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Abstract

For liquid rocket engine(LRE)-based space launch vehicles, longitudinal instability, often referred to as the pogo 

phenomenon in the literature is predicted. In the building block of system-level task, accurate dynamic modeling of a fluid-

filled tank is an essential. This paper attempts to apply the virtual mass method that accounts for the interaction of the 

vehicle structure and the enclosed liquid oxygen to LOX-filled tanks. The virtual mass method is applied in a modal analysis 

considering the hydroelastic effect of the launch vehicle tank. This method involves an analysis of the fluid in the tank in the 

form of mass matrix. To verify the accuracy of this method, the experimental modal data of a small hemispherical tank is 

used. Finally, the virtual mass method is applied to a 1/8-scale space shuttle external tank. In addition, the LOX tank bottom 

pressure in the external tank model is estimated. The LOX tank bottom pressure is the factor required for the coupling of the 

LOX tank with the propulsion system. The small hemispherical tank analysis provides relatively accurate results, and the 

1/8-scale space shuttle external tank provides reasonable results. The LOX tank bottom pressure is also similar to that in the 

numerical results of a previous analysis.
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1. Introduction

The pogo phenomenon is caused by the structural 

characteristics of a space launch vehicle due to the typically 

long slender shape and relatively small mass ratio of such a 

vehicle. The mass ratio is the ratio of the structural only weight 

among the total vehicle weight including the propellant. Due 

to the high volume of the propellant in the launch vehicle, the 

natural frequencies of the space launch vehicle will increase with 

the consumption of the liquid propellant. In Fig. 1, when the 

longitudinal natural frequencies of the vehicle fuselage match 

those of the propulsion system, the perturbation of pressure/

flow in propulsion system will be induced by affecting the change 

of thrust. Then, such mechanism constitutes a closed-loop 

system. As a result, the response amplitude of the entire vehicle 

will increase. For that reason, the pogo phenomenon presents 
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Fig. 1. Closed Loop of the Pogo System
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a safety hazard to the launch vehicle by damaging electronic 

components and decreasing momentarily the engine thrust 

while limiting the capability of the astronauts. Therefore, it is 

important to predict the longitudinal vibration mode of the 

launch vehicle fuselage and to analyze the pogo phenomenon 

by considering its coupling with the propulsion system.

Most of the pogo phenomena were uncovered during the 

development phase of the space launch vehicle. Thus, reliable 

prediction of the pogo stability became inevitable during 

the early phase of the development process. Since 1960s, 

significant amount of researches has been conducted on the 

pogo phenomena in the United States. NASA published the 

space vehicle design criteria especially related with the pogo 

phenomenon [3~6]. Oppenheim proposed the comprehensive 

formulations for pogo analyses [7]. The practical pogo 

accidents occurred when the first longitudinal mode of the 

launch vehicle fuselage coincided with the first and second 

modes of the feedline. For example, as the liquid propellant 

decreased in the Saturn-V rocket, resonance of the engine with 

the first longitudinal mode of the vehicle fuselage caused the 

first-stage of F-1 engine to generate thrust oscillation [1]. Also, 

in the space shuttle using liquid oxygen and hydrogen, there 

would be a much greater possibility of the pogo phenomenon 

occurring in the LOX tank because the density of the liquid 

oxygen was larger than that of the liquid hydrogen. Thus, the 

space shuttle would require an intensive pogo analysis. It was 

also due to that the length of the feedline connecting the LOX 

tank to the engine of the orbiter was relatively long [8,9].

In this paper, modal analysis of the three-dimensional tank 

filled with fluid will be attempted. Because the tank occupies a 

large volume inside the space launch vehicle, it will influence 

upon the natural frequencies of the launch vehicle fuselage. 

The virtual mass method, one of the analytical methodologies 

on hydroelasticity, will be used to analyze the launch vehicle 

tank. This method will describe the propellant included in 

the tank as a relevant mass matrix. And then it will added to 

the mass matrix of the tank structure to finally perform the 

eigenvalue analysis. Especially, such method will be capable 

of predicting accurately the longitudinal mode of the tank. 

Then, accuracy of the present methodology will be verified for 

a small hemispherical tank. Final prediction will then be done 

for the longitudinal dynamic characteristics of a 1/8-scale 

external tank for the space shuttle. By estimating the LOX tank 

bottom pressure, the coupling between the LOX tank and the 

propulsion system will be analyzed with sufficient reliability.

2.  Formulation of Fluid-Structure and Tank-
Propulsion System Interaction

In a launch vehicle tank containing a fluid, a coupled 

analysis between the structure of the tank and the fluid 

in the tank will be required because the fluid occupies 

a large volume of the overall component. Therefore, the 

analysis will be conducted after proper formulation of the 

tank component is completed while considering the fluid. 

Moreover, the formalization process of the tank considering 

the effect of Ptb will be described for a pogo analysis, as the 

tank bottom pressure Ptb acts as a type of coupling between 

the launch vehicle tank and the propulsion system.

2.1  Hydroelastic Symmetric Formulation for a Tank 
with Fluid [4]

Several equations are defined to analyze a tank containing 

a fluid, as shown in Fig. 2. 
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𝑈𝑈𝑈𝑈��⃗ ̇ = − 1
𝜌𝜌𝜌𝜌
𝛻𝛻𝛻𝛻𝑃𝑃𝑃𝑃� ,                              (1)

𝛻𝛻𝛻𝛻 ∙ 𝑈𝑈𝑈𝑈��⃗ = − 1
𝐵𝐵𝐵𝐵
𝑃𝑃𝑃𝑃�̇ . (2)

Here, 𝛻𝛻𝛻𝛻 ∙ 𝑈𝑈𝑈𝑈��⃗ is the dilatational strain and ρ is the density of the fluid.

𝑃𝑃𝑃𝑃� = ∫ 𝑃𝑃𝑃𝑃 ∙ 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡
−∞ .                           (3)

Eq. (1) refers to the motion equation of the fluid particles, and Eq. (2) defines the constitutive 

relationship for a non-viscous, compressible fluid. Additionally, Eq. (3) calculates the total pressure 

impulse. Based on Eqs. (1) - (3), the fluid in the tank can form a complementary Euler-Lagrange 

equation using Toupin’s complementary variational principle, as shown in Eq. (4). Also, as shown in 

Fig. 2, the motion equation for the structure of the tank can be formulated, as expressed by Eq. (5). 

(𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓)𝑃𝑃𝑃𝑃 + (𝐶𝐶𝐶𝐶𝑓𝑓𝑓𝑓)�̈�𝑃𝑃𝑃 = −(𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇)�̈�𝑈𝑈𝑈 ,                   (4)

(𝑀𝑀𝑀𝑀𝑠𝑠𝑠𝑠)�̈�𝑈𝑈𝑈 + (𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠)𝑈𝑈𝑈𝑈 = (𝐴𝐴𝐴𝐴)𝑃𝑃𝑃𝑃 .                         (5)

In Eqs. (4) and (5), 𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓 is the fluid inertance, 𝐶𝐶𝐶𝐶𝑓𝑓𝑓𝑓 is the fluid compliance, 𝑀𝑀𝑀𝑀𝑠𝑠𝑠𝑠 is the structural mass, 

𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠 is the structural stiffness, 𝑃𝑃𝑃𝑃 is the dynamic pressure, and 𝑈𝑈𝑈𝑈 is the structural displacement.

Eqs. (4) and (5) are converted to Eq. (9) by applying Eqs. (6), (7), and (8). Eq. (6) refers to the 

internal structural generalized force, and Eq. (7) defines the structural compliance. Eq. (8) is used to 

determine the structural inertance.
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equation using Toupin’s complementary variational principle, as shown in Eq. (4). Also, as shown in 

Fig. 2, the motion equation for the structure of the tank can be formulated, as expressed by Eq. (5). 

(𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓)𝑃𝑃𝑃𝑃 + (𝐶𝐶𝐶𝐶𝑓𝑓𝑓𝑓)�̈�𝑃𝑃𝑃 = −(𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇)�̈�𝑈𝑈𝑈 ,                   (4)

(𝑀𝑀𝑀𝑀𝑠𝑠𝑠𝑠)�̈�𝑈𝑈𝑈 + (𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠)𝑈𝑈𝑈𝑈 = (𝐴𝐴𝐴𝐴)𝑃𝑃𝑃𝑃 .                         (5)

In Eqs. (4) and (5), 𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓 is the fluid inertance, 𝐶𝐶𝐶𝐶𝑓𝑓𝑓𝑓 is the fluid compliance, 𝑀𝑀𝑀𝑀𝑠𝑠𝑠𝑠 is the structural mass, 

𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠 is the structural stiffness, 𝑃𝑃𝑃𝑃 is the dynamic pressure, and 𝑈𝑈𝑈𝑈 is the structural displacement.

Eqs. (4) and (5) are converted to Eq. (9) by applying Eqs. (6), (7), and (8). Eq. (6) refers to the 

internal structural generalized force, and Eq. (7) defines the structural compliance. Eq. (8) is used to 

determine the structural inertance.

4 

, (4)

2. Formulation of Fluid-Structure and Tank-Propulsion System Interaction

In a launch vehicle tank containing a fluid, a coupled analysis between the structure of the tank and 

the fluid in the tank will be required because the fluid occupies a large volume of the overall

component. Therefore, the analysis will be conducted after proper formulation of the tank component 

is completed while considering the fluid. Moreover, the formalization process of the tank considering 

the effect of 𝑃𝑃𝑃𝑃𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 will be described for a pogo analysis, as the tank bottom pressure 𝑃𝑃𝑃𝑃𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 acts as a type 

of coupling between the launch vehicle tank and the propulsion system.

2.1 Hydroelastic Symmetric Formulation for a Tank with Fluid [4]

Several equations are defined to analyze a tank containing a fluid, as shown in Fig. 2.

𝑈𝑈𝑈𝑈��⃗ ̇ = − 1
𝜌𝜌𝜌𝜌
𝛻𝛻𝛻𝛻𝑃𝑃𝑃𝑃� ,                              (1)

𝛻𝛻𝛻𝛻 ∙ 𝑈𝑈𝑈𝑈��⃗ = − 1
𝐵𝐵𝐵𝐵
𝑃𝑃𝑃𝑃�̇ . (2)

Here, 𝛻𝛻𝛻𝛻 ∙ 𝑈𝑈𝑈𝑈��⃗ is the dilatational strain and ρ is the density of the fluid.

𝑃𝑃𝑃𝑃� = ∫ 𝑃𝑃𝑃𝑃 ∙ 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡
−∞ .                           (3)

Eq. (1) refers to the motion equation of the fluid particles, and Eq. (2) defines the constitutive 

relationship for a non-viscous, compressible fluid. Additionally, Eq. (3) calculates the total pressure 

impulse. Based on Eqs. (1) - (3), the fluid in the tank can form a complementary Euler-Lagrange 

equation using Toupin’s complementary variational principle, as shown in Eq. (4). Also, as shown in 

Fig. 2, the motion equation for the structure of the tank can be formulated, as expressed by Eq. (5). 

(𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓)𝑃𝑃𝑃𝑃 + (𝐶𝐶𝐶𝐶𝑓𝑓𝑓𝑓)�̈�𝑃𝑃𝑃 = −(𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇)�̈�𝑈𝑈𝑈 ,                   (4)

(𝑀𝑀𝑀𝑀𝑠𝑠𝑠𝑠)�̈�𝑈𝑈𝑈 + (𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠)𝑈𝑈𝑈𝑈 = (𝐴𝐴𝐴𝐴)𝑃𝑃𝑃𝑃 .                         (5)

In Eqs. (4) and (5), 𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓 is the fluid inertance, 𝐶𝐶𝐶𝐶𝑓𝑓𝑓𝑓 is the fluid compliance, 𝑀𝑀𝑀𝑀𝑠𝑠𝑠𝑠 is the structural mass, 

𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠 is the structural stiffness, 𝑃𝑃𝑃𝑃 is the dynamic pressure, and 𝑈𝑈𝑈𝑈 is the structural displacement.

Eqs. (4) and (5) are converted to Eq. (9) by applying Eqs. (6), (7), and (8). Eq. (6) refers to the 

internal structural generalized force, and Eq. (7) defines the structural compliance. Eq. (8) is used to 

determine the structural inertance.

4 

. (5)

In Eqs. (4) and (5), Lf is the fluid inertance, Cf is the fluid 

compliance, Ms is the structural mass, Ks is the structural 

Fig. 2. Scheme and Formulation of the Tank with Fluid
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stiffness, P is the dynamic pressure, and U is the structural 

displacement.

Eqs. (4) and (5) are converted to Eq. (9) by applying Eqs. (6), 

(7), and (8). Eq. (6) refers to the internal structural generalized 

force, and Eq. (7) defines the structural compliance. Eq. (8) is 

used to determine the structural inertance.

{𝐹𝐹𝐹𝐹𝑠𝑠𝑠𝑠} = (𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠){𝑈𝑈𝑈𝑈} ,                                 (6)

(𝐶𝐶𝐶𝐶𝑠𝑠𝑠𝑠) = (𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠−1) ,                                 (7)

(𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠) = (𝑀𝑀𝑀𝑀𝑠𝑠𝑠𝑠
−1) ,                                (8)

�
𝐶𝐶𝐶𝐶𝑓𝑓𝑓𝑓 0
0 𝐶𝐶𝐶𝐶𝑠𝑠𝑠𝑠

� ��̈�𝑃𝑃𝑃�̈�𝐹𝐹𝐹𝑠𝑠𝑠𝑠
� + �𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓 + 𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝐴𝐴𝐴𝐴 −𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠

−𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝐴𝐴𝐴𝐴 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠
� �𝑃𝑃𝑃𝑃𝐹𝐹𝐹𝐹𝑠𝑠𝑠𝑠

� = �00� ,            (9)

Assuming that the fluid is incompressible, 𝐶𝐶𝐶𝐶𝑓𝑓𝑓𝑓 will become zero in the complementary Euler-

Lagrange matrix equation. Therefore, if Eq. (4) is represented in matrix form, it will become equal to 

Eq. (10),

�
𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠 𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓
𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑓𝑓
𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓 𝐿𝐿𝐿𝐿𝑓𝑓𝑠𝑠𝑠𝑠 𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓

��
𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓
𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠
𝑃𝑃𝑃𝑃𝑓𝑓
� = −�

𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑇𝑇𝑇𝑇 𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓𝑇𝑇𝑇𝑇

𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇

0 0
��

�̈�𝑈𝑈𝑈𝑓𝑓𝑓𝑓
�̈�𝑈𝑈𝑈𝑠𝑠𝑠𝑠
�,               (10)

where 𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓 ,𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝑃𝑃𝑃𝑃𝑓𝑓 are the pressures of the free surface, the structural interface, and the internal 

fluid, respectively. 𝑈𝑈𝑈𝑈𝑓𝑓𝑓𝑓  and 𝑈𝑈𝑈𝑈𝑠𝑠𝑠𝑠 are the displacement of the free surface and that of the structural 

interface surface, respectively.

With regard to an incompressible fluid for the structural dynamic equation of Eq. (5), it can be 

expressed in terms of matrices, as shown in Eq. (11).

�0 0
0 𝑀𝑀𝑀𝑀𝑠𝑠𝑠𝑠

� �
�̈�𝑈𝑈𝑈𝑓𝑓𝑓𝑓
�̈�𝑈𝑈𝑈𝑠𝑠𝑠𝑠
� + �

𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠
𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓 𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

� �
𝑈𝑈𝑈𝑈𝑓𝑓𝑓𝑓
𝑈𝑈𝑈𝑈𝑠𝑠𝑠𝑠
� = �

𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠 0
𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓 𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 0��

𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓
𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠
𝑃𝑃𝑃𝑃𝑓𝑓
� .        (11)

𝑀𝑀𝑀𝑀𝑠𝑠𝑠𝑠 is the structural mass matrix; 𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 is the structural stiffness matrix; and 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓, 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠, and 𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓 are 

the additional stiffness matrix contributions due to the possible fluctuation of the ullage pressure and 

the gravitational potential. If the internal fluid pressure 𝑃𝑃𝑃𝑃𝑓𝑓 term is removed from Eq. (10), it can be 

summarized in terms of the free surface and structure, as shown in Eq. (13). Also, 𝑃𝑃𝑃𝑃𝑓𝑓 is expressed by

Eq. (12).

{𝑃𝑃𝑃𝑃𝑓𝑓} = −(𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓)−1(𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓 𝐿𝐿𝐿𝐿𝑓𝑓𝑠𝑠𝑠𝑠) �
𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓
𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠
� ,                     (12)

�
𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓′ 𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠′

𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓′ 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠′
� �
𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓
𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠
� = −�

𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑇𝑇𝑇𝑇 𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓𝑇𝑇𝑇𝑇

𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇
� �
�̈�𝑈𝑈𝑈𝑓𝑓𝑓𝑓
�̈�𝑈𝑈𝑈𝑠𝑠𝑠𝑠
� ,�

𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓′ 𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠′

𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓′ 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠′
� = �

𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠
𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

� − �
𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓
𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑓𝑓
� (𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓)−1�𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓𝐿𝐿𝐿𝐿𝑓𝑓𝑠𝑠𝑠𝑠� . (13)

However, a singularity will occur in the matrix of Eq. (13) because an incompressible fluid does not 

5 

, (6){𝐹𝐹𝐹𝐹𝑠𝑠𝑠𝑠} = (𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠){𝑈𝑈𝑈𝑈} ,                                 (6)

(𝐶𝐶𝐶𝐶𝑠𝑠𝑠𝑠) = (𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠−1) ,                                 (7)

(𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠) = (𝑀𝑀𝑀𝑀𝑠𝑠𝑠𝑠
−1) ,                                (8)

�
𝐶𝐶𝐶𝐶𝑓𝑓𝑓𝑓 0
0 𝐶𝐶𝐶𝐶𝑠𝑠𝑠𝑠

� ��̈�𝑃𝑃𝑃�̈�𝐹𝐹𝐹𝑠𝑠𝑠𝑠
� + �𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓 + 𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝐴𝐴𝐴𝐴 −𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠

−𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝐴𝐴𝐴𝐴 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠
� �𝑃𝑃𝑃𝑃𝐹𝐹𝐹𝐹𝑠𝑠𝑠𝑠

� = �00� ,            (9)

Assuming that the fluid is incompressible, 𝐶𝐶𝐶𝐶𝑓𝑓𝑓𝑓 will become zero in the complementary Euler-

Lagrange matrix equation. Therefore, if Eq. (4) is represented in matrix form, it will become equal to 

Eq. (10),

�
𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠 𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓
𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑓𝑓
𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓 𝐿𝐿𝐿𝐿𝑓𝑓𝑠𝑠𝑠𝑠 𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓

��
𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓
𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠
𝑃𝑃𝑃𝑃𝑓𝑓
� = −�
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With regard to an incompressible fluid for the structural dynamic equation of Eq. (5), it can be 

expressed in terms of matrices, as shown in Eq. (11).
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the additional stiffness matrix contributions due to the possible fluctuation of the ullage pressure and 

the gravitational potential. If the internal fluid pressure 𝑃𝑃𝑃𝑃𝑓𝑓 term is removed from Eq. (10), it can be 

summarized in terms of the free surface and structure, as shown in Eq. (13). Also, 𝑃𝑃𝑃𝑃𝑓𝑓 is expressed by

Eq. (12).
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fluid, respectively. 𝑈𝑈𝑈𝑈𝑓𝑓𝑓𝑓  and 𝑈𝑈𝑈𝑈𝑠𝑠𝑠𝑠 are the displacement of the free surface and that of the structural 

interface surface, respectively.

With regard to an incompressible fluid for the structural dynamic equation of Eq. (5), it can be 

expressed in terms of matrices, as shown in Eq. (11).
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the gravitational potential. If the internal fluid pressure 𝑃𝑃𝑃𝑃𝑓𝑓 term is removed from Eq. (10), it can be 

summarized in terms of the free surface and structure, as shown in Eq. (13). Also, 𝑃𝑃𝑃𝑃𝑓𝑓 is expressed by
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𝐶𝐶𝐶𝐶𝑓𝑓𝑓𝑓 0
0 𝐶𝐶𝐶𝐶𝑠𝑠𝑠𝑠

� ��̈�𝑃𝑃𝑃�̈�𝐹𝐹𝐹𝑠𝑠𝑠𝑠
� + �𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓 + 𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝐴𝐴𝐴𝐴 −𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠

−𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝐴𝐴𝐴𝐴 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠
� �𝑃𝑃𝑃𝑃𝐹𝐹𝐹𝐹𝑠𝑠𝑠𝑠

� = �00� ,            (9)

Assuming that the fluid is incompressible, 𝐶𝐶𝐶𝐶𝑓𝑓𝑓𝑓 will become zero in the complementary Euler-

Lagrange matrix equation. Therefore, if Eq. (4) is represented in matrix form, it will become equal to 

Eq. (10),

�
𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠 𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓
𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑓𝑓
𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓 𝐿𝐿𝐿𝐿𝑓𝑓𝑠𝑠𝑠𝑠 𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓

��
𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓
𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠
𝑃𝑃𝑃𝑃𝑓𝑓
� = −�

𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑇𝑇𝑇𝑇 𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓𝑇𝑇𝑇𝑇

𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇

0 0
��

�̈�𝑈𝑈𝑈𝑓𝑓𝑓𝑓
�̈�𝑈𝑈𝑈𝑠𝑠𝑠𝑠
�,               (10)

where 𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓 ,𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝑃𝑃𝑃𝑃𝑓𝑓 are the pressures of the free surface, the structural interface, and the internal 

fluid, respectively. 𝑈𝑈𝑈𝑈𝑓𝑓𝑓𝑓  and 𝑈𝑈𝑈𝑈𝑠𝑠𝑠𝑠 are the displacement of the free surface and that of the structural 

interface surface, respectively.

With regard to an incompressible fluid for the structural dynamic equation of Eq. (5), it can be 

expressed in terms of matrices, as shown in Eq. (11).

�0 0
0 𝑀𝑀𝑀𝑀𝑠𝑠𝑠𝑠

� �
�̈�𝑈𝑈𝑈𝑓𝑓𝑓𝑓
�̈�𝑈𝑈𝑈𝑠𝑠𝑠𝑠
� + �

𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠
𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓 𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

� �
𝑈𝑈𝑈𝑈𝑓𝑓𝑓𝑓
𝑈𝑈𝑈𝑈𝑠𝑠𝑠𝑠
� = �

𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠 0
𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓 𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 0��

𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓
𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠
𝑃𝑃𝑃𝑃𝑓𝑓
� .        (11)

𝑀𝑀𝑀𝑀𝑠𝑠𝑠𝑠 is the structural mass matrix; 𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 is the structural stiffness matrix; and 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓, 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠, and 𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓 are 

the additional stiffness matrix contributions due to the possible fluctuation of the ullage pressure and 

the gravitational potential. If the internal fluid pressure 𝑃𝑃𝑃𝑃𝑓𝑓 term is removed from Eq. (10), it can be 

summarized in terms of the free surface and structure, as shown in Eq. (13). Also, 𝑃𝑃𝑃𝑃𝑓𝑓 is expressed by

Eq. (12).

{𝑃𝑃𝑃𝑃𝑓𝑓} = −(𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓)−1(𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓 𝐿𝐿𝐿𝐿𝑓𝑓𝑠𝑠𝑠𝑠) �
𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓
𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠
� ,                     (12)

�
𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓′ 𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠′

𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓′ 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠′
� �
𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓
𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠
� = −�

𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑇𝑇𝑇𝑇 𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓𝑇𝑇𝑇𝑇

𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇
� �
�̈�𝑈𝑈𝑈𝑓𝑓𝑓𝑓
�̈�𝑈𝑈𝑈𝑠𝑠𝑠𝑠
� ,�

𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓′ 𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠′

𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓′ 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠′
� = �

𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠
𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

� − �
𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓
𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑓𝑓
� (𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓)−1�𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓𝐿𝐿𝐿𝐿𝑓𝑓𝑠𝑠𝑠𝑠� . (13)

However, a singularity will occur in the matrix of Eq. (13) because an incompressible fluid does not 

5 

.
(9)

Assuming that the fluid is incompressible, Cf will become 

zero in the complementary Euler-Lagrange matrix equation. 

Therefore, if Eq. (4) is represented in matrix form, it will 

become equal to Eq. (10),

{𝐹𝐹𝐹𝐹𝑠𝑠𝑠𝑠} = (𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠){𝑈𝑈𝑈𝑈} ,                                 (6)

(𝐶𝐶𝐶𝐶𝑠𝑠𝑠𝑠) = (𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠−1) ,                                 (7)

(𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠) = (𝑀𝑀𝑀𝑀𝑠𝑠𝑠𝑠
−1) ,                                (8)

�
𝐶𝐶𝐶𝐶𝑓𝑓𝑓𝑓 0
0 𝐶𝐶𝐶𝐶𝑠𝑠𝑠𝑠

� ��̈�𝑃𝑃𝑃�̈�𝐹𝐹𝐹𝑠𝑠𝑠𝑠
� + �𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓 + 𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝐴𝐴𝐴𝐴 −𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠

−𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝐴𝐴𝐴𝐴 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠
� �𝑃𝑃𝑃𝑃𝐹𝐹𝐹𝐹𝑠𝑠𝑠𝑠

� = �00� ,            (9)

Assuming that the fluid is incompressible, 𝐶𝐶𝐶𝐶𝑓𝑓𝑓𝑓 will become zero in the complementary Euler-

Lagrange matrix equation. Therefore, if Eq. (4) is represented in matrix form, it will become equal to 

Eq. (10),

�
𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠 𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓
𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑓𝑓
𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓 𝐿𝐿𝐿𝐿𝑓𝑓𝑠𝑠𝑠𝑠 𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓

��
𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓
𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠
𝑃𝑃𝑃𝑃𝑓𝑓
� = −�

𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑇𝑇𝑇𝑇 𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓𝑇𝑇𝑇𝑇

𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇

0 0
��

�̈�𝑈𝑈𝑈𝑓𝑓𝑓𝑓
�̈�𝑈𝑈𝑈𝑠𝑠𝑠𝑠
�,               (10)

where 𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓 ,𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝑃𝑃𝑃𝑃𝑓𝑓 are the pressures of the free surface, the structural interface, and the internal 

fluid, respectively. 𝑈𝑈𝑈𝑈𝑓𝑓𝑓𝑓  and 𝑈𝑈𝑈𝑈𝑠𝑠𝑠𝑠 are the displacement of the free surface and that of the structural 

interface surface, respectively.

With regard to an incompressible fluid for the structural dynamic equation of Eq. (5), it can be 

expressed in terms of matrices, as shown in Eq. (11).

�0 0
0 𝑀𝑀𝑀𝑀𝑠𝑠𝑠𝑠

� �
�̈�𝑈𝑈𝑈𝑓𝑓𝑓𝑓
�̈�𝑈𝑈𝑈𝑠𝑠𝑠𝑠
� + �

𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠
𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓 𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

� �
𝑈𝑈𝑈𝑈𝑓𝑓𝑓𝑓
𝑈𝑈𝑈𝑈𝑠𝑠𝑠𝑠
� = �

𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠 0
𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓 𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 0��

𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓
𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠
𝑃𝑃𝑃𝑃𝑓𝑓
� .        (11)

𝑀𝑀𝑀𝑀𝑠𝑠𝑠𝑠 is the structural mass matrix; 𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 is the structural stiffness matrix; and 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓, 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠, and 𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓 are 

the additional stiffness matrix contributions due to the possible fluctuation of the ullage pressure and 

the gravitational potential. If the internal fluid pressure 𝑃𝑃𝑃𝑃𝑓𝑓 term is removed from Eq. (10), it can be 

summarized in terms of the free surface and structure, as shown in Eq. (13). Also, 𝑃𝑃𝑃𝑃𝑓𝑓 is expressed by

Eq. (12).

{𝑃𝑃𝑃𝑃𝑓𝑓} = −(𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓)−1(𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓 𝐿𝐿𝐿𝐿𝑓𝑓𝑠𝑠𝑠𝑠) �
𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓
𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠
� ,                     (12)

�
𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓′ 𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠′

𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓′ 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠′
� �
𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓
𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠
� = −�

𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑇𝑇𝑇𝑇 𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓𝑇𝑇𝑇𝑇

𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇
� �
�̈�𝑈𝑈𝑈𝑓𝑓𝑓𝑓
�̈�𝑈𝑈𝑈𝑠𝑠𝑠𝑠
� ,�

𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓′ 𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠′

𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓′ 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠′
� = �

𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠
𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

� − �
𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓
𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑓𝑓
� (𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓)−1�𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓𝐿𝐿𝐿𝐿𝑓𝑓𝑠𝑠𝑠𝑠� . (13)

However, a singularity will occur in the matrix of Eq. (13) because an incompressible fluid does not 

5 

,

(10)

where Pf, Ps  and Pi are the pressures of the free surface, the 

structural interface, and the internal fluid, respectively. Uf   

and Us are the displacement of the free surface and that of 

the structural interface surface, respectively.

With regard to an incompressible fluid for the structural 

dynamic equation of Eq. (5), it can be expressed in terms of 

matrices, as shown in Eq. (11).

{𝐹𝐹𝐹𝐹𝑠𝑠𝑠𝑠} = (𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠){𝑈𝑈𝑈𝑈} ,                                 (6)

(𝐶𝐶𝐶𝐶𝑠𝑠𝑠𝑠) = (𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠−1) ,                                 (7)

(𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠) = (𝑀𝑀𝑀𝑀𝑠𝑠𝑠𝑠
−1) ,                                (8)

�
𝐶𝐶𝐶𝐶𝑓𝑓𝑓𝑓 0
0 𝐶𝐶𝐶𝐶𝑠𝑠𝑠𝑠

� ��̈�𝑃𝑃𝑃�̈�𝐹𝐹𝐹𝑠𝑠𝑠𝑠
� + �𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓 + 𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝐴𝐴𝐴𝐴 −𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠

−𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝐴𝐴𝐴𝐴 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠
� �𝑃𝑃𝑃𝑃𝐹𝐹𝐹𝐹𝑠𝑠𝑠𝑠

� = �00� ,            (9)

Assuming that the fluid is incompressible, 𝐶𝐶𝐶𝐶𝑓𝑓𝑓𝑓 will become zero in the complementary Euler-

Lagrange matrix equation. Therefore, if Eq. (4) is represented in matrix form, it will become equal to 

Eq. (10),

�
𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠 𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓
𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑓𝑓
𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓 𝐿𝐿𝐿𝐿𝑓𝑓𝑠𝑠𝑠𝑠 𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓

��
𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓
𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠
𝑃𝑃𝑃𝑃𝑓𝑓
� = −�

𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑇𝑇𝑇𝑇 𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓𝑇𝑇𝑇𝑇

𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇

0 0
��

�̈�𝑈𝑈𝑈𝑓𝑓𝑓𝑓
�̈�𝑈𝑈𝑈𝑠𝑠𝑠𝑠
�,               (10)

where 𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓 ,𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝑃𝑃𝑃𝑃𝑓𝑓 are the pressures of the free surface, the structural interface, and the internal 

fluid, respectively. 𝑈𝑈𝑈𝑈𝑓𝑓𝑓𝑓  and 𝑈𝑈𝑈𝑈𝑠𝑠𝑠𝑠 are the displacement of the free surface and that of the structural 

interface surface, respectively.

With regard to an incompressible fluid for the structural dynamic equation of Eq. (5), it can be 

expressed in terms of matrices, as shown in Eq. (11).

�0 0
0 𝑀𝑀𝑀𝑀𝑠𝑠𝑠𝑠

� �
�̈�𝑈𝑈𝑈𝑓𝑓𝑓𝑓
�̈�𝑈𝑈𝑈𝑠𝑠𝑠𝑠
� + �

𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠
𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓 𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

� �
𝑈𝑈𝑈𝑈𝑓𝑓𝑓𝑓
𝑈𝑈𝑈𝑈𝑠𝑠𝑠𝑠
� = �

𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠 0
𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓 𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 0��

𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓
𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠
𝑃𝑃𝑃𝑃𝑓𝑓
� .        (11)

𝑀𝑀𝑀𝑀𝑠𝑠𝑠𝑠 is the structural mass matrix; 𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 is the structural stiffness matrix; and 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓, 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠, and 𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓 are 

the additional stiffness matrix contributions due to the possible fluctuation of the ullage pressure and 

the gravitational potential. If the internal fluid pressure 𝑃𝑃𝑃𝑃𝑓𝑓 term is removed from Eq. (10), it can be 

summarized in terms of the free surface and structure, as shown in Eq. (13). Also, 𝑃𝑃𝑃𝑃𝑓𝑓 is expressed by

Eq. (12).

{𝑃𝑃𝑃𝑃𝑓𝑓} = −(𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓)−1(𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓 𝐿𝐿𝐿𝐿𝑓𝑓𝑠𝑠𝑠𝑠) �
𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓
𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠
� ,                     (12)

�
𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓′ 𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠′

𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓′ 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠′
� �
𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓
𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠
� = −�

𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑇𝑇𝑇𝑇 𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓𝑇𝑇𝑇𝑇

𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇
� �
�̈�𝑈𝑈𝑈𝑓𝑓𝑓𝑓
�̈�𝑈𝑈𝑈𝑠𝑠𝑠𝑠
� ,�

𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓′ 𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠′

𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓′ 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠′
� = �

𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠
𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

� − �
𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓
𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑓𝑓
� (𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓)−1�𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓𝐿𝐿𝐿𝐿𝑓𝑓𝑠𝑠𝑠𝑠� . (13)

However, a singularity will occur in the matrix of Eq. (13) because an incompressible fluid does not 

5 

   

{𝐹𝐹𝐹𝐹𝑠𝑠𝑠𝑠} = (𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠){𝑈𝑈𝑈𝑈} ,                                 (6)

(𝐶𝐶𝐶𝐶𝑠𝑠𝑠𝑠) = (𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠−1) ,                                 (7)

(𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠) = (𝑀𝑀𝑀𝑀𝑠𝑠𝑠𝑠
−1) ,                                (8)

�
𝐶𝐶𝐶𝐶𝑓𝑓𝑓𝑓 0
0 𝐶𝐶𝐶𝐶𝑠𝑠𝑠𝑠

� ��̈�𝑃𝑃𝑃�̈�𝐹𝐹𝐹𝑠𝑠𝑠𝑠
� + �𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓 + 𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝐴𝐴𝐴𝐴 −𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠

−𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝐴𝐴𝐴𝐴 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠
� �𝑃𝑃𝑃𝑃𝐹𝐹𝐹𝐹𝑠𝑠𝑠𝑠

� = �00� ,            (9)

Assuming that the fluid is incompressible, 𝐶𝐶𝐶𝐶𝑓𝑓𝑓𝑓 will become zero in the complementary Euler-

Lagrange matrix equation. Therefore, if Eq. (4) is represented in matrix form, it will become equal to 

Eq. (10),

�
𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠 𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓
𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑓𝑓
𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓 𝐿𝐿𝐿𝐿𝑓𝑓𝑠𝑠𝑠𝑠 𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓

��
𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓
𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠
𝑃𝑃𝑃𝑃𝑓𝑓
� = −�

𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑇𝑇𝑇𝑇 𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓𝑇𝑇𝑇𝑇

𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇

0 0
��

�̈�𝑈𝑈𝑈𝑓𝑓𝑓𝑓
�̈�𝑈𝑈𝑈𝑠𝑠𝑠𝑠
�,               (10)

where 𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓 ,𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝑃𝑃𝑃𝑃𝑓𝑓 are the pressures of the free surface, the structural interface, and the internal 

fluid, respectively. 𝑈𝑈𝑈𝑈𝑓𝑓𝑓𝑓  and 𝑈𝑈𝑈𝑈𝑠𝑠𝑠𝑠 are the displacement of the free surface and that of the structural 

interface surface, respectively.

With regard to an incompressible fluid for the structural dynamic equation of Eq. (5), it can be 

expressed in terms of matrices, as shown in Eq. (11).

�0 0
0 𝑀𝑀𝑀𝑀𝑠𝑠𝑠𝑠

� �
�̈�𝑈𝑈𝑈𝑓𝑓𝑓𝑓
�̈�𝑈𝑈𝑈𝑠𝑠𝑠𝑠
� + �

𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠
𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓 𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

� �
𝑈𝑈𝑈𝑈𝑓𝑓𝑓𝑓
𝑈𝑈𝑈𝑈𝑠𝑠𝑠𝑠
� = �

𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠 0
𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓 𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 0��

𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓
𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠
𝑃𝑃𝑃𝑃𝑓𝑓
� .        (11)

𝑀𝑀𝑀𝑀𝑠𝑠𝑠𝑠 is the structural mass matrix; 𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 is the structural stiffness matrix; and 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓, 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠, and 𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓 are 

the additional stiffness matrix contributions due to the possible fluctuation of the ullage pressure and 

the gravitational potential. If the internal fluid pressure 𝑃𝑃𝑃𝑃𝑓𝑓 term is removed from Eq. (10), it can be 

summarized in terms of the free surface and structure, as shown in Eq. (13). Also, 𝑃𝑃𝑃𝑃𝑓𝑓 is expressed by

Eq. (12).

{𝑃𝑃𝑃𝑃𝑓𝑓} = −(𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓)−1(𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓 𝐿𝐿𝐿𝐿𝑓𝑓𝑠𝑠𝑠𝑠) �
𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓
𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠
� ,                     (12)

�
𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓′ 𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠′

𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓′ 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠′
� �
𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓
𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠
� = −�

𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑇𝑇𝑇𝑇 𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓𝑇𝑇𝑇𝑇

𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇
� �
�̈�𝑈𝑈𝑈𝑓𝑓𝑓𝑓
�̈�𝑈𝑈𝑈𝑠𝑠𝑠𝑠
� ,�

𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓′ 𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠′

𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓′ 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠′
� = �

𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠
𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

� − �
𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓
𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑓𝑓
� (𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓)−1�𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓𝐿𝐿𝐿𝐿𝑓𝑓𝑠𝑠𝑠𝑠� . (13)

However, a singularity will occur in the matrix of Eq. (13) because an incompressible fluid does not 
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.

(11)

Ms is the structural mass matrix; Kss is the structural 

stiffness matrix; and Kff  , Kfs, and Ksf are the additional 

stiffness matrix contributions due to the possible fluctuation 

of the ullage pressure and the gravitational potential. If the 

internal fluid pressure Pi term is removed from Eq. (10), it can 

be summarized in terms of the free surface and structure, as 

shown in Eq. (13). Also, Pi is expressed by Eq. (12).

{𝐹𝐹𝐹𝐹𝑠𝑠𝑠𝑠} = (𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠){𝑈𝑈𝑈𝑈} ,                                 (6)

(𝐶𝐶𝐶𝐶𝑠𝑠𝑠𝑠) = (𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠−1) ,                                 (7)

(𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠) = (𝑀𝑀𝑀𝑀𝑠𝑠𝑠𝑠
−1) ,                                (8)

�
𝐶𝐶𝐶𝐶𝑓𝑓𝑓𝑓 0
0 𝐶𝐶𝐶𝐶𝑠𝑠𝑠𝑠

� ��̈�𝑃𝑃𝑃�̈�𝐹𝐹𝐹𝑠𝑠𝑠𝑠
� + �𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓 + 𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝐴𝐴𝐴𝐴 −𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠

−𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝐴𝐴𝐴𝐴 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠
� �𝑃𝑃𝑃𝑃𝐹𝐹𝐹𝐹𝑠𝑠𝑠𝑠

� = �00� ,            (9)

Assuming that the fluid is incompressible, 𝐶𝐶𝐶𝐶𝑓𝑓𝑓𝑓 will become zero in the complementary Euler-

Lagrange matrix equation. Therefore, if Eq. (4) is represented in matrix form, it will become equal to 

Eq. (10),

�
𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠 𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓
𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑓𝑓
𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓 𝐿𝐿𝐿𝐿𝑓𝑓𝑠𝑠𝑠𝑠 𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓

��
𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓
𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠
𝑃𝑃𝑃𝑃𝑓𝑓
� = −�

𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑇𝑇𝑇𝑇 𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓𝑇𝑇𝑇𝑇

𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇

0 0
��

�̈�𝑈𝑈𝑈𝑓𝑓𝑓𝑓
�̈�𝑈𝑈𝑈𝑠𝑠𝑠𝑠
�,               (10)

where 𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓 ,𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝑃𝑃𝑃𝑃𝑓𝑓 are the pressures of the free surface, the structural interface, and the internal 

fluid, respectively. 𝑈𝑈𝑈𝑈𝑓𝑓𝑓𝑓  and 𝑈𝑈𝑈𝑈𝑠𝑠𝑠𝑠 are the displacement of the free surface and that of the structural 

interface surface, respectively.

With regard to an incompressible fluid for the structural dynamic equation of Eq. (5), it can be 

expressed in terms of matrices, as shown in Eq. (11).

�0 0
0 𝑀𝑀𝑀𝑀𝑠𝑠𝑠𝑠

� �
�̈�𝑈𝑈𝑈𝑓𝑓𝑓𝑓
�̈�𝑈𝑈𝑈𝑠𝑠𝑠𝑠
� + �

𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠
𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓 𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

� �
𝑈𝑈𝑈𝑈𝑓𝑓𝑓𝑓
𝑈𝑈𝑈𝑈𝑠𝑠𝑠𝑠
� = �

𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠 0
𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓 𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 0��

𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓
𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠
𝑃𝑃𝑃𝑃𝑓𝑓
� .        (11)

𝑀𝑀𝑀𝑀𝑠𝑠𝑠𝑠 is the structural mass matrix; 𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 is the structural stiffness matrix; and 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓, 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠, and 𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓 are 

the additional stiffness matrix contributions due to the possible fluctuation of the ullage pressure and 

the gravitational potential. If the internal fluid pressure 𝑃𝑃𝑃𝑃𝑓𝑓 term is removed from Eq. (10), it can be 

summarized in terms of the free surface and structure, as shown in Eq. (13). Also, 𝑃𝑃𝑃𝑃𝑓𝑓 is expressed by

Eq. (12).

{𝑃𝑃𝑃𝑃𝑓𝑓} = −(𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓)−1(𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓 𝐿𝐿𝐿𝐿𝑓𝑓𝑠𝑠𝑠𝑠) �
𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓
𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠
� ,                     (12)

�
𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓′ 𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠′

𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓′ 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠′
� �
𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓
𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠
� = −�

𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑇𝑇𝑇𝑇 𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓𝑇𝑇𝑇𝑇

𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇
� �
�̈�𝑈𝑈𝑈𝑓𝑓𝑓𝑓
�̈�𝑈𝑈𝑈𝑠𝑠𝑠𝑠
� ,�

𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓′ 𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠′

𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓′ 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠′
� = �

𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠
𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

� − �
𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓
𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑓𝑓
� (𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓)−1�𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓𝐿𝐿𝐿𝐿𝑓𝑓𝑠𝑠𝑠𝑠� . (13)

However, a singularity will occur in the matrix of Eq. (13) because an incompressible fluid does not 
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,
(12)

{𝐹𝐹𝐹𝐹𝑠𝑠𝑠𝑠} = (𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠){𝑈𝑈𝑈𝑈} ,                                 (6)

(𝐶𝐶𝐶𝐶𝑠𝑠𝑠𝑠) = (𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠−1) ,                                 (7)

(𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠) = (𝑀𝑀𝑀𝑀𝑠𝑠𝑠𝑠
−1) ,                                (8)

�
𝐶𝐶𝐶𝐶𝑓𝑓𝑓𝑓 0
0 𝐶𝐶𝐶𝐶𝑠𝑠𝑠𝑠

� ��̈�𝑃𝑃𝑃�̈�𝐹𝐹𝐹𝑠𝑠𝑠𝑠
� + �𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓 + 𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝐴𝐴𝐴𝐴 −𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠

−𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝐴𝐴𝐴𝐴 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠
� �𝑃𝑃𝑃𝑃𝐹𝐹𝐹𝐹𝑠𝑠𝑠𝑠

� = �00� ,            (9)

Assuming that the fluid is incompressible, 𝐶𝐶𝐶𝐶𝑓𝑓𝑓𝑓 will become zero in the complementary Euler-

Lagrange matrix equation. Therefore, if Eq. (4) is represented in matrix form, it will become equal to 

Eq. (10),

�
𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠 𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓
𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑓𝑓
𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓 𝐿𝐿𝐿𝐿𝑓𝑓𝑠𝑠𝑠𝑠 𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓

��
𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓
𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠
𝑃𝑃𝑃𝑃𝑓𝑓
� = −�

𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑇𝑇𝑇𝑇 𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓𝑇𝑇𝑇𝑇

𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇

0 0
��

�̈�𝑈𝑈𝑈𝑓𝑓𝑓𝑓
�̈�𝑈𝑈𝑈𝑠𝑠𝑠𝑠
�,               (10)

where 𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓 ,𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝑃𝑃𝑃𝑃𝑓𝑓 are the pressures of the free surface, the structural interface, and the internal 

fluid, respectively. 𝑈𝑈𝑈𝑈𝑓𝑓𝑓𝑓  and 𝑈𝑈𝑈𝑈𝑠𝑠𝑠𝑠 are the displacement of the free surface and that of the structural 

interface surface, respectively.

With regard to an incompressible fluid for the structural dynamic equation of Eq. (5), it can be 

expressed in terms of matrices, as shown in Eq. (11).

�0 0
0 𝑀𝑀𝑀𝑀𝑠𝑠𝑠𝑠

� �
�̈�𝑈𝑈𝑈𝑓𝑓𝑓𝑓
�̈�𝑈𝑈𝑈𝑠𝑠𝑠𝑠
� + �

𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠
𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓 𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

� �
𝑈𝑈𝑈𝑈𝑓𝑓𝑓𝑓
𝑈𝑈𝑈𝑈𝑠𝑠𝑠𝑠
� = �

𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠 0
𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓 𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 0��

𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓
𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠
𝑃𝑃𝑃𝑃𝑓𝑓
� .        (11)

𝑀𝑀𝑀𝑀𝑠𝑠𝑠𝑠 is the structural mass matrix; 𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 is the structural stiffness matrix; and 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓, 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠, and 𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓 are 

the additional stiffness matrix contributions due to the possible fluctuation of the ullage pressure and 

the gravitational potential. If the internal fluid pressure 𝑃𝑃𝑃𝑃𝑓𝑓 term is removed from Eq. (10), it can be 

summarized in terms of the free surface and structure, as shown in Eq. (13). Also, 𝑃𝑃𝑃𝑃𝑓𝑓 is expressed by

Eq. (12).

{𝑃𝑃𝑃𝑃𝑓𝑓} = −(𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓)−1(𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓 𝐿𝐿𝐿𝐿𝑓𝑓𝑠𝑠𝑠𝑠) �
𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓
𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠
� ,                     (12)

�
𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓′ 𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠′

𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓′ 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠′
� �
𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓
𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠
� = −�

𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑇𝑇𝑇𝑇 𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓𝑇𝑇𝑇𝑇

𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇
� �
�̈�𝑈𝑈𝑈𝑓𝑓𝑓𝑓
�̈�𝑈𝑈𝑈𝑠𝑠𝑠𝑠
� ,�

𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓′ 𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠′

𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓′ 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠′
� = �

𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠
𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

� − �
𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓
𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑓𝑓
� (𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓)−1�𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓𝐿𝐿𝐿𝐿𝑓𝑓𝑠𝑠𝑠𝑠� . (13)

However, a singularity will occur in the matrix of Eq. (13) because an incompressible fluid does not 

5 

,

{𝐹𝐹𝐹𝐹𝑠𝑠𝑠𝑠} = (𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠){𝑈𝑈𝑈𝑈} ,                                 (6)

(𝐶𝐶𝐶𝐶𝑠𝑠𝑠𝑠) = (𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠−1) ,                                 (7)

(𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠) = (𝑀𝑀𝑀𝑀𝑠𝑠𝑠𝑠
−1) ,                                (8)

�
𝐶𝐶𝐶𝐶𝑓𝑓𝑓𝑓 0
0 𝐶𝐶𝐶𝐶𝑠𝑠𝑠𝑠

� ��̈�𝑃𝑃𝑃�̈�𝐹𝐹𝐹𝑠𝑠𝑠𝑠
� + �𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓 + 𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝐴𝐴𝐴𝐴 −𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠

−𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝐴𝐴𝐴𝐴 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠
� �𝑃𝑃𝑃𝑃𝐹𝐹𝐹𝐹𝑠𝑠𝑠𝑠

� = �00� ,            (9)

Assuming that the fluid is incompressible, 𝐶𝐶𝐶𝐶𝑓𝑓𝑓𝑓 will become zero in the complementary Euler-

Lagrange matrix equation. Therefore, if Eq. (4) is represented in matrix form, it will become equal to 

Eq. (10),

�
𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠 𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓
𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑓𝑓
𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓 𝐿𝐿𝐿𝐿𝑓𝑓𝑠𝑠𝑠𝑠 𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓

��
𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓
𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠
𝑃𝑃𝑃𝑃𝑓𝑓
� = −�

𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑇𝑇𝑇𝑇 𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓𝑇𝑇𝑇𝑇

𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇

0 0
��

�̈�𝑈𝑈𝑈𝑓𝑓𝑓𝑓
�̈�𝑈𝑈𝑈𝑠𝑠𝑠𝑠
�,               (10)

where 𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓 ,𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝑃𝑃𝑃𝑃𝑓𝑓 are the pressures of the free surface, the structural interface, and the internal 

fluid, respectively. 𝑈𝑈𝑈𝑈𝑓𝑓𝑓𝑓  and 𝑈𝑈𝑈𝑈𝑠𝑠𝑠𝑠 are the displacement of the free surface and that of the structural 

interface surface, respectively.

With regard to an incompressible fluid for the structural dynamic equation of Eq. (5), it can be 

expressed in terms of matrices, as shown in Eq. (11).

�0 0
0 𝑀𝑀𝑀𝑀𝑠𝑠𝑠𝑠

� �
�̈�𝑈𝑈𝑈𝑓𝑓𝑓𝑓
�̈�𝑈𝑈𝑈𝑠𝑠𝑠𝑠
� + �

𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠
𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓 𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

� �
𝑈𝑈𝑈𝑈𝑓𝑓𝑓𝑓
𝑈𝑈𝑈𝑈𝑠𝑠𝑠𝑠
� = �

𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠 0
𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓 𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 0��

𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓
𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠
𝑃𝑃𝑃𝑃𝑓𝑓
� .        (11)

𝑀𝑀𝑀𝑀𝑠𝑠𝑠𝑠 is the structural mass matrix; 𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 is the structural stiffness matrix; and 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓, 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠, and 𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓 are 

the additional stiffness matrix contributions due to the possible fluctuation of the ullage pressure and 

the gravitational potential. If the internal fluid pressure 𝑃𝑃𝑃𝑃𝑓𝑓 term is removed from Eq. (10), it can be 

summarized in terms of the free surface and structure, as shown in Eq. (13). Also, 𝑃𝑃𝑃𝑃𝑓𝑓 is expressed by

Eq. (12).

{𝑃𝑃𝑃𝑃𝑓𝑓} = −(𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓)−1(𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓 𝐿𝐿𝐿𝐿𝑓𝑓𝑠𝑠𝑠𝑠) �
𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓
𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠
� ,                     (12)

�
𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓′ 𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠′

𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓′ 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠′
� �
𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓
𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠
� = −�

𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑇𝑇𝑇𝑇 𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓𝑇𝑇𝑇𝑇

𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇
� �
�̈�𝑈𝑈𝑈𝑓𝑓𝑓𝑓
�̈�𝑈𝑈𝑈𝑠𝑠𝑠𝑠
� ,�

𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓′ 𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠′

𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓′ 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠′
� = �

𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠
𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

� − �
𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓
𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑓𝑓
� (𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓)−1�𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓𝐿𝐿𝐿𝐿𝑓𝑓𝑠𝑠𝑠𝑠� . (13)

However, a singularity will occur in the matrix of Eq. (13) because an incompressible fluid does not 

5 

.

(13)

However, a singularity will occur in the matrix of Eq. (13) 

because an incompressible fluid does not deform under 

uniform pressure. Therefore, the free surface pressure Pf can 

be set to zero to solve this singularity. When Pf  =0, the ullage 

and gravitational stiffness Kff, Kfs, and Ksf can be ignored. 

Thus, Eq. (13) can be re-expressed, as in Eqs. (14) and (15).

deform under uniform pressure. Therefore, the free surface pressure 𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓 can be set to zero to solve 

this singularity. When 𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓=0, the ullage and gravitational stiffness 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓,𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠, and  𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓 can be ignored.

Thus, Eq. (13) can be re-expressed, as in Eqs. (14) and (15).

�𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠′ �{𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠} = −�𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑇𝑇𝑇𝑇 ���̈�𝑈𝑈𝑈𝑓𝑓𝑓𝑓� − �𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓𝑇𝑇𝑇𝑇 ���̈�𝑈𝑈𝑈𝑠𝑠𝑠𝑠� ,               (14)

(𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠′ ){𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠} = −�𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 ���̈�𝑈𝑈𝑈𝑓𝑓𝑓𝑓� − (𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 )��̈�𝑈𝑈𝑈𝑠𝑠𝑠𝑠� .           (15)

If the displacement of the free surface is perpendicular to the free surface, the generalized area 

coupling partition 𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓𝑇𝑇𝑇𝑇 ,𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 is equal to zero. In such a case, Eqs. (14) and (15) are converted to Eqs.

(16) and (17) respectively.

�𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠′ �{𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠} = −�𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑇𝑇𝑇𝑇 ���̈�𝑈𝑈𝑈𝑓𝑓𝑓𝑓� ,                (16)

(𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠′ ){𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠} = −(𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 )��̈�𝑈𝑈𝑈𝑠𝑠𝑠𝑠� .                   (17)

Eq. (18) is a summation of Eq. (17) in terms of 𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠. In addition, substituting Eq. (18) into the 

structural dynamic equation of Eq. (5) yields Eq. (19).

{𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠} = −(𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠′ )−1(𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 )��̈�𝑈𝑈𝑈𝑠𝑠𝑠𝑠� ,                         (18)

�𝑀𝑀𝑀𝑀𝑠𝑠𝑠𝑠 + 𝑀𝑀𝑀𝑀𝑓𝑓𝑓𝑓���̈�𝑈𝑈𝑈𝑠𝑠𝑠𝑠� + (𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠){𝑈𝑈𝑈𝑈𝑠𝑠𝑠𝑠} = {0} , �𝑀𝑀𝑀𝑀𝑓𝑓𝑓𝑓� = (𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠)(𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠′ )−1(𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 ) .           (19)

Therefore, if the following factors are assumed, i.e., 1) the fluid in the tank is assumed to be 

incompressible, 2) the fluid is inviscid, 3) the pressure at the surface of the fluid in the tank 𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓 is 

zero, 4) the displacement of the fluid surface is perpendicular to the surface of the fluid, then the fluid 

in the tank will be expressed only in terms of the fluid mass matrix form. Therefore, the motion 

equation of the tank considering the fluid can be established as shown in Eq. (19). 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠′ is the

structural inertance matrix and 𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 becomes equal to 𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠.

2.2 Formulation of the Tank with Fluid-Propulsion System Interaction

By considering the tank bottom pressure 𝑃𝑃𝑃𝑃𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 and the tank bottom weight displacement 

perturbation, 𝑄𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡, the effect of the tank on the propulsion system can be evaluated accurately. In Fig. 

3(b), the dynamic pressure P in the complementary Euler-Lagrange matrix equation is given by Eq.

(20). 𝑆𝑆𝑆𝑆 is the susceptance, and it is also the inverse of the inertance.
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, (14)

deform under uniform pressure. Therefore, the free surface pressure 𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓 can be set to zero to solve 

this singularity. When 𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓=0, the ullage and gravitational stiffness 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓,𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠, and  𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓 can be ignored.

Thus, Eq. (13) can be re-expressed, as in Eqs. (14) and (15).

�𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠′ �{𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠} = −�𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑇𝑇𝑇𝑇 ���̈�𝑈𝑈𝑈𝑓𝑓𝑓𝑓� − �𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓𝑇𝑇𝑇𝑇 ���̈�𝑈𝑈𝑈𝑠𝑠𝑠𝑠� ,               (14)

(𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠′ ){𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠} = −�𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 ���̈�𝑈𝑈𝑈𝑓𝑓𝑓𝑓� − (𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 )��̈�𝑈𝑈𝑈𝑠𝑠𝑠𝑠� .           (15)

If the displacement of the free surface is perpendicular to the free surface, the generalized area 

coupling partition 𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓𝑇𝑇𝑇𝑇 ,𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 is equal to zero. In such a case, Eqs. (14) and (15) are converted to Eqs.

(16) and (17) respectively.

�𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠′ �{𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠} = −�𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑇𝑇𝑇𝑇 ���̈�𝑈𝑈𝑈𝑓𝑓𝑓𝑓� ,                (16)

(𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠′ ){𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠} = −(𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 )��̈�𝑈𝑈𝑈𝑠𝑠𝑠𝑠� .                   (17)

Eq. (18) is a summation of Eq. (17) in terms of 𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠. In addition, substituting Eq. (18) into the 

structural dynamic equation of Eq. (5) yields Eq. (19).

{𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠} = −(𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠′ )−1(𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 )��̈�𝑈𝑈𝑈𝑠𝑠𝑠𝑠� ,                         (18)

�𝑀𝑀𝑀𝑀𝑠𝑠𝑠𝑠 + 𝑀𝑀𝑀𝑀𝑓𝑓𝑓𝑓���̈�𝑈𝑈𝑈𝑠𝑠𝑠𝑠� + (𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠){𝑈𝑈𝑈𝑈𝑠𝑠𝑠𝑠} = {0} , �𝑀𝑀𝑀𝑀𝑓𝑓𝑓𝑓� = (𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠)(𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠′ )−1(𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 ) .           (19)

Therefore, if the following factors are assumed, i.e., 1) the fluid in the tank is assumed to be 

incompressible, 2) the fluid is inviscid, 3) the pressure at the surface of the fluid in the tank 𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓 is 

zero, 4) the displacement of the fluid surface is perpendicular to the surface of the fluid, then the fluid 

in the tank will be expressed only in terms of the fluid mass matrix form. Therefore, the motion 

equation of the tank considering the fluid can be established as shown in Eq. (19). 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠′ is the

structural inertance matrix and 𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 becomes equal to 𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠.

2.2 Formulation of the Tank with Fluid-Propulsion System Interaction

By considering the tank bottom pressure 𝑃𝑃𝑃𝑃𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 and the tank bottom weight displacement 

perturbation, 𝑄𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡, the effect of the tank on the propulsion system can be evaluated accurately. In Fig. 

3(b), the dynamic pressure P in the complementary Euler-Lagrange matrix equation is given by Eq.

(20). 𝑆𝑆𝑆𝑆 is the susceptance, and it is also the inverse of the inertance.
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. (15)

If the displacement of the free surface is perpendicular 

to the free surface, the generalized area coupling partition 

AT
sf, AT

fs is equal to zero. In such a case, Eqs. (14) and (15) are 

converted to Eqs. (16) and (17) respectively.

deform under uniform pressure. Therefore, the free surface pressure 𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓 can be set to zero to solve 

this singularity. When 𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓=0, the ullage and gravitational stiffness 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓,𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠, and  𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓 can be ignored.

Thus, Eq. (13) can be re-expressed, as in Eqs. (14) and (15).

�𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠′ �{𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠} = −�𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑇𝑇𝑇𝑇 ���̈�𝑈𝑈𝑈𝑓𝑓𝑓𝑓� − �𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓𝑇𝑇𝑇𝑇 ���̈�𝑈𝑈𝑈𝑠𝑠𝑠𝑠� ,               (14)

(𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠′ ){𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠} = −�𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 ���̈�𝑈𝑈𝑈𝑓𝑓𝑓𝑓� − (𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 )��̈�𝑈𝑈𝑈𝑠𝑠𝑠𝑠� .           (15)

If the displacement of the free surface is perpendicular to the free surface, the generalized area 

coupling partition 𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓𝑇𝑇𝑇𝑇 ,𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 is equal to zero. In such a case, Eqs. (14) and (15) are converted to Eqs.

(16) and (17) respectively.

�𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠′ �{𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠} = −�𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑇𝑇𝑇𝑇 ���̈�𝑈𝑈𝑈𝑓𝑓𝑓𝑓� ,                (16)

(𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠′ ){𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠} = −(𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 )��̈�𝑈𝑈𝑈𝑠𝑠𝑠𝑠� .                   (17)

Eq. (18) is a summation of Eq. (17) in terms of 𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠. In addition, substituting Eq. (18) into the 

structural dynamic equation of Eq. (5) yields Eq. (19).

{𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠} = −(𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠′ )−1(𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 )��̈�𝑈𝑈𝑈𝑠𝑠𝑠𝑠� ,                         (18)

�𝑀𝑀𝑀𝑀𝑠𝑠𝑠𝑠 + 𝑀𝑀𝑀𝑀𝑓𝑓𝑓𝑓���̈�𝑈𝑈𝑈𝑠𝑠𝑠𝑠� + (𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠){𝑈𝑈𝑈𝑈𝑠𝑠𝑠𝑠} = {0} , �𝑀𝑀𝑀𝑀𝑓𝑓𝑓𝑓� = (𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠)(𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠′ )−1(𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 ) .           (19)

Therefore, if the following factors are assumed, i.e., 1) the fluid in the tank is assumed to be 

incompressible, 2) the fluid is inviscid, 3) the pressure at the surface of the fluid in the tank 𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓 is 

zero, 4) the displacement of the fluid surface is perpendicular to the surface of the fluid, then the fluid 

in the tank will be expressed only in terms of the fluid mass matrix form. Therefore, the motion 

equation of the tank considering the fluid can be established as shown in Eq. (19). 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠′ is the

structural inertance matrix and 𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 becomes equal to 𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠.

2.2 Formulation of the Tank with Fluid-Propulsion System Interaction

By considering the tank bottom pressure 𝑃𝑃𝑃𝑃𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 and the tank bottom weight displacement 

perturbation, 𝑄𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡, the effect of the tank on the propulsion system can be evaluated accurately. In Fig. 

3(b), the dynamic pressure P in the complementary Euler-Lagrange matrix equation is given by Eq.

(20). 𝑆𝑆𝑆𝑆 is the susceptance, and it is also the inverse of the inertance.
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, (16)

deform under uniform pressure. Therefore, the free surface pressure 𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓 can be set to zero to solve 

this singularity. When 𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓=0, the ullage and gravitational stiffness 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓,𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠, and  𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓 can be ignored.

Thus, Eq. (13) can be re-expressed, as in Eqs. (14) and (15).

�𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠′ �{𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠} = −�𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑇𝑇𝑇𝑇 ���̈�𝑈𝑈𝑈𝑓𝑓𝑓𝑓� − �𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓𝑇𝑇𝑇𝑇 ���̈�𝑈𝑈𝑈𝑠𝑠𝑠𝑠� ,               (14)

(𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠′ ){𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠} = −�𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 ���̈�𝑈𝑈𝑈𝑓𝑓𝑓𝑓� − (𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 )��̈�𝑈𝑈𝑈𝑠𝑠𝑠𝑠� .           (15)

If the displacement of the free surface is perpendicular to the free surface, the generalized area 

coupling partition 𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓𝑇𝑇𝑇𝑇 ,𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 is equal to zero. In such a case, Eqs. (14) and (15) are converted to Eqs.

(16) and (17) respectively.

�𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠′ �{𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠} = −�𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑇𝑇𝑇𝑇 ���̈�𝑈𝑈𝑈𝑓𝑓𝑓𝑓� ,                (16)

(𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠′ ){𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠} = −(𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 )��̈�𝑈𝑈𝑈𝑠𝑠𝑠𝑠� .                   (17)

Eq. (18) is a summation of Eq. (17) in terms of 𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠. In addition, substituting Eq. (18) into the 

structural dynamic equation of Eq. (5) yields Eq. (19).

{𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠} = −(𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠′ )−1(𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 )��̈�𝑈𝑈𝑈𝑠𝑠𝑠𝑠� ,                         (18)

�𝑀𝑀𝑀𝑀𝑠𝑠𝑠𝑠 + 𝑀𝑀𝑀𝑀𝑓𝑓𝑓𝑓���̈�𝑈𝑈𝑈𝑠𝑠𝑠𝑠� + (𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠){𝑈𝑈𝑈𝑈𝑠𝑠𝑠𝑠} = {0} , �𝑀𝑀𝑀𝑀𝑓𝑓𝑓𝑓� = (𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠)(𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠′ )−1(𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 ) .           (19)

Therefore, if the following factors are assumed, i.e., 1) the fluid in the tank is assumed to be 

incompressible, 2) the fluid is inviscid, 3) the pressure at the surface of the fluid in the tank 𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓 is 

zero, 4) the displacement of the fluid surface is perpendicular to the surface of the fluid, then the fluid 

in the tank will be expressed only in terms of the fluid mass matrix form. Therefore, the motion 

equation of the tank considering the fluid can be established as shown in Eq. (19). 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠′ is the

structural inertance matrix and 𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 becomes equal to 𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠.

2.2 Formulation of the Tank with Fluid-Propulsion System Interaction

By considering the tank bottom pressure 𝑃𝑃𝑃𝑃𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 and the tank bottom weight displacement 

perturbation, 𝑄𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡, the effect of the tank on the propulsion system can be evaluated accurately. In Fig. 

3(b), the dynamic pressure P in the complementary Euler-Lagrange matrix equation is given by Eq.

(20). 𝑆𝑆𝑆𝑆 is the susceptance, and it is also the inverse of the inertance.
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. (17)

Eq. (18) is a summation of Eq. (17) in terms of Ps. In 

addition, substituting Eq. (18) into the structural dynamic 

equation of Eq. (5) yields Eq. (19).

deform under uniform pressure. Therefore, the free surface pressure 𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓 can be set to zero to solve 

this singularity. When 𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓=0, the ullage and gravitational stiffness 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓,𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠, and  𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓 can be ignored.

Thus, Eq. (13) can be re-expressed, as in Eqs. (14) and (15).

�𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠′ �{𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠} = −�𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑇𝑇𝑇𝑇 ���̈�𝑈𝑈𝑈𝑓𝑓𝑓𝑓� − �𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓𝑇𝑇𝑇𝑇 ���̈�𝑈𝑈𝑈𝑠𝑠𝑠𝑠� ,               (14)

(𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠′ ){𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠} = −�𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 ���̈�𝑈𝑈𝑈𝑓𝑓𝑓𝑓� − (𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 )��̈�𝑈𝑈𝑈𝑠𝑠𝑠𝑠� .           (15)

If the displacement of the free surface is perpendicular to the free surface, the generalized area 

coupling partition 𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓𝑇𝑇𝑇𝑇 ,𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 is equal to zero. In such a case, Eqs. (14) and (15) are converted to Eqs.

(16) and (17) respectively.

�𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠′ �{𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠} = −�𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑇𝑇𝑇𝑇 ���̈�𝑈𝑈𝑈𝑓𝑓𝑓𝑓� ,                (16)

(𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠′ ){𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠} = −(𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 )��̈�𝑈𝑈𝑈𝑠𝑠𝑠𝑠� .                   (17)

Eq. (18) is a summation of Eq. (17) in terms of 𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠. In addition, substituting Eq. (18) into the 

structural dynamic equation of Eq. (5) yields Eq. (19).

{𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠} = −(𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠′ )−1(𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 )��̈�𝑈𝑈𝑈𝑠𝑠𝑠𝑠� ,                         (18)

�𝑀𝑀𝑀𝑀𝑠𝑠𝑠𝑠 + 𝑀𝑀𝑀𝑀𝑓𝑓𝑓𝑓���̈�𝑈𝑈𝑈𝑠𝑠𝑠𝑠� + (𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠){𝑈𝑈𝑈𝑈𝑠𝑠𝑠𝑠} = {0} , �𝑀𝑀𝑀𝑀𝑓𝑓𝑓𝑓� = (𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠)(𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠′ )−1(𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 ) .           (19)

Therefore, if the following factors are assumed, i.e., 1) the fluid in the tank is assumed to be 

incompressible, 2) the fluid is inviscid, 3) the pressure at the surface of the fluid in the tank 𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓 is 

zero, 4) the displacement of the fluid surface is perpendicular to the surface of the fluid, then the fluid 

in the tank will be expressed only in terms of the fluid mass matrix form. Therefore, the motion 

equation of the tank considering the fluid can be established as shown in Eq. (19). 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠′ is the

structural inertance matrix and 𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 becomes equal to 𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠.

2.2 Formulation of the Tank with Fluid-Propulsion System Interaction

By considering the tank bottom pressure 𝑃𝑃𝑃𝑃𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 and the tank bottom weight displacement 

perturbation, 𝑄𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡, the effect of the tank on the propulsion system can be evaluated accurately. In Fig. 

3(b), the dynamic pressure P in the complementary Euler-Lagrange matrix equation is given by Eq.

(20). 𝑆𝑆𝑆𝑆 is the susceptance, and it is also the inverse of the inertance.
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, (18)

deform under uniform pressure. Therefore, the free surface pressure 𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓 can be set to zero to solve 

this singularity. When 𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓=0, the ullage and gravitational stiffness 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓,𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠, and  𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓 can be ignored.

Thus, Eq. (13) can be re-expressed, as in Eqs. (14) and (15).

�𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠′ �{𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠} = −�𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑇𝑇𝑇𝑇 ���̈�𝑈𝑈𝑈𝑓𝑓𝑓𝑓� − �𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓𝑇𝑇𝑇𝑇 ���̈�𝑈𝑈𝑈𝑠𝑠𝑠𝑠� ,               (14)

(𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠′ ){𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠} = −�𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 ���̈�𝑈𝑈𝑈𝑓𝑓𝑓𝑓� − (𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 )��̈�𝑈𝑈𝑈𝑠𝑠𝑠𝑠� .           (15)

If the displacement of the free surface is perpendicular to the free surface, the generalized area 

coupling partition 𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓𝑇𝑇𝑇𝑇 ,𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 is equal to zero. In such a case, Eqs. (14) and (15) are converted to Eqs.

(16) and (17) respectively.

�𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠′ �{𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠} = −�𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑇𝑇𝑇𝑇 ���̈�𝑈𝑈𝑈𝑓𝑓𝑓𝑓� ,                (16)

(𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠′ ){𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠} = −(𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 )��̈�𝑈𝑈𝑈𝑠𝑠𝑠𝑠� .                   (17)

Eq. (18) is a summation of Eq. (17) in terms of 𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠. In addition, substituting Eq. (18) into the 

structural dynamic equation of Eq. (5) yields Eq. (19).

{𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠} = −(𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠′ )−1(𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 )��̈�𝑈𝑈𝑈𝑠𝑠𝑠𝑠� ,                         (18)

�𝑀𝑀𝑀𝑀𝑠𝑠𝑠𝑠 + 𝑀𝑀𝑀𝑀𝑓𝑓𝑓𝑓���̈�𝑈𝑈𝑈𝑠𝑠𝑠𝑠� + (𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠){𝑈𝑈𝑈𝑈𝑠𝑠𝑠𝑠} = {0} , �𝑀𝑀𝑀𝑀𝑓𝑓𝑓𝑓� = (𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠)(𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠′ )−1(𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 ) .           (19)

Therefore, if the following factors are assumed, i.e., 1) the fluid in the tank is assumed to be 

incompressible, 2) the fluid is inviscid, 3) the pressure at the surface of the fluid in the tank 𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓 is 

zero, 4) the displacement of the fluid surface is perpendicular to the surface of the fluid, then the fluid 

in the tank will be expressed only in terms of the fluid mass matrix form. Therefore, the motion 

equation of the tank considering the fluid can be established as shown in Eq. (19). 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠′ is the

structural inertance matrix and 𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 becomes equal to 𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠.

2.2 Formulation of the Tank with Fluid-Propulsion System Interaction

By considering the tank bottom pressure 𝑃𝑃𝑃𝑃𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 and the tank bottom weight displacement 

perturbation, 𝑄𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡, the effect of the tank on the propulsion system can be evaluated accurately. In Fig. 

3(b), the dynamic pressure P in the complementary Euler-Lagrange matrix equation is given by Eq.

(20). 𝑆𝑆𝑆𝑆 is the susceptance, and it is also the inverse of the inertance.
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,

deform under uniform pressure. Therefore, the free surface pressure 𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓 can be set to zero to solve 

this singularity. When 𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓=0, the ullage and gravitational stiffness 𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓,𝐾𝐾𝐾𝐾𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠, and  𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓 can be ignored.

Thus, Eq. (13) can be re-expressed, as in Eqs. (14) and (15).

�𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠′ �{𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠} = −�𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑇𝑇𝑇𝑇 ���̈�𝑈𝑈𝑈𝑓𝑓𝑓𝑓� − �𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓𝑇𝑇𝑇𝑇 ���̈�𝑈𝑈𝑈𝑠𝑠𝑠𝑠� ,               (14)

(𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠′ ){𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠} = −�𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 ���̈�𝑈𝑈𝑈𝑓𝑓𝑓𝑓� − (𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 )��̈�𝑈𝑈𝑈𝑠𝑠𝑠𝑠� .           (15)

If the displacement of the free surface is perpendicular to the free surface, the generalized area 

coupling partition 𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓𝑇𝑇𝑇𝑇 ,𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 is equal to zero. In such a case, Eqs. (14) and (15) are converted to Eqs.

(16) and (17) respectively.

�𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠′ �{𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠} = −�𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑇𝑇𝑇𝑇 ���̈�𝑈𝑈𝑈𝑓𝑓𝑓𝑓� ,                (16)

(𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠′ ){𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠} = −(𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 )��̈�𝑈𝑈𝑈𝑠𝑠𝑠𝑠� .                   (17)

Eq. (18) is a summation of Eq. (17) in terms of 𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠. In addition, substituting Eq. (18) into the 

structural dynamic equation of Eq. (5) yields Eq. (19).

{𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠} = −(𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠′ )−1(𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 )��̈�𝑈𝑈𝑈𝑠𝑠𝑠𝑠� ,                         (18)

�𝑀𝑀𝑀𝑀𝑠𝑠𝑠𝑠 + 𝑀𝑀𝑀𝑀𝑓𝑓𝑓𝑓���̈�𝑈𝑈𝑈𝑠𝑠𝑠𝑠� + (𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠){𝑈𝑈𝑈𝑈𝑠𝑠𝑠𝑠} = {0} , �𝑀𝑀𝑀𝑀𝑓𝑓𝑓𝑓� = (𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠)(𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠′ )−1(𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 ) .           (19)

Therefore, if the following factors are assumed, i.e., 1) the fluid in the tank is assumed to be 

incompressible, 2) the fluid is inviscid, 3) the pressure at the surface of the fluid in the tank 𝑃𝑃𝑃𝑃𝑓𝑓𝑓𝑓 is 

zero, 4) the displacement of the fluid surface is perpendicular to the surface of the fluid, then the fluid 

in the tank will be expressed only in terms of the fluid mass matrix form. Therefore, the motion 

equation of the tank considering the fluid can be established as shown in Eq. (19). 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠′ is the

structural inertance matrix and 𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 becomes equal to 𝐾𝐾𝐾𝐾𝑠𝑠𝑠𝑠.

2.2 Formulation of the Tank with Fluid-Propulsion System Interaction

By considering the tank bottom pressure 𝑃𝑃𝑃𝑃𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 and the tank bottom weight displacement 

perturbation, 𝑄𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡, the effect of the tank on the propulsion system can be evaluated accurately. In Fig. 

3(b), the dynamic pressure P in the complementary Euler-Lagrange matrix equation is given by Eq.

(20). 𝑆𝑆𝑆𝑆 is the susceptance, and it is also the inverse of the inertance.

6 

.
(19)

Therefore, if the following factors are assumed, i.e., 1) 

the fluid in the tank is assumed to be incompressible, 2) the 

fluid is inviscid, 3) the pressure at the surface of the fluid in 

the tank Pf is zero, 4) the displacement of the fluid surface is 

perpendicular to the surface of the fluid, then the fluid in the 

tank will be expressed only in terms of the fluid mass matrix 

form. Therefore, the motion equation of the tank considering 

the fluid can be established as shown in Eq. (19). L'ss is the 

structural inertance matrix and Kss becomes equal to Ks.

2.2  Formulation of the Tank with Fluid-Propulsion 
System Interaction

By considering the tank bottom pressure Ptb and the tank 

bottom weight displacement perturbation, Qtb, the effect of the 

tank on the propulsion system can be evaluated accurately. 

In Fig. 3(b), the dynamic pressure P in the complementary 

Euler-Lagrange matrix equation is given by Eq. (20). S is the 

susceptance, and it is also the inverse of the inertance.

{𝑃𝑃𝑃𝑃} = −[𝑆𝑆𝑆𝑆−1𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇]��̈�𝑈𝑈𝑈� − �𝑆𝑆𝑆𝑆−1Γ𝑄𝑄𝑄𝑄��̈�𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 .              (20)

Eq. (20) is used to estimate the tank bottom pressure 𝑃𝑃𝑃𝑃𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡. Eq. (21) is the expression for 𝑃𝑃𝑃𝑃𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡.

𝑃𝑃𝑃𝑃𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = �Γ𝑄𝑄𝑄𝑄𝑇𝑇𝑇𝑇�{𝑃𝑃𝑃𝑃} = −�Γ𝑄𝑄𝑄𝑄𝑇𝑇𝑇𝑇𝑆𝑆𝑆𝑆−1𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇���̈�𝑈𝑈𝑈� − �Γ𝑄𝑄𝑄𝑄𝑇𝑇𝑇𝑇𝑆𝑆𝑆𝑆−1Γ𝑄𝑄𝑄𝑄��̈�𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 .         (21)

Therefore, the application of Eq. (21) for the structural dynamic equation of the tank will result in 

Eq. (22). 𝐹𝐹𝐹𝐹𝑒𝑒𝑒𝑒 is the external force generated by 𝑃𝑃𝑃𝑃𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 and 𝑄𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡.

[M + 𝐴𝐴𝐴𝐴𝑆𝑆𝑆𝑆−1𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇]��̈�𝑈𝑈𝑈� + �𝐴𝐴𝐴𝐴𝑆𝑆𝑆𝑆−1Γ𝑄𝑄𝑄𝑄���̈�𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡� + [𝐾𝐾𝐾𝐾]{𝑈𝑈𝑈𝑈} = [Γ𝐹𝐹𝐹𝐹]{F𝑒𝑒𝑒𝑒} .         (22)

Eq. (23) is obtained by expressing Eqs. (21) and (22) as a quadratic differential matrix equation for 

U and 𝑄𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡.

�
M + 𝐴𝐴𝐴𝐴𝑆𝑆𝑆𝑆−1𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇 𝐴𝐴𝐴𝐴𝑆𝑆𝑆𝑆−1Γ𝑄𝑄𝑄𝑄
Γ𝑄𝑄𝑄𝑄𝑇𝑇𝑇𝑇𝑆𝑆𝑆𝑆−1𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇 Γ𝑄𝑄𝑄𝑄𝑇𝑇𝑇𝑇𝑆𝑆𝑆𝑆−1Γ𝑄𝑄𝑄𝑄

� � �̈�𝑈𝑈𝑈�̈�𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡
�+ �𝐾𝐾𝐾𝐾 0

0 0� �
𝑈𝑈𝑈𝑈
𝑄𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

� = �Γ𝐹𝐹𝐹𝐹F𝑒𝑒𝑒𝑒
−𝑃𝑃𝑃𝑃𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

� .      (23)

That is, by adding the term for the effect of the tank bottom on the fluid in Eq. (19), Eq. (23) will be 

obtained.

3. Introduction and Verification of the Virtual Mass Method

3.1 Introduction of the virtual mass method

When a liquid propellant influences the dynamic response of a structure such as a launch vehicle 

tank, the virtual mass method, a NASTRAN analytical tool, can be used to analyze the hydroelastic 

effect of the launch vehicle tank and the fluid in the tank. With this method, the fluid in the tank is 

constructed in the form of a mass matrix using the Helmholtz method. The Helmholtz method 

distributes a fluid source with a simple solution of differential equations over the element to which the 

fluid is applied, and the velocity vector �̇�𝑢𝑢𝑢𝑖𝑖 and pressure 𝑝𝑝𝑖𝑖 for each element are derived through the 

interaction between the elements. �̇�𝑢𝑢𝑢𝑖𝑖 and 𝑝𝑝𝑖𝑖 are expressed correspondingly by Eqs. (24) and (25).

�̇�𝑢𝑢𝑢𝑖𝑖 = ∑ ∫
𝜎𝜎𝑗𝑗𝑒𝑒𝑒𝑒𝑖𝑖𝑗𝑗

�𝑟𝑟𝑖𝑖−𝑟𝑟𝑗𝑗�
2 𝑑𝑑𝑑𝑑𝐴𝐴𝐴𝐴𝑗𝑗

𝑑𝑑
𝐴𝐴𝑗𝑗𝑗𝑗 ,                   (24)

𝑝𝑝𝑖𝑖 = ∑ ∫
𝜌𝜌𝜌𝜌�̇�𝜎𝑗𝑗𝑒𝑒𝑒𝑒𝑖𝑖𝑗𝑗
�𝑟𝑟𝑖𝑖−𝑟𝑟𝑗𝑗�

𝑑𝑑𝑑𝑑𝐴𝐴𝐴𝐴𝑗𝑗
𝑑𝑑
𝐴𝐴𝑗𝑗𝑗𝑗 ,                (25)
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Eq. (20) is used to estimate the tank bottom pressure Ptb. 

Eq. (21) is the expression for Ptb.

{𝑃𝑃𝑃𝑃} = −[𝑆𝑆𝑆𝑆−1𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇]��̈�𝑈𝑈𝑈� − �𝑆𝑆𝑆𝑆−1Γ𝑄𝑄𝑄𝑄��̈�𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 .              (20)

Eq. (20) is used to estimate the tank bottom pressure 𝑃𝑃𝑃𝑃𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡. Eq. (21) is the expression for 𝑃𝑃𝑃𝑃𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡.

𝑃𝑃𝑃𝑃𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = �Γ𝑄𝑄𝑄𝑄𝑇𝑇𝑇𝑇�{𝑃𝑃𝑃𝑃} = −�Γ𝑄𝑄𝑄𝑄𝑇𝑇𝑇𝑇𝑆𝑆𝑆𝑆−1𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇���̈�𝑈𝑈𝑈� − �Γ𝑄𝑄𝑄𝑄𝑇𝑇𝑇𝑇𝑆𝑆𝑆𝑆−1Γ𝑄𝑄𝑄𝑄��̈�𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 .         (21)

Therefore, the application of Eq. (21) for the structural dynamic equation of the tank will result in 

Eq. (22). 𝐹𝐹𝐹𝐹𝑒𝑒𝑒𝑒 is the external force generated by 𝑃𝑃𝑃𝑃𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 and 𝑄𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡.

[M + 𝐴𝐴𝐴𝐴𝑆𝑆𝑆𝑆−1𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇]��̈�𝑈𝑈𝑈� + �𝐴𝐴𝐴𝐴𝑆𝑆𝑆𝑆−1Γ𝑄𝑄𝑄𝑄���̈�𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡� + [𝐾𝐾𝐾𝐾]{𝑈𝑈𝑈𝑈} = [Γ𝐹𝐹𝐹𝐹]{F𝑒𝑒𝑒𝑒} .         (22)

Eq. (23) is obtained by expressing Eqs. (21) and (22) as a quadratic differential matrix equation for 

U and 𝑄𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡.

�
M + 𝐴𝐴𝐴𝐴𝑆𝑆𝑆𝑆−1𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇 𝐴𝐴𝐴𝐴𝑆𝑆𝑆𝑆−1Γ𝑄𝑄𝑄𝑄
Γ𝑄𝑄𝑄𝑄𝑇𝑇𝑇𝑇𝑆𝑆𝑆𝑆−1𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇 Γ𝑄𝑄𝑄𝑄𝑇𝑇𝑇𝑇𝑆𝑆𝑆𝑆−1Γ𝑄𝑄𝑄𝑄

� � �̈�𝑈𝑈𝑈�̈�𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡
�+ �𝐾𝐾𝐾𝐾 0

0 0� �
𝑈𝑈𝑈𝑈
𝑄𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

� = �Γ𝐹𝐹𝐹𝐹F𝑒𝑒𝑒𝑒
−𝑃𝑃𝑃𝑃𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

� .      (23)

That is, by adding the term for the effect of the tank bottom on the fluid in Eq. (19), Eq. (23) will be 

obtained.

3. Introduction and Verification of the Virtual Mass Method

3.1 Introduction of the virtual mass method

When a liquid propellant influences the dynamic response of a structure such as a launch vehicle 

tank, the virtual mass method, a NASTRAN analytical tool, can be used to analyze the hydroelastic 

effect of the launch vehicle tank and the fluid in the tank. With this method, the fluid in the tank is 

constructed in the form of a mass matrix using the Helmholtz method. The Helmholtz method 

distributes a fluid source with a simple solution of differential equations over the element to which the 

fluid is applied, and the velocity vector �̇�𝑢𝑢𝑢𝑖𝑖 and pressure 𝑝𝑝𝑖𝑖 for each element are derived through the 

interaction between the elements. �̇�𝑢𝑢𝑢𝑖𝑖 and 𝑝𝑝𝑖𝑖 are expressed correspondingly by Eqs. (24) and (25).

�̇�𝑢𝑢𝑢𝑖𝑖 = ∑ ∫
𝜎𝜎𝑗𝑗𝑒𝑒𝑒𝑒𝑖𝑖𝑗𝑗

�𝑟𝑟𝑖𝑖−𝑟𝑟𝑗𝑗�
2 𝑑𝑑𝑑𝑑𝐴𝐴𝐴𝐴𝑗𝑗

𝑑𝑑
𝐴𝐴𝑗𝑗𝑗𝑗 ,                   (24)

𝑝𝑝𝑖𝑖 = ∑ ∫
𝜌𝜌𝜌𝜌�̇�𝜎𝑗𝑗𝑒𝑒𝑒𝑒𝑖𝑖𝑗𝑗
�𝑟𝑟𝑖𝑖−𝑟𝑟𝑗𝑗�

𝑑𝑑𝑑𝑑𝐴𝐴𝐴𝐴𝑗𝑗
𝑑𝑑
𝐴𝐴𝑗𝑗𝑗𝑗 ,                (25)
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. (21)

Therefore, the application of Eq. (21) for the structural 
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dynamic equation of the tank will result in Eq. (22). Fe is the 

external force generated by Ptb and Qtb.

{𝑃𝑃𝑃𝑃} = −[𝑆𝑆𝑆𝑆−1𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇]��̈�𝑈𝑈𝑈� − �𝑆𝑆𝑆𝑆−1Γ𝑄𝑄𝑄𝑄��̈�𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 .              (20)

Eq. (20) is used to estimate the tank bottom pressure 𝑃𝑃𝑃𝑃𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡. Eq. (21) is the expression for 𝑃𝑃𝑃𝑃𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡.

𝑃𝑃𝑃𝑃𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = �Γ𝑄𝑄𝑄𝑄𝑇𝑇𝑇𝑇�{𝑃𝑃𝑃𝑃} = −�Γ𝑄𝑄𝑄𝑄𝑇𝑇𝑇𝑇𝑆𝑆𝑆𝑆−1𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇���̈�𝑈𝑈𝑈� − �Γ𝑄𝑄𝑄𝑄𝑇𝑇𝑇𝑇𝑆𝑆𝑆𝑆−1Γ𝑄𝑄𝑄𝑄��̈�𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 .         (21)

Therefore, the application of Eq. (21) for the structural dynamic equation of the tank will result in 

Eq. (22). 𝐹𝐹𝐹𝐹𝑒𝑒𝑒𝑒 is the external force generated by 𝑃𝑃𝑃𝑃𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 and 𝑄𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡.

[M + 𝐴𝐴𝐴𝐴𝑆𝑆𝑆𝑆−1𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇]��̈�𝑈𝑈𝑈� + �𝐴𝐴𝐴𝐴𝑆𝑆𝑆𝑆−1Γ𝑄𝑄𝑄𝑄���̈�𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡� + [𝐾𝐾𝐾𝐾]{𝑈𝑈𝑈𝑈} = [Γ𝐹𝐹𝐹𝐹]{F𝑒𝑒𝑒𝑒} .         (22)

Eq. (23) is obtained by expressing Eqs. (21) and (22) as a quadratic differential matrix equation for 

U and 𝑄𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡.

�
M + 𝐴𝐴𝐴𝐴𝑆𝑆𝑆𝑆−1𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇 𝐴𝐴𝐴𝐴𝑆𝑆𝑆𝑆−1Γ𝑄𝑄𝑄𝑄
Γ𝑄𝑄𝑄𝑄𝑇𝑇𝑇𝑇𝑆𝑆𝑆𝑆−1𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇 Γ𝑄𝑄𝑄𝑄𝑇𝑇𝑇𝑇𝑆𝑆𝑆𝑆−1Γ𝑄𝑄𝑄𝑄

� � �̈�𝑈𝑈𝑈�̈�𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡
�+ �𝐾𝐾𝐾𝐾 0

0 0� �
𝑈𝑈𝑈𝑈
𝑄𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

� = �Γ𝐹𝐹𝐹𝐹F𝑒𝑒𝑒𝑒
−𝑃𝑃𝑃𝑃𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

� .      (23)

That is, by adding the term for the effect of the tank bottom on the fluid in Eq. (19), Eq. (23) will be 

obtained.

3. Introduction and Verification of the Virtual Mass Method

3.1 Introduction of the virtual mass method

When a liquid propellant influences the dynamic response of a structure such as a launch vehicle 

tank, the virtual mass method, a NASTRAN analytical tool, can be used to analyze the hydroelastic 

effect of the launch vehicle tank and the fluid in the tank. With this method, the fluid in the tank is 

constructed in the form of a mass matrix using the Helmholtz method. The Helmholtz method 

distributes a fluid source with a simple solution of differential equations over the element to which the 

fluid is applied, and the velocity vector �̇�𝑢𝑢𝑢𝑖𝑖 and pressure 𝑝𝑝𝑖𝑖 for each element are derived through the 

interaction between the elements. �̇�𝑢𝑢𝑢𝑖𝑖 and 𝑝𝑝𝑖𝑖 are expressed correspondingly by Eqs. (24) and (25).

�̇�𝑢𝑢𝑢𝑖𝑖 = ∑ ∫
𝜎𝜎𝑗𝑗𝑒𝑒𝑒𝑒𝑖𝑖𝑗𝑗
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2 𝑑𝑑𝑑𝑑𝐴𝐴𝐴𝐴𝑗𝑗

𝑑𝑑
𝐴𝐴𝑗𝑗𝑗𝑗 ,                   (24)

𝑝𝑝𝑖𝑖 = ∑ ∫
𝜌𝜌𝜌𝜌�̇�𝜎𝑗𝑗𝑒𝑒𝑒𝑒𝑖𝑖𝑗𝑗
�𝑟𝑟𝑖𝑖−𝑟𝑟𝑗𝑗�

𝑑𝑑𝑑𝑑𝐴𝐴𝐴𝐴𝑗𝑗
𝑑𝑑
𝐴𝐴𝑗𝑗𝑗𝑗 ,                (25)
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. (22)

Eq. (23) is obtained by expressing Eqs. (21) and (22) as a 

quadratic differential matrix equation for U and Qtb.

{𝑃𝑃𝑃𝑃} = −[𝑆𝑆𝑆𝑆−1𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇]��̈�𝑈𝑈𝑈� − �𝑆𝑆𝑆𝑆−1Γ𝑄𝑄𝑄𝑄��̈�𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 .              (20)

Eq. (20) is used to estimate the tank bottom pressure 𝑃𝑃𝑃𝑃𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡. Eq. (21) is the expression for 𝑃𝑃𝑃𝑃𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡.

𝑃𝑃𝑃𝑃𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = �Γ𝑄𝑄𝑄𝑄𝑇𝑇𝑇𝑇�{𝑃𝑃𝑃𝑃} = −�Γ𝑄𝑄𝑄𝑄𝑇𝑇𝑇𝑇𝑆𝑆𝑆𝑆−1𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇���̈�𝑈𝑈𝑈� − �Γ𝑄𝑄𝑄𝑄𝑇𝑇𝑇𝑇𝑆𝑆𝑆𝑆−1Γ𝑄𝑄𝑄𝑄��̈�𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 .         (21)

Therefore, the application of Eq. (21) for the structural dynamic equation of the tank will result in 

Eq. (22). 𝐹𝐹𝐹𝐹𝑒𝑒𝑒𝑒 is the external force generated by 𝑃𝑃𝑃𝑃𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 and 𝑄𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡.

[M + 𝐴𝐴𝐴𝐴𝑆𝑆𝑆𝑆−1𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇]��̈�𝑈𝑈𝑈� + �𝐴𝐴𝐴𝐴𝑆𝑆𝑆𝑆−1Γ𝑄𝑄𝑄𝑄���̈�𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡� + [𝐾𝐾𝐾𝐾]{𝑈𝑈𝑈𝑈} = [Γ𝐹𝐹𝐹𝐹]{F𝑒𝑒𝑒𝑒} .         (22)

Eq. (23) is obtained by expressing Eqs. (21) and (22) as a quadratic differential matrix equation for 

U and 𝑄𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡.

�
M + 𝐴𝐴𝐴𝐴𝑆𝑆𝑆𝑆−1𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇 𝐴𝐴𝐴𝐴𝑆𝑆𝑆𝑆−1Γ𝑄𝑄𝑄𝑄
Γ𝑄𝑄𝑄𝑄𝑇𝑇𝑇𝑇𝑆𝑆𝑆𝑆−1𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇 Γ𝑄𝑄𝑄𝑄𝑇𝑇𝑇𝑇𝑆𝑆𝑆𝑆−1Γ𝑄𝑄𝑄𝑄

� � �̈�𝑈𝑈𝑈�̈�𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡
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� = �Γ𝐹𝐹𝐹𝐹F𝑒𝑒𝑒𝑒
−𝑃𝑃𝑃𝑃𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

� .      (23)

That is, by adding the term for the effect of the tank bottom on the fluid in Eq. (19), Eq. (23) will be 

obtained.

3. Introduction and Verification of the Virtual Mass Method

3.1 Introduction of the virtual mass method

When a liquid propellant influences the dynamic response of a structure such as a launch vehicle 

tank, the virtual mass method, a NASTRAN analytical tool, can be used to analyze the hydroelastic 

effect of the launch vehicle tank and the fluid in the tank. With this method, the fluid in the tank is 

constructed in the form of a mass matrix using the Helmholtz method. The Helmholtz method 

distributes a fluid source with a simple solution of differential equations over the element to which the 

fluid is applied, and the velocity vector �̇�𝑢𝑢𝑢𝑖𝑖 and pressure 𝑝𝑝𝑖𝑖 for each element are derived through the 

interaction between the elements. �̇�𝑢𝑢𝑢𝑖𝑖 and 𝑝𝑝𝑖𝑖 are expressed correspondingly by Eqs. (24) and (25).

�̇�𝑢𝑢𝑢𝑖𝑖 = ∑ ∫
𝜎𝜎𝑗𝑗𝑒𝑒𝑒𝑒𝑖𝑖𝑗𝑗
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𝑑𝑑
𝐴𝐴𝑗𝑗𝑗𝑗 ,                   (24)

𝑝𝑝𝑖𝑖 = ∑ ∫
𝜌𝜌𝜌𝜌�̇�𝜎𝑗𝑗𝑒𝑒𝑒𝑒𝑖𝑖𝑗𝑗
�𝑟𝑟𝑖𝑖−𝑟𝑟𝑗𝑗�
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𝐴𝐴𝑗𝑗𝑗𝑗 ,                (25)
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{𝑃𝑃𝑃𝑃} = −[𝑆𝑆𝑆𝑆−1𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇]��̈�𝑈𝑈𝑈� − �𝑆𝑆𝑆𝑆−1Γ𝑄𝑄𝑄𝑄��̈�𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 .              (20)

Eq. (20) is used to estimate the tank bottom pressure 𝑃𝑃𝑃𝑃𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡. Eq. (21) is the expression for 𝑃𝑃𝑃𝑃𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡.

𝑃𝑃𝑃𝑃𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = �Γ𝑄𝑄𝑄𝑄𝑇𝑇𝑇𝑇�{𝑃𝑃𝑃𝑃} = −�Γ𝑄𝑄𝑄𝑄𝑇𝑇𝑇𝑇𝑆𝑆𝑆𝑆−1𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇���̈�𝑈𝑈𝑈� − �Γ𝑄𝑄𝑄𝑄𝑇𝑇𝑇𝑇𝑆𝑆𝑆𝑆−1Γ𝑄𝑄𝑄𝑄��̈�𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 .         (21)

Therefore, the application of Eq. (21) for the structural dynamic equation of the tank will result in 

Eq. (22). 𝐹𝐹𝐹𝐹𝑒𝑒𝑒𝑒 is the external force generated by 𝑃𝑃𝑃𝑃𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 and 𝑄𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡.

[M + 𝐴𝐴𝐴𝐴𝑆𝑆𝑆𝑆−1𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇]��̈�𝑈𝑈𝑈� + �𝐴𝐴𝐴𝐴𝑆𝑆𝑆𝑆−1Γ𝑄𝑄𝑄𝑄���̈�𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡� + [𝐾𝐾𝐾𝐾]{𝑈𝑈𝑈𝑈} = [Γ𝐹𝐹𝐹𝐹]{F𝑒𝑒𝑒𝑒} .         (22)

Eq. (23) is obtained by expressing Eqs. (21) and (22) as a quadratic differential matrix equation for 

U and 𝑄𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡.

�
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Γ𝑄𝑄𝑄𝑄𝑇𝑇𝑇𝑇𝑆𝑆𝑆𝑆−1𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇 Γ𝑄𝑄𝑄𝑄𝑇𝑇𝑇𝑇𝑆𝑆𝑆𝑆−1Γ𝑄𝑄𝑄𝑄

� � �̈�𝑈𝑈𝑈�̈�𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡
�+ �𝐾𝐾𝐾𝐾 0
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𝑈𝑈𝑈𝑈
𝑄𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

� = �Γ𝐹𝐹𝐹𝐹F𝑒𝑒𝑒𝑒
−𝑃𝑃𝑃𝑃𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

� .      (23)

That is, by adding the term for the effect of the tank bottom on the fluid in Eq. (19), Eq. (23) will be 

obtained.

3. Introduction and Verification of the Virtual Mass Method

3.1 Introduction of the virtual mass method

When a liquid propellant influences the dynamic response of a structure such as a launch vehicle 

tank, the virtual mass method, a NASTRAN analytical tool, can be used to analyze the hydroelastic 

effect of the launch vehicle tank and the fluid in the tank. With this method, the fluid in the tank is 

constructed in the form of a mass matrix using the Helmholtz method. The Helmholtz method 

distributes a fluid source with a simple solution of differential equations over the element to which the 

fluid is applied, and the velocity vector �̇�𝑢𝑢𝑢𝑖𝑖 and pressure 𝑝𝑝𝑖𝑖 for each element are derived through the 

interaction between the elements. �̇�𝑢𝑢𝑢𝑖𝑖 and 𝑝𝑝𝑖𝑖 are expressed correspondingly by Eqs. (24) and (25).

�̇�𝑢𝑢𝑢𝑖𝑖 = ∑ ∫
𝜎𝜎𝑗𝑗𝑒𝑒𝑒𝑒𝑖𝑖𝑗𝑗
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2 𝑑𝑑𝑑𝑑𝐴𝐴𝐴𝐴𝑗𝑗

𝑑𝑑
𝐴𝐴𝑗𝑗𝑗𝑗 ,                   (24)

𝑝𝑝𝑖𝑖 = ∑ ∫
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𝑑𝑑
𝐴𝐴𝑗𝑗𝑗𝑗 ,                (25)
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.

(23)

That is, by adding the term for the effect of the tank bottom 

on the fluid in Eq. (19), Eq. (23) will be obtained.

3.  Introduction and Verification of the Virtual 
Mass Method

3.1 Introduction of the virtual mass method

When a liquid propellant influences the dynamic response 

of a structure such as a launch vehicle tank, the virtual mass 

method, a NASTRAN analytical tool, can be used to analyze 

the hydroelastic effect of the launch vehicle tank and the 

fluid in the tank. With this method, the fluid in the tank is 

constructed in the form of a mass matrix using the Helmholtz 

method. The Helmholtz method distributes a fluid source 

with a simple solution of differential equations over the 

element to which the fluid is applied, and the velocity vector 

{𝑃𝑃𝑃𝑃} = −[𝑆𝑆𝑆𝑆−1𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇]��̈�𝑈𝑈𝑈� − �𝑆𝑆𝑆𝑆−1Γ𝑄𝑄𝑄𝑄��̈�𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 .              (20)

Eq. (20) is used to estimate the tank bottom pressure 𝑃𝑃𝑃𝑃𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡. Eq. (21) is the expression for 𝑃𝑃𝑃𝑃𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡.

𝑃𝑃𝑃𝑃𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = �Γ𝑄𝑄𝑄𝑄𝑇𝑇𝑇𝑇�{𝑃𝑃𝑃𝑃} = −�Γ𝑄𝑄𝑄𝑄𝑇𝑇𝑇𝑇𝑆𝑆𝑆𝑆−1𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇���̈�𝑈𝑈𝑈� − �Γ𝑄𝑄𝑄𝑄𝑇𝑇𝑇𝑇𝑆𝑆𝑆𝑆−1Γ𝑄𝑄𝑄𝑄��̈�𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 .         (21)

Therefore, the application of Eq. (21) for the structural dynamic equation of the tank will result in 

Eq. (22). 𝐹𝐹𝐹𝐹𝑒𝑒𝑒𝑒 is the external force generated by 𝑃𝑃𝑃𝑃𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 and 𝑄𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡.

[M + 𝐴𝐴𝐴𝐴𝑆𝑆𝑆𝑆−1𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇]��̈�𝑈𝑈𝑈� + �𝐴𝐴𝐴𝐴𝑆𝑆𝑆𝑆−1Γ𝑄𝑄𝑄𝑄���̈�𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡� + [𝐾𝐾𝐾𝐾]{𝑈𝑈𝑈𝑈} = [Γ𝐹𝐹𝐹𝐹]{F𝑒𝑒𝑒𝑒} .         (22)

Eq. (23) is obtained by expressing Eqs. (21) and (22) as a quadratic differential matrix equation for 

U and 𝑄𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡.

�
M + 𝐴𝐴𝐴𝐴𝑆𝑆𝑆𝑆−1𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇 𝐴𝐴𝐴𝐴𝑆𝑆𝑆𝑆−1Γ𝑄𝑄𝑄𝑄
Γ𝑄𝑄𝑄𝑄𝑇𝑇𝑇𝑇𝑆𝑆𝑆𝑆−1𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇 Γ𝑄𝑄𝑄𝑄𝑇𝑇𝑇𝑇𝑆𝑆𝑆𝑆−1Γ𝑄𝑄𝑄𝑄

� � �̈�𝑈𝑈𝑈�̈�𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡
�+ �𝐾𝐾𝐾𝐾 0

0 0� �
𝑈𝑈𝑈𝑈
𝑄𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

� = �Γ𝐹𝐹𝐹𝐹F𝑒𝑒𝑒𝑒
−𝑃𝑃𝑃𝑃𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

� .      (23)

That is, by adding the term for the effect of the tank bottom on the fluid in Eq. (19), Eq. (23) will be 

obtained.

3. Introduction and Verification of the Virtual Mass Method

3.1 Introduction of the virtual mass method

When a liquid propellant influences the dynamic response of a structure such as a launch vehicle 

tank, the virtual mass method, a NASTRAN analytical tool, can be used to analyze the hydroelastic 

effect of the launch vehicle tank and the fluid in the tank. With this method, the fluid in the tank is 

constructed in the form of a mass matrix using the Helmholtz method. The Helmholtz method 

distributes a fluid source with a simple solution of differential equations over the element to which the 

fluid is applied, and the velocity vector �̇�𝑢𝑢𝑢𝑖𝑖 and pressure 𝑝𝑝𝑖𝑖 for each element are derived through the 

interaction between the elements. �̇�𝑢𝑢𝑢𝑖𝑖 and 𝑝𝑝𝑖𝑖 are expressed correspondingly by Eqs. (24) and (25).

�̇�𝑢𝑢𝑢𝑖𝑖 = ∑ ∫
𝜎𝜎𝑗𝑗𝑒𝑒𝑒𝑒𝑖𝑖𝑗𝑗

�𝑟𝑟𝑖𝑖−𝑟𝑟𝑗𝑗�
2 𝑑𝑑𝑑𝑑𝐴𝐴𝐴𝐴𝑗𝑗

𝑑𝑑
𝐴𝐴𝑗𝑗𝑗𝑗 ,                   (24)

𝑝𝑝𝑖𝑖 = ∑ ∫
𝜌𝜌𝜌𝜌�̇�𝜎𝑗𝑗𝑒𝑒𝑒𝑒𝑖𝑖𝑗𝑗
�𝑟𝑟𝑖𝑖−𝑟𝑟𝑗𝑗�

𝑑𝑑𝑑𝑑𝐴𝐴𝐴𝐴𝑗𝑗
𝑑𝑑
𝐴𝐴𝑗𝑗𝑗𝑗 ,                (25)

7 

 and pressure pi for each element are derived through the 

interaction between the elements. 

{𝑃𝑃𝑃𝑃} = −[𝑆𝑆𝑆𝑆−1𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇]��̈�𝑈𝑈𝑈� − �𝑆𝑆𝑆𝑆−1Γ𝑄𝑄𝑄𝑄��̈�𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 .              (20)

Eq. (20) is used to estimate the tank bottom pressure 𝑃𝑃𝑃𝑃𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡. Eq. (21) is the expression for 𝑃𝑃𝑃𝑃𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡.

𝑃𝑃𝑃𝑃𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = �Γ𝑄𝑄𝑄𝑄𝑇𝑇𝑇𝑇�{𝑃𝑃𝑃𝑃} = −�Γ𝑄𝑄𝑄𝑄𝑇𝑇𝑇𝑇𝑆𝑆𝑆𝑆−1𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇���̈�𝑈𝑈𝑈� − �Γ𝑄𝑄𝑄𝑄𝑇𝑇𝑇𝑇𝑆𝑆𝑆𝑆−1Γ𝑄𝑄𝑄𝑄��̈�𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 .         (21)

Therefore, the application of Eq. (21) for the structural dynamic equation of the tank will result in 

Eq. (22). 𝐹𝐹𝐹𝐹𝑒𝑒𝑒𝑒 is the external force generated by 𝑃𝑃𝑃𝑃𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 and 𝑄𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡.

[M + 𝐴𝐴𝐴𝐴𝑆𝑆𝑆𝑆−1𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇]��̈�𝑈𝑈𝑈� + �𝐴𝐴𝐴𝐴𝑆𝑆𝑆𝑆−1Γ𝑄𝑄𝑄𝑄���̈�𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡� + [𝐾𝐾𝐾𝐾]{𝑈𝑈𝑈𝑈} = [Γ𝐹𝐹𝐹𝐹]{F𝑒𝑒𝑒𝑒} .         (22)

Eq. (23) is obtained by expressing Eqs. (21) and (22) as a quadratic differential matrix equation for 

U and 𝑄𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡.

�
M + 𝐴𝐴𝐴𝐴𝑆𝑆𝑆𝑆−1𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇 𝐴𝐴𝐴𝐴𝑆𝑆𝑆𝑆−1Γ𝑄𝑄𝑄𝑄
Γ𝑄𝑄𝑄𝑄𝑇𝑇𝑇𝑇𝑆𝑆𝑆𝑆−1𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇 Γ𝑄𝑄𝑄𝑄𝑇𝑇𝑇𝑇𝑆𝑆𝑆𝑆−1Γ𝑄𝑄𝑄𝑄

� � �̈�𝑈𝑈𝑈�̈�𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡
�+ �𝐾𝐾𝐾𝐾 0

0 0� �
𝑈𝑈𝑈𝑈
𝑄𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

� = �Γ𝐹𝐹𝐹𝐹F𝑒𝑒𝑒𝑒
−𝑃𝑃𝑃𝑃𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

� .      (23)

That is, by adding the term for the effect of the tank bottom on the fluid in Eq. (19), Eq. (23) will be 

obtained.

3. Introduction and Verification of the Virtual Mass Method

3.1 Introduction of the virtual mass method

When a liquid propellant influences the dynamic response of a structure such as a launch vehicle 

tank, the virtual mass method, a NASTRAN analytical tool, can be used to analyze the hydroelastic 

effect of the launch vehicle tank and the fluid in the tank. With this method, the fluid in the tank is 

constructed in the form of a mass matrix using the Helmholtz method. The Helmholtz method 

distributes a fluid source with a simple solution of differential equations over the element to which the 

fluid is applied, and the velocity vector �̇�𝑢𝑢𝑢𝑖𝑖 and pressure 𝑝𝑝𝑖𝑖 for each element are derived through the 

interaction between the elements. �̇�𝑢𝑢𝑢𝑖𝑖 and 𝑝𝑝𝑖𝑖 are expressed correspondingly by Eqs. (24) and (25).

�̇�𝑢𝑢𝑢𝑖𝑖 = ∑ ∫
𝜎𝜎𝑗𝑗𝑒𝑒𝑒𝑒𝑖𝑖𝑗𝑗

�𝑟𝑟𝑖𝑖−𝑟𝑟𝑗𝑗�
2 𝑑𝑑𝑑𝑑𝐴𝐴𝐴𝐴𝑗𝑗

𝑑𝑑
𝐴𝐴𝑗𝑗𝑗𝑗 ,                   (24)

𝑝𝑝𝑖𝑖 = ∑ ∫
𝜌𝜌𝜌𝜌�̇�𝜎𝑗𝑗𝑒𝑒𝑒𝑒𝑖𝑖𝑗𝑗
�𝑟𝑟𝑖𝑖−𝑟𝑟𝑗𝑗�

𝑑𝑑𝑑𝑑𝐴𝐴𝐴𝐴𝑗𝑗
𝑑𝑑
𝐴𝐴𝑗𝑗𝑗𝑗 ,                (25)
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 and pi are expressed 

correspondingly by Eqs. (24) and (25).

{𝑃𝑃𝑃𝑃} = −[𝑆𝑆𝑆𝑆−1𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇]��̈�𝑈𝑈𝑈� − �𝑆𝑆𝑆𝑆−1Γ𝑄𝑄𝑄𝑄��̈�𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 .              (20)

Eq. (20) is used to estimate the tank bottom pressure 𝑃𝑃𝑃𝑃𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡. Eq. (21) is the expression for 𝑃𝑃𝑃𝑃𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡.

𝑃𝑃𝑃𝑃𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = �Γ𝑄𝑄𝑄𝑄𝑇𝑇𝑇𝑇�{𝑃𝑃𝑃𝑃} = −�Γ𝑄𝑄𝑄𝑄𝑇𝑇𝑇𝑇𝑆𝑆𝑆𝑆−1𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇���̈�𝑈𝑈𝑈� − �Γ𝑄𝑄𝑄𝑄𝑇𝑇𝑇𝑇𝑆𝑆𝑆𝑆−1Γ𝑄𝑄𝑄𝑄��̈�𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 .         (21)

Therefore, the application of Eq. (21) for the structural dynamic equation of the tank will result in 

Eq. (22). 𝐹𝐹𝐹𝐹𝑒𝑒𝑒𝑒 is the external force generated by 𝑃𝑃𝑃𝑃𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 and 𝑄𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡.

[M + 𝐴𝐴𝐴𝐴𝑆𝑆𝑆𝑆−1𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇]��̈�𝑈𝑈𝑈� + �𝐴𝐴𝐴𝐴𝑆𝑆𝑆𝑆−1Γ𝑄𝑄𝑄𝑄���̈�𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡� + [𝐾𝐾𝐾𝐾]{𝑈𝑈𝑈𝑈} = [Γ𝐹𝐹𝐹𝐹]{F𝑒𝑒𝑒𝑒} .         (22)

Eq. (23) is obtained by expressing Eqs. (21) and (22) as a quadratic differential matrix equation for 

U and 𝑄𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡.

�
M + 𝐴𝐴𝐴𝐴𝑆𝑆𝑆𝑆−1𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇 𝐴𝐴𝐴𝐴𝑆𝑆𝑆𝑆−1Γ𝑄𝑄𝑄𝑄
Γ𝑄𝑄𝑄𝑄𝑇𝑇𝑇𝑇𝑆𝑆𝑆𝑆−1𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇 Γ𝑄𝑄𝑄𝑄𝑇𝑇𝑇𝑇𝑆𝑆𝑆𝑆−1Γ𝑄𝑄𝑄𝑄

� � �̈�𝑈𝑈𝑈�̈�𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡
�+ �𝐾𝐾𝐾𝐾 0

0 0� �
𝑈𝑈𝑈𝑈
𝑄𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

� = �Γ𝐹𝐹𝐹𝐹F𝑒𝑒𝑒𝑒
−𝑃𝑃𝑃𝑃𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

� .      (23)

That is, by adding the term for the effect of the tank bottom on the fluid in Eq. (19), Eq. (23) will be 

obtained.

3. Introduction and Verification of the Virtual Mass Method

3.1 Introduction of the virtual mass method

When a liquid propellant influences the dynamic response of a structure such as a launch vehicle 

tank, the virtual mass method, a NASTRAN analytical tool, can be used to analyze the hydroelastic 

effect of the launch vehicle tank and the fluid in the tank. With this method, the fluid in the tank is 

constructed in the form of a mass matrix using the Helmholtz method. The Helmholtz method 

distributes a fluid source with a simple solution of differential equations over the element to which the 

fluid is applied, and the velocity vector �̇�𝑢𝑢𝑢𝑖𝑖 and pressure 𝑝𝑝𝑖𝑖 for each element are derived through the 

interaction between the elements. �̇�𝑢𝑢𝑢𝑖𝑖 and 𝑝𝑝𝑖𝑖 are expressed correspondingly by Eqs. (24) and (25).

�̇�𝑢𝑢𝑢𝑖𝑖 = ∑ ∫
𝜎𝜎𝑗𝑗𝑒𝑒𝑒𝑒𝑖𝑖𝑗𝑗

�𝑟𝑟𝑖𝑖−𝑟𝑟𝑗𝑗�
2 𝑑𝑑𝑑𝑑𝐴𝐴𝐴𝐴𝑗𝑗

𝑑𝑑
𝐴𝐴𝑗𝑗𝑗𝑗 ,                   (24)

𝑝𝑝𝑖𝑖 = ∑ ∫
𝜌𝜌𝜌𝜌�̇�𝜎𝑗𝑗𝑒𝑒𝑒𝑒𝑖𝑖𝑗𝑗
�𝑟𝑟𝑖𝑖−𝑟𝑟𝑗𝑗�

𝑑𝑑𝑑𝑑𝐴𝐴𝐴𝐴𝑗𝑗
𝑑𝑑
𝐴𝐴𝑗𝑗𝑗𝑗 ,                (25)
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,
(24)

{𝑃𝑃𝑃𝑃} = −[𝑆𝑆𝑆𝑆−1𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇]��̈�𝑈𝑈𝑈� − �𝑆𝑆𝑆𝑆−1Γ𝑄𝑄𝑄𝑄��̈�𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 .              (20)

Eq. (20) is used to estimate the tank bottom pressure 𝑃𝑃𝑃𝑃𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡. Eq. (21) is the expression for 𝑃𝑃𝑃𝑃𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡.

𝑃𝑃𝑃𝑃𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = �Γ𝑄𝑄𝑄𝑄𝑇𝑇𝑇𝑇�{𝑃𝑃𝑃𝑃} = −�Γ𝑄𝑄𝑄𝑄𝑇𝑇𝑇𝑇𝑆𝑆𝑆𝑆−1𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇���̈�𝑈𝑈𝑈� − �Γ𝑄𝑄𝑄𝑄𝑇𝑇𝑇𝑇𝑆𝑆𝑆𝑆−1Γ𝑄𝑄𝑄𝑄��̈�𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 .         (21)

Therefore, the application of Eq. (21) for the structural dynamic equation of the tank will result in 

Eq. (22). 𝐹𝐹𝐹𝐹𝑒𝑒𝑒𝑒 is the external force generated by 𝑃𝑃𝑃𝑃𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 and 𝑄𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡.

[M + 𝐴𝐴𝐴𝐴𝑆𝑆𝑆𝑆−1𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇]��̈�𝑈𝑈𝑈� + �𝐴𝐴𝐴𝐴𝑆𝑆𝑆𝑆−1Γ𝑄𝑄𝑄𝑄���̈�𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡� + [𝐾𝐾𝐾𝐾]{𝑈𝑈𝑈𝑈} = [Γ𝐹𝐹𝐹𝐹]{F𝑒𝑒𝑒𝑒} .         (22)

Eq. (23) is obtained by expressing Eqs. (21) and (22) as a quadratic differential matrix equation for 

U and 𝑄𝑄𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡.

�
M + 𝐴𝐴𝐴𝐴𝑆𝑆𝑆𝑆−1𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇 𝐴𝐴𝐴𝐴𝑆𝑆𝑆𝑆−1Γ𝑄𝑄𝑄𝑄
Γ𝑄𝑄𝑄𝑄𝑇𝑇𝑇𝑇𝑆𝑆𝑆𝑆−1𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇 Γ𝑄𝑄𝑄𝑄𝑇𝑇𝑇𝑇𝑆𝑆𝑆𝑆−1Γ𝑄𝑄𝑄𝑄
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That is, by adding the term for the effect of the tank bottom on the fluid in Eq. (19), Eq. (23) will be 
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3. Introduction and Verification of the Virtual Mass Method
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tank, the virtual mass method, a NASTRAN analytical tool, can be used to analyze the hydroelastic 

effect of the launch vehicle tank and the fluid in the tank. With this method, the fluid in the tank is 

constructed in the form of a mass matrix using the Helmholtz method. The Helmholtz method 

distributes a fluid source with a simple solution of differential equations over the element to which the 
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rj is the element location at j, Aj is the element area at j, ri is 

any other point i except j, and eij denotes the unit vector in 

the direction from j to i. Eq. (26) is obtained by summarizing 

the velocity vector with respect to the source. In Eq. (25), Eq. 

(27), concerning the load acting on the element, is obtained 

by integrating the pressure pi against the area Aj.
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obtained by integrating the pressure 𝑝𝑝𝑖𝑖 against the area 𝐴𝐴𝐴𝐴𝑗𝑗.
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{𝐹𝐹𝐹𝐹} = [Λ][�̇�𝜎𝜎𝜎] .                            (27)

Thus, by differentiating Eq. (26) with respect to time and with substitution into Eq. (27), Eq. (28) 

for the mass matrix of the fluid can be obtained.

{𝐹𝐹𝐹𝐹} = �𝑀𝑀𝑀𝑀𝑓𝑓𝑓𝑓�[�̈�𝑢𝑢𝑢] , �𝑀𝑀𝑀𝑀𝑓𝑓𝑓𝑓� = [Λ][𝜒𝜒𝜒𝜒]−1 .                     (28)

The assumptions used in the virtual mass method are as follows:

1. The fluid in the tank is incompressible and inviscid.

2. The fluid has a uniform density.

3. The fluid in the tank must define a free surface.

4. Pressure on the free surface is zero.

5. Fluid effects such as gravity, surface waves, and steady flows are ignored. 

With a small hemispherical tank and with the space shuttle 1/8-scale external tank model to be 

analyzed by this method, the surface of the fluid in the tank is positioned perpendicular to the axis of 

the tank. For the pogo analysis, the longitudinal mode in which the displacement of the fluid surface 

moves perpendicularly to the fluid surface is obtained. Therefore, because the virtual mass method 

satisfies all of the assumptions (assumptions 1 through 4) required when the fluid in the tank can be 

expressed only by the mass, the longitudinal hydroelastic analysis of the tank will be conducted using 

the virtual mass method.

3.2 Verification of the virtual mass method

To verify the hydroelastic analysis of a tank containing a fluid using the virtual mass method, the 

aluminum tank used in a longitudinal mode test at the Southwest Research Institute (SwRI) was 

selected as the object of analysis. The shape of the experimental model is shown in Fig. 4, and the 
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follows:

1. The fluid in the tank is incompressible and inviscid.

2. The fluid has a uniform density.

3. The fluid in the tank must define a free surface.

4. Pressure on the free surface is zero.

5. Fluid effects such as gravity, surface waves, and steady 

flows are ignored.  

With a small hemispherical tank and with the space 

shuttle 1/8-scale external tank model to be analyzed by this 

method, the surface of the fluid in the tank is positioned 

perpendicular to the axis of the tank. For the pogo analysis, 

the longitudinal mode in which the displacement of the 

fluid surface moves perpendicularly to the fluid surface 

is obtained. Therefore, because the virtual mass method 

satisfies all of the assumptions (assumptions 1 through 4) 

required when the fluid in the tank can be expressed only by 

the mass, the longitudinal hydroelastic analysis of the tank 

will be conducted using the virtual mass method.
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considering the Tank Bottom Effect

21 

Fig. 3(a).  Scheme and Formulation of the Tank Structure Matrix Equa-
tion considering the Tank Bottom Effect  

Fig. 3(a). Scheme and Formulation of the Tank Structure Matrix Equation considering the Tank 
Bottom Effect

 

Fig. 3(b). Scheme and Formulation of the Complementary Euler-Lagrange Matrix Equation 
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Fig. 3(b).  Scheme and Formulation of the Complementary Euler-La-
grange Matrix Equation considering the Tank Bottom Effect
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3.2 Verification of the virtual mass method

To verify the hydroelastic analysis of a tank containing 

a fluid using the virtual mass method, the aluminum tank 

used in a longitudinal mode test at the Southwest Research 

Institute (SwRI) was selected as the object of analysis. The 

shape of the experimental model is shown in Fig. 4, and the 

related information and properties are summarized in Table 1.

In Fig. 5, the present object was discretized using a three-

dimensional shell element and constrained in terms of its six 

degrees of freedom as the boundary condition of the edge. The 

elements used were the QUAD4 and Tria3 elements, the total 

number of elements is 2240, and the number of nodes is 2241.

The longitudinal modal analysis was conducted with h/D 

values ranging from 0 to 0.5 at 0.1 intervals. Additionally, 

h/D is the ratio of the height of the water in the tank (h) with 

respect to the diameter of the tank (D). The modal analysis 

was performed up to the fourth order so as to compare 

the outcomes with the experimental results. In Fig. 6, the 

present numerical predictions are plotted as circles and the 

experimental results are plotted with the other shapes.

At the first to the fourth longitudinal natural frequencies, 

as shown in Fig. 6, it was found that the experimental 

results and the numerical predictions were well correlated. 

Especially when h/D=0.5, as given in Table 2, the maximum 

discrepancy was within 10%. The mode shapes for the first 

to fourth longitudinal modes in Fig. 7 were highly consistent 

with the experimental results. Thus, it was confirmed that 

the virtual mass method would be an appropriate method 

for longitudinal modal analyses of tanks containing fluids.

Table 1. Parameters of the Small Aluminum Hemispherical Bulkheads [2]
Table 1. Parameters of the Small Aluminum Hemispherical Bulkheads [2]

Structural
Element

Equation of
Surface

Inside Diameter
(m)

Material Density
(𝑘𝑘𝑘𝑘/𝑚𝑚3)

E × 106

(Pa)
Bulkhead 𝑥𝑥2 + 𝑦𝑦2 = 52 D=0.254 2712.65 68900

15 

Table 2. Comparison of Experimental/Virtual Mass Method Natural Frequencies (h/D=0.5)
Table 2. Comparison of Experimental/Virtual Mass Method Natural Frequencies (h/D=0.5)

Longitudinal
mode

SwRI Measured Frequency
(Experimental results)

Present method
(Numerical 
prediction)

Difference(%)

1st 750Hz 804Hz 7.19
6.43
0.40
0.71

2nd 1310Hz 1226Hz
3rd 1510Hz 1504Hz
4th 1760Hz 1747Hz

16 

 
Fig. 4. Configuration of the Small Aluminum Hemispherical Bulkheads [2]
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Fig. 4.  Configuration of the Small Aluminum Hemispherical Bulk-
heads [2]

Fig. 5. Small Hemispherical Tank NASTRAN Discretization 
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Fig. 5.  Small Hemispherical Tank NASTRAN Discretization

 

Fig. 6. Comparison of the Natural Frequencies with respect to h/D
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Fig. 6.  Comparison of the Natural Frequencies with respect to h/D

Fig. 7. Mode Shapes of the Small Hemispherical Tank Longitudinal Mode

25 

Fig. 7.  Mode Shapes of the Small Hemispherical Tank Longitudinal 
Mode
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4.  Application of the virtual mass method for 
the 1/8-scale space shuttle external tank

In the NASA space shuttle, there was an external tank 

containing a liquid oxygen tank with a liquid hydrogen tank 

to its side. Both liquid oxygen and hydrogen as propellants 

were supplied to the engine of the space shuttle via a 

feedline. As shown in Fig. 8, there existed many thin and 

long pipes between the tank and the engine. Specifically, 

the feedline length between the LOX tank and the engine 

was quite long given the long distance between the two 

components. Moreover, because the density of liquid oxygen 

is greater than that of liquid hydrogen, the potential for the 

pogo phenomenon to arise in the LOX tank was high.

Therefore, the virtual mass method was utilized to 

analyze the external tank by focusing on the longitudinal 

mode of the LOX tank. Its 1/8-scale external tank with 

an earlier experimental modal observation and the 

NASTRAN modal prediction were selected to devise the 

object configuration [3]. As shown in Fig. 9, the objective 

of the present analysis consisted of the following four 

components: a liquid-oxygen tank, an inter-tank skirt, a 

liquid-hydrogen tank, and an aft tank skirt. The height of 

the liquid in the tank would be prescribed in accordance 

with the categories of lift off, post max Q, and empty. The 

first longitudinal vibration modal analysis for the external 

tank and the LOX tank would then be conducted for each 

height category of the liquid.

4.1  Comparison of the longitudinal modal analysis 
results 

The configuration, properties, and boundary conditions 

of the space shuttle 1/8-scale external tank were established 

by referring to the literature (Ref. 3). When the height of 

the liquid corresponded to the lift-off level, the numbers of 

elements would be 4,448 for QUAD4, 128 for Tria3, and the 

total number of nodes was 4,484. In the case of the post-max 

Q level and the empty level, the numbers of elements were 

4,288 for QUAD4, 128 for Tria3, with 4,324 nodes in total.

Figs. 10~14 show that the present numerical prediction 

was well correlated with those in the literature (Ref. 3). 

Fig. 8. Scheme of the LOX Tank-Propulsion System [8]
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Fig. 8.  Scheme of the LOX Tank-Propulsion System [8]

Fig. 9. Scheme of the 1/8-scale Space Shuttle External Tank [5, 6]
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Fig. 9. Scheme of the 1/8-scale Space Shuttle External Tank [5, 6]

 
Fig. 10. First Longitudinal Mode Shape at the Lift-off Level
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Fig. 10.  First Longitudinal Mode Shape at the Lift-off level
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Specifically, the longitudinal modal shape of the LOX tank 

section would be the major result of the present analysis. For 

the post-max Q level, the LOX N=0 DOME mode, which was 

the first longitudinal mode of the LOX tank, and the second 

longitudinal mode of the external tank, were also analyzed.

Table 3 shows that there was a slight difference between the 

previous experiments, the existing numerical prediction found 

in the references (Ref. 5), and the present prediction obtained 

by the virtual mass method for the natural frequencies. The 

current discrepancies arose because the stiffness coefficients 

of the ring frame used to reinforce the outer tank shell was 

not taken into account and the external tank configuration 

was a slightly different from the actual hardware in terms of 

the thickness and structural shape. However, even with such 

differences, the correlations among the experimental results 

and numerical predictions in the literature (Ref. 5) and the 

present prediction outcomes obtained by the virtual mass 

method were found to be reasonable.

 

5.  Tank Analysis considering the Fluid-Pro-
pulsion System Interaction

In order to analyze the coupling between a tank containing 

a fluid and the propulsion system used, it is important 

to determine the tank bottom pressure Ptb. According to 

Table 3. Comparison of the Natural Frequencies with Reference 5
Table 3. Comparison of the Natural Frequencies with Reference 5

Longitudinal
mode Reference 5 Present

method
First longitudinal(Lift off) 29.7Hz (NASA NASTRAN data) 20.3Hz
First longitudinal(Post max Q) 49.0Hz (test data) 39.4Hz
Second longitudinal(Post max Q) 79.2Hz (NASA NASTRAN data) 75.7Hz
LOX N=0 DOME(Post max Q) 113.7Hz (NASA NASTRAN data) 109.9Hz
First longitudinal(Empty) 257.8Hz (NASA NASTRAN data) 254.8Hz

17 

 
Fig. 11. First Longitudinal Mode Shape at the Post-max Q Level
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Fig. 11.  First Longitudinal Mode Shape at the Post-max Q level

 
Fig. 14. First Longitudinal Mode Shape at the Empty Level
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Fig. 14.  First Longitudinal Mode Shape at the Empty Level

 
Fig. 12. Second Longitudinal Mode Shape at the Post-max Q Level
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Fig. 12.  Second Longitudinal Mode Shape at the Post-max Q level

 
Fig. 13. LOX N=0 DOME Mode Shape at the Post-max Q Level
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Fig. 13.  LOX N=0 DOME Mode Shape at the Post-max Q level
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the literature (Ref. 5), the main interest in the coupling of 

structure of the tank and the propulsion system would be the 

pressure at the interface between the tank and the feedline. 

Therefore, the prediction of Ptb will be a significant task in a 

pogo analysis. Therefore, this section will analyze Ptb using 

the virtual mass method. 

5.1  LOX Tank Bottom Pressure Analysis using the 
Virtual Mass Method 

When the 1/8-scale space shuttle external tank was 

analyzed using the virtual mass method, the pressure of each 

element was obtained by the Helmholtz method. Because 

the tank bottom was composed of Tria3 elements in the finite 

element analysis, the pressure value was obtained from the 

Tria3 element of the LOX tank bottom and compared with 

that in the literature (Ref. 5). The quantity to be compared 

was the first longitudinal mode and the LOX N=0 DOME 

mode when the liquid level in the external tank was at the 

post-max Q level, as the LOX tank bottom pressure value was 

given in the references, as indicated in Fig. 15. Table 4 shows 

that the numerical results were not identical to those in Ref. 

5, but the degree of discrepancy was reasonable.

It is important to consider the influence of the longitudinal 

mode of the tank on the propulsion system in order to 

conduct an accurate pogo analysis. When modeling a 

propulsion system, the tank bottom pressure Ptb should be 

reflected in the inlet pressure of the feedline adjacent to 

the tank. This makes Ptb an important factor with regard to 

the coupling of the two systems. Adopting the virtual mass 

method to evaluate Ptb makes it very feasible to conduct a 

more accurate coupled analysis between the tank and the 

propulsion system while also increasing the accuracy of the 

tank modal analysis.

6. Conclusions

Accurate dynamic model for a fluid-filled tank is required 

to analyze the pogo phenomenon in a space launch vehicle. 

Specifically, the propellant accounts for most of the volume 

in the launch vehicle. Thus, an accurate analysis of the tank 

including the propellant will be crucial. However, analyzing 

the tank while considering the fluid characteristics of 

the propellant is not straightforward. Therefore, with the 

assumptions of 1) an incompressible flow, 2) an inviscid 

flow, 3) surface pressure of the propellant in the tank is zero, 

and 4) displacement of the fluid surface is perpendicular to 

the fluid surface, the propellant can be represented simply 

by a fluid mass matrix. The virtual mass method analyzes the 

fluid in the tank by a simple mass matrix, reflecting the four 

assumptions above. This method was then applied to validate 

a small hemispherical tank and to analyze a 1/8-scale space 

shuttle external tank. The verification result converged very 

well with discrepancy of only 0.4% when compared to the 

experimental results. The longitudinal mode of the external 

Table 4. Comparison of the LOX tank bottom pressure at the post-max Q level
Table 4. Comparison of the LOX tank bottom pressure at post-max Q level

Mode Reference 5 Present analysis
1st longitudinal mode(at LOX tank bottom) 1.069 × 106Pa 0.887 × 106Pa
LOX N=0 DOME(at LOX tank bottom) -2.344 × 106Pa -2.010 × 106Pa

18 

 
Fig. 15. Two Cases of LOX Tank Bottom Pressure Values at the Post max Q Level
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Fig. 15. Two Cases of LOX Tank Bottom Pressure Values at the Post max Q Level
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tank was then analyzed according to the height of the liquid. 

These results were similar to previous NASA investigations, 

even while considering that the tank was a simplified 

configuration which differed from the actual shape. 

Moreover, the LOX tank bottom pressure, required for the 

coupling between the LOX tank and the propulsion system, 

was estimated by the virtual mass method. The numerical 

results were similar to those in existing investigations.

In this paper, it is suggested that the virtual mass method 

can expedite an accurate pogo analysis. In more detail, it was 

found that the present procedure enables a feasible pogo 

analysis by accurately predicting the longitudinal vibration 

mode and the tank bottom pressure.
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