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This paper presents a control scheme for the leader-
following formation of multiple robots. The control scheme 
combines the sliding mode control (SMC) method with the 
nonlinear disturbance observer (NDOB) technique. The 
formation dynamics suffer from uncertainties because  
the individual robots are uncertain. Concerning such 
formation uncertainties, the leader-following formation 
dynamics are modeled. Assuming that the formation 
uncertainties have an unknown boundary, an NDOB-
based observer was designed to estimate the formation 
uncertainties. A sliding surface containing the observer 
outputs has been defined. Regarding the sliding surface, an 
SMC-based controller was investigated to form uncertain 
robots. A sufficient condition in the sense of the Lyapunov 
theory was proven such that the formation system is 
asymptotically stable. Herein, some comparison results 
between the sole SMC method and the second-order SMC 
method are presented to demonstrate the effectiveness and 
feasibility of the control scheme for multiple robots in the 
presence of uncertainties. 
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I. Introduction 

Today, robots are changing the way we live and work [1]. In 
robotics, the formation-control problem of multiple robots is 
one of the most important fields of robotics [2]. Compared to a 
single complex robot system, the ability to coordinate multiple 
robots has many potential advantages, including but not limited 
to the performance, reliability, adaptability, and flexibility [3]. 
To achieve the formation maneuvers of multiple robots, 
various formation schemes have been presented. These 
schemes can be roughly categorized into leader-following 
approaches [4], [5], behavior-based techniques [6], [7], and 
virtual-structure based methods [8].  

Among these schemes, leader-following approaches have 
been given increasing attention. Although they are criticized for 
a ‘single point of failure’ [9], leader-following approaches have 
still become popular because they can be empirically explored, 
and the internal formation stability can be theoretically 
guaranteed. 

The basic idea regarding leader-following approaches is that 
a multi-robot system should be decomposed into several 
leader-follower pairs, where all followers share a leader. In 
each pair, the leader takes charge of tracking a predefined 
trajectory while the follower keeps track of the leader and 
maintains the desired distance and relative angle. Adopting this 
idea, various control methods have been developed for multi-
robot systems, that is, robust control [10], [11], predictive 
control [12], adaptive control [4], [13], [14], decentralized 
control [15], [16], feedback linearization [17], and sliding 
mode control [18]–[24], to name just a few. 
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As a nonlinear feedback design tool, the sliding mode 
control (SMC) method is robust against uncertainties. In 
particular, it is invariant to matched uncertainties [21]. There 
has been an emerging research interest in SMC-based 
formation control. Some SMC-based techniques have been 
investigated for the formation-control problem, that is, a fast 
terminal SMC [18], adaptive fuzzy SMC [19], input-output 
linearization SMC [20], integral SMC [21], decentralized SMC 
[22], optimal SMC [23], first-order SMC [24], and second-
order SMC [24]. 

In real applications, control systems inevitably suffer from 
uncertainties. The individual robots in a swarm may suffer 
from uncertainties, that is, internal parameter fluctuations, 
unmodeled dynamics, and external disturbances. Chained to 
such uncertainties, the formation dynamics become uncertain. 
The formation uncertainties not only deteriorate the formation 
performance, they can also adversely affect the formation 
stability. Unfortunately, the formation uncertainties are 
inherently unmatched and cannot be suppressed by the 
invariance of SMC [21]. Their existence greatly challenges the 
formation-control problem. 

In previous works [18]–[24], the formation uncertainties 
have also been taken into account. To guarantee the formation 
stability, the formation uncertainties are assumed to have a 
known boundary. In the presence of uncertainties, such an 
assumption is not mild because the formation uncertainties are 
random and their boundary is difficult to know exactly in 
advance. The lack of knowledge regarding important 
information may cause several severe problems, for example, a 
decrease in the formation robustness or a deterioration of the 
formation performance in terms of the deficiency of the 
formation stability. 

The technique of a nonlinear disturbance observer (NDOB) 
can effectively handle uncertainties and improve the robustness 
[25]. The applications of NDOB have been investigated 
through actual cases [26]. Such a technique can be considered 
as an alternative to attacking the issue of formation 
uncertainties. Thus, the academic problem of how to eliminate 
the adverse effects of the formation uncertainties from NDOB 
still remains unsolved and problematic. 

This paper investigates a control scheme for the leader-
following formation control of uncertain multiple robots. The 
scheme integrates SMC and NDOB together into a formation-
control system. Under the mild assumption that formation 
uncertainties are simply bounded, an NDOB-based observer is 
designed to estimate the formation uncertainties. Errors of the 
observer can be exponentially convergent through parameter 
selection. The observer outputs are adopted to construct a 
sliding surface. An SMC-based controller is developed by the 
sliding surface. A sufficient condition is derived from the direct 

Lyapunov method, allowing the formation-control system to 
have guaranteed stability in spite of any uncertainties. To verify 
the feasibility and effectiveness of the control scheme, some 
results are illustrated.  

The remainder of this paper is organized as follows. In 
Section II, the leader-following formation dynamics are 
formulated in the presence of uncertainties. Combining SMC 
and NDOB, the control scheme in Section III is presented. The 
system stability in Section IV is analyzed in the sense of the 
Lyapunov method. Section V provides some numerical 
simulation results. Finally, some concluding remarks are given 
in Section VI. 

II. Mathematical Model 

1. Modeling a Single Mobile Robot  

The robot under consideration is round with a 2r diameter. It 
is unicycle-like and has two driving wheels. The two driven 
wheels, independently controlled by two actuators, are 
symmetrically mounted on both sides of an axis crossing the 
center. As a multi-robot system, N identical robots are used. 
The nth robot is shown in Fig. 1. As shown in Fig. 1, the robot 
can be described by the vector, qn = [xn yn θn]

T, where (xn, yn) 
indicates the center of an inertial frame, and θn is the orientation 
angle of a mobile frame. 

The kinematic model of the robot in Fig. 1 can be described 
as 
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where vn and ωn are the linear and angular velocities of the 
robot, respectively. Assuming pure rolling and non-slipping 
conditions, the robot is subject to the following non-holonomic 
constraint: 
 

 

Fig. 1. Configuration diagram of a single robot. 

r 

Sensor 

Wheer 

xn 
0 

yn 

j


i
θn

 



1010   Dianwei Qian et al. ETRI Journal, Volume 38, Number 5, October 2016 
http://dx.doi.org/10.4218/etrij.16.0116.0048 
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Furthermore, the dynamics of the individual robot in the 
presence of uncertainties are described by 
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In (3), un = [αn βn]
T is the control-input vector, where αn is the 

acceleration and βn is the angular acceleration of the nth robot. 

Further, αn = Fn/mn and βn = Tn/Jn, where Fn, mn, Tn, and Jn 

denote the nominal mass, the nominal moment of inertia, and 

the force and torque applied to the robot, respectively. The 

uncertain term ( , )n n nπ q q  is defined by [nx ny n]
T, where 

nx, ny, and nare unknown. Here, Δn indicates the parameter 

variations, which are written as 
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where εn and εn indicate the variations on the mass and inertia 
of the robot, respectively. 

2. Modeling the Leader-Following Formation 

The leader-following formation includes l – ψ and l – l 
formation frameworks. This paper adopts the former. Taking a 
multi-robot system into consideration, without a loss of 
generality, one robot is called the leader, which is indicated by 
index i. The other N – 1 robots are followers. These followers 
share leader i such that the multi-robot system contains N – 1 
leader-follower pairs. Index k is utilized to describe a chosen 
follower. Leader i and follower k then make up a pair, which is 
employed to demonstrate the l – ψ formation framework. 

A schematic diagram of the leader-following formation is 
shown Fig. 2. Concerning a leader-follower pair, some ideal 
conditions exist: (1) there are no collisions between robots i and 
k, (2) there is no communication delay between the pair, and (3) 
follower k can measure its own posture as well as the posture 
of leader i. The leader’s duty is to track a predefined trajectory 
such that the leader’s control problem can be treated as the 
tracking control of a single robot. As far as follower k is 
concerned, its duty is to keep track of leader i in accordance 
with the desired distance and relative angle. 

The distance lik in Fig. 2 is defined by 

2 2( cos ) ( sin ) ,ik i k k i k kl x x r y y r          (4) 

  

Fig. 2. Schematic diagram of the leader-following formation. 
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where the coordinates (xi, yi) and (xk, yk) denote the center 
positions of the two robots, respectively, and θk is the 
orientation angle of follower k. 

From the geometric relationship in Fig. 2, the relative angle 
ψik is defined by 

π ,ik ik i                   (5) 

where θi is the orientation angle of leader i, and ζik is calculated 
as 
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To achieve the formation maneuvers of the leader-follower 
pair, the cooperative mechanism has to be modeled. 
Differentiate (4) and (5) twice with respect to time t, and the 
second derivatives of lik and ψik can then be obtained. Substitute 
(3) into the derivatives, and define Tik = [lik ψik]

T. The formation 
dynamics can be formulated by 

2 2( ) ( ) .ik ik k k ik i i ik ik     T G I Δ u L I Δ u F P    (6) 

In (6), I2 is a 2 × 2 identity matrix, and Gik and Lik are written  
as 
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where φik = ψik + θik and θik = θi – θk. Further, Fik = [F1 F2]
T and 

Pik = [P1 P2]
T are described as 
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Aggregate all uncertain terms in (6) and define the formation 
uncertainties dik(xik, ẋik, t) = GikΔkuk + Lik(I2 + Δi)ui + Fik + Pik. 
Then, (6) can be re-arranged as 

( , , ),ik ik k ik ik ik t T G u d x x              (7) 

where dik(xik, ẋik, t) is abbreviated as dik in the following 
descriptions.  

Chained to the uncertainties in (3), (7) depicts the leader-
following formation mechanism in the presence of the 
formation uncertainties. Our motivation in this paper is to 
investigate a control scheme such that follower k can trace 
leader i despite any formation uncertainties.  

Define xik = [x1 x2 x3 x4]
T, where x1 = lik, x2 = iik, x3 = ψik, and x4 

= ψ̇ik. Then, the state-space form of (7) can be written as 

,1 ,2 ,ik ik ik ik k ik ik  x A x B u B d          (8) 

where constant matrixes Aik and Bik, 2 are determined by  
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Here, Bik,1 is time-varying, and is written as  
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III. Control Design 

The SMC method is invariant to matched uncertainties [21]. 
Unfortunately, the formation uncertainties are inherently 
unmatched. Described by dik, the lumped uncertain term 
consists of four parts, where GikΔkuk is the sole matched part. 
Because the formation uncertainties contain random factors, 
their boundary is difficult to know exactly in advance. Take the 
following mild assumption into consideration. 
Assumption 1: In (7), dik is bounded by ||dik||∞ ≤ d * 

ik . Here     
d * 

ik  > 0 is unknown and || • ||∞ denotes ∞-norm. 

1. Design of Sliding Mode Controller 

To coordinate the leader-follower pair, the formation model 

in (7) is considered. To develop a sliding mode controller, the 
sliding-surface vector (9) is defined as 

.ik ik ik ik ik s J e K e                  (9) 

In (9), s̃ik = [s̃ik,1 s̃ik,2]
T  R2 × 1 is the sliding-surface vector,  

eik = [lik – l d 
ik  ψik – ψ d 

ik ]T  R2 × 1 is the tracking-error vector,    
l d 
ik  and ψ d 

ik  are the desired distance and relative angle, and ikJ  
and ikK  are 2 × 2 positive-definite matrixes to be designed, 
and are written as 
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The SMC law can be designed as 

1( ) [ sign( ) ],k ik ik ik ik ik ik ik ik    u K G s s J e        (10) 

where κ̃ ik and η̃ ik are positive constants and sign( s̃ ik) =    
[sign (s̃ik,1), sign(s̃ik,2)]

T. 
Define V0 = 1

2s̃
T 
iks̃ik. Differentiating V0 with respect to time t 

and substituting (9) and (10) into the derivative yields 

T T
0 [ sign( ) ].ik ik ik ik ik ik ik ik ikV      s s s s s K d           (11) 

Choosing κ̃ik > 
*|| || ,ik ikdK V0 ≥ 0 and V̇0 < 0 exist. In the 

sense of the Lyapunov method, the formation-control system 
has an asymptotic stability. However, such a result is only 
available in theory. Concerning Assumption 1, (10) is not 
available in reality because κ̃ik is unknown. From another 
perspective, a conservative boundary of the formation 
uncertainties can be assigned to guarantee the formation 
stability, meaning the assigned boundary may be much larger 
than the actual boundary. A potential hazard of such a 
conservative design is that the conservative boundary can 
induce a chattering phenomenon and deteriorate the control 
performance. 

2. Design of NDOB-Based Sliding Mode Controller 

To attack the issue of an unknown d * 
ik , an NDOB-based 

observer is designed to estimate the formation uncertainties. To 
achieve the observer design, another assumption is taken into 
account. The assumption is concerned with the rate of change 
of dik with respect to time t. 
Assumption 2: Compared to the dynamic characteristics of the 
observer, dik is slowly time varying, that is, ḋik 02×1, where 
02×1 = [0 0]T. 

Both (7) and (8), which are equivalent mathematically, are 
formulated for different purposes. Equation (8) is adopted to 
facilitate the observer design. Finally, the observer has the form of 
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where pik  R2×1 and d̂ik  R2×1 are the internal-state vector of 
the observer and the estimate vector of dik, respectively, and  
Lik  R2×4 is the observer gain matrix to be pre-designed. 

Define an estimate-error vector, 

ˆ .dik ik ik e d d               (13) 

Differentiate edik with respect to time t and consider 
Assumptions 1 and 2. The dynamics of edik can be described as 
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The solution of (14) has the form,  

exp( ) (0),dik ik dikt e H e            (15) 

where Hik = Lik Bik,2. 
Select Lik such that all eigenvalues of Hik are positive 

constants. This selection indicates that the disturbance estimate-
error vector edik is exponentially convergent to 02×1 as t → ∞. 

Consider the formation dynamics (7) and observer (12). 
Define a novel sliding-surface vector as 

ˆ ,ik ik ik ik ik ik  s J e K e d            (16) 

where Jik and Kik are 2 × 2 positive-definite matrixes to be 
designed, and are written as 
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Finally, the NDOB-based SMC law can be determined as 

1 ˆ( ) [ sign( ) ],k ik ik ik ik ik ik ik ik ik ik     u K G s s J e K d (17) 

where кik and ηik are positive constants to be designed, and 
sign(sik) is defined as [sign(sik,1), sign(sik,2)]

T. 
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Fig. 3. Schematic diagram of the control structure.  

The system structure is presented in Fig. 3. From Fig. 3, lik, 
ψik and their first derivatives are located in the feedback 
channel, and feed the NDOB-based observer. The tracking-
error vector eik is formulated by lik and ψik, and their desired 
values. Furthermore, eik, the derivative of eik, and the estimate 
vector of dik feed the novel sliding-surface vector sik. The 
NDOB-based SMC law employs sik, the derivative of eik, and 
the estimate of dik to generate the control-input vector uk. 
Finally, uk is applied to follower k in order to maintain the 
desired distance and relative angle during the formation 
maneuvers.  

IV. Stability Analysis 

Assumption 3: The estimate-error vector edik is bounded by 
||edik||∞ ≤ e* 

dik, where e* 
dik > 0 is unknown.  

Theorem 1: Consider the leader-follower pair in Fig. 2; take 
Assumptions 1, 2, and 3 into account; adopt the formation 
dynamics (7); design observer (12); define the sliding surface 
vector (16); and utilize the NDOB-based SMC law (17). The 
closed-loop formation system is then asymptotically stable in 
the presence of uncertainties if кik > ||Kik + Hik||∞e* 

dik.           
Proof: Differentiate sik with respect to time t. Substituting (7) 
into the derivative of sik yields 

ˆ( ) .ik ik ik ik ik k ik ik   s J e K G u d d
         (18) 

Substituting (17) into (18), (18) becomes 

ˆ ˆsign( ) ( ) .ik ik ik ik ik ik ik ik ik      s s s K d d d
    (19) 

Furthermore, (20) can be derived from (14). 
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Substituting (20) into (19), ṡik takes the form of 

ˆsign( ) ( )( ).ik ik ik ik ik ik ik ik ik      s s s K H d d   (21) 

Select the following Lyapunov candidate function, 
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Differentiate V with respect to time t. The derivative of V is 
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Substituting (21) into (23), (24) is obtained as 
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where || · ||1 denotes a 1-norm. 
Let кik > ||Kik + Hik||∞e* 

dik. Then, V ˙ < 0 exists in (24). 
Furthermore, V ≥ 0 exists in (22). The closed-loop formation 
system is asymptotically stable in the sense of the Lyapunov 
theory.                                           ■ 

Because e* 
dik is unknown in Assumption 3, кik also has to be 

assigned. To guarantee the formation stability, such a value 
must be conservative. At first glance, the NDOB-based SMC 
law (17) makes no difference over the SMC law (10). However, 
they are, in fact, completely different. From (15), edik can be 
exponentially convergent to 02×1 by selecting Lik, meaning that 
кik can be very small. Even if кik is assigned from a 
conservative perspective, its value may not be very large. On 
the other hand, κ̃ik in (10) is determined by d * 

ik. A larger κ̃ik has 
to be assigned to guarantee the formation stability because d * 

ik 
is completely unknown. Consequently, the NDOB-based SMC 
method can substantially alleviate the chattering problem of the 
SMC methodology, that is, (17) is preferable. 

In the case of nominal multi-robot systems, (25) can be 
derived from (20). 

ˆ ˆ( ) ( ).ik ik ikt t d H d


            (25) 

Furthermore, d̂ik ≡ 02×1 for d̂ik(0) = 02×1. This fact indicates 

that the sliding-surface vector (16) and NDOB-based SMC law 

(17) are reduced to the SMC law in (9) and (10), respectively. 

As a result, the nominal performance of the NDOB-based 

SMC method is kept unchanged. 

V. Simulation Results 

To verify the feasibility and validity of the presented control 
scheme for the formation-control problem of multiple robots 
with uncertainties, some numerical simulations are described in 
this section. The control scheme is applied to a multi-robot 
system. The multi-robot system contains three identical robots. 
The robots are 0.05 m in radius, where one robot is entitled as 

the leader and the other two are followers.  
According to the idea of the leader-following formation, the 

leader is equipped with a sliding mode controller [27] to track 
its predefined trajectories. The two followers are equipped with 
NDOB-based sliding mode controllers to maintain the desired 
distances and relative angles with respect to the leader in spite 
of any uncertainties. 

The parameter variations of the robots are considered using 

0.3rand() 0.15 0
,

0 0.3rand() 0.15i k

 
    

Δ Δ    (26) 

where i = 1 indicates the leader, and k = 2, 3 denotes the 
followers. In addition, rand() is a MATLAB command. The 
command can generate a uniformly distributed random number.  

Note that (26) indicates that the variations in the dynamical 
process are up to 15% of the nominal parameters. Generally 
speaking, a 15% variation is sufficient to cover a regular 
parameter perturbation because too much variation may result 
in a motor overload in practice. 

In (7), Pik is related to πn in (3). Note that the terms πix − πkx 
and πiy − πky exist in Pik. These two terms indicate that it is not 
representative to define πi = πk. Here, the following functions 
are assigned to the leader and followers, as determined by 

0.5sin(2π ) and

0.2sin(π ).

ix iy i

kx ky k

t

t





  

  

  

  
         (27) 

Concerning the presented control scheme, some parameters 
of the sliding mode controllers are determined by J12 = J13 = 
diag{2, 2}, K12 = K13 = diag{3, 3}, κ12 = κ13 = 2, and η12 = η13 = 
3. Additionally, the gains of the observers are selected by 

12 13

0 2 0 0.1
.

0 2 0 1

 
   

 
L L  

1. String Formation Movement in a Circular Trajectory 

The first formation task of the multi-robot system is to create 
a string formation while moving in a circular trajectory. The 
initial posture vector of the leader is located at q1 = [0.5 m 0 m 
π/2rad]T . The initial posture vectors of the followers are set by 
q2 = [0.8 m −0.4 m 0 rad]T and q3 = [1 m 0.5 m πrad]T, 
respectively. According to these posture vectors, the initial state 
vectors of the followers with respect to the leader can be 
calculated using x0 

12 = [0.5 m 0 m/s 3.2π/4 rad 0 rad/s]T and x0 
13 = 

[0.707 m 0 m/s 3π/4 rad 0 rad/s]T. The desired state vectors are 
set by xd 

12 = [0.13 m 0 m/s π/2 rad 0 rad/s]T and xd 
13= [0.26 m   

0 m/s π/2 rad 0 rad/s]T. Considering the motor load, the 
acceleration and angular acceleration of the followers are 
subject to |a2| = |a3| ≤ 0.5π m/s2 and |β2| = |β3| ≤ 15 rad/s2, 
respectively. The desired linear and angular velocities of the 
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Fig. 4. String formation of a multi-robot system while moving in a 
circular trajectory. 
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leader are set by v1 = 0.5 m/s and w1 = 1 rad/s.  

Figure 4 shows robots forming a string while moving in a 
circular trajectory. In Fig. 4, the solid points denote the initial 
positions, the arrows indicate the orientation angles, and the 
lines connect the robots together at the same moment. From 
Fig. 4, the leader tracks its predefined circular trajectory, and 
the followers maintain the desired distances and angles for 
following the leader. The formation task is achieved.  

Although Fig. 4 illustrates the formation maneuver, it does 
not provide any insight into the control performance. Some 
comparisons among the NDOB-based SMC method, the sole 
SMC method, and the second-order SMC method are 
displayed in Figs. 5 through 9. The sole SMC design was 
presented in (10), where the parameters of the sliding mode 
controllers are kept uncharged from the presented control 
scheme except for the parameters κ̃12 = κ̃13 = 6. On the other 
hand, the controller design and parameters of the second-order 
SMC method were presented by Defoort et al. [24]. 

In Figs. 5(a) and 5(b), the curves denote the distance and 
relative angle of follower 2. In Figs. 5(c) and 5(d), the curves 
indicate the distance and relative angle of follower 3. 
Compared with the results of the sole SMC method and the 
second-order SMC method, the performance of the NDOB-
based SMC method in Fig. 5 is without a doubt the fastest and 
smoothest, although the other two methods also achieved the 
formation maneuver despite uncertainties. 

Figure 6 demonstrates the control inputs of follower 2 using 
the three control methods, where the control inputs of the 
NDOB-based SMC method are shown in Figs. 6(a) and 6(b). 
The control inputs of the sole SMC method are shown in  
Figs. 6(c) and 6(d), and the control inputs of the second-order 
SMC method are displayed in Figs. 6(e) and 6(f). 

 

Fig. 5. Distances and relative angles: (a) l12 of follower 2, (b) ψ12

of follower 2, (c) l13 of follower 3, and (d) ψ13 of follower 3.
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Fig. 6. Accelerations and angular accelerations of follower 2 by 
the three control methods: (a) α2 by the presented method, 
(b) β2 by the presented method, (c) α2 by the sole SMC 
method, (d) β2 by the sole SMC method, (e) α2 by the 
second-order SMC method, and (f) β2 by the second-order 
SMC method. 
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In Fig. 6, the control-input curves of the second-order SMC 

method dramatically jump back and forth because the sampled 
twisting algorithm is utilized [24]. Moreover, the control-input 
curves of the sole SMC method also severely chatter because  
a conservative boundary of the formation uncertainties is 
assigned to guarantee the formation stability. Here, the 
boundary is set as large as 6. 

Without a doubt, the control-input curves of the NDOB- 
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Fig. 7. Accelerations and angular accelerations of follower 3 by
the three control methods: (a) α3 by the presented method,
(b) β3 by the presented method, (c) α3 by the sole SMC
method, (d) β3 by the sole SMC method, (e) α3 by the 
second-order SMC method, and (f) β3 by the second-order 
SMC method. 
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based SMC method are superior. Although the boundary of the 
estimate-error vector is unknown according to the presented 
control scheme, a conservative boundary of the estimate-error 
vector needs to be assigned in advance. However, the 
conservative boundary is related to the estimate-error vector. 
The aforementioned analysis indicates that the estimate-error 
vector can be exponentially convergent. The boundary of the 
estimate-error vector is much smaller than the boundary of the 
formation uncertainties. As a result, the presented control 
scheme can alleviate the chattering problem, and thus the 
performance of the control inputs can be improved. 

Figure 7 demonstrates the control inputs of follower 3 using 
the three control methods. Similar to the results in Fig. 6, some 
results can be drawn from Fig. 7 as well. Concerning the 
control inputs of the two followers, the presented control 
scheme can dramatically improve the control performance. 
The improvement of the control inputs makes the presented 
control scheme implementable. 

Figure 8 illustrates the sliding-surface vectors and their 
elements. As proven in Theorem 1, the presented control scheme 
can guarantee the formation stability of the multi-robot system. 
Furthermore, the sliding modes of the followers are reachable 
within a finite time. In Fig. 8, the formation-control system takes 

 

Fig. 8. Sliding surfaces: (a) s12,1, (b) s12,2, (c) three-dimensional 
plot of s12, (d) s13,1, (e) s13,2, and (f) three-dimensional plot 
of s13. 
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Fig. 9. Elements of the estimate-error vectors: (a) ed12,1, (b) ed12,2, 
(c) ed13,1, and (d) ed13,2. 
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about 3 s to enter the sliding modes. Although the trajectories in 
Figs. 8(c) and 8(f) may deviate from the sliding surfaces in the 
presence of uncertainties, the presented control scheme can make 
the formation control system asymptotically stable. 

Figure 9 shows the elements of the estimate-error vectors, 
where the elements of ed12 are shown in Figs. 9(a) and 9(b), and 
the elements of ed13 are shown in Figs. 9(c) and 9(d). From  
Fig. 9, both the estimate-error vectors are convergent to 02×1. 
The maximums of the two vectors in Fig. 9 are less than 0.3. 
On the other hand, кik is set to 2. The кik value, by means of 
Theorem 1, is in theory sufficiently conservative to guarantee 
the formation stability. 

2. V Formation Movement in a Circular Trajectory 

The second formation task of the multi-robot system is to  
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Fig. 10. V formation of the multi-robot system while moving in a 
circle. 
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form a wedge-shaped formation while moving in a circular 
trajectory. The formation maneuver is illustrated in Fig. 10. The 
initial postures of the robots are kept unchanged from the first 
formation task. The desired states of the followers are set to xd 

12 

= [0.13 m 0 m/s π/4 rad 0 rad/s]T and xd 
13 = [0.26 m 0 m/s    

π/2 rad 0 rad/s]T. Concerning the followers, their parameters of 
the sliding mode controllers and the observers are kept 
unchanged from the first formation task. 

In Fig. 10, the solid points denote the initial positions of the 
robots, the arrows display the orientation angles, and the lines 
connect the robots together at the same moment. From Fig. 10, 
the leader tracks its predefined circular trajectory, and the 
followers maintain the desired distances and relative angles to 
form the pre-defined wedge (a triangle). The formation task 
was achieved as well. 

3. Transformation Movement in a Straight Trajectory 

The third formation task of the multi-robot system is a 
compound formation. First, the robots form a string while 
moving in a straight trajectory. They then transform the string 
into a wedge. This maneuver is illustrated in Fig. 11. In Fig. 11, 
the solid points denote the initial positions of the robots, the 
arrows indicate the orientation angles of the robots, and the 
lines connect the robots together at the same moment. In Fig. 
11, the initial postures are located at q1 = [0 m 0 m 0 rad]T, q2 = 
[0 m 0.4 m 0 rad]T, and q3 = [0 m −0.3 m 0 rad]T, respectively. 
According to these initial postures, x0 

12 = [0.4 m 0 m/s π/2 rad  
0 rad/s]T and x0 

13 = [0.3 m 0 m/s −π/2 rad 0 rad/s]T can be 
calculated. All parameters of the presented control scheme are 
kept unchanged from the aforementioned two formation tasks.  

For the duration 0 s < t ≤ 8 s, the desired states of the 

 

Fig. 11. Transformation of the multi-robot system while moving 
in a straight line. 
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followers are set by xd 

12 = [0.2 m 0 m/s π/2 rad 0 rad/s]T and xd 
13 

= [0.15 m 0 m/s −π/2 rad 0 rad/s]T to create the string formation. 
For the subsequent duration t > 8 s, the desired states of the 
followers are set by xd 

12 = [0.5 m 0 m/s 2π/3 rad 0 rad/s]T and xd 
13 

= [0.5 m 0 m/s −2π/3 rad 0 rad/s]T. Concerning the leader, its 
desired linear and angular velocities are set by v1 = 0.5 m/s and 
w1 = 0 rad/s. 

4. V Formation Movement in a Sinusoidal Trajectory 

To demonstrate the scalability of the presented method, two 
more robots were added to the platform. They serve as 
followers, and are indexed by 3 and 4. All four followers are 
identical. Their uncertainties are formulated by (26) and (27) 
and their formation controllers are designed by (17). 

Figure 12 shows the five robots creating a wedge-shaped 
formation when moving along a sinusoidal trajectory. The 
initial posture vectors of the robots are set by q1 = [0 m 0 m   
0 rad]T, q2 = [1 m 0 m 0 rad]T, q3 = [0.4 m 0 m 0 rad]T, q4 =  
[−1 m 0 m 0 rad]T, and q5 = [−0.4 m 0 m 0 rad]T. All 
parameters of the presented control scheme are kept unchanged 
from the aforementioned formation tasks. 

According to the initial postures, the initial distances and 
orientations of the four followers with respect to the leader can 
be calculated as x0 

12 = [1 m 0 m/s π/2 rad 0 rad/s]T, x0 
13 = [0.4 m  

0 m/s π/2 rad 0 rad/s]T, x0 
14 = [1 m 0 m/s −π/2 rad 0 rad/s]T, and 

x0 
15= [0.4 m 0 m/s −π/2 rad 0 rad/s]T. Accordingly, the desired 

system states of the followers are set by xd 
12 = [0.9 m 0 m/s  

3π/4 rad 0 rad/s]T, xd 
13 = [0.5 m 0 m/s 3π/4 rad 0 rad/s]T, xd 

14 = 
[0.9 m 0 m/s −3π/4 rad 0 rad/s]T, and xd 

15 = [0.5 m 0 m/s −3π/4 
rad 0 rad/s]T. The desired linear and angular velocities of the 
leader are set by v1 = 0.5 m/s and w1 = sint rad/s.  

From Fig. 12, the solid points denote the initial positions of 
the robots, the arrows indicate the orientation angles of the 
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Fig. 12. V formation of the extended multi-robot system while
moving in a sinusoid manner. 
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robots, and the lines connect the robots together at the same 
moment. Although Fig. 12 illustrates that the presented method 
is scalable, the result is under the assumption that there are no 
communication problems between the leader and its followers. 
This assumption is sufficiently mild for small-scale formations, 
but is rather idealized for large-scale formations. 

VI. Conclusions 

This article proposed a control scheme dealing with the 
formation-control problem of multiple robots. The control 
scheme is combined the SMC method and the NDOB 
technique. Chained to the uncertainties of the robots, their 
leader-following formation dynamics contain formation 
uncertainties. These formation uncertainties not only challenge 
the formation control design, but can also deteriorate the 
formation performance. Assuming that the formation 
uncertainties have an unknown boundary, this article adopts an 
NDOB-based observer to estimate the formation uncertainties. 
A sliding-surface vector was designed by means of the 
observer estimates. Thereafter, the NDOB-based SMC law 
was developed. In terms of the Lyapunov theory, the formation 
stability in the presence of uncertainties is proven. Comparing 
the results of the sole SMC method with those of the second-
order SMC method, some of the simulation results presented 
the preferable aspects of the proposed control scheme. The 
experimental validation of our control law and the extension of 
our results to more general robot formations will constitute an 
important area for future lines of research. 

References 

[1] X. Dong et al., “Time-Varying Formation Control for High-Order 

Linear Swarm Systems with Switching Interaction Topologies,” 

IET Contr. Theory Appl., vol. 8, no. 18, 2014, pp. 2162–2170. 

[2] C.E. Lee et al., “Seamless Routing and Cooperative Localization 

of Multiple Mobile Robots for Search and Rescue Application,” 

ETRI J., vol. 37, no. 2, Apr. 2015, pp. 262–272. 

[3] Y. Toda and N. Kubota, “Self-Localization Based on 

Multiresolution Map for Remote Control of Multiple Mobile 

Robots,” IEEE Trans. Ind. Inform., vol. 9, no. 3, Aug. 2013, pp. 

1772–1781. 

[4] P.J. Bae and B.S. Park, “Leader-following Based Adaptive 

Formation Control for Multiple Mobile Robots,” J. Inst. Contr., 

Robot. Syst., vol. 16, no. 5, Aug. 2010, pp. 428–432.  

[5] Y.Y Dai et al., “A Switching Formation Strategy for Obstacle 

Avoidance of a Multi-robot System Based on Robot Priority 

Model,” ISA Trans., vol. 56, May 2015, pp. 123–134. 

[6] M.N. Huda, H. Yu, and S. Cang, “Behaviour-Based Control 

Approach for the Trajectory Tracking of an Underactuated Planar 

Capsule Robot,” IET Contr. Theory Appl., vol. 9, no. 2, Jan. 2015, 

pp. 163–175. 

[7] D. Nakhaeinia and B. Karasfi, “A Behavior-Based Approach for 

Collision Avoidance of Mobile Robots in Unknown and 

Dynamic Environments,” J. Intell. Fuzzy Syst., vol. 24, no. 2, Mar. 

2013, pp. 299–311. 

[8] Y.H. Lee et al., “Virtual Target Tracking of Mobile Robot and Its 

Application to Formation Control,” Int. J. Contr., Autom. Syst., 

vol. 12, no. 2, Mar. 2014, pp. 390–398. 

[9] Y. Dai and S.G. Lee, “Formation Control of Mobile Robots with 

Obstacle Avoidance Based on GOACM Using Onboard 

Sensors,” Int. J. Contr. Autom. Syst., vol. 12, no. 5, Oct. 2014, pp. 

1077–1089. 

[10] Y. Liu and Y.M. Jia, “Robust Formation Control of Discrete-Time 

Multi-Agent Systems by Iterative Learning Approach,” Int. J. Syst. 

Sci., vol. 46, no. 4, Mar. 2015, pp. 625–633. 

[11] W. Li, Z. Chen, and Z. Liu, “Formation Control for Nonlinear 

Multi-Agent Systems by Robust Output Regulation,” 

Neurocomput., vol. 140, Sept. 2014, pp. 114–120.  

[12] T. Howard et al., “Model-Predictive Motion Planning Several 

Key Developments for Autonomous Mobile Robots,” IEEE 

Robot. Autom. Mag., vol. 21, no. 1, Mar. 2014, pp. 64–73. 

[13] X. Chen and Y. Jia, “Adaptive Leader-follower Formation 

Control of non-Holonomic Mobile Robots Using Active Vision,” 

IET Contr. Theory Appl., vol. 9, no. 8, May 2014, pp. 1302–1311. 

[14] B.S. Park, J.B. Park, and Y.H. Choi, “Adaptive Formation Control 

of Electrically Driven Non-holonomic Mobile Robots with 

Limited Information,” IEEE Trans. Syst. Man Cybern. B Cybern., 

vol. 41, no. 4, Aug. 2011, pp. 1061–1075. 

[15] G. Antonelli et al., “Decentralized Time-Varying Formation 

Control for Multi-Robot Systems,” Int. J. Robot. Res., vol. 33, no. 

7, June 2014, pp. 1029–1043. 

[16] K. Yoshida et al., “Control of a Group of Mobile Robots Based on 



1018   Dianwei Qian et al. ETRI Journal, Volume 38, Number 5, October 2016 
http://dx.doi.org/10.4218/etrij.16.0116.0048 

Formation Abstraction and Decentralized Locational 

Optimization,” IEEE Trans. Robot., vol. 30, no. 3, June 2014, pp. 

550–565. 

[17] W.H. Zhao and T.H. Go, “Quadcopter Formation Flight Control 

Combining MPC and Robust Feedback Linearization,” J. 

Franklin Inst., vol. 351, no. 3, Mar. 2014, pp. 1335–1355.  

[18] L. Zhao and Y.M. Jia, “Neural Network-based Distributed 

Adaptive Attitude Synchronization Control of Spacecraft 

Formation under Modified Fast Terminal Sliding Mode,” 

Neurocomput., vol. 171, Jan. 2016, pp. 230–241. 

[19] R.R. Nair et al., “Multi-satellite Formation Control for Remote 

Sensing Applications Using Artificial Potential Field and 

Adaptive Fuzzy Sliding Mode Control,” IEEE Syst. J., vol. 9, no. 

2, June 2015, pp. 508–518.  

[20] L. Cao and X.Q. Chen, “Input-Output Linearization Minimum 

Sliding-Mode Error Feedback Control for Spacecraft Formation 

with Large Perturbations,” Proc. Inst. Mech. Eng. Part G-J. 

Aerosp. Eng., vol. 229, no. 2, Feb. 2015, pp. 352–368.  

[21] D. Qian et al., “Leader-Follower-Based Formation Control of 

Non-holonomic Mobile Robots with Mismatched Uncertainties 

via Integral Sliding Mode,” Proc. Inst. Mech. Eng. Part I-J. Syst. 

Contr. Eng., vol. 229, no. 6, July 2015, pp. 559–569.  

[22] B. Wu, D. Wang, and E.K. Poh, “Decentralized Sliding-Mode 

Control for Attitude Synchronization in Spacecraft Formation,” 

Int. J. Robust Nonlinear Contr., vol. 23, no. 11, July 2013, pp. 

1183–1197. 

[23] A. Imani and M. Bahrami, “Optimal Sliding Mode Control for 

Spacecraft Formation Flying in Eccentric Orbits,” Proc. Inst. 

Mech. Eng. Part I-J. Syst. Contr. Eng., vol. 227, no. 5, May 2013, 

pp. 474–481. 

[24] M. Defoort et al., “Sliding-Mode Formation Control for 

Cooperative Autonomous Mobile Robots,” IEEE Trans. Ind. 

Electron., vol. 55, no. 11, Nov. 2008, pp. 3944–3953. 

[25] J. Yang, W.H. Chen, and S. Li, “Non-linear Disturbance 

Observer-Based Robust Control for Systems with Mismatched 

Disturbances/Uncertainties,” IET Contr. Theory Appl., vol. 5, no. 

18, Dec. 2011, pp. 2053–2062. 

[26] E. Sariyildiz and K. Ohnishi, “Stability and Robustness of 

Disturbance Observer Based Motion Control Systems,” IEEE 

Trans. Ind. Electron., vol. 62, no. 1, Jan. 2015, pp. 414–422. 

[27] Y. Kanayama et al., “A Stable Tracking Control Method for an 

Autonomous Mobile Robot,” Proc. IEEE Int. Conf. Robot. 

Autom., Cincinnati, OH, USA, May 13–18, 1990, pp. 384–389. 

  
  
 

  
  
  
  

Dianwei Qian received his BS degree from 

Hohai University, Nanjing, China, in 2003. He 

received his MS degree from Northeastern 

University, Shenyang, China, and his PhD from 

the Institute of Automation, Chinese Academy 

of Sciences, Beijing, China, in 2005 and 2008, 

respectively. He is currently is an associate 

professor at the School of Control and Computer Engineering, North 

China Electric Power University, Beijing, China. His research interests 

include the theory and applications of intelligent and nonlinear control. 

  

Shiwen Tong received his BS degree in 

chemical engineering from the University of 

Petroleum (East China), Shandong, China, in 

1999, his MS degree in control theory and 

control engineering from the University of 

Petroleum, Beijing, China, in 2003, and his PhD 

from the Institute of Automation, Chinese 

Academy of Sciences, Beijing, China, in 2008. He was an operator 

with the Liaohe Oil Field Petrochemical Refinery from 1999 to 2002, 

an engineer with Beijing Anwenyou Science and Technology 

Company, Ltd. from 2003 to 2005, and a senior instrument engineer 

with the China Tianchen Engineering Corporation  from 2008 to 

2012. He is currently an associate professor with the College of 

Automation, Beijing Union University, Beijing, China. His research 

interests include intelligent control, network control, and their industrial 

applications. 

  

Chengdong Li received his PhD from the 

Institute of Automation, Chinese Academy of 

Sciences, Beijing, China, in 2010. He is 

currently an associate professor with the School 

of Information and Electrical Engineering, 

Shandong Jianzhu University, Jinan, China. His 

major research interests include data-driven 

modeling and control, fuzzy logic theory and applications, fuzzy neural 

networks, and other computational intelligence methods. He has 

authored or co-authored over 80 papers in international journals and 

conferences. He has been a program committee member of several 

international conferences, and a reviewer for several international 

conferences and journals. 

 
 

 
 


