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DEPTH FOR TRIANGULATED CATEGORIES

Yanping Liu, Zhongkui Liu, and Xiaoyan Yang

Abstract. Recently a construction of local cohomology functors for com-
pactly generated triangulated categories admitting small coproducts is
introduced and studied by Benson, Iyengar, Krause, Asadollahi and their
coauthors. Following their idea, we introduce the depth of objects in such
triangulated categories and get that when (R,m) is a graded-commutative
Noetherian local ring, the depth of every cohomologically bounded and
cohomologically finite object is not larger than its dimension.

1. Introduction

Depth is a fundamental numerical invariant of a Noetherian local ring (R,m,
k) and a finite R-module M . The depth of a finite module M is classically
introduced as the maximal length of an M -regular sequence in m and it can be
measured by the (non)-vanishing of ExtmR (k,M), see [6]. Later, for non-finite
modules and even complexes of such, Foxby adopted the latter approach to
depth, see [8].

Local cohomology functors on categories of modules are introduced in [5] and
it has been shown that the depth and dimension of a module can be expressed
in terms of their vanishing and non-vanishing. Furthermore, local cohomology
functors of complexes also have been studied by many authors, see [5, 7, 11].
Also it is proved in [8] that for any unbounded complex X , the depth can be
computed using either Koszul (co)homology, Ext, or local cohomology. Here
great attention should be paid to the description

depthRX = inf{i ∈ Z | Hi
m(X) 6= 0},

where Hi
m(X) is the i-th local cohomology of X with support in m. Recently

a construction of local cohomology functors for triangulated categories with
respect to a central ring of operators is introduced in [3].
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Inspired by these, in this article we consider depth for objects in any com-
pactly generated triangulated category admitting small coproducts and char-
acterize it by local cohomology functors for triangulated categories. Also we
study its properties. The paper is organized as follows.

In Section 2 we give some notions and terminologies needed in the paper.
After preliminaries we introduce depth for objects in a compactly generated

triangulated category T admitting small coproducts with the graded center
Z∗(T ) in Section 3 and we get the following main result.

Main Theorem. Let (R,m) be a graded local ring. Then depthX ≤ dimRX

for every cohomologically finite and cohomologically bounded object X of T .

2. Preliminaries

In this section we recall the construction and some basic notions and termi-
nologies needed in this paper, from [3, 4, 10, 12].

Let T be a triangulated category. We say that T satisfies [TR5] if it has
arbitrary small coproducts. An object C in T admitting set-indexed coproducts
is compact if the functor HomT (C,−) commutes with all coproducts. We write
T C for the full subcategory of compact objects in T . A set G of objects of T
is called a generating set for T if for each non-zero object X ∈ T , there exists
an object G in G such that HomT (G,X) 6= 0. The category T is compactly
generated if it is generated by a set of compact objects.

We write Σ for the suspension on T . For objects X and Y in T , let

Hom∗
T (X,Y ) = ⊕i∈ZHomT (X,ΣiY )

be the graded abelian group of morphisms. Set End∗T (X) = Hom∗
T (X,X).

This is a graded ring, and Hom∗
T (X,Y ) is a right End∗T (X) and left End∗T (Y )-

bimodule.

Definition 2.1 (Central ring actions). Let R be a graded commutative ring.
Thus R is Z-graded and satisfies rs = (−1)|r||s|sr for each pair of homoge-
neous elements r, s in R. The center of T , denoted by Z∗(T ), is the graded-
commutative ring defined via for each n ∈ Z, the component in degree n being

Zn(T ) = {η : IdT → Σn | ηΣ = (−1)nΣη}.

We say that a triangulated category T is R-linear, or that R acts on T , if there
is a homomorphism φ : R → Z∗(T ).

This yields for each object X a homomorphism φX : R → End∗T (X) of
graded rings such that for all objects X,Y ∈ T the R-module structures on
Hom∗

T (X,Y ) induced by φX and φY agree, up to the usual rule.

If X = C is a compact object, then the R-module Hom∗
T (C, Y ) will be

denoted by H∗
C(Y ) and is called the cohomology of Y with respect to C.

Throughout the paper, we assume that T is a [TR5] compactly gener-
ated triangulated category with the graded center Z∗(T ) and R is a graded-
commutative Noetherian ring with a homomorphism of graded rings R →
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Z∗(T ). We denote Spec(R) as the set of graded prime ideals of R. For
any homogeneous ideal a of R, υ(a) is the set {p ∈ Spec(R) | p ⊇ a},
Z(a) = {q ∈ SpecR | q * a}.

Let U be a subset of Spec(R). The specialization closure of U , denoted by
clU , is defined by

clU = {p ∈ Spec(R) | p ⊇ q for some q ∈ U}.

A subset U of Spec(R) is called specialization closed if clU = U ; equivalently,
if U is a union of Zariski closed subsets of Spec(R).

Let ν be a specialization closed subset of Spec(R). Set

Tν = {X ∈ T | suppRH
∗
C(X) ⊆ ν for any C ∈ T C}.

Tν is a localizing subcategory of T , i.e., it is closed under direct summands and
small coproducts. So we have the localization functor Lν : T → T . It induces
an equivalence of categories T /KerLν

∼= ImLν , where T /KerLν denotes the
Verdier quotient of T with respect to KerLν, and ImLν is the essential image
of Lν .

Definition 2.2 (Local cohomology). Let ν be a specialization closed subset of
Spec(R) and Lν : T → T the associated localization functor. For any object
X of T , there exists an exact triangle

ΓνX −→ X −→ LνX  ,

where ΓνX is called the local cohomology of X supported on ν.

Benson, Iyengar and Krause [3] proved that in the case where T is the
derived category of a commutative Noetherian ring A, and A → Z∗(T ) is
the canonical morphism, for each specialization closed subset ν of SpecA and
complex of A-modules, the cohomology of ΓνX is the classical notion of local
cohomology introduced in [9]. Refer to [5, 11] for details.

The proof of our main theorem involves “Koszul objects” in the following.

Definition 2.3 (Koszul object, see [2]). Let r be an element in R; it is assumed
to be homogeneous, since we are in the category of graded R-modules. Set
d = degree(r), the degree of r. Let C be an object in T . We denote by C//r

any object that appears in an exact triangle

C
r

−→ ΣdC −→ C//r ,

and call it a Koszul object of r on C; it is well defined up to (nonunique)
isomorphism. For any object X in T , applying Hom∗

T (−, X) to the triangle
above yields an exact sequence of R-modules:

· · · → Hom∗
T (C,X)[d+ 1]

∓r
→ Hom∗

T (C,X)[1] → Hom∗
T (C//r,X)

→ Hom∗
T (C,X)[d]

±r
→ Hom∗

T (C,X) → · · · .

Applying the functor Hom∗
T (X,−) results in a similar exact sequence. Given

a sequence of elements r = r1, . . . , rn in R, consider objects Ci defined by
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C0 = C, Ci = Ci−1//ri for i ≥ 1. Set C//r = Cn; it is a Koszul object of r on C.
Finally, given an ideal a in R, we write C//a for any Koszul object on C with
respect to some finite sequence of generators for a. This object may depend on
the choice of the minimal generating sequence for a.

3. Depth for triangulated categories

Let T be a compactly generated triangulated category which is R-linear,
where R is a graded-commutative Noetherian ring.

First let us recall some definitions (see [1]). Let X be an object of T and C

a compact object of T . Consider two invariants

infCX = inf(H∗
C(X)) = inf{n ∈ Z | Hn

C(X) 6= 0},

supCX = sup(H∗
C(X)) = sup{n ∈ Z | Hn

C(X) 6= 0}.

We say that an objectX of T is cohomologically bounded above (resp., bounded
below) if, for any compact object C, there exists a positive integer n(C) such
that supCX ≤ n(C) (resp., infCX ≥ −n(C)). X is called cohomologically
bounded if it is both cohomologically bounded above and cohomologically
bounded below. Let T − (resp., T +, T b) denote the full subcategory of T ,
consisting of cohomologically bounded above (resp., cohomologically bounded
below, bounded) objects. We say that X is cohomologically finite with respect
to C if H∗

C(X) is finitely generated as a graded R-module. An object X is
called cohomologically finite if it is cohomologically finite with respect to C for
any C ∈ T C .

Lemma 3.1 ([1]). Let X ∈ T and C be a compact object of T and let r ∈ R

be a homogeneous element of degree d. Then

infCX//r ≥ infCX − 1 if d = 0 and

infCX//r = infCX − d if d > 0.

Definition 3.2. Let (R,m) be a graded local ring (i.e., it has a unique maximal
graded ideal m) and X an object of T +. We define the depth of X to be

depthX = inf{infCΓυ(m)X − infCX |C ∈ T C}.

Obviously, for any object X of T +, we have depthX = depthΣX .

Remark 3.3. (1) For any object 0 6= X of T +, infCΓυ(m)X ≥ infCX by [1,

Proposition 4.9]. So depthX ≥ 0. For an object X of T + (not necessarily
non-zero), if infCΓυ(m)X = infCX = 0 for C ∈ T C , then depthX = 0.

(2) Let (R,m) be a commutative Noetherian local ring and M = ModR the
category of R-modules. Let T = D(M) be the derived category of complexes
of R-modules. The category T is triangulated and admits coproducts. The
module R, viewed as a complex concentrated in degree 0, is a compact generator
for T . It is also R-linear, where for each M ∈ T , the homomorphism R →
HomT (M,M) is given by scalar multiplication. When specialized to a complex
over R, this definition of depth does not agree with the one introduced by
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Foxby in [8], since the depth (denoted by depthRM) introduced by Foxby is
changed by shifts of complexes. That is, for a chain complex of R-modules M
and an integer n,

depthRΣ
nM = depthRM − n,

where ΣnM denotes the complex M shifted n degrees to the left.

Recall that the dimension of an object is defined in [1] as follows.

Definition 3.4. Let X be an object of T . We define the dimension of X to
be

dimRX = sup{dimRH
∗
C(X) | Cis a compact object of T }.

Theorem 3.5. Let (R,m) be a graded local ring. Then depthX ≤ dimRX for

every cohomologically finite object X of T b.

Proof. We proceed by induction on dimRX to show that depthX ≤ dimRX .
If dimRX = 0, then SuppR(X) = {m} and so Γυ(m)X ∼= X . Hence the result
holds.

Now assume that dimRX > 0 and the result has been proved for all integers
smaller than dimRX . Since dimRX > 0, m * ∪p∈min(R)p and hence there
exists a homogeneous element r ∈ m\ ∪p∈min(R) p. If d = degree(r) = 0, then
consider the exact triangle

X
r

−→ X −→ X//r 

in T . This induces the exact sequence of R0-modules

· · ·−→ Hi−1
C (X//r) −→ Hi

C(X)
r

−→ Hi
C(X) −→ Hi

C(X//r) −→ Hi+1
C (X) −→ · · ·

for each i ∈ Z, where C ∈ T C . Assume that infCX = t. If Ht
C(X//r) = 0, then

Ht
C(X) = rHt

C(X) and since X is cohomologically finite, Nakayama Lemma
implies that Ht

C(X) = 0, which contradicts the assumption. Hence Ht
C(X//r) 6=

0. So infCX//r ≤ t = infCX . By [1, Lemma 5.3], we have

infCΓυ(m)X = infCΓυ(m)X//r+1 ≤ infCX//r+dimRX//r+1 ≤ infCX+dimRX,

where the first inequality is by induction assumption. If d = degree(r) > 0,
then consider the exact triangle

X
r

−→ ΣdX −→ X//r 

in T . We apply the functor Γυ(m)(−) to the above exact triangle to get the
following exact triangle

Γυ(m)X
r

−→ Γυ(m)Σ
dX −→ Γυ(m)X//r .

By induction hypothesis, infCΓυ(m)X//r ≤ infCX//r+ dimRX//r. So by Lemma
3.1, we have

infCΓυ(m)X = infCΓυ(m)X//r+ d < infCX//r+ dimRX//r+ d

≤ dimRX + infCX. �
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Proposition 3.6. Let (R,m) be a trivially graded ring, that is concentrated in

degree zero and T generated by one compact object C. Then depthX ≤ dimRX

for every cohomologically finite object X of T +.

Proof. We proceed by induction on dimRX similar to Theorem 3.5. It re-
mains to note that dimRX//r = dimRX − 1. For homogeneous element r ∈
m\ ∪p∈min(R) p, the exact triangle

X
r

−→ X −→ X//r 

in T induces an exact sequence

0 −→ H∗
C(X)

r
−→ H∗

C(X) −→ H∗
C(X//r) −→ 0

of graded R-modules. So H∗
C(X//r) ∼= H∗

C(X)/rH∗
C(X). Hence

dimRH
∗
C(X//r) = dimRH

∗
C(X)− 1.

That is, dimRX//r = dimRX − 1. �

Proposition 3.7. Let X −→ Y −→ Z  be an exact triangle in T . Then

infCY ≥ min{infCX, infCZ} for any C ∈ T C . Furthermore, for the exact

triangle

Γυ(m)X −→ X −→ Lυ(m)X  ,

if infCLυ(m)X ≥ infCΓυ(m)X, then depthX = 0.

Proof. The first assertion follows from the long exact sequence

Hi−1
C (Z) −→ Hi

C(X) −→ Hi
C(Y ) −→ Hi

C(Z)

of R0-modules. Let g = min{infCX, infCZ}. Then Hg−1
C (Y ) = 0. So infCY ≥

g.
The second assertion follows from the fact infCΓυ(m)X ≥ infCX and the

first assertion. �

Proposition 3.8. Let (R,m) be a graded local ring and r ∈ m a homogeneous

element of degree d. Then for any cohomologically finite object X in T ,

depthX//r = depthX if d > 0 and

depthX//r ≥ depthX − 1 if d = 0.

Moreover, if (R,m) is trivially graded and T is generated by one compact object

C, then depthX//r = depthX − 1.

Proof. If d > 0, then infCX//r = infCX−d and infCΓυ(m)X//r = infCΓυ(m)X−d

by Lemma 3.1. So

depthX//r = inf{infCΓυ(m)X//r− infCX//r |C ∈ T C}

= inf{infCΓυ(m)X − infCX |C ∈ T C}

= depthX.
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If d = 0, then infCΓυ(m)X//r ≥ infCΓυ(m)X − 1 by Lemma 3.1 and infCX//r ≤
infCX by the proof of Theorem 3.5. So

depthX//r = inf{infCΓυ(m)X//r− infCX//r |C ∈ T C}

≥ inf{infCΓυ(m)X − 1− infCX |C ∈ T C}

= depthX − 1.

When (R,m) is trivially graded, the exact triangle

X
r

−→ X −→ X//r 

in T induces an exact sequence

0 −→ H∗
C(X)

r
−→ H∗

C(X) −→ H∗
C(X//r) −→ 0

of graded R-modules. Assume that infCX = t. If Ht
C(X//r) = 0, then we get

the exact sequence
Ht

C(X) −→ Ht
C(X) −→ 0,

which, in view of Nakayama Lemma, is impossible. So infCX//r = infCX. By
[1, Lemma 5.3], we have infCΓυ(m)X//r = infCΓυ(m)X − 1. Therefore, we get
the desired equality. �

Let p be a prime ideal of R. Since Z(p) = {q ∈ SpecR | q * p} is a
specialization closed subset of Spec(R), there is a localization functor LZ(p) :
T → T . For any X ∈ T , let Xp denote the object LZ(p)X as in [1]. In the
following, we discuss the behaviors of Xp.

Let p be a prime ideal ofR such that Z(p)∩suppR(X) = ∅. Then depthRX =
depthRp

Xp, where suppR(X) = {p ∈ SpecR | ΓpX = LZ(p)Γν(p)X 6= 0} is the

support of X (see [3]). This is because Z(p) ∩ suppR(X) = ∅ if and only if
Xp

∼= X by [3, Corollary 5.7].

Proposition 3.9. Let p be a prime ideal of R. For the exact triangle

Γυ(m)X −→ X −→ Lυ(m)X  ,

if infCLυ(m)X ≥ infCΓυ(m)X for any C ∈ T C , then depthRX ≤ depthRp
Xp +

dimR/p.

Proof. If p /∈ SuppR(X), then Xp = 0. So depthRX = depthRp
Xp = 0.

If p ∈ SuppR(X), then Xp 6= 0. So

depthRp
Xp = inf{infCΓυ(m)LZ(p)X − infCLZ(p)X |C ∈ T C}

= inf{infCLZ(p)Γυ(m)X − infCLZ(p)X |C ∈ T C} ≥ 0.

Hence the result follows from the fact dimR/p ≥ 0 and Proposition 3.7. �

Note that for an R-module M , dimRp
Mp ≤ dimRM − dimR/p ([6]). For

X ∈ T , we have:

Lemma 3.10. Let p be a prime ideal of R. Then dimRp
Xp ≤ dimRX −

dimR/p.
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Proof. It follows from [3, Theorem 4.7] that H∗
C(Xp) ∼= H∗

C(X)p for any C ∈
T C . Then

dimRp
H∗

C(Xp) = dimRp
H∗

C(X)p ≤ dimRH
∗
C(X)− dimR/p.

The inequality is from the result for modules. So dimRp
Xp ≤ dimRX−dimR/p.

�

Definition 3.11. A cohomologically finite object X of T b is called Cohen-
Macaulay if depthX = dimRX .

Proposition 3.12. Let (R,m) be a trivially graded local ring and r ∈ m a

homogeneous element. Suppose X belongs to T b.

(1) X is Cohen-Macaulay if and if X//r is so;
(2) If infCLυ(m)X ≥ infCΓυ(m)X for any C∈ T C and X is Cohen-Macaulay,

then Xp is Cohen-Macaulay for every p ∈ Spec(R).

Proof. (1) It follows from the fact dimRX//r = dimRX − 1 by the proof of
Propositions 3.6 and 3.8.

(2) We have

dimRp
Xp + dimR/p ≤ dimRX = depthX ≤ depthRp

Xp + dimR/p

by Lemma 3.10 and Proposition 3.9. So dimRp
Xp ≤ depthR

p
Xp. Since

dimRp
Xp ≥ depthR

p
Xp, the result follows. �
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