1.019 0.984 0.508 −1.023 1.037 1.037
Std. err. 0.350 0.178 0.420 0.198 0.382 0.180 0.465 0.231 0.230 0.127 0.321 0.152 0.241 0.127 0.343 0.167
MSE 0.127 0.034 0.190 0.046 0.135 0.037 0.209 0.066 0.056 0.017 0.112 0.027 0.058 0.018 0.119 0.031
Coverage 0.946 0.952 0.938 0.918 0.956 0.938 0.953 0.951 0.940 0.947 0.942 0.920 0.949 0.945 0.953 0.950

15

Estimate 0.507 −1.006 1.018 0.968 0.506 −1.023 1.035 1.048 0.514 −1.003 0.989 0.989 0.506 −1.013 1.014 1.028
Std. err. 0.274 0.110 0.399 0.174 0.298 0.110 0.437 0.203 0.233 0.085 0.305 0.135 0.244 0.085 0.322 0.147
MSE 0.084 0.012 0.183 0.038 0.085 0.013 0.184 0.045 0.060 0.007 0.111 0.021 0.059 0.007 0.111 0.023
Coverage 0.940 0.951 0.926 0.900 0.958 0.945 0.947 0.958 0.933 0.953 0.923 0.917 0.945 0.954 0.939 0.950

MLE = maximum likelihood estimator, MSE = mean square error.

results. Rather, we found that the MLE of random effects estimator is quite efficient and comparable
to the Bayesian estimator. Thus, we decided to compare the efficiency of MLE and Bayesian estimate
in the random effects panel probit model.

For the random effects model, the latent variable was generated according to

y∗it = β0 + β1x1it + β2x2i + αi + ϵit, αi ∼ NID(0, 1), ϵit ∼ NID(0, 1)

and the first regressor x1it is time-dependent to mimic a time series and was generated by an auto-
regressive process, x1it = 0.1t + 0.5x1i,t−1 + uit, uit ∼ U(−0.5, 0.5) with initial value generated by
x1i 0 = 5 + 10ui 0. The time invariant variable x2i was given to 0 or 1 according to x2∗i being less or
greater than 0.5, where x2∗i ’s are uniform random numbers. The observed value was mapped from
the latent variable by yit = 1[y∗it > 0]. The values for β’s were 1.5, -1, and 1, respectively. This study
design has also been used by many researchers. See, for example, Harris et al. (2000).

Table 2 shows the experimental results for the random effects model. In the estimation of regres-
sion coefficients, the maximum likelihood estimate is slightly less biased, but the bias of the Bayesian
estimate seems insignificant as well. The maximum likelihood estimate also tends to have slightly
smaller standard errors than the Bayesian estimate. However, when N = 50 and T = 15, both estima-
tor are essentially the same. Thus, based on these observations, we might conclude that both the MLE
and the Bayesian estimator are all efficient for the random effects panel probit model.

5. Conclusions

The Bayesian method usually requires intensive computer work, but advances in computing power
enable us to use a computer intensive Bayesian method to solve various complicated statistical prob-
lems. We believe that the fixed effects panel probit model is a challenging statistical problem to which
Bayesian should pay attention, because the frequentist’s method seems inefficient. For instance, the
maximum likelihood estimation itself is unreliable in various statistical inferences such as the hypoth-
esis test or the interval estimation. The maximum likelihood method may be inadequate. In this paper,
we have shown that a Bayesian model could be a better alternative when individual-specific effects
are believed to be fixed. Hence, it is believed that the Bayesian method can meet the various demands
in the inference in the fixed effects panel probit model. We also found that the MLE is efficient and
contradicts Green (2004)’s conclusion when the effects are random.
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