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Abstract – It is well known that the behavior of PV curves is similar to a quadratic function. This is 
used in some papers to approximate PV curves and calculate the maximum-loading point by minimum 
number of power flow runs. This paper also based on quadratic approximation of the PV curves is 
aimed at completing previous works so that the computational efforts are reduced and the accuracy 
is maintained. To do this, an iterative method based on a quadratic function with two constant 
coefficients, instead of the three ones, is used. This simplifies the calculation of the quadratic 
function. In each iteration, to prevent the calculations from diverging, the equations are solved on 
the assumption that voltage magnitude at a selected load bus is known and the loading factor is 
unknown instead. The voltage magnitude except in the first iteration is selected equal to the one at 
the nose point of the latest approximated PV curve. A method is presented to put the mentioned 
voltage in the first iteration as close as possible to the collapse point voltage. This reduces the number 
of iterations needed to determine the maximum-loading point. This method is tested on four IEEE 
test systems. 
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1. Introduction 
 
The quick and accurate determination of voltage 

collapse proximity for normal and contingency states is 
needed for secure operation of power systems. Methods 
have been proposed in the literature for voltage stability 
analysis can be classified into measurement-based methods 
[1, 2] and model-based ones [3-16]. The formers are based 
on the fact that maximum-loading point is detectable using 
the local measurement of voltage and current phasors. 
Since the system model is not used, the measurement-
based methods are suitable for the analysis of the current 
power system only, and are unusable for the examination of 
contingency states. 

The model-based methods use dynamic and static 
techniques. The formers are time consuming and unsuitable 
when the investigation of a wide range of system 
conditions and a large number of contingencies is required 
[3]. This paper focuses on the static techniques that use 
equilibrium equations especially the power flow equations 
instead of differential equations. The main objective of too 
many papers that are based on the static methods is to 
accurately calculate the maximum-loading point or present 
indices that can provide a measure of the MW-distance 
from the current operating point to the maximum-loading 
point. Some information embedded in the Jacobian and the 
Hessian matrix of the load flow equations, such as the 

minimum singular value and the minimum magnitude of 
eigenvalue, are the commonly used voltage stability indices 
[4-6]. The L-index [7] is one other well-known index that 
uses the admittance matrix and voltage phasors. In [8], a 
PQ curve that shows the boundary of the maximum active / 
reactive power is used to define a new voltage stability 
index. This index provides information about identifying 
weak buses and areas. Another method to identify weak 
buses has been proposed in [9] based on creating a set of 
decoupled single-one, single-branch equivalent circuits. 
The decoupled circuits can reveal important characteristics 
of a power system. None of voltage stability indices can 
accurately estimate the proximity to voltage collapse 
because of their nonlinear behavior. 

Besides the voltage stability indices, many approaches 
have been proposed to accurately compute the distance to 
the maximum-loading point as the voltage stability margin. 
A large number of them are based on iterative methods. 
The authors in [10, 11] propose an iterative method to 
calculate the shortest distance from the current operating 
point to loadability boundary. In each iteration, the direction 
of load increase is determined using the normal vector on 
the loadability boundary obtained in the previous iteration. 

In other methods, unlike the methods proposed in [10, 
11], the direction of load increase in each load bus is 
usually assumed to be constant and proportional to the 
initial load [12-16]. The focus is on the determination of 
the step size of load increase in each iteration. In some 
proposed methods, the step size is so determined that no 
variables such as reactive power generations and load bus 
voltages reach their limits. This may be calculated using 
the sensitivity of these variables with respect to loading 
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factor [12, 13]. In [14, 15], the authors assume a quadratic 
relation between loading factor and some variables that are 
zero in the maximum-loading point. These variables are the 
inverse of the sensitivities of the voltage magnitude at PQ 
buses [14] and the reactive power generated at PV buses 
[15] with respect to loading factor. The step size of load 
increase is determined based on this quadratic relation. 
The coefficients of quadratic functions are successively 
calculated using the two last power flow solutions. In each 
iteration, the loading factor is selected equal to the critical 
loading factor predicted from the latest calculated quadratic 
function. 

It is well known that PV curves can be approximated 
by a quadratic function. This is used in [16] for quick 
calculation of the maximum loading point. The three 
coefficients of the quadratic function are determined by 
only one power flow solution using first and second-order 
derivatives of voltage magnitude with respect to loading 
factor. The loading factor in the nose point of the 
approximated PV curve is selected as the loading factor in 
the next power flow run. The iteration continues until the 
difference between the maximum loading points calculated 
in two successive iterations becomes smaller than a given 
tolerance. Among the presented methods, the one proposed 
in [16] needs the least number of power flow solutions to 
calculate the maximum loading point. 

It is important to note that voltage stability margin must 
be calculated for a large number of contingency states. 
This work needs to be repeated every some minutes 
because of change in system’s operating point. So a very 
limited time may be available for each contingency. This is 
why the voltage stability margin needs to be determined 
as fast as possible. The main objective of this paper is to 
improve the efficiency and reduce the computational 
effort and the number of iterations of the method 
proposed in [16]. To do this, a quadratic function with two 
constant coefficients, instead of the three ones, is used. 
This simplifies the calculation of the quadratic function 
because the determination of the second-order sensitivities 
is no longer needed. In each iteration, to prevent the 
calculations from diverging, the equations are solved on 
the assumption that voltage magnitude at a selected load 
bus is known and the loading factor is unknown instead. 
The voltage magnitude except in the first iteration is 
selected equal to the one at the nose point of the latest 
approximated PV curve. A method is presented to put the 
mentioned voltage in the first iteration as close as possible 
to the collapse point voltage. This reduces the number of 
iterations needed to determine the maximum loading point. 
The simulations have been performed on the IEEE 14, 30, 
57 and 118-bus test systems. The results show that the 
voltage stability margin can be accurately calculated after 
two to five iterations of power flow run. The iterations stop 
when the difference between the maximum loading points 
calculated in two successive iterations becomes less than 
0.0005. 

2. A Brief Description of the Method Proposed  
in [16] 

 
The method is described using Fig. 1 that is a typical PV 

curve for a generic bus (bus i ). In this Fig., cl  is the 
critical loading factor (the loading factor in the maximum-
loading point), ,c iV  is the collapse point voltage at bus i  
(the voltage magnitude at bus i  in the critical loading 
factor), col  and ,co iV  are the loading factor and the 
voltage magnitude in the current operating point, 
respectively. In [16], a quadratic approximation for the PV 
curve has been defined as: 

 
 2

i i i i ia V bV cl = + +  (1) 
 
The coefficients ia , ib  and ic  are determined by only 

one power flow solution in each loading factor. To do this, 
the first-order and second-order derivatives idV dl  and 

22
id V dl  are calculated from the power flow equations 

and substituted in Eqs. (2) and (3): 
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The coefficients ia , ib  and ic  can be found by solving 

Eqs. (1), (2) and (3) as: 
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Fig. 1. Typical PV curve 
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 2
i i i i ic a V bVl= - -  (6) 

 
After the determination of the coefficients ia , ib  and 

ic , the estimated collapse point voltage ,c iV  and the 
estimated critical loading factor ,c il  are obtained as 
follows: 
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 2
, , ,c i i c i i c i ia V bV cl = + +  (8) 

 
The critical bus is the bus with the least value of ,c il . 

This ,c il  is an estimate of the critical loading factor. In the 
next step, the loading factor is replaced by ,c il  and the 
entire process is carried out again (i.e. first the coefficients 

ia , ib  and ic  are calculated again, then ,c iV  and ,c il  
are determined). The iteration continues until the difference 
between the critical loading factors calculated in two 
successive iterations becomes smaller than a given 
tolerance. The method needs 5 iterations for the normal 
loading and far fewer iterations for the stressed loading 
(based on Figs. 2 and 3 in [16]). The closer the initial 
loading factor is to the critical loading factor, the fewer 
iterations are needed. The paper does not propose any 
method to bring the initial loading factor close to the 
critical one. Also, it is not clear what decision is made 
when the power flow calculations fail to converge. This 
occurs if the estimated critical loading factor becomes 
larger than the actual one. 

 
 

3. The Proposed Method 
 
This paper, also, uses a quadratic approximation of the 

PV curve. The aim is to calculate the critical loading factor 
for a set of contingency states with minimum number of 
power flow runs. The normal state is numbered as 
contingency state 1. Other contingencies are numbered 
arbitrarily from 1 to cN + 1. cN  is the number of 
contingency states. The proposed quadratic function is as: 

  
 2

i i i ia V bVl = +  (9) 
 
i  refers to the selected bus number (the bus where the 

PV curve is drawn). The loading factor l  is a scalar 
factor used to move system operating point to the 
loadability boundary. This is included in the power flow 
equations as follows: 
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where 0iP  ( 0iQ ) is the net-injected active (reactive) power 
at bus i  when 1l = . An iterative method is used for each 
contingency state. In each iteration, the two constant 
coefficients of the quadratic function are calculated. Since 
only two coefficients exist, the determination of the 
second-order derivative 22

id V dl  is no longer needed. 
Several simulations confirm that the proposed quadratic 
function can nicely approximate PV curves. In all iterations, 
to prevent the power flow calculations from diverging, it is 
assumed that the voltage magnitude at the considered bus 
is known and loading factor is unknown instead. The 
voltage magnitude is selected equal to the latest estimate of 
the collapse point voltage obtained for that contingency 
state. The initial voltage magnitude (the voltage magnitude 
at the considered bus in the first iteration) is selected based 
on the variation range of the actual collapse point voltage. 
The magnitude of this voltage depends on the level of 
reactive power compensation [17]. The results of a large 
number of simulations performed on the IEEE 14, 30, 57 
and 118-bus test systems for contingency states show that 
the collapse point voltage is within a limited range for most 
of the states. The results for some load buses are shown in 
Figs. 2 to 5. The similar results are obtained for other load 
buses.  

The contingencies are single line or generator outages. 
Considering the normal state, the number of selected 

 
Fig. 2. Collapse point voltages at different contingency 

states in 14-bus test system 

 
Fig. 3. Collapse point voltages at different contingency 

states in 30-bus test system 
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contingencies for the IEEE 14, 30, 57 and 118-bus test 
systems are 21, 41, 76, and 228, respectively. As can be 
seen from the Figs., most of the calculated collapse point 
voltages in the considered buses range from 0.57 to 0.62 pu 
in the 14 and 30-bus test systems, from 0.47 to 0.52 pu in 
the 57-bus test system, and from 0.77 to 0.82 pu in the 118-
bus test system.  

Therefore, after determining the actual collapse point 
voltage for few contingency states, the range of variations 
in this voltage for other contingencies can be guessed. The 
selection of the initial voltage magnitude in the within this 
range put the initial operating point close to the nose point 
of the PV curve, may be on the upper part or lower part of 
the PV curve. This reduces the number of iterations needed 
to determine the maximum loading point. It is proposed 
that for each contingency state, the initial voltage 
magnitude is selected equal to the average value of the 
collapse point voltage calculated for the previous 
contingency states. For the first contingency state, i.e. the 
normal state, the initial voltage magnitude is selected equal 
to 0.8 pu. 

To determine the coefficients ia  and ib , the first-order 
derivative idV dl  is obtained using (9) as follow: 
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In each iteration, with a given iV , l  and idV dl  is 
calculated by solving the power flow equations. Having iV , 
l  and idV dl , the coefficients ia  and ib  can be found 
from Eqs. (9) and (11) as: 
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After determining the coefficients ia  and ib , the 

estimated collapse point voltage ,c iV  and the estimated 
critical loading factor cl  are obtained as follows: 
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To explain how to calculate idV dl , it is assumed that 

the power flow equations are as the compact form: 
 

 ( , ) 0g X l =  (16) 
 

where X  is the system-state vector (voltage magnitudes 
and phase angles) and l  is the loading factor. A Taylor 
series expansion of Eq. (16) provides the relation: 

 
 0Xg X gl lD + D =  (17) 

 
where Xg  is the Jacobian matrix and gl  is the vector of 
derivatives of load flow equations with respect to l . 
Therefore, the sensitivity of the state variables X  with 
respect to the loading factor l  is given by: 

 
 1

X XS g gll -= -  (18) 
 
The determination of the critical loading factor can be 

done at each of weak load buses. In each iteration, the main 
computational effort is related to the modified power flow 
solution with voltage magnitude at one of load buses being 
known and the loading factor being unknown. Other 
variables, such as the sensitivity vector in Eq. (18), are 
easily available from the power flow solution. So, the 
number of iterations means the number of power flow 
solutions. The steps of the proposed method can be 
described as bellow: 

1) Select one of weak load buses (based on voltage 
stability indices or the voltage magnitude in the base 
load). The determination of the weakest load bus is 
not required. 

2) Number the selected contingency states from 1 to 
cN + 1. The contingency state 1 refers to the normal 

 
Fig. 4. Collapse point voltages at different contingency 

states in 57-bus test system 

 
Fig. 5. Collapse point voltages at different contingency 

states in 118-bus test system 
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state. Assume that k  represents the contingency 
number. 

3) For the normal state ( 1k = ), select the initial voltage 
magnitude at the considered load bus equal to 0.8 pu. 

4) Perform a power flow solution to calculate the 
loading factor. The calculated loading factor is 
considered as an estimate of critical loading factor. 

5) Calculate idV dl  using (18). 
6) Calculate ia  and ib  using (12) and (13). 
7) Calculate the new estimated collapse point voltage 

,c iV  and the new estimated critical loading factor cl  
using (14) and (15). If the difference between the new 
estimated critical loading factor and the last one is 
less than 0.0005, the critical loading factor for the 
normal state has been determined. In this case, go to 
step 8 for the determination of the critical loading 
factor for other contingency states. If the difference is 
more than 0.0005, replace the initial voltage 
magnitude in the considered load bus by the latest 
estimated collapse point voltage and repeat the steps 
4 to 7 for next iteration. The iterations continue until 
the difference between the estimated critical loading 
factors obtained in two successive iterations becomes 
less than 0.0005 (Note that, the critical loading factor 
obtained by the proposed method is the same as 
determined by the continuation power flow method 
[18] that is known as an accurate method to 
determine voltage stability margin. In this method 
load is changed along a predetermined direction to 
derive the system’s operating point from base case to 
maximum-loading point. The continuation power 
flow method needs several power flow runs and is not 
suitable when the examination of a large number of 
contingencies is needed. This is shown in the next 
section). 

8) Set 1k k= + , For contingency state k , select the 
initial voltage magnitude equal to the average value 
of the collapse point voltage calculated for 
contingency states 1 to 1k - . 

9) Perform a power flow solution to calculate the 
loading factor. The calculated loading factor is 
considered as an estimate of critical loading factor for 
contingency state k . 

10) Calculate idV dl  using (18). 
11) Calculate ia  and ib  using (12) and (13). 
12) Calculate the new estimated collapse point voltage 

,c iV  and the new estimated critical loading factor cl  
using (14) and (15). If the difference between the new 
estimated critical loading factor and the last one is 
less than 0.0005, the critical loading factor for the 
contingency state has been determined. In this case, 
go back to step 8 for the determination of the critical 
loading factor for other contingency states. If the 
difference is more than 0.0005, replace the initial 
voltage magnitude in the considered load bus by the 
latest estimated collapse point voltage and repeat the 

steps 9 to 12 for next iteration. The iterations 
continue until the difference between the estimated 
critical loading factors obtained in two successive 
iterations becomes less than 0.0005. 

 
For better realization of the proposed method, the 

flowchart of the above mentioned steps is presented in 
Fig. 6.  

 
 

4. Simulation Results 
 
The simulations have been performed for normal and 

contingency states on the IEEE 14, 30, 57 and 118-bus test 
systems. The contingencies are single line or generator 
outages. Considering the normal state, the number of 
selected contingencies for the IEEE 14, 30, 57 and 118-bus 
test systems are 21, 41, 76, and 228, respectively. The 
generator reactive power limits have been enforced.  

Figs. 7 to 10 show the performance of the proposed 
method for the four test systems. The figures show the 
number of iterations needed for determination of the 
critical loading factor in each contingency state.  

Table 1 shows the results in percentage terms. The 
results confirm that the proposed method considerably 
reduces the number of required iterations. For instance, in 
118-bus test system, the critical loading factor can be 
determined by only two iterations for more than 90 percent 

 
Fig. 6. The flowchart of the proposed method 
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of contingency states. 
The reduction in required iterations is because of putting 

initial loading factor close to the critical one. Figs. 11 to 14 

show the initial and critical loading factors for different 
contingency states. In these figures, ‘*’ denotes the initial 
loading factor and ‘○’ denotes the critical one. As can be 
seen, most of the initial loading factors are very close to 
the critical ones. 

As mentioned in the last section, all the critical loading 
factors calculated using the proposed method are equal to 
the ones obtained by the continuation power flow method. 
Due to the limited space in the paper it is not possible to 
show all results, but for some contingency states, the 

 
Fig. 7. The number of required iterations at different 

contingency states in 14-bus test system 

 
Fig. 8. The number of required iterations at different 

contingency states in 30-bus test system 

 
Fig. 9. The number of required iterations at different 

contingency states in 57-bus test system 
 

Table 1. The results in percentage terms 

The number of iterations  
System 2 3 4 5 
14-bus 71 14 10 5 
30-bus 73 10 7 10 
57-bus 78 12 4 6 

118-bus 91 6 2 1 
 

 
Fig. 10. The number of required iterations at different 

contingency states in 118-bus test system 

 
Fig. 11. The initial and critical loading factors for different 

contingency states in 14-bus test system 

 
Fig. 12. The initial and critical loading factors for different 

contingency states in 30-bus test system 
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results of both methods are tabulated in Table 2. The 
continuation power flow method needs several iterations 
and is not suitable when the examination of a large number 
of contingencies is needed. The proposed method 
considerably reduces the needed number of iterations. This 
is shown in Table 3. 

5. Conclusion 
 
The aim of this paper is to calculate the critical loading 

factor for a set of contingency states with minimum 
number of power flow runs. The method is based on 
quadratic approximation of the PV curves. An iterative 
method is used for each contingency state. In each iteration, 
the two constant coefficients of the quadratic function are 
calculated. In all iterations, to prevent the power flow 
calculations from diverging, it is assumed that the voltage 
magnitude at the considered bus (the bus where the PV 
curve is drawn) is known and loading factor is unknown 
instead. The voltage magnitude is selected equal to the 
latest estimate of the collapse point voltage obtained for 
that contingency state. For each contingency state, the 
initial voltage magnitude is selected equal to the average 
value of the collapse point voltage calculated for the 
previous contingency states. This selection put the initial 
operating point close to the nose point of the PV curve, and 
consequently reduces the number of iterations needed to 
determine the critical loading factor. This is confirmed by 
the simulations performed on the IEEE 14, 30, 57 and 118-
bus test systems. For instance, in 118-bus test system, the 
critical loading factor can be determined by only two 
power flow runs for more than 90 percent of contingency 
states. 
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