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AUTOMATIC CONTINUITY OF ALMOST MULTIPLICATIVE

LINEAR FUNCTIONALS ON FRÉCHET ALGEBRAS

Taher Ghasemi Honary, Mashaallah Omidi, and Amir Hossein Sanatpour

Abstract. A linear functional T on a Fréchet algebra (A, (pn)) is called
almost multiplicative with respect to the sequence (pn), if there exists
ε ≥ 0 such that |Tab − TaTb| ≤ εpn(a)pn(b) for all n ∈ N and for every
a, b ∈ A.

We show that an almost multiplicative linear functional on a Fréchet
algebra is either multiplicative or it is continuous, and hence every almost
multiplicative linear functional on a functionally continuous Fréchet al-
gebra is continuous.

1. Introduction

Let A be an algebra over the complex field. A subset V of A is balanced if
λV ⊆ V for all scalars λ such that |λ| ≤ 1. An algebra A is a Fréchet algebra

if it is a complete metrizable topological linear space and has a neighbourhood
basis (Vn) of zero such that Vn is absolutely convex (convex and balanced) and
Vn is idempotent, i.e., VnVn ⊆ Vn for all n ∈ N. The topology of a Fréchet
algebra A can be generated by a sequence (pn) of separating submultiplicative
seminorms, i.e., pn(xy) ≤ pn(x)pn(y) for all n ∈ N and x, y ∈ A, such that
pn(x) ≤ pn+1(x), whenever n ∈ N and x ∈ A. If A is unital, then pn can be
chosen such that pn(1) = 1 for all n ∈ N.

A Fréchet algebra A with the above generating sequence of seminorms (pn)
is denoted by (A, (pn)). A sequence (xk) in the Fréchet algebra (A, (pn)) con-
verges to x ∈ A if and only if pn(xk − x) → 0 for each n ∈ N, as k → ∞.

Let A be an algebra. An element x ∈ A is called quasi-invertible if there
exists y ∈ A such that

x+ y − xy = y + x− yx = 0.
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The set of all quasi-invertible elements of A is denoted by q − InvA. A topo-
logical algebra A is called a Q-algebra if q − InvA is open, or equivalently, if
q − InvA has an interior point in A [19, Lemma E2].

The (Jacobson) radical of A, denoted by radA, is the intersection of all maxi-
mal left (right) ideals in A. The algebraA is called semisimple if radA = {0}. If
A is a commutative Fréchet algebra, then radA =

⋂
ϕ∈M(A) kerϕ, where M(A)

is the continuous character space of A, i.e., the space of all continuous non-zero
multiplicative linear functionals on A. See, for example, [6, Proposition 8.1.2].

A well-known class of Fréchet algebras is the class of Fréchet Q-algebras.
Banach algebras are important examples of Fréchet Q-algebras.

Homomorphisms between different classes of topological algebras, including
Fréchet algebras, Q-algebras and Banach algebras, have been widely studied
by many authors. For the automatic continuity of homomorphisms between
Banach algebras, Fréchet algebras and topological algebras one may refer to
the monographs of T. Husain [9], H. G. Dales [3], M. Fragoulopoulou [5], K.
Jarosz [10], E. Kaniuth [14], A. Mallios [18], and the interesting article of E.
A. Michael [19].

The following theorem is a well-known result, due to Šilov, concerning the
automatic continuity of multiplicative linear maps (homomorphisms) between
Banach algebras.

Theorem 1.1 ([3, Theorem 2.3.3]). Let A and B be Banach algebras such that

B is commutative and semisimple. Then, every homomorphism T : A → B is

automatically continuous.

By the theorem above, every commutative semisimple Banach algebra has a
unique complete norm. It was a major open question for many years whether
every semisimple Banach algebra has a unique complete norm, even if it is not
commutative. This was eventually proved in 1967 by B. E. Johnson, and as
a consequence of this result, it was shown that if T : A → B is a surjective
homomorphism between a Banach algebra A and a semisimple Banach algebra
B, then T is automatically continuous.

Many authors have investigated automatic continuity of homomorphisms
between Banach algebras and Fréchet algebras, and there are many open ques-
tions in this area. For example, in 1952, E. A. Michael posed the question as
whether each multiplicative linear functional on a (commutative semisimple)
Fréchet algebra is automatically continuous [19]. This question, known as the
Michael’s problem, has been intensively studied, but only partial answers have
been obtained so far. For further results on automatic continuity of homo-
morphisms between certain classes of Fréchet algebras, or partial answers to
Michael’s problem, one may refer, for example, to [4], [7] and the references
therein.

In 1985, K. Jarosz introduced the concept of almost multiplicative maps

between Banach algebras and investigated the problem of automatic continuity
of such maps [10]. For Banach algebras A and B, a linear map T : A → B is
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called almost multiplicative if there exists ε ≥ 0 such that

‖Tab− TaT b‖ ≤ ε‖a‖‖b‖

for every a, b ∈ A.
Later, in 1986, B. E. Johnson obtained some results on the continuity of

approximately (almost) multiplicative functionals [12] and then in 1988, John-
son extended his results to approximately (almost) multiplicative maps between
Banach algebras [13]. Since then, many authors investigated almost multiplica-
tive and nearly (almost) additive maps (operators) between different classes of
Banach algebras. See, for example, [1], [8], [11], [15], [16] and [20]. However,
as far as we know, the automatic continuity of such maps (operators) between
Fréchet algebras has not been studied yet. We investigate some properties of
such maps in Sections two and three.

We first recall some notions in topological algebras.

Definition. A subset V of a complex algebra A is called m-convex (multi-
plicatively convex) if V is convex and idempotent, i.e., V V ⊆ V . A topological
algebra is locally convex if there is a base of neighborhoods of zero consisting
of convex sets.

Since every base of convex neighborhoods of zero consists of absolutely con-
vex sets, we may always assume that a locally convex algebra has a base of
neighborhoods of zero consisting of absolutely convex sets.

A topological algebra is a locally multiplicatively convex algebra, or briefly,
an lmc algebra, if there is a base of neighborhoods of the origin consisting of
sets which are absolutely convex and idempotent.

Note that Fréchet algebras are lmc algebras. Moreover, an lmc algebra A is
a Q-algebra if and only if the spectral radius rA is continuous at zero and it is
uniformly continuous on A if A is also commutative.

A Fréchet algebra A is a Q-algebra if and only if the spectral radius rA(x)
is finite for all x ∈ A. See, for example, [5, Theorem 6.18], [18, III. Proposition
6.2], or [19, Theorem 13.6].

Recall that a (complex) topological algebra A is called functionally continu-

ous if every complex homomorphism on A is continuous. Banach algebras and
Q-algebras are the most well-known classes of functionally continuous algebras.
However, there are many functionally continuous topological algebras, which
are not Q-algebras. The algebra of continuous complex-valued functions on R,
denoted by C(R), with the compact open topology, is an example of a func-
tionally continuous Fréchet algebra [3, Corollary 4.10.14, or page 589], which
is not a Q-algebra, see, for example, [3, page 187]. If we take the subalgebra
Cc(R), consisting of functions f in C(R) with compact support and with the
compact open topology, then it is a proper dense ideal in C(R), which is also
functionally continuous by [19, Lemma 12.3(b)], but it is not a Q-algebra by
[5, Examples 6.13].
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It is interesting to note that, if we take Cc(R) with the uniform norm topol-
ogy ‖ · ‖∞, then it is an incomplete normed algebra, which is a Q-algebra [5,
Example 6.8] and hence it is functionally continuous.

2. Automatic continuity of almost multiplicative maps between

Fréchet algebras

We first introduce the concept of almost multiplicative maps (operators) and
weakly almost multiplicative maps (operators) between Fréchet algebras.

Definition. Let (A, (pn)) and (B, (qn)) be Fréchet algebras and ε ≥ 0. A
linear map T : (A, (pn)) → (B, (qn)) is called multiplicative if Tab = TaT b for
every a, b ∈ A, it is called ε-multiplicative with respect to (pn) and (qn), if

qn(Tab− TaT b) ≤ εpn(a)pn(b)

for all n ∈ N and every a, b ∈ A, and it is called weakly ε-multiplicative with
respect to (pn) and (qn), if for every k ∈ N there exists n(k) ∈ N such that

qk(Tab− TaT b) ≤ εpn(k)(a)pn(k)(b)

for every a, b ∈ A. A linear map (operator) T : A → B is called almost
multiplicative or weakly almost multiplicative if it is ε-multiplicative or weakly
ε-multiplicative, respectively, for some ε ≥ 0.

It is clear that every ε-multiplicative map is weakly ε-multiplicative, and
since (qn) is a separating sequence of seminorms on B, it is clear that, ε-
multiplicative and weakly ε-multiplicative linear maps turn out to be multi-
plicative, whenever ε = 0. Moreover, any multiplicative map is ε-multiplicative
for every ε ≥ 0.

Remark 2.1. In the case that B = C, a linear functional T on a Fréchet algebra
(A, (pn)) is weakly ε-multiplicative with respect to (pn), if there exists m ∈ N

such that
|Tab− TaT b| ≤ εpm(a)pm(b)

for every a, b ∈ A. Since the generating sequence (pn) in the Fréchet algebra
(A, (pn)) is an increasing sequence, the inequality

|Tab− TaT b| ≤ εpn(a)pn(b),

holds for all n ≥ m.

In this paper we study the automatic continuity of (weakly) almost multi-
plicative maps (operators) between Fréchet algebras. In particular, we obtain
some results on almost multiplicative linear functionals, also called, complex-
valued almost multiplicative maps (operators), on Fréchet algebras.

Definition. A Fréchet algebra (A, (pn)) is a uniform Fréchet algebra if

pn(a
2) = (pn(a))

2

for each n ∈ N and for all a ∈ A.
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Remark 2.2 ([6, p. 73] and [4, p. 8]). Let A and B be Fréchet algebras with
generating sequences of seminorms (pn) and (qn), respectively. If ϕ : A → B

is a linear operator, then ϕ is continuous if and only if for each k ∈ N, there
exist n(k) ∈ N and a constant ck > 0 such that

qk(ϕ(a)) ≤ ckpn(k)(a)

for every a ∈ A.
In the case that (B, (qn)) is a commutative uniform Fréchet algebra and

ϕ : A → B is a continuous algebra homomorphism, we may choose ck = 1 for
all k.

The first result is on the composition of two linear operators.

Theorem 2.3. Let (A, (pn)) and (B, (qn)) be Fréchet algebras and (D, (rn))
be a uniform Fréchet algebra. If T : A → B is a weakly almost multiplicative

map and ϕ : B → D is a continuous homomorphism, then ϕ ◦ T is a weakly

almost multiplicative map.

Proof. Let T be a weakly ε-multiplicative map for some ε > 0. Since ϕ is
continuous, by Remark 2.2 it follows that for each k ∈ N there exists n(k) ∈ N

such that

rk((ϕ ◦ T )(xy)− (ϕ ◦ T )(x)(ϕ ◦ T )(y)) = rk(ϕ(Txy − TxTy))

≤ qn(k)(Txy − TxTy).

Since T is weakly ε-multiplicative, there exists m(k) ∈ N such that

qn(k)(Txy − TxTy) ≤ εpm(k)(x)pm(k)(y).

Therefore,

rk((ϕ ◦ T )(xy)− (ϕ ◦ T )(x)(ϕ ◦ T )(y)) ≤ εpm(k)(x)pm(k)(y),

and consequently, ϕ ◦ T is a weakly ε-multiplicative map. �

Corollary 2.4. Let (A, (pn)) and (B, (qn)) be Fréchet algebras such that B is

commutative. If T : A → B is weakly almost multiplicative and ϕ ∈ M(B),
then ϕ ◦ T is a weakly almost multiplicative map and, in fact, it is an almost

multiplicative linear functional by Remark 2.1.

We recall that if (A, (pn)) is a Fréchet algebra and T : (A, (pn)) → C is a
weakly ε-multiplicative linear functional, then there exists m ∈ N such that

(1) |Tab− TaT b| ≤ εpm(a)pm(b)

for every a, b ∈ A. In the sequel we use this fixed m for every weakly ε-
multiplicative linear functional.

Lemma 2.5. Let (A, (pn)) be a Fréchet algebra and T : (A, (pn)) → C be a

weakly ε-multiplicative linear functional. Then, for every x, y, z ∈ A we have

(2) |Tz| · |Txy − TxTy| ≤ ε(2pm(x) + |Tx|)pm(y)pm(z),

where m is a natural number satisfying (1).
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Proof. Using (1), for every x, y, z ∈ A we have

|Tz| · |Txy − TxTy| = |TxyTz − TxTyTz|

≤ |TxyTz − Txyz|+ |Txyz − TxTyz|

+ |TxTyz − TxTyTz|

≤ εpm(xy)pm(z) + εpm(x)pm(yz)

+ |Tx|εpm(y)pm(z)

≤ εpm(x)pm(y)pm(z) + εpm(x)pm(y)pm(z)

+ |Tx|εpm(y)pm(z)

≤ ε(2pm(x) + |Tx|)pm(y)pm(z). �

Lemma 2.6. Let (A, (pn)) be a Fréchet algebra and T : (A, (pn)) → C be a

weakly ε-multiplicative linear functional. Then, at least one of the following

holds:

(i) T is multiplicative,

(ii) for every a ∈ A, if pm(a) = 0, then Ta = 0.

Proof. Let T be weakly ε-multiplicative for some ε ≥ 0 and let (ii) do not hold.
Then there exists some a ∈ A such that pm(a) = 0 and Ta 6= 0. If we take z = a

in (2), we have Txy = TxTy for all x, y ∈ A and hence T is multiplicative. �

By applying the above two lemmas we obtain the following interesting result,
which is related to the Michael’s problem somehow.

Theorem 2.7. Let (A, (pn)) be a Fréchet algebra and T : (A, (pn)) → C

be a weakly almost multiplicative linear functional. Then, at least one of the

following holds:

(i) T is multiplicative.

(ii) T is continuous.

Proof. Let T be weakly ε-multiplicative for some ε > 0. Then, by (1), we have

|Tab− TaT b| ≤ εpm(a)pm(b)

for every a, b ∈ A. Set c = 1+
√
1+4ε
2 . If

(3) |Ta| ≤ cpm(a)

for all a ∈ A, then T is continuous. If (3) does not hold for some a0 ∈ A, we
have

(4) |Ta0| > cpm(a0).

Therefore, Ta0 6= 0. If pm(a0) = 0, then by Lemma 2.6, T is multiplicative.
Now, let pm(a0) 6= 0 in (4). By considering a0

pm(a0)
instead of a0 in (4), we may

assume that pm(a0) = 1 and |Ta0| > c. Therefore, we can write |Ta0| = c+ r

for some r > 0. Since c > 1 and c2 − c = ε, by a method similar to [2,
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Theorem 1], and using the fact that T is weakly ε-multiplicative, one can show
by induction that

(5) |Ta2
n

0 | > c+ (n+ 1)r

for all n ∈ N. To prove that T is multiplicative, let x, y ∈ A and note that,
Ta2

n

0 6= 0 for each n ∈ N, by (5). By taking z = a2
n

0 in (2), it follows from (5)
that

|Txy − TxTy| ≤
ε(2pm(x) + |Tx|)pm(y)pm(a2

n

0 )

|Ta2
n

0 |

≤
ε(2pm(x) + |Tx|)pm(y)p2

n

m (a0)

|Ta2
n

0 |

=
ε(2pm(x) + |Tx|)pm(y)

|Ta2
n

0 |

≤
ε(2pm(x) + |Tx|)pm(y)

c+ (n+ 1)r
.(6)

Hence, by letting n → ∞ in (6), we obtain Txy = TxTy, which completes the
proof. �

Corollary 2.8. Let (A, (pn)) be a functionally continuous Fréchet algebra.

Then, every (weakly) almost multiplicative linear functional is automatically

continuous.

We now extend the above corollary and obtain the following interesting
result.

Theorem 2.9. Let (A, (pn)) and (B, (qn)) be Fréchet algebras such that A is

functionally continuous and B is semisimple and commutative. Then, every

weakly almost multiplicative map T : A → B is automatically continuous.

Proof. Let T be weakly almost multiplicative and ϕ ∈ M(B). Then, ϕ◦T : A →
C is weakly almost multiplicative by Corollary 2.4 and hence it is continuous
by Corollary 2.8.

Now, suppose that an → 0 in A and Tan → b in B. Then, by the continuity
of ϕ ◦ T , we have (ϕ ◦ T )(an) → 0. On the other hand, by the continuity of
ϕ : B → C, (ϕ ◦ T )(an) = ϕ(Tan) → ϕ(b). Consequently, ϕ(b) = 0 and since
ϕ ∈ M(B) was arbitrary, we get

b ∈
⋂

ϕ∈M(B)

kerϕ = radB = {0}.

Therefore, by the Closed Graph Theorem, T is continuous. �

Remark 2.10. Note that the topology of A, generated by the sequence (pn),
coincides with the topology of A, generated by the sequence (pn)

∞
n=m. Hence,

in the definition of weakly ǫ-multiplicative, we may assume that the inequality

|Tab− TaT b| ≤ εpn(a)pn(b),
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holds for all n ∈ N. Therefore, the notion of weakly ε-multiplicative linear
functionals is, in fact, the same as ε-multiplicative linear functionals on A.

Finally, we present an example of an almost multiplicative linear functional
on a Fréchet algebra, which is not multiplicative and hence it is continuous by
Theorem 2.7.

Example 2.11. We consider the Fréchet algebra (C(R), (pn)), with the sequence
of seminorms pn(f) = sup{|f(x)| : x ∈ [−n, n]}, which is not a Q-algebra but it

is functionally continuous. Take r = 1+
√
1+4ε
2 for ε > 0. For a fixed x

0
∈ R we

define a map T : C(R) → C by T (f) = rf(x
0
), which is obviously a continuous

linear functional. Since T (fg) = rf(x
0
)g(x

0
) and T (f)T (g) = r2f(x

0
)g(x

0
),

it follows that T is not multiplicative. However, there exists m ∈ N such that
x

0
∈ [−m,m] and hence x

0
∈ [−n, n] for all n ≥ m. Therefore,

|T (fg)− T (f)T (g)| = |(r − r2)f(x
0
)g(x

0
)|

= (r2 − r)|f(x
0
)g(x

0
)|

≤ ε‖f‖[−m,m]‖g‖[−m,m]

= εpm(f)pm(g) ≤ εpn(f)pn(g).(7)

It follows from (7) that T is weakly ε-multiplicative and hence, it is almost
multiplicative by Remark 2.10.
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