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Abstract

The objective of this study was to optimize minimum-energy impulsive spacecraft intercept using genetic algorithms. 

A mathematical model was established on two-body system based on f and g solution and universal variable to address 

spacecraft intercept problem for non-coplanar elliptical orbits. This nonlinear problem includes many local optima due to 

discontinuity and strong nonlinearity. In addition, since it does not provide a closed-form solution, it must be solved using 

a numerical method. Therefore, the initial guess is that a very sensitive factor is needed to obtain globally optimal values. 

Genetic algorithms are effective for solving these kinds of optimization problems due to inherent properties of random search 

algorithms. The main goal of this paper was to find minimum energy solution for orbit transfer problem. The numerical 

solution using initial values evaluated by the genetic algorithm matched with results of Hohmann transfer. Such optimal 

solution for unrestricted arbitrary elliptic orbits using universal variables provides flexibility to solve orbit transfer problems. 
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1. Introduction

Transferring between two positions in space on different 

orbits is a fundamental problem in orbital mechanics. 

Obtaining a solution for such orbit transfer problem known 

as Lambert problem [1] is not simple because many variables 

need to be considered. The Lambert problem is defined as a 

problem of finding velocity of a position based on the initial 

and final positions and time-of-flight. 

Many space missions for orbit transfer problems are 

linked deeply to the Lambert problem. While the Lambert 

problem generally starts with fixed transfer time and two 

position vectors, an energy minimum closed-form solution 

to obtain an orbit for two fixed positions has been evaluated 

mathematically using geometrical approach or optimization 

technique [2]. In this approach, the transfer time is a state 

variable to be obtained for minimum orbital energy.

Efficient use of energy or fuel of spacecraft in space 

missions is one of the most critical issues because it is directly 

related to the lifetime of a spacecraft. If energy consumed can 

be minimized, it will help engineers to design a spacecraft 

more efficiently which will save development cost. The orbit 

transfer problem for spacecraft intercept with minimum 

energy or fuel has been extensively studied for a long time. 

Numerous attentions have been paid to this problem due 

to its importance for space missions [3, 4]. One of the most 

representative examples is Hohmann transfer for moving 

between two different circular orbits in the same plane for 

cost effectiveness. Optimal multiple-impulse time-fixed 

rendezvous have been extensively studied for low-impulse 

thrusters. In addition, various constraints or options have 

been considered [5-7]. Some strategies for safety-optimal 

linearized impulsive rendezvous for mission success [8] 

and optimal spacecraft rendezvous using random search 

algorithms such as genetic algorithm have been studied to 

overcome numerical problems [9, 10]

Many studies in the literature focusing on spacecraft 

intercept problems provided by the Lambert algorithm have 

been restricted by circular or near-circular orbit or coplanar 

for elliptical orbit cases. Therefore, the intercept problem of 
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spacecraft considering minimum-energy was addressed 

for fully three-dimensional elliptic orbits in this study. In 

fact, there are some computational burden to apply inverse 

squares equation of motion of spacecraft in elliptical orbit 

to propagate the position and velocity of a spacecraft. To 

accurately obtain navigation information at the perigee or 

apogee, the step size of the numerical integration technique 

needs to be small. It is obvious that the relative small step 

size will increase the numerical burden dramatically to 

obtain sufficiently accurate orbital information of spacecraft 

on certain time of flight. To adequately manage the 

numerical burden and difficulties for high elliptical orbits, 

f and g solution (sometimes called Lagrange coefficients) 

and universal variables were applied for orbit propagation 

of spacecraft in this study. The formulation of orbital 

mechanics by universal variables was produced to resolve 

difficulty in obtaining numerically accurate position of 

planet sufficiently in high elliptical orbit.

Many studies have investigated orbit transferring based 

on the Lambert problem, assuming that there are limited 

constraints such as coplanar, circle-to-circle, and so on. 

These assumptions can restrict missions of performing 

orbit transfer. Therefore, general orbit transfer problems 

in non-coplanar and elliptic-to-elliptic orbit transfer have 

been evaluated [11, 12]. Due to strong nonlinearities and 

discontinuity caused by periodic orbital motion of spacecraft, 

it is very difficult to obtain a global solution numerically with 

an initial guess of the Lambert problem in high elliptical orbit. 

The local minimum makes it hard to find a global solution to 

the optimization problem. This means that gradient-based 

numerical search technique is sensitive to initial values. 

To obtain a global solution, it is necessary to start proper 

initial values corresponding to the global solution. The key 

idea in this paper was to use genetic algorithm (GA) (one of 

global search algorithms [13]) instead of trial-and-error to 

have the initial value of numerical analysis. This method can 

reduce computational burdens in trial-and-error. Using this 

method, the performance index can be minimized more than 

that obtained through trial-and-error. Therefore, GA plays an 

important role in finding the initial guess for gradient-based 

searching algorithm to obtain the optimal value. Finally, the 

minimum-energy spacecraft intercept for three-dimensional 

elliptical orbits can be evaluated and accomplished by 

applying universal variables to resolve numerical difficulties 

for elliptical orbit. The genetic algorithm can also be used 

for searching for optimal global energy solution under high 

nonlinear constraints provided with certain search area. 

The remainder of this paper is organized as follows. 

In Section 2, we briefly reviewed Kepler’s time-of-flight 

equation based on universal variable and f and g solution. 

A necessary condition (so called intercept condition for 

minimum energy spacecraft intercept strategy) is then 

introduced by the optimization technique. GA is presented 

in Section 3 to search for global solution in a given search 

area. Next, numerical optimization strategies for solving 

intercept problems by applying GA are addressed in section 

4. Three numerical examples for minimum-energy spacecraft 

intercept on elliptical orbits are addressed in Section 5. To 

guarantee that the suggested technique provides correct 

solution, the optimal solution provided by the proposed 

algorithm is firstly compared with resultant value of 

Hohmann transfer. Three-dimensional elliptical orbit 

transfer problems for spacecraft intercept are then followed. 

Finally, concluding remarks are provided in Section 6.

2.  Minimum-energy spacecraft intercept 
problem

The definition of minimum-energy spacecraft intercept 

problem is addressed in this section. An initial condition for 

this problem is the known position and velocity vectors of two 

spacecraft (i.e., target and interceptor). Fig. 1 shows the overall 

definition of the problem. In this figure, 
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optimal solution by constructing a population (arbitrary 

chosen potential set of solutions in a search space) and 

artificially evolving the population. There are three artificial 

mechanisms for GA that mimic evolution principles: 

reproduction, crossover, and mutation. Since the fitness of 

the population increases with every generation through 

these three mechanisms, the performance of GA depends 

highly on which genetic operator is utilized.

3.1 Expression of chromosomes

The traditional encoding used in GA is binary encoding. 

Since binary encoding has a large search space, it is difficult 

to use it when a high-precision solution is required or when a 

constraint exists. One way to compensate for these demerits 

is real encoding. Variables used as chromosomes in the GA 

are universal variables, time-of-flight, and velocity change 

vector. k-th generation of real encoded chromosomes is 

expressed as follows.
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frequently used strategies. This method entirely depends 
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Therefore, if there is a super individual in the early 

generation, the individual will dominate the population. 

This phenomenon results in reduced genetic diversity, 

causing the population to prematurely converge to local 

optimal solution. To overcome this problem, gradient-like 

reproduction [16] can be applied. This approach resolves 
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operation. Reproduction process is then repeated for the 
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• � �Step 3: Reproduce the new individual for a mating pool.
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3.3 Genetic operator: Crossover

The crossover operator is an artificial mechanism that 

mimics the sexual reproduction of natural organisms. This 
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from the mating pool. The offspring is then generated by 
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other. This process enables the exchange of information 

between individuals. Frequently used operators include 

modified simple crossover, arithmetical crossover, and 

BLX-α crossover. The modified simple crossover in this 

paper is chosen as a representative operator that creates 

two offspring per parent. Crossover proceeds through the 

following steps.

• � �Step 1: Parental chromosome pair is selected from the 

mating pool.

• � �Step 2: If the crossover is determined based on crossover 

probability, then the j-th element of the offspring is 

calculated by the following equation:
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where ρ is a random number in the interval [0, 1], the 

crossover point j∈[1, N-1] is randomly selected for the two 

chromosomes and the j-th element is linear combined. 

Subsequent elements are interchanged to produce the 

offspring.

• � �Step 3: Clone the generated offspring.

Figure 2 illustrates the operation result of the modified 

simple crossover.

 

3.4 Genetic operator: Mutation

While artificial evolution continues, reproduction and 

crossover operator make the population stronger, causing 

chromosomes to resemble each other. This phenomenon is 

desirable at the end of the generation. However, if it occurs at 

early generation, it causes the lack of diversity of the gene and 

becomes a factor that leads to convergence to local optimal 

solution. Reproduction and crossover operator do not 

include mechanisms to get out from local optimal solutions. 

Therefore, a mechanism is needed to escape unwanted 

solution which is a mutation operator. A mutation operator 

mimics the mutation phenomenon in nature. It changes 

chromosomes based on mutation probability. This prevents 

all chromosomes from being fixed in early generations. It 

also enlarges the search space. In real encoding, mutation 

algorithms include uniform mutation, boundary mutation, 

dynamic mutation [17], and so on. In this paper, a dynamic 

mutation designed to enable fine adjustment was utilized 

to increase accuracies (precision). The mutation operator 

continues by using following steps.

• � �Step 1: Take one element from chromosomes in the 

population sequentially.

• � �Step 2: Determine the presence or absence of mutation 

of selected elements based on the probability of 

mutation. When a mutation occurs in the j-th element, 

Xj is determined from the following equation.
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where � is a random number taking either 0 or 1 and Δ��� �� is defined as 
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Where � is a random number between 0 and 1, � is the maximum number 

of generations to be executed for the algorithm, and �  is a parameter 

indicating the degree of inequality determined by the user. This function has 

a value within bounds ��� ��. As the number of generation � increases, 

the probability of generating a number close to zero increases. 

 Step 3: Clone the selected element to the population. 

This operator searches the entire search space at an equal probability at the beginning of 

the generation. It searches very locally when the number of generation increases. 

 

3.5 Elitist strategy 

The optimal individual is necessarily selected in reproduction. However, the one may 

disappear during the processing of crossover and mutation. The disappearance of the 

best individual causes the loss of genes with good characteristics. This causes the search 

ability degraded. Therefore, an elitist strategy [18] is used to ensure the survival of the 

best individual. This strategy stores the best individual. When this individual is 

destroyed at the end of the current generation, it replaces the worst individual of the 

current generation with the stored individual. 

 

3.6 Fitness function 

Artificial evolution of a population is performed based on individual's fitness in the 
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where τ is a random number taking either 0 or 1 and Δ(k, y) 

is defined as
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where ϒ is a random number between 0 and 1, T is the 

maximum number of generations to be executed for the 

algorithm, and b is a parameter indicating the degree of 

inequality determined by the user. This function has a 

value within bounds [0, y]. As the number of generation k 

increases, the probability of generating a number close to 

zero increases.

• � �Step 3: Clone the selected element to the population.

This operator searches the entire search space at an equal 

probability at the beginning of the generation. It searches 

very locally when the number of generation increases.

3.5 Elitist strategy

The optimal individual is necessarily selected in 

reproduction. However, the one may disappear during the 

processing of crossover and mutation. The disappearance 

of the best individual causes the loss of genes with good 

characteristics. This causes the search ability degraded. 

Therefore, an elitist strategy [18] is used to ensure the survival 

of the best individual. This strategy stores the best individual. 

When this individual is destroyed at the end of the current 

generation, it replaces the worst individual of the current 

generation with the stored individual.

3.6 Fitness function

Artificial evolution of a population is performed based 

on individual's fitness in the population. To evaluate the 

fitness of an individual, a fitness function must be defined. 

This cost is designed to calculate parameters of spacecraft for 

the minimum energy intercept. Therefore, the performance 

index and constraints can constitute the fitness function in 

this case. A representative example of the fitness function for 

the intercept problem in this work can be expressed below:
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limit. It requires a lot of computation time. However, the 

purpose of applying GA in this work is not to find the exact 

solution. GA is only used to find initial values for numerical 
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tolerance, the process of GA ends. The obtained feasible 
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chosen as 10,000 for GA termination condition.

5. Numerical Examples

5.1 Problem 1: Hohmann Transfer

The first example demonstrates the validity of the proposed 

approach by comparing optimal values obtained in Section 

2 with solutions computed using GA described in Section 

3 and theoretically obtained output by Hohmann transfer 

technique. Models used in the problem were coplanar and 

circular orbits. The radii of these orbits were 7,000 km and 

42,163 km, respectively. This transfer mission corresponded 

to a coplanar transfer from low Earth orbit (LEO) to 

geosynchronous Earth orbit (GEO). Parameters assigned for 

GA are listed in Table 1. Fitness function Eq. (27) was utilized 

for problem 1. The solution of Hohmann transfer was 

evaluated theoretically. The converged output was provided 

by GA within the termination condition. The computed final 

optimal values by the gradient-based searching algorithm 

using converged values by GA are listed in Table 2. Obtained 

theoretical solutions provided by the Hohmann transfer 

were as follows: 
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 and x by GA were computed as 101 and 173, 

respectively. Velocity change Δv0 was [-2.47, 4.62 0.01]T. Note 

that the numerically converged output by GA was somewhat 

different from the global solution since the tolerance was 

chosen relatively big to release computational burdens. 

The converged solution was then applied as an initial value 

of the gradient-based iteration technique for the proposed 

minimum energy intercept equations to compute the global 

solution which was found to be identical to results of the 

Hohmann transfer. To highlight the converged output by GA 

and the global solution, two orbital trajectories are illustrated 

in Fig. 5. While the simulated trajectory provided by GA 

Table 1. GA parameters applied to the numerical study

Parameter Value

W1 1

W2 10-4

W3 10-4

W4 10-2

Population size 300

Probability of crossover 0.8

Probability of mutation 0.02

Tolerance 10,000

Table 2. Numerical results of problem1: The Hohmann transfer

Parameter Hohmann GA Numerical Analysis Unit

Time-of-flight 19,148 9,072 19,148 sec

Velocity change 2.34 3.51 2.34 km/s

Performance index 2.73 6.16 2.73 -
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gradient-based searching algorithm 
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Fig. 5. A Hohmann transfer example to highlight the proposed technique. 
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       (b)  Trajectory optimized by using the gradient-based searching  
algorithm with the initial guess obtained by GA.

Fig. 5.  A Hohmann transfer example to highlight the proposed tech-
nique.
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could not meet the target, the interceptor transferring with 

the computed velocity change by the proposed algorithm 

did meet the target successfully. From this simulation study, 

the transfer using the suggested algorithm is identical to the 

Hohmann transfer which is known as the minimum energy 

orbit transfer.

5.2  Problem 2: Elliptic Orbits in Two-Dimensional 
Space

The second example considers a spacecraft intercept 

between two elliptical orbits on the identical plane. Initial 

conditions for numerical simulation on arbitrary elliptic 

orbits used in this problem are listed in Table 3. All processes 

used for obtaining the global solution were identical to those 

of problem 1 performed earlier. The resultant outputs by 

GA and the gradient-based searching algorithm are shown 

in Table 4. In this iteration, GA was simulated up to 16 

generations. Fig. 6 (a) displays corresponding initial orbits 

of the spacecraft and the transfer orbit for the interceptor. 

The final velocity change satisfying the purpose of minimum 

energy was evaluated by meeting the requirement of so 

called intercept condition in Eq. (15) derived in this paper. 

In order to examine whether the final solution satisfied the 

minimum-energy condition, the performance index and 

the intercept condition for this case were also plotted with 

respect to time-of-flight shown in Fig. 6(b). To generate this 

figure, the velocity change vector was obtained by solving 

the Lambert problem for a given time-of-flight. Note that the 

energy applied was the minimum at a certain fixed time-of-

flight which was the optimal point obtained. From the plot, 

it was found that the intercept condition was exactly zero for 

this given time-of-flight.

5.3  Problem 3: Intercept between Two Elliptic and 
Non-coplanar Orbits

The last simulation study was to intercept the target 

spacecraft on elliptic and non-coplanar orbits. The goal of 

this scenario was to find the optimal solution for very general 

elliptical orbit missions and ensure that the solution obtained 

by using the proposed approach could meet the minimum 

energy requirement. The emphasis was on the selection of an 

initial value of gradient-based searching algorithm to obtain 

a global solution since there were many local minima. In 

this example, an initial guess arbitrary selected was applied 

to see the convergence of the gradient-based technique. It 

was compared with the proposed technique based on GA. 

The initial orbits examined for this numerical simulation 

were also arbitrarily chosen. Six elements of these orbits are 

arranged in Table 5. Relatively high values of the eccentricity 

of target spacecraft and interceptor examined in this case 

were chosen so that orbits selected were elliptical. 

Numerical results simulated by three different methods 

are summarized in Table 6. Converged values generated 

by GA consequently were applied to the gradient-based 

searching algorithm such as Newton-Raphson iteration 

technique in this case. The last one was the gradient-based 

searching technique with an arbitrary chosen initial guess. In 

this example, GA conducted up to 13 generations to converge 

within a given tolerance. Note that consequent performance 

index by GA was quite large since constraints were not fully 

Table 3. Initial conditions of problm2: Elliptic orbits in 2-Dimensional space

Parameter Position, (km) Velocity, (km/s)

Target orbit [-11730   13979   0]T [-3.34   -0.20   0]T

Interceptor orbit [1800   -3117   0]T [8.15   9.51   0]T

Table 4. Simulation results of problem 2: Elliptic orbits in 2-Dimensional space

Parameter GA Proposed hybrid technique Unit

21 

 

technique 

�̅ 266 205 - 

� 416 395 - 

Time-of-flight 7,814 6,429 sec 

Velocity change �0.�� 0.�� ��.5��� �0.75 0.65 0�� km/s 

Performance 

index 

3.71 0.49 - 

 

 

(a)       (b) 

Fig. 6. (a) Intercept trajectory. (b) Graph of the performance index and intercept 

condition with respect to time-of-flight. 

 

266 205 -

x 416 395 -

Time-of-flight 7,814 6,429 sec

Velocity change [0.91  0.43  -2.53]T [0.75  0.65  0]T km/s

Performance index 3.71 0.49 -
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satisfied due to the relatively large tolerance. The final state 

obtained by the GA was directly applied to the initial guess 

for the gradient-based technique so that an optimal solution 

could be obtained which met constraints satisfactorily. For 

comparison, initial values used in this simulation for the last 

method were: 

14 
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When selecting the initial guess for numerical analysis to solve nonlinear optimal 

problem, most studies rely deeply on user's experience. These heuristic techniques can 

sometimes cause the numerical technique diverse. For example, if there are two circular 

orbits with radii of 7,000 km and 42,163 km, respectively. Using a properly chosen 

initial value of �̅ � ��0 , � � ��0 , � � �0,000 , and �� � �0, 3, 0�� , the 

performance index � has a value of 2.73. However, using the initial value change of 

=175, x=180, t=2000, and Δv0=[-4.0 2.5 -3.5]T. 

As shown in Table 6, it is obvious that even though the final 

solution by only gradient method can satisfy the constraints, 

the performance index is larger than that provided by the 

proposed hybrid approach. This means that the solution 

obtained by only gradient method is a local solution.

Figure 7(a) displays the initial three-dimensional elliptic 

orbits of the corresponding spacecraft. The transfer orbit 

for the interceptor utilized the computed optimal velocity 

change. The dashed line is the trajectory of the local solution 

obtained with arbitrary initial values. The performance index 

and the intercept condition for this case are also plotted with 

respect to time-of-flight as shown in Fig. 7(b). It is possible 

to obtain a velocity change vector for general elliptical orbit 

intercept missions by satisfying the intercept condition in Eq. 

(15) for minimum-energy and using the genetic algorithm to 

resolve numerical difficulties.

5. Conclusions

In this paper, the minimum-energy intercept problem 

of spacecraft was exploited within non-coplanar elliptical 

Table 5. Orbit elements of the target and interceptor

Orbital Elements h, (km2/s) e Ω, (deg) i, (deg) w, (deg) θ, (deg)

Target orbit 51,755 0.19 215 9.80 337 182

Interceptor orbit 59,286 0.21 328 15.96 207 151

Table 6. Simulation results of problem 3: Intercept between two elliptic and non-coplanar orbits

Parameter GA Proposed hybrid technique
Only gradient-based 

technique
Unit
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orbits. The proposed approach utilized a universal variable 

for orbit propagation to release numerical deficiency and the 

genetic algorithm to evaluate global solution much efficiently. 

In this work, the genetic algorithm played an important 

role in finding initial values for gradient-based searching 

algorithm to reach accurate global solution in a given search 

space. Finally, spacecraft intercept problem for arbitrary 

chosen elliptic and non-coplanar orbits was resolved by 

finding a new condition called intercept condition. This was 

successfully demonstrated using numerical simulation. By 

presenting a new perspective as a way to obtain minimum-

energy intercept trajectory of spacecraft, the suggested 

method might provide novel insight for various non-coplanar 

and elliptical orbit transfer problems.
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Fig. 7.  (a) Trajectories of the interceptor and target spacecraft. (b) Per-
formance index and intercept condition with respect to time-
of-flight.
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