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Abstract

In this paper, a generalized discretization scheme is proposed that can derive general-order finite difference equations 

representing the joint probability density function of dynamic response of stochastic systems. The various order of finite 

difference equations are applied to solutions of the Fokker-Planck-Kolmogorov (FPK) equation. The finite difference equations 

derived by the proposed method can greatly increase accuracy even at the tail parts of the probability density function, giving 

accurate reliability estimations. Compared with exact solutions and finite element solutions, the generalized finite difference 

method showed increasing accuracy as the order increases. With the proposed method, it is allowed to use different orders 

and types (i.e. forward, central or backward) of discretization in the finite difference method to solve FPK and other partial 

differential equations in various engineering fields having requirements of accuracy or specific boundary conditions.
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1. Introduction

The response and reliability of engineering structures 

subjected to random excitations has long been interests to 

researchers and studied through stochastic approaches for 

many years. For example, pressure fields generated inside of 

jet and rocket propulsion is a complicated random process that 

creates vibration to aircraft and missile structures. Random 

response of multi-dimensional linear dynamic systems can be 

found in Nigam [1]. Caughey reported that random response 

of memoryless dynamic systems can be obtained as a solution 

of the forward Fokker-Planck and backward Kolmogorov 

equations [2]. A linear system subjected to additive Gaussian 

random excitations shows Gaussian response. It is well known 

that the response of a random dynamic system is a Markov 

(Brownian motion) process (Xt), and can be governed by an 

Ito stochastic differential equation (SDE) as below
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function (PDF) which satisfies both forward Kolmogorov equation, also called Fokker-

Planck-Kolmogorov (FPK) equation and backward Kolmogorov equation. Equivalency of Ito 

SDE to FPK equation is explained in appendix of this paper. The transitional PDF of the 

response can be obtained by solving the corresponding FPK equation. 

The earliest numerical method used to solve FPK equations was finite difference 
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where <∙> is the expectation operator; δ(∙) is the Dirac delta 

function; and Dij/π is the amplitude of the constant two-

sided power spectral density of the random input; and I is 

the identity matrix. This process can be determined by the 

transitional probability density function (PDF) which satisfies 

both forward Kolmogorov equation, also called Fokker-Planck-

Kolmogorov (FPK) equation and backward Kolmogorov 

equation. Equivalency of Ito SDE to FPK equation is explained 

in appendix of this paper. The transitional PDF of the response 

can be obtained by solving the corresponding FPK equation. 

The earliest numerical method used to solve FPK equations 

was finite difference method (FDM). In 1969, Chang and Cooper 
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[3] firstly developed a finite difference scheme to solve one-

dimensional FPK equations. This scheme not only satisfies 

both convergence and unconditional stability conditions, 

but also preserve properties of the original partial differential 

equation especially non-negativity. Later, Roberts [4] applied 

an implicit finite difference approximation to predict two-

dimensional first-passage failure probability for oscillators 

under stationary wide-band random excitation. Zorzano et 

al. [5] also used the FDM to solve transient FPK problems 

and compared the results with exact solutions, showing good 

accuracy. With the inherent advantage of stability, finite 

element method (FEM) was also applied to approximate the 

solution of FPK equations. Langley [6] derived a weak form 

of the stationary FPK equation by integration-by-part and 

then successfully used FEM to compute numerical solutions 

of the stationary PDF of the random response. Langtangen 

[7] extended Langley’s work of FEM in more details and 

contributed a stronger mathematical foundation to this 

method. Later in 1993, Bergman and Spencer [8] applied 

FEM to solve two-dimensional transient FPK equation for 

stochastic dynamic systems for the first time and gave the 

joint probability density function (JPDF) of responses under 

a given initial condition. Results were also compared with 

those from backward equations showing high accuracy. 

Path integral solution method was also applied to solve FPK 

equations [9-11]. The path integral solution approaches 

based on a discretized version of the Chapman-Kolmogorov 

equation proved to be very accurate for linear SDOF systems 

[12]. Importance of accurate approximations of tail parts of 

transitional PDF in reliability analysis was addressed when 

the path integral solution method was used [13; 14].

The first-order FDM and FEM aforementioned are able to 

give solutions of the FPK equation with good accuracy (i.e. 

O(10-4)), which is, however, sometimes not acceptable in the 

tail parts of the computed probability distribution. To improve 

the accuracy, Wojtkiewicz et al. [15] proposed use of a high-

order FDM that can give higher accuracy even at the tail of 

the probability distribution for the second-order FPK system 

response. Although the authors later pointed out that this 

scheme carried inherent stability issue and required refinement 

of mesh, which impeded the progress of extending this scheme 

for solving three or higher dimensional FPK problems, the 

substantial enhancement of accuracy still made the high-order 

FDM an important numerical method to solve FPK equations. 

Kumar and Narayanan [16] applied both the FEM and high-

order FDM to solve a stochastic system and confirmed the 

advantage of the high-order FDM in achieving higher accuracy. 

A generalized difference scheme was applied to direct time 

integration method for structural dynamics problems [17].

In this paper, a generalization of the high-order difference 

scheme in the response domain of FPK problems is proposed 

for the first time. In previous applications of the high-order 

FDM for solving FPK, only equations for  second, fourth, 

sixth, and eighth-order central discretization approximation 

for derivatives (e.g. ∂P/∂x, (∂2P)/(∂x2)) were given [15]. There 

has been no generalized method that allows for generating 

discretization of different orders and types (i.e. forward, 

central or backward) to approximate derivatives (e.g. 

∂P/∂x, (∂2P)/(∂x2)) according to the specific requirements 

of accuracy or different boundary conditions, which will 

undoubtedly limit the application and extension of the high-

order method to solve various FPK problems depending on 

users’ needs. It will be illustrated that the high-order central 

discretization used by Wojtkiewicz et al. [15] is a special case 

of the proposed generalized difference method. Then, the 

generalized high-order FDM will be applied to solve a two-

dimensional linear random dynamic system. The results are 

compared not only with those from FEM but also the exact 

solution, showing significant promise in improving the 

accuracy. This generalization of the high-order FDM provides 

a strong theoretical basis for further study of the FDM using 

different discretization scheme such as high-order forward, 

central or backward depending on users’ needs.

2.  Generalization of Difference Discretization 
of Probabilistic Density Function

In this section, a generalization theory was proposed to 

achieve a generalized discretization scheme to approximate 

transitional PDF and its derivatives with different orders and 

types of the approximation. The purpose of this generalization 

is to obtain a consistent method for deriving recurrence 

relations, which are not dependent on variations of the PDF 

and its derivatives within the response domain.  In the end, the 

first and second order derivatives of the PDF in FPK equations 

were replaced with discrete values of PDF at n response points.

The response domain in x is discretized into n nodes 

resulting in n discrete approximations of p(x1), p(x2), p(x3), 

…, p(xn-1), and p(xn) to the PDF P. The normalized location X 

can be defined by
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fm(Xi) = ∑ 1
j!

m
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 p(xk+1−i) = fm(Xi) , i = 0,1, … . , n − 1 , (6)

fm(Xi) = ∑ 1
j!

m
j=0 bj(x − x0)j, m =  0,1, … . , n − 1 . (7)

The assumed p(xk+1−i) in Eq. (5) should be able to ensure that the jth order derivative of the 

probability density Pj at all nodes can be a constant value, which is called the consistency 

condition. In order to force p(xk+1−i) to satisfy the consistency condition, the following 

equation can be formed [18; 19]:
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,
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where Pj(0) is the jth derivative of the probability density at 

the origin x=x0 (i.e. X=0) and p(xk+1-i) is the approximation of 

P at xk+1-i. We let [18; 19]

2. Generalization of Difference Discretization of Probabilistic Density Function

In this section, a generalization theory was proposed to achieve a generalized discretization 

scheme to approximate transitional PDF and its derivatives with different orders and types of 

the approximation.  The purpose of this generalization is to obtain a consistent method for 

deriving recurrence relations, which are not dependent on variations of the PDF and its 

derivatives within the response domain.  In the end, the first and second order derivatives of 

the PDF in FPK equations were replaced with discrete values of PDF at n response points.

The response domain in x is discretized into n nodes resulting in n discrete approximations 

of p(x1), p(x2), p(x3), …, p(xn−1), and p(xn) to the PDF P. The normalized location X 

can be defined by

X = (x − x0)/dx , (4)

where x0 is the origin of the x response domain. x0 can be any node in the response domain.

Then, a basic generalized difference equation for derivatives of the PDF P at X = 0 (i.e. the 

origin where x =  x0) is defined as

 Pj(0)dxj = ∑ aji p(xk+1−i)n−1
i=0     for j = 0, … , n − 1 , (5)

where Pj(0) is the jth derivative of the probability density at the origin x =  x0 (i.e. X = 0)
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m
j=0 bj(x − x0)j, m =  0,1, … . , n − 1 . (7)

The assumed p(xk+1−i) in Eq. (5) should be able to ensure that the jth order derivative of the 

probability density Pj at all nodes can be a constant value, which is called the consistency 

condition. In order to force p(xk+1−i) to satisfy the consistency condition, the following 

equation can be formed [18; 19]:
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the approximation.  The purpose of this generalization is to obtain a consistent method for 
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X = (x − x0)/dx , (4)

where x0 is the origin of the x response domain. x0 can be any node in the response domain.
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origin where x =  x0) is defined as

 Pj(0)dxj = ∑ aji p(xk+1−i)n−1
i=0     for j = 0, … , n − 1 , (5)

where Pj(0) is the jth derivative of the probability density at the origin x =  x0 (i.e. X = 0)

and p(xk+1−i) is the approximation of P at xk+1−i. We let [18; 19]

 p(xk+1−i) = fm(Xi) , i = 0,1, … . , n − 1 , (6)

fm(Xi) = ∑ 1
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m
j=0 bj(x − x0)j, m =  0,1, … . , n − 1 . (7)

The assumed p(xk+1−i) in Eq. (5) should be able to ensure that the jth order derivative of the 

probability density Pj at all nodes can be a constant value, which is called the consistency 

condition. In order to force p(xk+1−i) to satisfy the consistency condition, the following 
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The assumed p(xk+1-i) in Eq. (5) should be able to ensure 

that the jth order derivative of the probability density Pj at all 

nodes can be a constant value, which is called the consistency 

condition. In order to force p(xk+1-i) to satisfy the consistency 

condition, the following equation can be formed [18; 19]:
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or [𝑉𝑉𝑛𝑛][𝐴𝐴𝑛𝑛] = [𝐸𝐸𝑛𝑛] 

(8) 

where [𝐴𝐴𝑛𝑛]  is the coefficient matrix and [𝑉𝑉𝑛𝑛]  is known as Vandermonde matrix, which 

depends on the choice of x0. By taking the inverse of [𝑉𝑉𝑛𝑛], [𝐴𝐴𝑛𝑛] can be calculated as follows 

 [𝐴𝐴𝑛𝑛] = [𝑉𝑉𝑛𝑛]−1[𝐸𝐸𝑛𝑛]. (9) 

Then, according to Eq. (5), the jth derivative of P(0) can be obtained as an expression including  

coefficients [𝐴𝐴𝑛𝑛]. 

 {Pj(0)} = [T][An]T{p}  (10) 
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where the notation 𝑝𝑝𝑘𝑘+1  is used instead of 𝑝𝑝(𝑥𝑥𝑘𝑘+1) . From Eq. (11), up to (𝑛𝑛 − 1)𝑡𝑡ℎ 

(8)

where [An] is the coefficient matrix and [Vn] is known as 

Vandermonde matrix, which depends on the choice of x0. By 

taking the inverse of [Vn], [An] can be calculated as follows
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⎢
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⎥
⎥
⎥
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or [𝑉𝑉𝑉𝑉𝑛𝑛𝑛𝑛][𝐴𝐴𝐴𝐴𝑛𝑛𝑛𝑛] = [𝐸𝐸𝐸𝐸𝑛𝑛𝑛𝑛] .
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where [𝐴𝐴𝐴𝐴𝑛𝑛𝑛𝑛] is the coefficient matrix and [𝑉𝑉𝑉𝑉𝑛𝑛𝑛𝑛] is known as Vandermonde matrix, which 

depends on the choice of x0. By taking the inverse of [𝑉𝑉𝑉𝑉𝑛𝑛𝑛𝑛], [𝐴𝐴𝐴𝐴𝑛𝑛𝑛𝑛] can be calculated as 

follows

[𝐴𝐴𝐴𝐴𝑛𝑛𝑛𝑛] = [𝑉𝑉𝑉𝑉𝑛𝑛𝑛𝑛]−1[𝐸𝐸𝐸𝐸𝑛𝑛𝑛𝑛]. (9)

Then, according to Eq. (5), the jth derivative of P(0) can be obtained as an expression 

including  coefficients [𝐴𝐴𝐴𝐴𝑛𝑛𝑛𝑛].
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(11) 

where the notation 𝑝𝑝𝑘𝑘+1  is used instead of 𝑝𝑝(𝑥𝑥𝑘𝑘+1) . From Eq. (11), up to (𝑛𝑛 − 1)𝑡𝑡ℎ 

(11)

where the notation pk+1 is used instead of p(xk+1). From Eq. 

(11), up to (n-1)th derivatives of PDF can be written in 

terms of n discrete values of the PDF.  Determination of the 

coefficients used in the generalized difference equation from 

consistency conditions is presented as an example for the 

case of n=3.

From Eq. (5), 

where the notation 𝑝𝑝𝑝𝑝𝑘𝑘𝑘𝑘+1 is used instead of 𝑝𝑝𝑝𝑝(𝜕𝜕𝜕𝜕𝑘𝑘𝑘𝑘+1). From Eq. (11), up to (𝑛𝑛𝑛𝑛 − 1)𝑡𝑡𝑡𝑡ℎ

derivatives of PDF can be written in terms of n discrete values of the PDF.  Determination 

of the coefficients used in the generalized difference equation from consistency conditions is 

presented as an example for the case of n = 3.

From Eq. (5),

𝜕𝜕𝜕𝜕0 = 𝑎𝑎𝑎𝑎00𝑝𝑝𝑝𝑝𝑘𝑘𝑘𝑘+1 + 𝑎𝑎𝑎𝑎01𝑝𝑝𝑝𝑝𝑘𝑘𝑘𝑘 + 𝑎𝑎𝑎𝑎02𝑝𝑝𝑝𝑝𝑘𝑘𝑘𝑘−1

𝜕𝜕𝜕𝜕1∆𝜕𝜕𝜕𝜕 = 𝑎𝑎𝑎𝑎10𝑝𝑝𝑝𝑝𝑘𝑘𝑘𝑘+1 + 𝑎𝑎𝑎𝑎11𝑝𝑝𝑝𝑝𝑘𝑘𝑘𝑘 + 𝑎𝑎𝑎𝑎12𝑝𝑝𝑝𝑝𝑘𝑘𝑘𝑘−1

𝜕𝜕𝜕𝜕2∆𝜕𝜕𝜕𝜕2 = 𝑎𝑎𝑎𝑎20𝑝𝑝𝑝𝑝𝑘𝑘𝑘𝑘+1 + 𝑎𝑎𝑎𝑎21𝑝𝑝𝑝𝑝𝑘𝑘𝑘𝑘 + 𝑎𝑎𝑎𝑎22𝑝𝑝𝑝𝑝𝑘𝑘𝑘𝑘−1 .

(12)

For a constant condition of PDF, the following relations are satisfied
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Substituting this equation into Eq. (12), a set of equations can be obtained as follows

𝑎𝑎𝑎𝑎00 + 𝑎𝑎𝑎𝑎01 + 𝑎𝑎𝑎𝑎02 = 1

𝑎𝑎𝑎𝑎10 + 𝑎𝑎𝑎𝑎11 + 𝑎𝑎𝑎𝑎12 = 0

𝑎𝑎𝑎𝑎20 + 𝑎𝑎𝑎𝑎21 + 𝑎𝑎𝑎𝑎22 = 0.

(14)

The constant condition of the first derivative of PDF in the interval can be expressed as

𝑝𝑝𝑝𝑝𝑘𝑘𝑘𝑘+1 = 𝑏𝑏𝑏𝑏0 + 𝑏𝑏𝑏𝑏1𝑋𝑋𝑋𝑋0Δ𝜕𝜕𝜕𝜕

𝑝𝑝𝑝𝑝𝑘𝑘𝑘𝑘 = 𝑏𝑏𝑏𝑏0 + 𝑏𝑏𝑏𝑏1𝑋𝑋𝑋𝑋1Δ𝜕𝜕𝜕𝜕

𝑝𝑝𝑝𝑝𝑘𝑘𝑘𝑘−1 = 𝑏𝑏𝑏𝑏0 + 𝑏𝑏𝑏𝑏1𝑋𝑋𝑋𝑋2Δ𝜕𝜕𝜕𝜕.

𝜕𝜕𝜕𝜕0 = 𝑏𝑏𝑏𝑏0 ; 𝜕𝜕𝜕𝜕1 = 𝑏𝑏𝑏𝑏1 ; 𝜕𝜕𝜕𝜕2 = 0

(15)

Substituting Eq. (15) into Eq. (12) and utilizing the results in Eq. (14), the following relations 

can also be obtained

𝑋𝑋𝑋𝑋0𝑎𝑎𝑎𝑎00 + 𝑋𝑋𝑋𝑋1𝑎𝑎𝑎𝑎01 + 𝑋𝑋𝑋𝑋2𝑎𝑎𝑎𝑎02 = 0

𝑋𝑋𝑋𝑋0𝑎𝑎𝑎𝑎10 + 𝑋𝑋𝑋𝑋1𝑎𝑎𝑎𝑎11 + 𝑋𝑋𝑋𝑋2𝑎𝑎𝑎𝑎12 = 1

(16)
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(15)

Substituting Eq. (15) into Eq. (12) and utilizing the results 

in Eq. (14), the following relations can also be obtained

where the notation 𝑝𝑝𝑝𝑝𝑘𝑘𝑘𝑘+1 is used instead of 𝑝𝑝𝑝𝑝(𝜕𝜕𝜕𝜕𝑘𝑘𝑘𝑘+1). From Eq. (11), up to (𝑛𝑛𝑛𝑛 − 1)𝑡𝑡𝑡𝑡ℎ

derivatives of PDF can be written in terms of n discrete values of the PDF.  Determination 

of the coefficients used in the generalized difference equation from consistency conditions is 

presented as an example for the case of n = 3.

From Eq. (5),

𝜕𝜕𝜕𝜕0 = 𝑎𝑎𝑎𝑎00𝑝𝑝𝑝𝑝𝑘𝑘𝑘𝑘+1 + 𝑎𝑎𝑎𝑎01𝑝𝑝𝑝𝑝𝑘𝑘𝑘𝑘 + 𝑎𝑎𝑎𝑎02𝑝𝑝𝑝𝑝𝑘𝑘𝑘𝑘−1

𝜕𝜕𝜕𝜕1∆𝜕𝜕𝜕𝜕 = 𝑎𝑎𝑎𝑎10𝑝𝑝𝑝𝑝𝑘𝑘𝑘𝑘+1 + 𝑎𝑎𝑎𝑎11𝑝𝑝𝑝𝑝𝑘𝑘𝑘𝑘 + 𝑎𝑎𝑎𝑎12𝑝𝑝𝑝𝑝𝑘𝑘𝑘𝑘−1

𝜕𝜕𝜕𝜕2∆𝜕𝜕𝜕𝜕2 = 𝑎𝑎𝑎𝑎20𝑝𝑝𝑝𝑝𝑘𝑘𝑘𝑘+1 + 𝑎𝑎𝑎𝑎21𝑝𝑝𝑝𝑝𝑘𝑘𝑘𝑘 + 𝑎𝑎𝑎𝑎22𝑝𝑝𝑝𝑝𝑘𝑘𝑘𝑘−1 .

(12)

For a constant condition of PDF, the following relations are satisfied

𝑝𝑝𝑝𝑝𝑘𝑘𝑘𝑘+1 = 𝑏𝑏𝑏𝑏0          ; 𝑝𝑝𝑝𝑝𝑘𝑘𝑘𝑘 = 𝑏𝑏𝑏𝑏0 ; 𝑝𝑝𝑝𝑝𝑘𝑘𝑘𝑘−1 = 𝑏𝑏𝑏𝑏0

𝜕𝜕𝜕𝜕0 = 𝑏𝑏𝑏𝑏0 ; 𝜕𝜕𝜕𝜕1 = 0 ; 𝜕𝜕𝜕𝜕2 = 0

(13)

Substituting this equation into Eq. (12), a set of equations can be obtained as follows

𝑎𝑎𝑎𝑎00 + 𝑎𝑎𝑎𝑎01 + 𝑎𝑎𝑎𝑎02 = 1

𝑎𝑎𝑎𝑎10 + 𝑎𝑎𝑎𝑎11 + 𝑎𝑎𝑎𝑎12 = 0

𝑎𝑎𝑎𝑎20 + 𝑎𝑎𝑎𝑎21 + 𝑎𝑎𝑎𝑎22 = 0.

(14)

The constant condition of the first derivative of PDF in the interval can be expressed as

𝑝𝑝𝑝𝑝𝑘𝑘𝑘𝑘+1 = 𝑏𝑏𝑏𝑏0 + 𝑏𝑏𝑏𝑏1𝑋𝑋𝑋𝑋0Δ𝜕𝜕𝜕𝜕

𝑝𝑝𝑝𝑝𝑘𝑘𝑘𝑘 = 𝑏𝑏𝑏𝑏0 + 𝑏𝑏𝑏𝑏1𝑋𝑋𝑋𝑋1Δ𝜕𝜕𝜕𝜕

𝑝𝑝𝑝𝑝𝑘𝑘𝑘𝑘−1 = 𝑏𝑏𝑏𝑏0 + 𝑏𝑏𝑏𝑏1𝑋𝑋𝑋𝑋2Δ𝜕𝜕𝜕𝜕.

𝜕𝜕𝜕𝜕0 = 𝑏𝑏𝑏𝑏0 ; 𝜕𝜕𝜕𝜕1 = 𝑏𝑏𝑏𝑏1 ; 𝜕𝜕𝜕𝜕2 = 0

(15)

Substituting Eq. (15) into Eq. (12) and utilizing the results in Eq. (14), the following relations 

can also be obtained

𝑋𝑋𝑋𝑋0𝑎𝑎𝑎𝑎00 + 𝑋𝑋𝑋𝑋1𝑎𝑎𝑎𝑎01 + 𝑋𝑋𝑋𝑋2𝑎𝑎𝑎𝑎02 = 0

𝑋𝑋𝑋𝑋0𝑎𝑎𝑎𝑎10 + 𝑋𝑋𝑋𝑋1𝑎𝑎𝑎𝑎11 + 𝑋𝑋𝑋𝑋2𝑎𝑎𝑎𝑎12 = 1

(16)
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𝑋𝑋𝑋𝑋0𝑎𝑎𝑎𝑎20 + 𝑋𝑋𝑋𝑋1𝑎𝑎𝑎𝑎21 + 𝑋𝑋𝑋𝑋2𝑎𝑎𝑎𝑎22 = 0 .

Then the condition of constant second derivative of PDF is expressed as

𝑝𝑝𝑝𝑝𝑘𝑘𝑘𝑘+1 = 𝑏𝑏𝑏𝑏0 + 𝑏𝑏𝑏𝑏1𝑋𝑋𝑋𝑋0Δ𝜕𝜕𝜕𝜕 + (1 2)𝑏𝑏𝑏𝑏2(𝑋𝑋𝑋𝑋0Δ𝜕𝜕𝜕𝜕)2⁄

𝑝𝑝𝑝𝑝𝑘𝑘𝑘𝑘 = 𝑏𝑏𝑏𝑏0 + 𝑏𝑏𝑏𝑏1𝑋𝑋𝑋𝑋1Δ𝜕𝜕𝜕𝜕 + (1 2)𝑏𝑏𝑏𝑏2(𝑋𝑋𝑋𝑋1Δ𝜕𝜕𝜕𝜕)2⁄

𝑝𝑝𝑝𝑝𝑘𝑘𝑘𝑘−1 = 𝑏𝑏𝑏𝑏0 + 𝑏𝑏𝑏𝑏1𝑋𝑋𝑋𝑋2Δ𝜕𝜕𝜕𝜕 + (1 2)𝑏𝑏𝑏𝑏2(𝑋𝑋𝑋𝑋2Δ𝜕𝜕𝜕𝜕)2⁄ .

𝜕𝜕𝜕𝜕0 = 𝑏𝑏𝑏𝑏0 ; 𝜕𝜕𝜕𝜕1 = 𝑏𝑏𝑏𝑏1 ; 𝜕𝜕𝜕𝜕2 = 𝑏𝑏𝑏𝑏2

(17)

Similarly, substituting Eq. (17) into Eq. (12) and utilizing the results in Eq. (14) and (16), the 

following relations are obtained

𝑋𝑋𝑋𝑋02𝑎𝑎𝑎𝑎00 + 𝑋𝑋𝑋𝑋12𝑎𝑎𝑎𝑎01 + 𝑋𝑋𝑋𝑋22𝑎𝑎𝑎𝑎02 = 0

𝑋𝑋𝑋𝑋02𝑎𝑎𝑎𝑎10 + 𝑋𝑋𝑋𝑋12𝑎𝑎𝑎𝑎11 + 𝑋𝑋𝑋𝑋22𝑎𝑎𝑎𝑎12 = 0

𝑋𝑋𝑋𝑋02𝑎𝑎𝑎𝑎20 + 𝑋𝑋𝑋𝑋12𝑎𝑎𝑎𝑎21 + 𝑋𝑋𝑋𝑋22𝑎𝑎𝑎𝑎22 = 2 .

(18)

Eq. (14), (16) and (18) can be summarized in a matrix form as follows

�
1 1 1
𝑋𝑋𝑋𝑋0 𝑋𝑋𝑋𝑋1 𝑋𝑋𝑋𝑋2
𝑋𝑋𝑋𝑋02 𝑋𝑋𝑋𝑋12 𝑋𝑋𝑋𝑋22

� �
𝑎𝑎𝑎𝑎00 𝑎𝑎𝑎𝑎10 𝑎𝑎𝑎𝑎20
𝑎𝑎𝑎𝑎01 𝑎𝑎𝑎𝑎11 𝑎𝑎𝑎𝑎21
𝑎𝑎𝑎𝑎02 𝑎𝑎𝑎𝑎12 𝑎𝑎𝑎𝑎22

� = �
1

1
2
�

or [𝑉𝑉𝑉𝑉3][𝐴𝐴𝐴𝐴3] = [E3] .

(19)

A generalized form of Eq. (19) is Eq. (8). It is worth noting that the Vandermonde matrix 

[𝑉𝑉𝑉𝑉𝑛𝑛𝑛𝑛] will become different by choosing a different origin x0. In the above example, if the 

origin is chosen as a central point of the approximation (i.e. 𝜕𝜕𝜕𝜕0 = 𝜕𝜕𝜕𝜕𝑘𝑘𝑘𝑘), then [X0, X1, X2] =

[1,0,−1]. Substituting this to Eq. (19), the coefficient matrix (i.e. [A3]) is obtained that 

corresponds to the central difference. If the origin is shifted to the first point of the 

approximation (i.e. 𝜕𝜕𝜕𝜕0 = 𝜕𝜕𝜕𝜕𝑘𝑘𝑘𝑘−1), then [X0, X1, X2] = [2,1,0]. Substituting this into Eq. (19),

the resulting coefficient matrix corresponds to a forward difference. Also, if the origin is 

shifted to the last point of the approximation (i.e. 𝜕𝜕𝜕𝜕0 = 𝜕𝜕𝜕𝜕𝑘𝑘𝑘𝑘+1 ), then  [X0, X1, X2] =

[0,−1,−2]. Similarly, this provides the coefficient matrix that corresponds to a backward 

8 

.

(16)

Then the condition of constant second derivative of PDF 

is expressed as

𝑋𝑋𝑋𝑋0𝑎𝑎𝑎𝑎20 + 𝑋𝑋𝑋𝑋1𝑎𝑎𝑎𝑎21 + 𝑋𝑋𝑋𝑋2𝑎𝑎𝑎𝑎22 = 0 .

Then the condition of constant second derivative of PDF is expressed as

𝑝𝑝𝑝𝑝𝑘𝑘𝑘𝑘+1 = 𝑏𝑏𝑏𝑏0 + 𝑏𝑏𝑏𝑏1𝑋𝑋𝑋𝑋0Δ𝜕𝜕𝜕𝜕 + (1 2)𝑏𝑏𝑏𝑏2(𝑋𝑋𝑋𝑋0Δ𝜕𝜕𝜕𝜕)2⁄

𝑝𝑝𝑝𝑝𝑘𝑘𝑘𝑘 = 𝑏𝑏𝑏𝑏0 + 𝑏𝑏𝑏𝑏1𝑋𝑋𝑋𝑋1Δ𝜕𝜕𝜕𝜕 + (1 2)𝑏𝑏𝑏𝑏2(𝑋𝑋𝑋𝑋1Δ𝜕𝜕𝜕𝜕)2⁄

𝑝𝑝𝑝𝑝𝑘𝑘𝑘𝑘−1 = 𝑏𝑏𝑏𝑏0 + 𝑏𝑏𝑏𝑏1𝑋𝑋𝑋𝑋2Δ𝜕𝜕𝜕𝜕 + (1 2)𝑏𝑏𝑏𝑏2(𝑋𝑋𝑋𝑋2Δ𝜕𝜕𝜕𝜕)2⁄ .

𝜕𝜕𝜕𝜕0 = 𝑏𝑏𝑏𝑏0 ; 𝜕𝜕𝜕𝜕1 = 𝑏𝑏𝑏𝑏1 ; 𝜕𝜕𝜕𝜕2 = 𝑏𝑏𝑏𝑏2

(17)

Similarly, substituting Eq. (17) into Eq. (12) and utilizing the results in Eq. (14) and (16), the 

following relations are obtained

𝑋𝑋𝑋𝑋02𝑎𝑎𝑎𝑎00 + 𝑋𝑋𝑋𝑋12𝑎𝑎𝑎𝑎01 + 𝑋𝑋𝑋𝑋22𝑎𝑎𝑎𝑎02 = 0

𝑋𝑋𝑋𝑋02𝑎𝑎𝑎𝑎10 + 𝑋𝑋𝑋𝑋12𝑎𝑎𝑎𝑎11 + 𝑋𝑋𝑋𝑋22𝑎𝑎𝑎𝑎12 = 0

𝑋𝑋𝑋𝑋02𝑎𝑎𝑎𝑎20 + 𝑋𝑋𝑋𝑋12𝑎𝑎𝑎𝑎21 + 𝑋𝑋𝑋𝑋22𝑎𝑎𝑎𝑎22 = 2 .

(18)

Eq. (14), (16) and (18) can be summarized in a matrix form as follows

�
1 1 1
𝑋𝑋𝑋𝑋0 𝑋𝑋𝑋𝑋1 𝑋𝑋𝑋𝑋2
𝑋𝑋𝑋𝑋02 𝑋𝑋𝑋𝑋12 𝑋𝑋𝑋𝑋22

� �
𝑎𝑎𝑎𝑎00 𝑎𝑎𝑎𝑎10 𝑎𝑎𝑎𝑎20
𝑎𝑎𝑎𝑎01 𝑎𝑎𝑎𝑎11 𝑎𝑎𝑎𝑎21
𝑎𝑎𝑎𝑎02 𝑎𝑎𝑎𝑎12 𝑎𝑎𝑎𝑎22

� = �
1

1
2
�

or [𝑉𝑉𝑉𝑉3][𝐴𝐴𝐴𝐴3] = [E3] .

(19)

A generalized form of Eq. (19) is Eq. (8). It is worth noting that the Vandermonde matrix 

[𝑉𝑉𝑉𝑉𝑛𝑛𝑛𝑛] will become different by choosing a different origin x0. In the above example, if the 

origin is chosen as a central point of the approximation (i.e. 𝜕𝜕𝜕𝜕0 = 𝜕𝜕𝜕𝜕𝑘𝑘𝑘𝑘), then [X0, X1, X2] =

[1,0,−1]. Substituting this to Eq. (19), the coefficient matrix (i.e. [A3]) is obtained that 

corresponds to the central difference. If the origin is shifted to the first point of the 

approximation (i.e. 𝜕𝜕𝜕𝜕0 = 𝜕𝜕𝜕𝜕𝑘𝑘𝑘𝑘−1), then [X0, X1, X2] = [2,1,0]. Substituting this into Eq. (19),

the resulting coefficient matrix corresponds to a forward difference. Also, if the origin is 

shifted to the last point of the approximation (i.e. 𝜕𝜕𝜕𝜕0 = 𝜕𝜕𝜕𝜕𝑘𝑘𝑘𝑘+1 ), then  [X0, X1, X2] =

[0,−1,−2]. Similarly, this provides the coefficient matrix that corresponds to a backward 
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Similarly, substituting Eq. (17) into Eq. (12) and utilizing 

the results in Eq. (14) and (16), the following relations are 

obtained

𝑋𝑋𝑋𝑋0𝑎𝑎𝑎𝑎20 + 𝑋𝑋𝑋𝑋1𝑎𝑎𝑎𝑎21 + 𝑋𝑋𝑋𝑋2𝑎𝑎𝑎𝑎22 = 0 .

Then the condition of constant second derivative of PDF is expressed as

𝑝𝑝𝑝𝑝𝑘𝑘𝑘𝑘+1 = 𝑏𝑏𝑏𝑏0 + 𝑏𝑏𝑏𝑏1𝑋𝑋𝑋𝑋0Δ𝜕𝜕𝜕𝜕 + (1 2)𝑏𝑏𝑏𝑏2(𝑋𝑋𝑋𝑋0Δ𝜕𝜕𝜕𝜕)2⁄

𝑝𝑝𝑝𝑝𝑘𝑘𝑘𝑘 = 𝑏𝑏𝑏𝑏0 + 𝑏𝑏𝑏𝑏1𝑋𝑋𝑋𝑋1Δ𝜕𝜕𝜕𝜕 + (1 2)𝑏𝑏𝑏𝑏2(𝑋𝑋𝑋𝑋1Δ𝜕𝜕𝜕𝜕)2⁄

𝑝𝑝𝑝𝑝𝑘𝑘𝑘𝑘−1 = 𝑏𝑏𝑏𝑏0 + 𝑏𝑏𝑏𝑏1𝑋𝑋𝑋𝑋2Δ𝜕𝜕𝜕𝜕 + (1 2)𝑏𝑏𝑏𝑏2(𝑋𝑋𝑋𝑋2Δ𝜕𝜕𝜕𝜕)2⁄ .

𝜕𝜕𝜕𝜕0 = 𝑏𝑏𝑏𝑏0 ; 𝜕𝜕𝜕𝜕1 = 𝑏𝑏𝑏𝑏1 ; 𝜕𝜕𝜕𝜕2 = 𝑏𝑏𝑏𝑏2

(17)

Similarly, substituting Eq. (17) into Eq. (12) and utilizing the results in Eq. (14) and (16), the 

following relations are obtained

𝑋𝑋𝑋𝑋02𝑎𝑎𝑎𝑎00 + 𝑋𝑋𝑋𝑋12𝑎𝑎𝑎𝑎01 + 𝑋𝑋𝑋𝑋22𝑎𝑎𝑎𝑎02 = 0

𝑋𝑋𝑋𝑋02𝑎𝑎𝑎𝑎10 + 𝑋𝑋𝑋𝑋12𝑎𝑎𝑎𝑎11 + 𝑋𝑋𝑋𝑋22𝑎𝑎𝑎𝑎12 = 0

𝑋𝑋𝑋𝑋02𝑎𝑎𝑎𝑎20 + 𝑋𝑋𝑋𝑋12𝑎𝑎𝑎𝑎21 + 𝑋𝑋𝑋𝑋22𝑎𝑎𝑎𝑎22 = 2 .

(18)

Eq. (14), (16) and (18) can be summarized in a matrix form as follows

�
1 1 1
𝑋𝑋𝑋𝑋0 𝑋𝑋𝑋𝑋1 𝑋𝑋𝑋𝑋2
𝑋𝑋𝑋𝑋02 𝑋𝑋𝑋𝑋12 𝑋𝑋𝑋𝑋22

� �
𝑎𝑎𝑎𝑎00 𝑎𝑎𝑎𝑎10 𝑎𝑎𝑎𝑎20
𝑎𝑎𝑎𝑎01 𝑎𝑎𝑎𝑎11 𝑎𝑎𝑎𝑎21
𝑎𝑎𝑎𝑎02 𝑎𝑎𝑎𝑎12 𝑎𝑎𝑎𝑎22

� = �
1

1
2
�

or [𝑉𝑉𝑉𝑉3][𝐴𝐴𝐴𝐴3] = [E3] .

(19)

A generalized form of Eq. (19) is Eq. (8). It is worth noting that the Vandermonde matrix 

[𝑉𝑉𝑉𝑉𝑛𝑛𝑛𝑛] will become different by choosing a different origin x0. In the above example, if the 

origin is chosen as a central point of the approximation (i.e. 𝜕𝜕𝜕𝜕0 = 𝜕𝜕𝜕𝜕𝑘𝑘𝑘𝑘), then [X0, X1, X2] =

[1,0,−1]. Substituting this to Eq. (19), the coefficient matrix (i.e. [A3]) is obtained that 

corresponds to the central difference. If the origin is shifted to the first point of the 

approximation (i.e. 𝜕𝜕𝜕𝜕0 = 𝜕𝜕𝜕𝜕𝑘𝑘𝑘𝑘−1), then [X0, X1, X2] = [2,1,0]. Substituting this into Eq. (19),

the resulting coefficient matrix corresponds to a forward difference. Also, if the origin is 

shifted to the last point of the approximation (i.e. 𝜕𝜕𝜕𝜕0 = 𝜕𝜕𝜕𝜕𝑘𝑘𝑘𝑘+1 ), then  [X0, X1, X2] =

[0,−1,−2]. Similarly, this provides the coefficient matrix that corresponds to a backward 
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(18)

Eq. (14), (16) and (18) can be summarized in a matrix form 
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(18)

Eq. (14), (16) and (18) can be summarized in a matrix form as follows
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or [𝑉𝑉𝑉𝑉3][𝐴𝐴𝐴𝐴3] = [E3] .

(19)

A generalized form of Eq. (19) is Eq. (8). It is worth noting that the Vandermonde matrix 

[𝑉𝑉𝑉𝑉𝑛𝑛𝑛𝑛] will become different by choosing a different origin x0. In the above example, if the 

origin is chosen as a central point of the approximation (i.e. 𝜕𝜕𝜕𝜕0 = 𝜕𝜕𝜕𝜕𝑘𝑘𝑘𝑘), then [X0, X1, X2] =

[1,0,−1]. Substituting this to Eq. (19), the coefficient matrix (i.e. [A3]) is obtained that 

corresponds to the central difference. If the origin is shifted to the first point of the 

approximation (i.e. 𝜕𝜕𝜕𝜕0 = 𝜕𝜕𝜕𝜕𝑘𝑘𝑘𝑘−1), then [X0, X1, X2] = [2,1,0]. Substituting this into Eq. (19),

the resulting coefficient matrix corresponds to a forward difference. Also, if the origin is 

shifted to the last point of the approximation (i.e. 𝜕𝜕𝜕𝜕0 = 𝜕𝜕𝜕𝜕𝑘𝑘𝑘𝑘+1 ), then  [X0, X1, X2] =

[0,−1,−2]. Similarly, this provides the coefficient matrix that corresponds to a backward 
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(19)

A generalized form of Eq. (19) is Eq. (8). It is worth noting 

that the Vandermonde matrix [Vn] will become different by 

choosing a different origin x0. In the above example, if the 

origin is chosen as a central point of the approximation 

(i.e. x0=xk), then [X0,X1,X2]=[1, 0, -1]. Substituting this to 

Eq. (19), the coefficient matrix (i.e. [A3]) is obtained that 

corresponds to the central difference. If the origin is shifted 

to the first point of the approximation (i.e. x0=xk-1), then 

[X0,X1,X2]=[2,1,0]. Substituting this into Eq. (19), the resulting 

coefficient matrix corresponds to a forward difference. Also, 

if the origin is shifted to the last point of the approximation 

(i.e. x0=xk+1), then [X0,X1,X2]=[0,-1,-2]. Similarly, this provides 

the coefficient matrix that corresponds to a backward 

difference scheme.

By including two, four, six, eight or ten nodes to 

approximate mth derivation of the PDF P at a central point x0 

in the response domain and using the generalized difference 

discretization scheme proposed above, coefficients of the 

2nd, 4th, 6th, 8th or 10th order central difference discretization 

were obtained (see Table 1). A similar approach was 

applied to obtain recurrence equations in terms of discrete 

displacements at n time stations to direct time integration of 

dynamic equation of motion [17].

3.  Application of Generalized Difference Dis-
cretization in FDM to Solve FPK Equations

3.1 Linear Random Oscillator System: Exact Solution

Without loss of generality, here a two-dimensional linear 

random oscillator system is taken as an example [5]. A 

stochastic dynamic system with single degree of freedom is 

expressed as

difference scheme.

By including two, four, six, eight or ten nodes to approximate mth derivation of the 

PDF P at a central point x0 in the response domain and using the generalized difference 

discretization scheme proposed above, coefficients of the 2nd, 4th, 6th, 8th or 10th order central 

difference discretization were obtained (see Table 1). A similar approach was applied to 

obtain recurrence equations in terms of discrete displacements at n time stations to direct time 

integration of dynamic equation of motion [17].

Table 1 Coefficients of approximation determined by generalized difference scheme

Order 
of 
FDM

Order 
of 
Derivative

Node
i+5

Node
i+4

Node
i+3

Node
i+2

Node
i+1

Node
i

Node
i-1

Node
i-2

Node
i-3

Node
i-4

Node
i-5

2nd P1 0.5000 0 -0.5000
P2 1 -2 1

4th P1 -0.0833 0.6667 0 -0.6667 0.0833
P2 -0.0833 1.3333 -2.500 1.3333 -0.0833

6th P1 0.0167 -0.1500 0.7500 0 -0.7500 0.1500 -0.0167
P2 0.0111 -0.1500 1.500 -2.7222 1.5000 -0.1500 0.0111

8th P1 -0.0036 0.0381 -0.2000 0.8000 0 -0.8000 0.2000 -0.0381 0.0036
P2 -0.0018 0.0254 -0.2000 1.6000 -2.8472 1.6000 -0.2000 0.0254 -0.0018

10th P1 0.0008 -0.0099 0.0595 -0.2381 0.8333 0 -0.8333 0.2381 -0.0595 0.0099 -0.0008
P2 0.0003 -0.0050 0.0397 -0.2381 1.6667 -2.9272 1.6667 -0.2381 0.0397 -0.0050 0.0003

3. Application of Generalized Difference Discretization in FDM to Solve FPK Equations

3.1 Linear Random Oscillator System: Exact Solution

Without loss of generality, here a two-dimensional linear random oscillator system is taken as 

an example [5]. A stochastic dynamic system with single degree of freedom is expressed as

ẍ +  𝛾𝛾𝛾𝛾ẋ + 𝜅𝜅𝜅𝜅x = √2𝜎𝜎𝜎𝜎𝜂𝜂𝜂𝜂(𝑡𝑡𝑡𝑡) , (20)

where x is displacement, ẋ is velocity, ẍ is acceleration, 𝛾𝛾𝛾𝛾 is the damping coefficient, 𝜅𝜅𝜅𝜅

is the stiffness factor, √2𝜎𝜎𝜎𝜎𝜂𝜂𝜂𝜂(𝑡𝑡𝑡𝑡) is the external excitation of the motion. Parameter 𝛾𝛾𝛾𝛾 is set 

to be 2.1, 𝜎𝜎𝜎𝜎 is 0.8, and 𝜅𝜅𝜅𝜅 is 1. Let x1 denote the displacement and x2 denote the velocity, 

Eq. (20) can be changed into,

9 

, (20)

where x is displacement, 

difference scheme.

By including two, four, six, eight or ten nodes to approximate mth derivation of the 

PDF P at a central point x0 in the response domain and using the generalized difference 

discretization scheme proposed above, coefficients of the 2nd, 4th, 6th, 8th or 10th order central 

difference discretization were obtained (see Table 1). A similar approach was applied to 

obtain recurrence equations in terms of discrete displacements at n time stations to direct time 

integration of dynamic equation of motion [17].
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 is velocity, 

difference scheme.

By including two, four, six, eight or ten nodes to approximate mth derivation of the 

PDF P at a central point x0 in the response domain and using the generalized difference 

discretization scheme proposed above, coefficients of the 2nd, 4th, 6th, 8th or 10th order central 

difference discretization were obtained (see Table 1). A similar approach was applied to 

obtain recurrence equations in terms of discrete displacements at n time stations to direct time 

integration of dynamic equation of motion [17].

Table 1 Coefficients of approximation determined by generalized difference scheme

Order 
of 
FDM

Order 
of 
Derivative

Node
i+5

Node
i+4

Node
i+3

Node
i+2

Node
i+1

Node
i

Node
i-1

Node
i-2

Node
i-3

Node
i-4

Node
i-5

2nd P1 0.5000 0 -0.5000
P2 1 -2 1

4th P1 -0.0833 0.6667 0 -0.6667 0.0833
P2 -0.0833 1.3333 -2.500 1.3333 -0.0833

6th P1 0.0167 -0.1500 0.7500 0 -0.7500 0.1500 -0.0167
P2 0.0111 -0.1500 1.500 -2.7222 1.5000 -0.1500 0.0111

8th P1 -0.0036 0.0381 -0.2000 0.8000 0 -0.8000 0.2000 -0.0381 0.0036
P2 -0.0018 0.0254 -0.2000 1.6000 -2.8472 1.6000 -0.2000 0.0254 -0.0018

10th P1 0.0008 -0.0099 0.0595 -0.2381 0.8333 0 -0.8333 0.2381 -0.0595 0.0099 -0.0008
P2 0.0003 -0.0050 0.0397 -0.2381 1.6667 -2.9272 1.6667 -0.2381 0.0397 -0.0050 0.0003
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3.1 Linear Random Oscillator System: Exact Solution
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to be 2.1, 𝜎𝜎𝜎𝜎 is 0.8, and 𝜅𝜅𝜅𝜅 is 1. Let x1 denote the displacement and x2 denote the velocity, 

Eq. (20) can be changed into,
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 is acceleration, γ is 

the damping coefficient, κ is the stiffness factor, 

difference scheme.

By including two, four, six, eight or ten nodes to approximate mth derivation of the 

PDF P at a central point x0 in the response domain and using the generalized difference 

discretization scheme proposed above, coefficients of the 2nd, 4th, 6th, 8th or 10th order central 

difference discretization were obtained (see Table 1). A similar approach was applied to 

obtain recurrence equations in terms of discrete displacements at n time stations to direct time 

integration of dynamic equation of motion [17].
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3. Application of Generalized Difference Discretization in FDM to Solve FPK Equations

3.1 Linear Random Oscillator System: Exact Solution

Without loss of generality, here a two-dimensional linear random oscillator system is taken as 

an example [5]. A stochastic dynamic system with single degree of freedom is expressed as

ẍ +  𝛾𝛾𝛾𝛾ẋ + 𝜅𝜅𝜅𝜅x = √2𝜎𝜎𝜎𝜎𝜂𝜂𝜂𝜂(𝑡𝑡𝑡𝑡) , (20)

where x is displacement, ẋ is velocity, ẍ is acceleration, 𝛾𝛾𝛾𝛾 is the damping coefficient, 𝜅𝜅𝜅𝜅

is the stiffness factor, √2𝜎𝜎𝜎𝜎𝜂𝜂𝜂𝜂(𝑡𝑡𝑡𝑡) is the external excitation of the motion. Parameter 𝛾𝛾𝛾𝛾 is set 

to be 2.1, 𝜎𝜎𝜎𝜎 is 0.8, and 𝜅𝜅𝜅𝜅 is 1. Let x1 denote the displacement and x2 denote the velocity, 

Eq. (20) can be changed into,

9 

 is 

the external excitation of the motion. Parameter γ is set to be 

2.1, σ is 0.8, and κ is 1. Let x1 denote the displacement and x2 

denote the velocity, Eq. (20) can be changed into,

ẋ1 =  x2 (21)

ẋ2 =  −𝛾𝛾𝛾𝛾x2 − 𝜅𝜅𝜅𝜅x1 + √2𝜎𝜎𝜎𝜎𝜂𝜂𝜂𝜂(𝑡𝑡𝑡𝑡) .  

Thus, 𝑿𝑿𝑿𝑿𝒕𝒕𝒕𝒕 = (x1, x2 )T is a Markov process. The associated FPK equation governing the PDF

𝜕𝜕𝜕𝜕 can be derived (See Appendix):

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑡𝑡𝑡𝑡

= 0.8 𝜕𝜕𝜕𝜕2𝜕𝜕𝜕𝜕
∂x22

− 𝜕𝜕𝜕𝜕
∂x1

[x2𝜕𝜕𝜕𝜕] + 𝜕𝜕𝜕𝜕
∂x2

[(2.1x2 + x1)𝜕𝜕𝜕𝜕] . (22)

The transient exact solution of this FPK equation can be found from reference [20].

𝜕𝜕𝜕𝜕𝑒𝑒𝑒𝑒𝑥𝑥𝑥𝑥𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑡𝑡𝑡𝑡 = eγt exp�−a(ξ−ξ0)2+2h(ξ−ξ0)(η−η0)+b(η−η0)2�/2Δ
2πΔ1/2 , (23)

where

ξ = (x1µ1 − x2)exp (−µ2t), η = (x1µ2 − x2)exp (−µ1t),

ξ0 = (x1)0µ1 − (x2)0, η0 = (x1)0µ2 − (x2)0,

a = 2σ� exp(−2µ1t) dt =
σ
µ1

t

0
[1 − exp(−2µ1t)],
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−2σ

(µ1 + µ2)

t

0
[1 − exp(−(µ1 + µ2)t)],
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(21)

Thus, Xt = (x1,x2)T is a Markov process. The associated 

FPK equation governing the PDF P can be derived (See 
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The transient exact solution of this FPK equation can be found from reference [20].
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−2σ

(µ1 + µ2)

t

0
[1 − exp(−(µ1 + µ2)t)],

Δ = ab − h2,
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ẋ1 =  x2 (21)
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The transient exact solution of this FPK equation can be found from reference [20].
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where
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ẋ1 =  x2 (21)
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Thus, 𝑿𝑿𝑿𝑿𝒕𝒕𝒕𝒕 = (x1, x2 )T is a Markov process. The associated FPK equation governing the PDF

𝜕𝜕𝜕𝜕 can be derived (See Appendix):
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∂x2

[(2.1x2 + x1)𝜕𝜕𝜕𝜕] . (22)

The transient exact solution of this FPK equation can be found from reference [20].

𝜕𝜕𝜕𝜕𝑒𝑒𝑒𝑒𝑥𝑥𝑥𝑥𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑡𝑡𝑡𝑡 = eγt exp�−a(ξ−ξ0)2+2h(ξ−ξ0)(η−η0)+b(η−η0)2�/2Δ
2πΔ1/2 , (23)

where

ξ = (x1µ1 − x2)exp (−µ2t), η = (x1µ2 − x2)exp (−µ1t),

ξ0 = (x1)0µ1 − (x2)0, η0 = (x1)0µ2 − (x2)0,

a = 2σ� exp(−2µ1t) dt =
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t
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b = 2σ� exp(−2µ2t) dt =
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µ2
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[1 − exp(−2µ2t)],

h = −2σ� exp[−(µ1 + µ2)t] dt =
−2σ
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ẋ1 =  x2 (21)

ẋ2 =  −𝛾𝛾𝛾𝛾x2 − 𝜅𝜅𝜅𝜅x1 + √2𝜎𝜎𝜎𝜎𝜂𝜂𝜂𝜂(𝑡𝑡𝑡𝑡) .  

Thus, 𝑿𝑿𝑿𝑿𝒕𝒕𝒕𝒕 = (x1, x2 )T is a Markov process. The associated FPK equation governing the PDF

𝜕𝜕𝜕𝜕 can be derived (See Appendix):

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑡𝑡𝑡𝑡

= 0.8 𝜕𝜕𝜕𝜕2𝜕𝜕𝜕𝜕
∂x22

− 𝜕𝜕𝜕𝜕
∂x1

[x2𝜕𝜕𝜕𝜕] + 𝜕𝜕𝜕𝜕
∂x2

[(2.1x2 + x1)𝜕𝜕𝜕𝜕] . (22)

The transient exact solution of this FPK equation can be found from reference [20].

𝜕𝜕𝜕𝜕𝑒𝑒𝑒𝑒𝑥𝑥𝑥𝑥𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑡𝑡𝑡𝑡 = eγt exp�−a(ξ−ξ0)2+2h(ξ−ξ0)(η−η0)+b(η−η0)2�/2Δ
2πΔ1/2 , (23)

where
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ξ0 = (x1)0µ1 − (x2)0, η0 = (x1)0µ2 − (x2)0,

a = 2σ� exp(−2µ1t) dt =
σ
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t

0
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b = 2σ� exp(−2µ2t) dt =
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t

0
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h = −2σ� exp[−(µ1 + µ2)t] dt =
−2σ
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0
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Δ = ab − h2,
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−
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ẋ1 =  x2 (21)

ẋ2 =  −𝛾𝛾𝛾𝛾x2 − 𝜅𝜅𝜅𝜅x1 + √2𝜎𝜎𝜎𝜎𝜂𝜂𝜂𝜂(𝑡𝑡𝑡𝑡) .  

Thus, 𝑿𝑿𝑿𝑿𝒕𝒕𝒕𝒕 = (x1, x2 )T is a Markov process. The associated FPK equation governing the PDF

𝜕𝜕𝜕𝜕 can be derived (See Appendix):

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑡𝑡𝑡𝑡

= 0.8 𝜕𝜕𝜕𝜕2𝜕𝜕𝜕𝜕
∂x22
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∂x1

[x2𝜕𝜕𝜕𝜕] + 𝜕𝜕𝜕𝜕
∂x2

[(2.1x2 + x1)𝜕𝜕𝜕𝜕] . (22)

The transient exact solution of this FPK equation can be found from reference [20].

𝜕𝜕𝜕𝜕𝑒𝑒𝑒𝑒𝑥𝑥𝑥𝑥𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑡𝑡𝑡𝑡 = eγt exp�−a(ξ−ξ0)2+2h(ξ−ξ0)(η−η0)+b(η−η0)2�/2Δ
2πΔ1/2 , (23)

where
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ξ0 = (x1)0µ1 − (x2)0, η0 = (x1)0µ2 − (x2)0,
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t
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Table 1. Coefficients of approximation determined by generalized difference scheme

27 

Originals of tables used in the text (each on a separate sheet). 

Table 1 Coefficients of approximation determined by generalized difference scheme 

Order 
of 

FDM 

Order 
of 

Derivative 

Node 
i+5 

Node 
i+4 

Node 
i+3 

Node 
i+2 

Node 
i+1 

Node 
i 

Node 
i-1 

Node 
i-2 

Node 
i-3 

Node 
i-4 

Node 
i-5 

2nd 
 

P1     0.5000 0 -0.5000     
P2     1 -2 1     

4th 
 

P1    -0.0833 0.6667 0 -0.6667 0.0833    
P2    -0.0833 1.3333 -2.500 1.3333 -0.0833    

6th 
 

P1   0.0167 -0.1500 0.7500 0 -0.7500 0.1500 -0.0167   
P2   0.0111 -0.1500 1.500 -2.7222 1.5000 -0.1500 0.0111   

8th 
 

P1  -0.0036 0.0381 -0.2000 0.8000 0 -0.8000 0.2000 -0.0381 0.0036  
P2  -0.0018 0.0254 -0.2000 1.6000 -2.8472 1.6000 -0.2000 0.0254 -0.0018  

10th 
 

P1 0.0008 -0.0099 0.0595 -0.2381 0.8333 0 -0.8333 0.2381 -0.0595 0.0099 -0.0008
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μ2=-1.3702. ξ0 and η0 are related with the initial condition. 

When t=0, the center for the distribution of probability 

density is (x1)0=5, (x2)0=0. Therefore, ξ0 is -3.6492,η0 is -6.8508.
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Figure 1, node 𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗 was approximated by 𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖−𝑘𝑘𝑘𝑘,𝑗𝑗𝑗𝑗, … ,𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗, … ,𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖+𝑘𝑘𝑘𝑘,𝑗𝑗𝑗𝑗 and 

𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗−𝑘𝑘𝑘𝑘, … ,𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗, … ,𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗+𝑘𝑘𝑘𝑘 in x1 and x2 dimension, respectively.

 

Figure 1 Approximation of P(i,j) using Generalized Central difference

The coefficients of each term for a certain order approximation of derivatives  𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕/𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 and 

(𝜕𝜕𝜕𝜕2𝜕𝜕𝜕𝜕)/(𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2 ) were obtained by following the generalized discretization scheme proposed in 

the previous chapter. Coefficients 𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖−𝑘𝑘𝑘𝑘, … ,𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖, … ,𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖+𝑘𝑘𝑘𝑘 and 𝑏𝑏𝑏𝑏𝑖𝑖𝑖𝑖−𝑘𝑘𝑘𝑘, … , 𝑏𝑏𝑏𝑏𝑖𝑖𝑖𝑖, … , 𝑏𝑏𝑏𝑏𝑖𝑖𝑖𝑖+𝑘𝑘𝑘𝑘 correspond 

to 𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖−𝑘𝑘𝑘𝑘, … ,𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖 , … ,𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖+𝑘𝑘𝑘𝑘 terms, combining together to approximate the first derivative P1 and 

the second derivative P2, respectively. For different order of FDM, values of these 

coefficients can be found in Table 1.

11 

.
(26)

While in the response domain, the generalized central 

difference was applied. As shown in Fig. 1, node Pi,j was 

approximated by Pi-k,j,…,Pi,j,…,Pi+k,j and Pi,j-k,…,Pi,j,…,Pi,j+k in x1 

and x2 dimension, respectively.

The coefficients of each term for a certain order 

approximation of derivatives ∂P/∂x and (∂2P)/(∂x2) were 

obtained by following the generalized discretization scheme 

proposed in the previous chapter. Coefficients ai-k,…, ai,…, 

ai+k and bi-k,…, bi,…, bi+k correspond to pi-k,…, pi,…, pi+k terms, 

combining together to approximate the first derivative P1 

and the second derivative P2, respectively. For different order 

of FDM, values of these coefficients can be found in Table 1. 

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

=
𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖−𝑘𝑘𝑘𝑘𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖−𝑘𝑘𝑘𝑘 + ⋯+ 𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖−1𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖−1+𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖 + 𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖+1𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖+1 + ⋯+ 𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖+𝑘𝑘𝑘𝑘𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖+𝑘𝑘𝑘𝑘

𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕
, (25)

𝜕𝜕𝜕𝜕2𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑥𝑥𝑥𝑥2

= 𝑏𝑏𝑏𝑏𝑖𝑖𝑖𝑖−𝑘𝑘𝑘𝑘𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖−𝑘𝑘𝑘𝑘+⋯+𝑏𝑏𝑏𝑏𝑖𝑖𝑖𝑖−1𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖−1+𝑏𝑏𝑏𝑏𝑖𝑖𝑖𝑖𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖+𝑏𝑏𝑏𝑏𝑖𝑖𝑖𝑖+1𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖+1+⋯+𝑏𝑏𝑏𝑏𝑖𝑖𝑖𝑖+𝑘𝑘𝑘𝑘𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖+𝑘𝑘𝑘𝑘
𝑑𝑑𝑑𝑑𝑥𝑥𝑥𝑥2

. (26)

For the FDM analysis, Crank-Nicolson method was used that is implicit and unconditionally stable.

𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗𝑛𝑛𝑛𝑛+1−𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗𝑛𝑛𝑛𝑛

𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡
=

𝐹𝐹𝐹𝐹𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗
𝑛𝑛𝑛𝑛+𝐹𝐹𝐹𝐹𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗

𝑛𝑛𝑛𝑛+1

2
. (27)

In this equation, n refers to the previous time step and (n+1) refers to the next time step. And for the specific 

FPK Eq. (48) governing the stochastic dynamic system in Eq. (20), 𝐹𝐹𝐹𝐹𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗 is expressed as

𝐹𝐹𝐹𝐹𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗 = −𝜕𝜕𝜕𝜕2𝑗𝑗𝑗𝑗
𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖−𝑘𝑘𝑘𝑘𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖−𝑘𝑘𝑘𝑘,𝑗𝑗𝑗𝑗 + ⋯+ 𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖−1𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖−1,𝑗𝑗𝑗𝑗+𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗 + 𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖+1𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖+1,𝑗𝑗𝑗𝑗 + ⋯+ 𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖+𝑘𝑘𝑘𝑘𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖+𝑘𝑘𝑘𝑘,𝑗𝑗𝑗𝑗

𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕1
+  𝛾𝛾𝛾𝛾𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗

+ �𝜅𝜅𝜅𝜅𝜕𝜕𝜕𝜕1i

+ 𝛾𝛾𝛾𝛾𝜕𝜕𝜕𝜕2j�
𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖−𝑘𝑘𝑘𝑘𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗−𝑘𝑘𝑘𝑘 + ⋯+ 𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖−1𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗−1+𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗 + 𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖+1𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗+1 + ⋯+ 𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖+𝑘𝑘𝑘𝑘𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗+𝑘𝑘𝑘𝑘

𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕2

+  𝜎𝜎𝜎𝜎
𝑏𝑏𝑏𝑏𝑖𝑖𝑖𝑖−𝑘𝑘𝑘𝑘𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗−𝑘𝑘𝑘𝑘 + ⋯+ 𝑏𝑏𝑏𝑏𝑖𝑖𝑖𝑖−1𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗−1+𝑏𝑏𝑏𝑏𝑖𝑖𝑖𝑖𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗 + 𝑏𝑏𝑏𝑏𝑖𝑖𝑖𝑖+1𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗+1 + ⋯+ 𝑏𝑏𝑏𝑏𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖+𝑘𝑘𝑘𝑘𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗+𝑘𝑘𝑘𝑘

𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕22

(28)

By changing the linear system equations into a matrix form, it can be expressed as

[𝑨𝑨𝑨𝑨]{𝜕𝜕𝜕𝜕𝑛𝑛𝑛𝑛+1} = [𝑩𝑩𝑩𝑩]{𝜕𝜕𝜕𝜕𝑛𝑛𝑛𝑛} , (29)

where [𝑨𝑨𝑨𝑨] and [𝑩𝑩𝑩𝑩] are two large-scale sparse matrices that consist of a diagonal band and a 

series of distributed bands on each side of the diagonal band. As the higher order of FDM 

increases, the width of diagonal band and the number of distributed bands on each side will

increase. To solve a linear system of equations with a large-scale sparse matrix like Eq. (29),

an iteration method is efficient. In this paper, the successive over-relaxation (SCR) iteration 

method [21], which can give fast convergence in solving the linear system of equations with 

the appropriate choice of relaxation factor, was used here to solve Eq. (29). The Compressed 

Row Storage (CRS) method [21] was applied to store the sparse matrices [𝑨𝑨𝑨𝑨] and [𝑩𝑩𝑩𝑩] in 

order to save memory. Codes were implemented in Intel Visual Fortran instead of MATLAB 

for a faster computational speed.

12 

,
(27)

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

=
𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖−𝑘𝑘𝑘𝑘𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖−𝑘𝑘𝑘𝑘 + ⋯+ 𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖−1𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖−1+𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖 + 𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖+1𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖+1 + ⋯+ 𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖+𝑘𝑘𝑘𝑘𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖+𝑘𝑘𝑘𝑘

𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕
, (25)

𝜕𝜕𝜕𝜕2𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑥𝑥𝑥𝑥2

= 𝑏𝑏𝑏𝑏𝑖𝑖𝑖𝑖−𝑘𝑘𝑘𝑘𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖−𝑘𝑘𝑘𝑘+⋯+𝑏𝑏𝑏𝑏𝑖𝑖𝑖𝑖−1𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖−1+𝑏𝑏𝑏𝑏𝑖𝑖𝑖𝑖𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖+𝑏𝑏𝑏𝑏𝑖𝑖𝑖𝑖+1𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖+1+⋯+𝑏𝑏𝑏𝑏𝑖𝑖𝑖𝑖+𝑘𝑘𝑘𝑘𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖+𝑘𝑘𝑘𝑘
𝑑𝑑𝑑𝑑𝑥𝑥𝑥𝑥2

. (26)

For the FDM analysis, Crank-Nicolson method was used that is implicit and unconditionally stable.

𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗𝑛𝑛𝑛𝑛+1−𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗𝑛𝑛𝑛𝑛

𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡
=

𝐹𝐹𝐹𝐹𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗
𝑛𝑛𝑛𝑛+𝐹𝐹𝐹𝐹𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗

𝑛𝑛𝑛𝑛+1

2
. (27)

In this equation, n refers to the previous time step and (n+1) refers to the next time step. And for the specific 

FPK Eq. (48) governing the stochastic dynamic system in Eq. (20), 𝐹𝐹𝐹𝐹𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗 is expressed as

𝐹𝐹𝐹𝐹𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗 = −𝜕𝜕𝜕𝜕2𝑗𝑗𝑗𝑗
𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖−𝑘𝑘𝑘𝑘𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖−𝑘𝑘𝑘𝑘,𝑗𝑗𝑗𝑗 + ⋯+ 𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖−1𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖−1,𝑗𝑗𝑗𝑗+𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗 + 𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖+1𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖+1,𝑗𝑗𝑗𝑗 + ⋯+ 𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖+𝑘𝑘𝑘𝑘𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖+𝑘𝑘𝑘𝑘,𝑗𝑗𝑗𝑗

𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕1
+  𝛾𝛾𝛾𝛾𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗

+ �𝜅𝜅𝜅𝜅𝜕𝜕𝜕𝜕1i

+ 𝛾𝛾𝛾𝛾𝜕𝜕𝜕𝜕2j�
𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖−𝑘𝑘𝑘𝑘𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗−𝑘𝑘𝑘𝑘 + ⋯+ 𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖−1𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗−1+𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗 + 𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖+1𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗+1 + ⋯+ 𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖+𝑘𝑘𝑘𝑘𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗+𝑘𝑘𝑘𝑘

𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕2

+  𝜎𝜎𝜎𝜎
𝑏𝑏𝑏𝑏𝑖𝑖𝑖𝑖−𝑘𝑘𝑘𝑘𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗−𝑘𝑘𝑘𝑘 + ⋯+ 𝑏𝑏𝑏𝑏𝑖𝑖𝑖𝑖−1𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗−1+𝑏𝑏𝑏𝑏𝑖𝑖𝑖𝑖𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗 + 𝑏𝑏𝑏𝑏𝑖𝑖𝑖𝑖+1𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗+1 + ⋯+ 𝑏𝑏𝑏𝑏𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖+𝑘𝑘𝑘𝑘𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗+𝑘𝑘𝑘𝑘

𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕22

(28)

By changing the linear system equations into a matrix form, it can be expressed as

[𝑨𝑨𝑨𝑨]{𝜕𝜕𝜕𝜕𝑛𝑛𝑛𝑛+1} = [𝑩𝑩𝑩𝑩]{𝜕𝜕𝜕𝜕𝑛𝑛𝑛𝑛} , (29)

where [𝑨𝑨𝑨𝑨] and [𝑩𝑩𝑩𝑩] are two large-scale sparse matrices that consist of a diagonal band and a 

series of distributed bands on each side of the diagonal band. As the higher order of FDM 

increases, the width of diagonal band and the number of distributed bands on each side will

increase. To solve a linear system of equations with a large-scale sparse matrix like Eq. (29),

an iteration method is efficient. In this paper, the successive over-relaxation (SCR) iteration 

method [21], which can give fast convergence in solving the linear system of equations with 

the appropriate choice of relaxation factor, was used here to solve Eq. (29). The Compressed 

Row Storage (CRS) method [21] was applied to store the sparse matrices [𝑨𝑨𝑨𝑨] and [𝑩𝑩𝑩𝑩] in 

order to save memory. Codes were implemented in Intel Visual Fortran instead of MATLAB 

for a faster computational speed.

12 

.
(28)

For the FDM analysis, Crank-Nicolson method was used 

that is implicit and unconditionally stable.

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

=
𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖−𝑘𝑘𝑘𝑘𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖−𝑘𝑘𝑘𝑘 + ⋯+ 𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖−1𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖−1+𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖 + 𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖+1𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖+1 + ⋯+ 𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖+𝑘𝑘𝑘𝑘𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖+𝑘𝑘𝑘𝑘

𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕
, (25)

𝜕𝜕𝜕𝜕2𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑥𝑥𝑥𝑥2

= 𝑏𝑏𝑏𝑏𝑖𝑖𝑖𝑖−𝑘𝑘𝑘𝑘𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖−𝑘𝑘𝑘𝑘+⋯+𝑏𝑏𝑏𝑏𝑖𝑖𝑖𝑖−1𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖−1+𝑏𝑏𝑏𝑏𝑖𝑖𝑖𝑖𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖+𝑏𝑏𝑏𝑏𝑖𝑖𝑖𝑖+1𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖+1+⋯+𝑏𝑏𝑏𝑏𝑖𝑖𝑖𝑖+𝑘𝑘𝑘𝑘𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖+𝑘𝑘𝑘𝑘
𝑑𝑑𝑑𝑑𝑥𝑥𝑥𝑥2

. (26)

For the FDM analysis, Crank-Nicolson method was used that is implicit and unconditionally stable.

𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗𝑛𝑛𝑛𝑛+1−𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗𝑛𝑛𝑛𝑛

𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡
=

𝐹𝐹𝐹𝐹𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗
𝑛𝑛𝑛𝑛+𝐹𝐹𝐹𝐹𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗

𝑛𝑛𝑛𝑛+1

2
. (27)

In this equation, n refers to the previous time step and (n+1) refers to the next time step. And for the specific 

FPK Eq. (48) governing the stochastic dynamic system in Eq. (20), 𝐹𝐹𝐹𝐹𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗 is expressed as

𝐹𝐹𝐹𝐹𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗 = −𝜕𝜕𝜕𝜕2𝑗𝑗𝑗𝑗
𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖−𝑘𝑘𝑘𝑘𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖−𝑘𝑘𝑘𝑘,𝑗𝑗𝑗𝑗 + ⋯+ 𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖−1𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖−1,𝑗𝑗𝑗𝑗+𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗 + 𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖+1𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖+1,𝑗𝑗𝑗𝑗 + ⋯+ 𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖+𝑘𝑘𝑘𝑘𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖+𝑘𝑘𝑘𝑘,𝑗𝑗𝑗𝑗

𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕1
+  𝛾𝛾𝛾𝛾𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗

+ �𝜅𝜅𝜅𝜅𝜕𝜕𝜕𝜕1i

+ 𝛾𝛾𝛾𝛾𝜕𝜕𝜕𝜕2j�
𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖−𝑘𝑘𝑘𝑘𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗−𝑘𝑘𝑘𝑘 + ⋯+ 𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖−1𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗−1+𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗 + 𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖+1𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗+1 + ⋯+ 𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖+𝑘𝑘𝑘𝑘𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗+𝑘𝑘𝑘𝑘

𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕2

+  𝜎𝜎𝜎𝜎
𝑏𝑏𝑏𝑏𝑖𝑖𝑖𝑖−𝑘𝑘𝑘𝑘𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗−𝑘𝑘𝑘𝑘 + ⋯+ 𝑏𝑏𝑏𝑏𝑖𝑖𝑖𝑖−1𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗−1+𝑏𝑏𝑏𝑏𝑖𝑖𝑖𝑖𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗 + 𝑏𝑏𝑏𝑏𝑖𝑖𝑖𝑖+1𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗+1 + ⋯+ 𝑏𝑏𝑏𝑏𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖+𝑘𝑘𝑘𝑘𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗+𝑘𝑘𝑘𝑘

𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕22

(28)

By changing the linear system equations into a matrix form, it can be expressed as

[𝑨𝑨𝑨𝑨]{𝜕𝜕𝜕𝜕𝑛𝑛𝑛𝑛+1} = [𝑩𝑩𝑩𝑩]{𝜕𝜕𝜕𝜕𝑛𝑛𝑛𝑛} , (29)

where [𝑨𝑨𝑨𝑨] and [𝑩𝑩𝑩𝑩] are two large-scale sparse matrices that consist of a diagonal band and a 

series of distributed bands on each side of the diagonal band. As the higher order of FDM 

increases, the width of diagonal band and the number of distributed bands on each side will

increase. To solve a linear system of equations with a large-scale sparse matrix like Eq. (29),

an iteration method is efficient. In this paper, the successive over-relaxation (SCR) iteration 

method [21], which can give fast convergence in solving the linear system of equations with 

the appropriate choice of relaxation factor, was used here to solve Eq. (29). The Compressed 

Row Storage (CRS) method [21] was applied to store the sparse matrices [𝑨𝑨𝑨𝑨] and [𝑩𝑩𝑩𝑩] in 

order to save memory. Codes were implemented in Intel Visual Fortran instead of MATLAB 

for a faster computational speed.

12 

.
(29)

In this equation, n refers to the previous time step and 

(n+1) refers to the next time step. And for the specific FPK 

Eq. (50) governing the stochastic dynamic system in Eq. (20), 

Fi,j is expressed as

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

=
𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖−𝑘𝑘𝑘𝑘𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖−𝑘𝑘𝑘𝑘 + ⋯+ 𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖−1𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖−1+𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖 + 𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖+1𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖+1 + ⋯+ 𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖+𝑘𝑘𝑘𝑘𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖+𝑘𝑘𝑘𝑘

𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕
, (25)

𝜕𝜕𝜕𝜕2𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑥𝑥𝑥𝑥2

= 𝑏𝑏𝑏𝑏𝑖𝑖𝑖𝑖−𝑘𝑘𝑘𝑘𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖−𝑘𝑘𝑘𝑘+⋯+𝑏𝑏𝑏𝑏𝑖𝑖𝑖𝑖−1𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖−1+𝑏𝑏𝑏𝑏𝑖𝑖𝑖𝑖𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖+𝑏𝑏𝑏𝑏𝑖𝑖𝑖𝑖+1𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖+1+⋯+𝑏𝑏𝑏𝑏𝑖𝑖𝑖𝑖+𝑘𝑘𝑘𝑘𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖+𝑘𝑘𝑘𝑘
𝑑𝑑𝑑𝑑𝑥𝑥𝑥𝑥2

. (26)

For the FDM analysis, Crank-Nicolson method was used that is implicit and unconditionally stable.

𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗𝑛𝑛𝑛𝑛+1−𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗𝑛𝑛𝑛𝑛

𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡
=

𝐹𝐹𝐹𝐹𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗
𝑛𝑛𝑛𝑛+𝐹𝐹𝐹𝐹𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗

𝑛𝑛𝑛𝑛+1

2
. (27)

In this equation, n refers to the previous time step and (n+1) refers to the next time step. And for the specific 

FPK Eq. (48) governing the stochastic dynamic system in Eq. (20), 𝐹𝐹𝐹𝐹𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗 is expressed as

𝐹𝐹𝐹𝐹𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗 = −𝜕𝜕𝜕𝜕2𝑗𝑗𝑗𝑗
𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖−𝑘𝑘𝑘𝑘𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖−𝑘𝑘𝑘𝑘,𝑗𝑗𝑗𝑗 + ⋯+ 𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖−1𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖−1,𝑗𝑗𝑗𝑗+𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗 + 𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖+1𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖+1,𝑗𝑗𝑗𝑗 + ⋯+ 𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖+𝑘𝑘𝑘𝑘𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖+𝑘𝑘𝑘𝑘,𝑗𝑗𝑗𝑗

𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕1
+  𝛾𝛾𝛾𝛾𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗

+ �𝜅𝜅𝜅𝜅𝜕𝜕𝜕𝜕1i

+ 𝛾𝛾𝛾𝛾𝜕𝜕𝜕𝜕2j�
𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖−𝑘𝑘𝑘𝑘𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗−𝑘𝑘𝑘𝑘 + ⋯+ 𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖−1𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗−1+𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗 + 𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖+1𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗+1 + ⋯+ 𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖+𝑘𝑘𝑘𝑘𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗+𝑘𝑘𝑘𝑘

𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕2

+  𝜎𝜎𝜎𝜎
𝑏𝑏𝑏𝑏𝑖𝑖𝑖𝑖−𝑘𝑘𝑘𝑘𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗−𝑘𝑘𝑘𝑘 + ⋯+ 𝑏𝑏𝑏𝑏𝑖𝑖𝑖𝑖−1𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗−1+𝑏𝑏𝑏𝑏𝑖𝑖𝑖𝑖𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗 + 𝑏𝑏𝑏𝑏𝑖𝑖𝑖𝑖+1𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗+1 + ⋯+ 𝑏𝑏𝑏𝑏𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖+𝑘𝑘𝑘𝑘𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗+𝑘𝑘𝑘𝑘

𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕22

(28)

By changing the linear system equations into a matrix form, it can be expressed as

[𝑨𝑨𝑨𝑨]{𝜕𝜕𝜕𝜕𝑛𝑛𝑛𝑛+1} = [𝑩𝑩𝑩𝑩]{𝜕𝜕𝜕𝜕𝑛𝑛𝑛𝑛} , (29)

where [𝑨𝑨𝑨𝑨] and [𝑩𝑩𝑩𝑩] are two large-scale sparse matrices that consist of a diagonal band and a 

series of distributed bands on each side of the diagonal band. As the higher order of FDM 

increases, the width of diagonal band and the number of distributed bands on each side will

increase. To solve a linear system of equations with a large-scale sparse matrix like Eq. (29),

an iteration method is efficient. In this paper, the successive over-relaxation (SCR) iteration 

method [21], which can give fast convergence in solving the linear system of equations with 

the appropriate choice of relaxation factor, was used here to solve Eq. (29). The Compressed 

Row Storage (CRS) method [21] was applied to store the sparse matrices [𝑨𝑨𝑨𝑨] and [𝑩𝑩𝑩𝑩] in 

order to save memory. Codes were implemented in Intel Visual Fortran instead of MATLAB 

for a faster computational speed.
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.

(30)

By changing the linear system equations into a matrix 

form, it can be expressed as

12 

can be found in Table 1.  

 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝑎𝑎𝑖𝑖−𝑘𝑘𝜕𝜕𝑖𝑖−𝑘𝑘 + ⋯ + 𝑎𝑎𝑖𝑖−1𝜕𝜕𝑖𝑖−1+𝑎𝑎𝑖𝑖𝜕𝜕𝑖𝑖 + 𝑎𝑎𝑖𝑖+1𝜕𝜕𝑖𝑖+1 + ⋯ + 𝑎𝑎𝑖𝑖+𝑘𝑘𝜕𝜕𝑖𝑖+𝑘𝑘

𝑑𝑑𝜕𝜕   (25) 

 𝜕𝜕2𝜕𝜕
𝜕𝜕𝜕𝜕2 = 𝑏𝑏𝑖𝑖−𝑘𝑘𝜕𝜕𝑖𝑖−𝑘𝑘 + ⋯ + 𝑏𝑏𝑖𝑖−1𝜕𝜕𝑖𝑖−1+𝑏𝑏𝑖𝑖𝜕𝜕𝑖𝑖 + 𝑏𝑏𝑖𝑖+1𝜕𝜕𝑖𝑖+1 + ⋯ + 𝑏𝑏𝑖𝑖+𝑘𝑘𝜕𝜕𝑖𝑖+𝑘𝑘

𝑑𝑑𝜕𝜕2  (26) 

For the FDM analysis, Crank-Nicolson method was used that is implicit and unconditionally stable. 

 𝜕𝜕𝑖𝑖,𝑗𝑗
𝑛𝑛+1 − 𝜕𝜕𝑖𝑖,𝑗𝑗

𝑛𝑛

𝑑𝑑𝑑𝑑 =
𝐹𝐹𝑖𝑖,𝑗𝑗

𝑛𝑛 + 𝐹𝐹𝑖𝑖,𝑗𝑗
𝑛𝑛+1

2   (27) 

In this equation, n refers to the previous time step and (n+1) refers to the next time step. And for the specific FPK 

Eq. (48) governing the stochastic dynamic system in Eq. (20), 𝐹𝐹𝑖𝑖,𝑗𝑗 is expressed as 

 𝐹𝐹𝑖𝑖,𝑗𝑗 = −𝜕𝜕2𝑗𝑗
𝑎𝑎𝑖𝑖−𝑘𝑘𝜕𝜕𝑖𝑖−𝑘𝑘,𝑗𝑗 + ⋯ + 𝑎𝑎𝑖𝑖−1𝜕𝜕𝑖𝑖−1,𝑗𝑗+𝑎𝑎𝑖𝑖𝜕𝜕𝑖𝑖,𝑗𝑗 + 𝑎𝑎𝑖𝑖+1𝜕𝜕𝑖𝑖+1,𝑗𝑗 + ⋯ + 𝑎𝑎𝑖𝑖+𝑘𝑘𝜕𝜕𝑖𝑖+𝑘𝑘,𝑗𝑗

𝑑𝑑𝜕𝜕1
+  𝛾𝛾𝜕𝜕𝑖𝑖,𝑗𝑗

+ (𝜅𝜅𝜕𝜕1i

+ 𝛾𝛾𝜕𝜕2j)
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𝑑𝑑𝜕𝜕2

+  𝜎𝜎
𝑏𝑏𝑖𝑖−𝑘𝑘𝜕𝜕𝑖𝑖,𝑗𝑗−𝑘𝑘 + ⋯ + 𝑏𝑏𝑖𝑖−1𝜕𝜕𝑖𝑖,𝑗𝑗−1+𝑏𝑏𝑖𝑖𝜕𝜕𝑖𝑖,𝑗𝑗 + 𝑏𝑏𝑖𝑖+1𝜕𝜕𝑖𝑖,𝑗𝑗+1 + ⋯ + 𝑏𝑏𝑎𝑎𝑖𝑖+𝑘𝑘𝜕𝜕𝑖𝑖,𝑗𝑗+𝑘𝑘

𝑑𝑑𝜕𝜕2
2  
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By changing the linear system equations into a matrix form, it can be expressed as 

 [𝑨𝑨]{𝜕𝜕𝑛𝑛+1} = [𝑩𝑩]{𝜕𝜕𝑛𝑛}  (29) 

where [𝑨𝑨] and [𝑩𝑩] are two large-scale sparse matrices that consist of a diagonal band and a 

series of distributed bands on each side of the diagonal band. As the higher order of FDM 

increases, the width of diagonal band and the number of distributed bands on each side will 

increase. To solve a linear system of equations with a large-scale sparse matrix like Eq. (29), 

an iteration method is efficient. In this paper, the successive over-relaxation (SCR) iteration 

method [21], which can give fast convergence in solving the linear system of equations with 

the appropriate choice of relaxation factor, was used here to solve Eq. (29). The Compressed 

Row Storage (CRS) method [21] was applied to store the sparse matrices [𝑨𝑨] and [𝑩𝑩] in 

order to save memory. Codes were implemented in Intel Visual Fortran instead of MATLAB 

, (31)

where [A] and [B] are two large-scale sparse matrices that 

consist of a diagonal band and a series of distributed bands 

on each side of the diagonal band. As the higher order of 

FDM increases, the width of diagonal band and the number 

of distributed bands on each side will increase. To solve a 

linear system of equations with a large-scale sparse matrix 

like Eq. (31), an iteration method is efficient. In this paper, 

the successive over-relaxation (SCR) iteration method [21], 

which can give fast convergence in solving the linear system 

of equations with the appropriate choice of relaxation 

factor, was used here to solve Eq. (31). The Compressed Row 

Storage (CRS) method [21] was applied to store the sparse 

matrices [A] and [B] in order to save memory. Codes were 

implemented in Intel Visual Fortran instead of MATLAB for 

a faster computational speed.

3.3  Comparisons between Generalized FDM, FEM 
and Exact Solution

Here, both generalized FDM with 2nd, 4th, 6th, 8th or 10th 

order central difference scheme and finite element method 

(see ref. [8], [16], [22]) are used to solve the example FPK 

equation. The domain in x1 ranges from –6 to 6 and x2 from –6 

to 6, which is large enough to ensure P outside the domain 

are all zero. For the comparative study, in-house codes for 

FEM was implemented. In the response domain, the grid for 

both FDM and FEM is 60 by 60 (Thus, dx1=dx2=0.2). In the 

3.2 Finite Difference Method to Solve FPK Equations

In this example, for the discretization in finite difference method, a forward difference was 

used in the time domain, which is 

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑡𝑡𝑡𝑡

= 𝜕𝜕𝜕𝜕𝑛𝑛𝑛𝑛+1−𝜕𝜕𝜕𝜕𝑛𝑛𝑛𝑛

𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡
. (24)

While in the response domain, the generalized central difference was applied.  As shown in 

Figure 1, node 𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗 was approximated by 𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖−𝑘𝑘𝑘𝑘,𝑗𝑗𝑗𝑗, … ,𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗, … ,𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖+𝑘𝑘𝑘𝑘,𝑗𝑗𝑗𝑗 and 

𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗−𝑘𝑘𝑘𝑘, … ,𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗, … ,𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗+𝑘𝑘𝑘𝑘 in x1 and x2 dimension, respectively.

 

Figure 1 Approximation of P(i,j) using Generalized Central difference

The coefficients of each term for a certain order approximation of derivatives  𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕/𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 and 

(𝜕𝜕𝜕𝜕2𝜕𝜕𝜕𝜕)/(𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2 ) were obtained by following the generalized discretization scheme proposed in 

the previous chapter. Coefficients 𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖−𝑘𝑘𝑘𝑘, … ,𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖, … ,𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖+𝑘𝑘𝑘𝑘 and 𝑏𝑏𝑏𝑏𝑖𝑖𝑖𝑖−𝑘𝑘𝑘𝑘, … , 𝑏𝑏𝑏𝑏𝑖𝑖𝑖𝑖, … , 𝑏𝑏𝑏𝑏𝑖𝑖𝑖𝑖+𝑘𝑘𝑘𝑘 correspond 

to 𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖−𝑘𝑘𝑘𝑘, … ,𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖 , … ,𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖+𝑘𝑘𝑘𝑘 terms, combining together to approximate the first derivative P1 and 

the second derivative P2, respectively. For different order of FDM, values of these 

coefficients can be found in Table 1.
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time domain, dt is set to be 0.001. The exact solution at time 

t=0.95 sec is chosen as the initial condition for calculations. 

For boundary conditions, P along the boundaries of the 

domain is set to be zero. A typical solution run took only 

one minute with a computer of Intel Core i5 CPU 3.10GHz. 

To ensure that the probability at the end converges to 

the stationary result, total time duration was set to 10.95 

sec. As shown in Fig. 2, evolution of the peak of PDF was 

stabilized from 4 sec to 10.95 sec. The propagation of PDF 

and corresponding contour plot of the PDF are shown in Fig. 

3 and Fig. 4, separately. 

The absolute error of both JPDF and marginal probability 

density function (MPDF) at T=10.95 sec (which are also 

stationary results) are examined following the equations 

below.T=10.95 sec (which are also stationary results) are examined following the equations below.

e(x1, x2) = abs[Pexact(x1, x2) − Pnumerical(x1, x2)], (30)

e(x1) = abs[Pexact(x1)− Pnumerical(x1)], (31)

e(x2) = abs[Pexact(x2) − Pnumerical(x2)]. (32)

Error measures expressed in Eq. (30) to (32) are summarized in Table 2. In Table 2, as the 

order of the finite difference scheme increases from 2 to 10, the increasing accuracy of JPDF 

and MPDF for both x1 and x2 is observed. This proves the ability of using high-order finite 

difference to improve the accuracy. Also, the order of accuracy for FEM is found to be 

approximately equivalent to that for 4th order FDM. In this example, even with more refined 

mesh, the accuracy of FEM was not improved. However, higher order (> 4th) FDM provides 

higher accuracy (up to 10-6 in this example) than FEM. This means that high accuracy was 

achievable by FDM but FEM does not. The x1 and x2 marginal probability density of 

stationary result (T=10.95 sec) by different order of FDM are compared with the exact 

solution and FEM as shown in Figure 5. Figure 5 indicates that errors are concentrated at the 

peak and slope-increasing tail part of the marginal PDF of both 𝐱𝐱𝟏𝟏 and 𝐱𝐱𝟐𝟐.  Along the 

slope-increasing tail part, errors for 𝐱𝐱𝟐𝟐 (velocity) were shown to be larger than 𝐱𝐱𝟏𝟏

(displacement).  The accuracy of FEM result is between 2nd order and 4th order FDM.

Table 2 Comparison of results from FDM with different orders of discretization and FEM

Scheme Max absolute error
for JPDF

Max absolute error
for x1 MPDF

Max absolute error
for x2 MPDF

2nd order FDM 3.8218  10-2 1.9580 10-1 1.0820  10-1

4th order FDM 1.2062  10-3 5.4000  10-3 3.6000  10-3

6th order FDM 1.0272  10-4 5.0307  10-4 2.9412  10-4

8th order FDM 1.4641  10-5 8.1427  10-5 4.2602  10-5

10th order FDM 3.6433  10-6 2.2895  10-5 1.6494  10-5

FEM 6.7000  10-3 3.9700  10-2 2.1000  10-2
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, (32)

T=10.95 sec (which are also stationary results) are examined following the equations below.

e(x1, x2) = abs[Pexact(x1, x2) − Pnumerical(x1, x2)], (30)

e(x1) = abs[Pexact(x1)− Pnumerical(x1)], (31)

e(x2) = abs[Pexact(x2) − Pnumerical(x2)]. (32)

Error measures expressed in Eq. (30) to (32) are summarized in Table 2. In Table 2, as the 

order of the finite difference scheme increases from 2 to 10, the increasing accuracy of JPDF 

and MPDF for both x1 and x2 is observed. This proves the ability of using high-order finite 

difference to improve the accuracy. Also, the order of accuracy for FEM is found to be 

approximately equivalent to that for 4th order FDM. In this example, even with more refined 

mesh, the accuracy of FEM was not improved. However, higher order (> 4th) FDM provides 

higher accuracy (up to 10-6 in this example) than FEM. This means that high accuracy was 

achievable by FDM but FEM does not. The x1 and x2 marginal probability density of 

stationary result (T=10.95 sec) by different order of FDM are compared with the exact 

solution and FEM as shown in Figure 5. Figure 5 indicates that errors are concentrated at the 

peak and slope-increasing tail part of the marginal PDF of both 𝐱𝐱𝟏𝟏 and 𝐱𝐱𝟐𝟐.  Along the 

slope-increasing tail part, errors for 𝐱𝐱𝟐𝟐 (velocity) were shown to be larger than 𝐱𝐱𝟏𝟏

(displacement).  The accuracy of FEM result is between 2nd order and 4th order FDM.

Table 2 Comparison of results from FDM with different orders of discretization and FEM

Scheme Max absolute error
for JPDF

Max absolute error
for x1 MPDF

Max absolute error
for x2 MPDF

2nd order FDM 3.8218  10-2 1.9580 10-1 1.0820  10-1

4th order FDM 1.2062  10-3 5.4000  10-3 3.6000  10-3

6th order FDM 1.0272  10-4 5.0307  10-4 2.9412  10-4

8th order FDM 1.4641  10-5 8.1427  10-5 4.2602  10-5

10th order FDM 3.6433  10-6 2.2895  10-5 1.6494  10-5

FEM 6.7000  10-3 3.9700  10-2 2.1000  10-2
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, (33)

T=10.95 sec (which are also stationary results) are examined following the equations below.

e(x1, x2) = abs[Pexact(x1, x2) − Pnumerical(x1, x2)], (30)

e(x1) = abs[Pexact(x1)− Pnumerical(x1)], (31)

e(x2) = abs[Pexact(x2) − Pnumerical(x2)]. (32)

Error measures expressed in Eq. (30) to (32) are summarized in Table 2. In Table 2, as the 

order of the finite difference scheme increases from 2 to 10, the increasing accuracy of JPDF 

and MPDF for both x1 and x2 is observed. This proves the ability of using high-order finite 

difference to improve the accuracy. Also, the order of accuracy for FEM is found to be 

approximately equivalent to that for 4th order FDM. In this example, even with more refined 

mesh, the accuracy of FEM was not improved. However, higher order (> 4th) FDM provides 

higher accuracy (up to 10-6 in this example) than FEM. This means that high accuracy was 

achievable by FDM but FEM does not. The x1 and x2 marginal probability density of 

stationary result (T=10.95 sec) by different order of FDM are compared with the exact 

solution and FEM as shown in Figure 5. Figure 5 indicates that errors are concentrated at the 

peak and slope-increasing tail part of the marginal PDF of both 𝐱𝐱𝟏𝟏 and 𝐱𝐱𝟐𝟐.  Along the 

slope-increasing tail part, errors for 𝐱𝐱𝟐𝟐 (velocity) were shown to be larger than 𝐱𝐱𝟏𝟏

(displacement).  The accuracy of FEM result is between 2nd order and 4th order FDM.

Table 2 Comparison of results from FDM with different orders of discretization and FEM

Scheme Max absolute error
for JPDF

Max absolute error
for x1 MPDF

Max absolute error
for x2 MPDF

2nd order FDM 3.8218  10-2 1.9580 10-1 1.0820  10-1

4th order FDM 1.2062  10-3 5.4000  10-3 3.6000  10-3

6th order FDM 1.0272  10-4 5.0307  10-4 2.9412  10-4

8th order FDM 1.4641  10-5 8.1427  10-5 4.2602  10-5

10th order FDM 3.6433  10-6 2.2895  10-5 1.6494  10-5

FEM 6.7000  10-3 3.9700  10-2 2.1000  10-2

                

15 

. (34)

Error measures expressed in Eq. (32) to (34) are 

summarized in Table 2. In Table 2, as the order of the finite 

difference scheme increases from 2 to 10, the increasing 

accuracy of JPDF and MPDF for both x1 and x2 is observed. 

This proves the ability of using high-order finite difference 

to improve the accuracy. Also, the order of accuracy for 

FEM is found to be approximately equivalent to that for 4th 

order FDM. In this example, even with more refined mesh, 

the accuracy of FEM was not improved. However, higher 

order (> 4th) FDM provides higher accuracy (up to 10-6 in 

this example) than FEM. This means that high accuracy was 

achievable by FDM but FEM does not. The x1 and x2 marginal 

probability density of stationary result (T=10.95 sec) by 

different order of FDM are compared with the exact solution 

and FEM as shown in Fig. 5. Fig. 5 indicates that errors are 

concentrated at the peak and slope-increasing tail part of the 

marginal PDF of both x1 and x2. Along the slope-increasing 

tail part, errors for x2 (velocity) were shown to be larger than 

x1 (displacement). The accuracy of FEM result is between 2nd 

order and 4th order FDM.

In addition, the absolute errors of x1 and x2 marginal 

probability density for stationary result (at T=10.95 sec) 

3.3 Comparisons between Generalized FDM, FEM and Exact Solution

Here, both generalized FDM with 2nd, 4th, 6th, 8th or 10th order central difference scheme and 

finite element method (see ref. [8], [16], [22]) are used to solve the example FPK equation. 

The domain in x1 ranges from –6 to 6 and x2 from –6 to 6, which is large enough to ensure P 

outside the domain are all zero. For the comparative study, in-house codes for FEM was 

implemented. In the response domain, the grid for both FDM and FEM is 60 by 60 (Thus, 

dx1=dx2=0.2). In the time domain, dt is set to be 0.001. The exact solution at time t=0.95 sec 

is chosen as the initial condition for calculations. For boundary conditions, P along the 

boundaries of the domain is set to be zero. A typical solution run took only one minute with a 

computer of Intel Core i5 CPU 3.10GHz. To ensure that the probability at the end converges 

to the stationary result, total time duration was set to 10.95 sec. As shown in Figure 2,

evolution of the peak of PDF was stabilized from 4 sec to 10.95 sec.

Figure 2 Convergence of peak of probability with time

The propagation of PDF and corresponding contour plot of the PDF are shown in Figure 3 and 

Figure 4, separately.
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Fig. 2.  Convergence of peak of probability with time

Figure 3 Propagation of PDF from t0=0.95 sec to T=10.95 sec

Figure 4 Contour of Propagation of PDF from t0=0.95 sec to T=10.95 sec

The absolute error of both JPDF and marginal probability density function (MPDF) at 

14 

Fig. 3.  Propagation of PDF from t0=0.95 sec to T=10.95 secFigure 3 Propagation of PDF from t0=0.95 sec to T=10.95 sec

Figure 4 Contour of Propagation of PDF from t0=0.95 sec to T=10.95 sec

The absolute error of both JPDF and marginal probability density function (MPDF) at 
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Fig. 4.  Contour of Propagation of PDF from t0=0.95 sec to T=10.95 sec

Table 2.  Comparison of results from FDM with different orders of discretization and FEM
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Originals of tables used in the text (each on a separate sheet). 

Table 1 Coefficients of approximation determined by generalized difference scheme 

Order 
of 

FDM 

Order 
of 

Derivative 

Node 
i+5 

Node 
i+4 

Node 
i+3 

Node 
i+2 

Node 
i+1 

Node 
i 

Node 
i-1 

Node 
i-2 

Node 
i-3 

Node 
i-4 

Node 
i-5 

2nd 
 

P1     0.5000 0 -0.5000     
P2     1 -2 1     

4th 
 

P1    -0.0833 0.6667 0 -0.6667 0.0833    
P2    -0.0833 1.3333 -2.500 1.3333 -0.0833    

6th 
 

P1   0.0167 -0.1500 0.7500 0 -0.7500 0.1500 -0.0167   
P2   0.0111 -0.1500 1.500 -2.7222 1.5000 -0.1500 0.0111   

8th 
 

P1  -0.0036 0.0381 -0.2000 0.8000 0 -0.8000 0.2000 -0.0381 0.0036  
P2  -0.0018 0.0254 -0.2000 1.6000 -2.8472 1.6000 -0.2000 0.0254 -0.0018  

10th 
 

P1 0.0008 -0.0099 0.0595 -0.2381 0.8333 0 -0.8333 0.2381 -0.0595 0.0099 -0.0008
P2 0.0003 -0.0050 0.0397 -0.2381 1.6667 -2.9272 1.6667 -0.2381 0.0397 -0.0050 0.0003

Table 2 Comparison of results from FDM with different orders of discretization and FEM 

Scheme Max absolute error
for JPDF 

Max absolute error
for x1 MPDF 

Max absolute error 
for x2 MPDF 

2nd order FDM 3.8218  10-2 1.9580 10-1 1.0820  10-1 
4th  order FDM 1.2062  10-3 5.4000  10-3 3.6000  10-3 
6th  order FDM 1.0272  10-4 5.0307  10-4 2.9412  10-4 
8th  order FDM 1.4641  10-5 8.1427  10-5 4.2602  10-5 
10th order FDM 3.6433  10-6 2.2895  10-5 1.6494  10-5 

FEM 6.7000  10-3 3.9700  10-2 2.1000  10-2 
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using different order finite difference method are plotted 

in Fig. 6. The maximum error was found to occur near the 

center of the distribution of PDF. As shown in Figure 6, error 

increases from O(10-1) with 2nd order FDM to O(10-5) with 10th 

order FDM.

4. Conclusions

In this paper, a generalized difference scheme was 

proposed, and combined with the finite difference method 

for solving Fokker-Planck-Kolmogorov (FPK) equation for 

the first time. Conclusions from this study are summarized 

as

1) It has been proven that the higher order finite difference 

method (FDM) used previously in solving FPK is a special 

case of the generalized method proposed in this paper.

2) This generalized FDM was successfully applied to solve 

a two-dimensional FPK equation and compared with exact 

solutions and FEM results, showing its potential in achieving 

higher accuracy for solving stationary results of FPK in a 

pseudo-time stepping approach. 

3) For approximating the marginal and joint PDFs, FEM 

was less accurate than the 4th order FDM even with refined 

mesh.

4) However, as the order of FDM increases, its accuracy 

was improved.

5) The 4th, 6th, 8th, and 10th order FDM schemes were more 

accurate in predicting both the peak and the tail part of PDFs 

than FEM.

6) It has also shown that the Successive Over-Relaxation 

(SCR) iteration method combined with Compressed Storage 

Method (CRS) is an efficient way in terms of memory and 

speed to solve the linear system of equations composed 

(a) Comparison of x1 marginal probability density

(b) Comparison of x2 marginal probability density

Figure 5 Comparisons of marginal probability density of stationary result (T=10.95 sec) for 
different order finite difference method with exact solution

In addition, the absolute errors of x1 and x2 marginal probability density for stationary result 

(at T=10.95 sec) using different order finite difference method are plotted in Figure 6. The 

maximum error was found to occur near the center of the distribution of PDF. As shown in 

Figure 6, error increases from O(𝟏𝟏𝟏𝟏−𝟏𝟏) with 2nd order FDM to O(𝟏𝟏𝟏𝟏−𝟓𝟓) with 10th order FDM.

16 

(a) Comparison of x1 marginal probability density
(a) Comparison of x1 marginal probability density

(b) Comparison of x2 marginal probability density

Figure 5 Comparisons of marginal probability density of stationary result (T=10.95 sec) for 
different order finite difference method with exact solution

In addition, the absolute errors of x1 and x2 marginal probability density for stationary result 

(at T=10.95 sec) using different order finite difference method are plotted in Figure 6. The 

maximum error was found to occur near the center of the distribution of PDF. As shown in 

Figure 6, error increases from O(𝟏𝟏𝟏𝟏−𝟏𝟏) with 2nd order FDM to O(𝟏𝟏𝟏𝟏−𝟓𝟓) with 10th order FDM.

16 

(b) Comparison of x2 marginal probability density

Fig. 5. Comparisons of marginal probability density of stationary result (T=10.95 sec) for different order finite difference method with exact solution
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of spare matrices derived from FDM for solving the FPK 

equation. 

One important note is about stability and convergence. 

As previously described, we adopted the Crank-Nicolson 

method (with θ=1/2) for temporal discretization in the 

time domain, which is implicit and unconditionally stable. 

However, for spatial discretization in the response domain, 

we used the generalized central difference scheme, which 

is inherently conditionally stable. Therefore, the proposed 

method is an inherently conditionally stable approximation 

scheme. Moreover, it is noteworthy that the FPK equation 

corresponding to the SDE subjected to non-Gaussian 

     

        

Figure 6   Absolute error of x1 and x2 marginal probability density for stationary result (T=10.95 sec) 
using different order finite difference method

4. Conclusions

In this paper, a generalized difference scheme was proposed, and combined with the finite 

difference method for solving Fokker-Planck-Kolmogorov (FPK) equation for the first time.

Conclusions from this study are summarized as

(a) 2nd order FDM
(b) 4th order FDM

(c) 6th order FDM (d) 8th order FDM

(e) 10th order FDM

17 

Fig. 6. Absolute error of x1 and x2 marginal probability density for stationary result (T=10.95 sec) using different order finite difference method

(a) 2nd order FDM

(c) 6th order FDM

(e) 10th order FDM

(b) 4th order FDM

(d) 8th order FDM

(816~826)2017-72.indd   823 2018-01-05   오후 9:02:04



DOI: http://dx.doi.org/10.5139/IJASS.2017.18.4.816 824

Int’l J. of Aeronautical & Space Sci. 18(4), 816–826 (2017)

excitation takes different formulation steps and it is not in 

the scope of this paper.

However, the generalized FDM could be a strong 

theoretical basis for further study and application of different 

orders and types such as forward, central or backward of the 

finite difference method in solving FPK equation as well as 

PDE problems from various engineering fields, which all 

require higher accuracy.
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Appendix 

The purpose of this appendix is to explain equivalence of 

Ito stochastic differential equation (SDE) to Fokker-Planck-

Kolmogorov (FPK) equation and applied to the linear 

random dynamic system in order to derive the corresponding 

FPK equation. First, a single state variable x(t) satisfies the Ito 

SDE expressed as

Appendix A

The purpose of this appendix is to explain equivalence of Ito stochastic differential equation 

(SDE) to Fokker-Planck-Kolmogorov (FPK) equation and applied to the linear random 

dynamic system in order to derive the corresponding FPK equation. First, a single state 

variable x(t) satisfies the Ito SDE expressed as

𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕 = 𝑎𝑎𝑎𝑎(𝜕𝜕𝜕𝜕, 𝑡𝑡𝑡𝑡)𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡 + 𝑏𝑏𝑏𝑏(𝜕𝜕𝜕𝜕, 𝑡𝑡𝑡𝑡)𝑑𝑑𝑑𝑑𝑊𝑊𝑊𝑊𝑡𝑡𝑡𝑡 . (33)

For an arbitrary stochastic integral function f(xt) that is C2 continuous on ℝ → ℝ, SDE in 

Eq. (33) is substituted into 

𝑑𝑑𝑑𝑑 < 𝑓𝑓𝑓𝑓(𝜕𝜕𝜕𝜕) > =<
𝜕𝜕𝜕𝜕𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕 > +
1
2

<
𝜕𝜕𝜕𝜕2𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2

(𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕)2 >
(34)

Then, one-dimensional Ito formula is obtained as

𝑑𝑑𝑑𝑑 < 𝑓𝑓𝑓𝑓 >
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

 =<
𝜕𝜕𝜕𝜕𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝑎𝑎𝑎𝑎 +
1
2
𝜕𝜕𝜕𝜕2𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2

𝑏𝑏𝑏𝑏2𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡 >
(35)

since dt2 = 0,dtdWt = 0, < (dW𝑡𝑡𝑡𝑡)2 >= σ2𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡 = 𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡 and dWt/dt = 0 in the mean square 

sense. xt has conditional PDF P(x, t|x0, t0). Therefore,

𝑑𝑑𝑑𝑑 < 𝑓𝑓𝑓𝑓(𝜕𝜕𝜕𝜕) >
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

 =
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑡𝑡𝑡𝑡
� 𝑓𝑓𝑓𝑓(𝜕𝜕𝜕𝜕)𝜕𝜕𝜕𝜕(𝜕𝜕𝜕𝜕, 𝑡𝑡𝑡𝑡|𝜕𝜕𝜕𝜕0, 𝑡𝑡𝑡𝑡)𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

= � 𝑓𝑓𝑓𝑓(𝜕𝜕𝜕𝜕)
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕(𝜕𝜕𝜕𝜕, 𝑡𝑡𝑡𝑡|𝜕𝜕𝜕𝜕0, 𝑡𝑡𝑡𝑡)

𝜕𝜕𝜕𝜕𝑡𝑡𝑡𝑡
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

(36)

Applying the right hand side of Eq. (35),

𝑑𝑑𝑑𝑑 < 𝑓𝑓𝑓𝑓(𝜕𝜕𝜕𝜕) >
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

 =<
𝜕𝜕𝜕𝜕𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝑎𝑎𝑎𝑎 +
1
2
𝜕𝜕𝜕𝜕2𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2

𝑏𝑏𝑏𝑏2𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡 >

= � �
𝜕𝜕𝜕𝜕𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝑎𝑎𝑎𝑎 +
1
2
𝜕𝜕𝜕𝜕2𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2

𝑏𝑏𝑏𝑏2𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡� 𝜕𝜕𝜕𝜕(∙)𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕

= � 𝑎𝑎𝑎𝑎𝜕𝜕𝜕𝜕(∙)
𝜕𝜕𝜕𝜕𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕 +
1
2
� 𝑏𝑏𝑏𝑏2𝜕𝜕𝜕𝜕(∙)

𝜕𝜕𝜕𝜕2𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2

𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕

(37)

Applying integration-by-part to Eq. (37),
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𝑑𝑑𝑑𝑑 < 𝑓𝑓𝑓𝑓(𝜕𝜕𝜕𝜕) >
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

 =<
𝜕𝜕𝜕𝜕𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝑎𝑎𝑎𝑎 +
1
2
𝜕𝜕𝜕𝜕2𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2

𝑏𝑏𝑏𝑏2𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡 >

= � �
𝜕𝜕𝜕𝜕𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝑎𝑎𝑎𝑎 +
1
2
𝜕𝜕𝜕𝜕2𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2

𝑏𝑏𝑏𝑏2𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡� 𝜕𝜕𝜕𝜕(∙)𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕

= � 𝑎𝑎𝑎𝑎𝜕𝜕𝜕𝜕(∙)
𝜕𝜕𝜕𝜕𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕 +
1
2
� 𝑏𝑏𝑏𝑏2𝜕𝜕𝜕𝜕(∙)

𝜕𝜕𝜕𝜕2𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2

𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕

(37)

Applying integration-by-part to Eq. (37),

22 

, SDE in Eq. (35) is substituted into 

Appendix A

The purpose of this appendix is to explain equivalence of Ito stochastic differential equation 

(SDE) to Fokker-Planck-Kolmogorov (FPK) equation and applied to the linear random 

dynamic system in order to derive the corresponding FPK equation. First, a single state 

variable x(t) satisfies the Ito SDE expressed as

𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕 = 𝑎𝑎𝑎𝑎(𝜕𝜕𝜕𝜕, 𝑡𝑡𝑡𝑡)𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡 + 𝑏𝑏𝑏𝑏(𝜕𝜕𝜕𝜕, 𝑡𝑡𝑡𝑡)𝑑𝑑𝑑𝑑𝑊𝑊𝑊𝑊𝑡𝑡𝑡𝑡 . (33)

For an arbitrary stochastic integral function f(xt) that is C2 continuous on ℝ → ℝ, SDE in 

Eq. (33) is substituted into 

𝑑𝑑𝑑𝑑 < 𝑓𝑓𝑓𝑓(𝜕𝜕𝜕𝜕) > =<
𝜕𝜕𝜕𝜕𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕 > +
1
2

<
𝜕𝜕𝜕𝜕2𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2

(𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕)2 >
(34)

Then, one-dimensional Ito formula is obtained as

𝑑𝑑𝑑𝑑 < 𝑓𝑓𝑓𝑓 >
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

 =<
𝜕𝜕𝜕𝜕𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝑎𝑎𝑎𝑎 +
1
2
𝜕𝜕𝜕𝜕2𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2

𝑏𝑏𝑏𝑏2𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡 >
(35)

since dt2 = 0,dtdWt = 0, < (dW𝑡𝑡𝑡𝑡)2 >= σ2𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡 = 𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡 and dWt/dt = 0 in the mean square 

sense. xt has conditional PDF P(x, t|x0, t0). Therefore,

𝑑𝑑𝑑𝑑 < 𝑓𝑓𝑓𝑓(𝜕𝜕𝜕𝜕) >
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

 =
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑡𝑡𝑡𝑡
� 𝑓𝑓𝑓𝑓(𝜕𝜕𝜕𝜕)𝜕𝜕𝜕𝜕(𝜕𝜕𝜕𝜕, 𝑡𝑡𝑡𝑡|𝜕𝜕𝜕𝜕0, 𝑡𝑡𝑡𝑡)𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

= � 𝑓𝑓𝑓𝑓(𝜕𝜕𝜕𝜕)
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕(𝜕𝜕𝜕𝜕, 𝑡𝑡𝑡𝑡|𝜕𝜕𝜕𝜕0, 𝑡𝑡𝑡𝑡)

𝜕𝜕𝜕𝜕𝑡𝑡𝑡𝑡
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

(36)

Applying the right hand side of Eq. (35),

𝑑𝑑𝑑𝑑 < 𝑓𝑓𝑓𝑓(𝜕𝜕𝜕𝜕) >
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

 =<
𝜕𝜕𝜕𝜕𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝑎𝑎𝑎𝑎 +
1
2
𝜕𝜕𝜕𝜕2𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2

𝑏𝑏𝑏𝑏2𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡 >

= � �
𝜕𝜕𝜕𝜕𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝑎𝑎𝑎𝑎 +
1
2
𝜕𝜕𝜕𝜕2𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2

𝑏𝑏𝑏𝑏2𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡� 𝜕𝜕𝜕𝜕(∙)𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕

= � 𝑎𝑎𝑎𝑎𝜕𝜕𝜕𝜕(∙)
𝜕𝜕𝜕𝜕𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕 +
1
2
� 𝑏𝑏𝑏𝑏2𝜕𝜕𝜕𝜕(∙)

𝜕𝜕𝜕𝜕2𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2

𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕

(37)

Applying integration-by-part to Eq. (37),

22 

.
(36)

Then, one-dimensional Ito formula is obtained as

Appendix A

The purpose of this appendix is to explain equivalence of Ito stochastic differential equation 

(SDE) to Fokker-Planck-Kolmogorov (FPK) equation and applied to the linear random 

dynamic system in order to derive the corresponding FPK equation. First, a single state 

variable x(t) satisfies the Ito SDE expressed as

𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕 = 𝑎𝑎𝑎𝑎(𝜕𝜕𝜕𝜕, 𝑡𝑡𝑡𝑡)𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡 + 𝑏𝑏𝑏𝑏(𝜕𝜕𝜕𝜕, 𝑡𝑡𝑡𝑡)𝑑𝑑𝑑𝑑𝑊𝑊𝑊𝑊𝑡𝑡𝑡𝑡 . (33)

For an arbitrary stochastic integral function f(xt) that is C2 continuous on ℝ → ℝ, SDE in 

Eq. (33) is substituted into 

𝑑𝑑𝑑𝑑 < 𝑓𝑓𝑓𝑓(𝜕𝜕𝜕𝜕) > =<
𝜕𝜕𝜕𝜕𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕 > +
1
2

<
𝜕𝜕𝜕𝜕2𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2

(𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕)2 >
(34)

Then, one-dimensional Ito formula is obtained as

𝑑𝑑𝑑𝑑 < 𝑓𝑓𝑓𝑓 >
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

 =<
𝜕𝜕𝜕𝜕𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝑎𝑎𝑎𝑎 +
1
2
𝜕𝜕𝜕𝜕2𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2

𝑏𝑏𝑏𝑏2𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡 >
(35)

since dt2 = 0,dtdWt = 0, < (dW𝑡𝑡𝑡𝑡)2 >= σ2𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡 = 𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡 and dWt/dt = 0 in the mean square 

sense. xt has conditional PDF P(x, t|x0, t0). Therefore,

𝑑𝑑𝑑𝑑 < 𝑓𝑓𝑓𝑓(𝜕𝜕𝜕𝜕) >
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

 =
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑡𝑡𝑡𝑡
� 𝑓𝑓𝑓𝑓(𝜕𝜕𝜕𝜕)𝜕𝜕𝜕𝜕(𝜕𝜕𝜕𝜕, 𝑡𝑡𝑡𝑡|𝜕𝜕𝜕𝜕0, 𝑡𝑡𝑡𝑡)𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

= � 𝑓𝑓𝑓𝑓(𝜕𝜕𝜕𝜕)
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕(𝜕𝜕𝜕𝜕, 𝑡𝑡𝑡𝑡|𝜕𝜕𝜕𝜕0, 𝑡𝑡𝑡𝑡)

𝜕𝜕𝜕𝜕𝑡𝑡𝑡𝑡
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

(36)

Applying the right hand side of Eq. (35),

𝑑𝑑𝑑𝑑 < 𝑓𝑓𝑓𝑓(𝜕𝜕𝜕𝜕) >
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

 =<
𝜕𝜕𝜕𝜕𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝑎𝑎𝑎𝑎 +
1
2
𝜕𝜕𝜕𝜕2𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2

𝑏𝑏𝑏𝑏2𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡 >

= � �
𝜕𝜕𝜕𝜕𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝑎𝑎𝑎𝑎 +
1
2
𝜕𝜕𝜕𝜕2𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2

𝑏𝑏𝑏𝑏2𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡� 𝜕𝜕𝜕𝜕(∙)𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕

= � 𝑎𝑎𝑎𝑎𝜕𝜕𝜕𝜕(∙)
𝜕𝜕𝜕𝜕𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕 +
1
2
� 𝑏𝑏𝑏𝑏2𝜕𝜕𝜕𝜕(∙)

𝜕𝜕𝜕𝜕2𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2

𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕

(37)

Applying integration-by-part to Eq. (37),

22 

,
(37)

since dt2=0,dtdWt=0, <(dWt)2>=σ2 dt=dt and dWt/dt=0 in 

the mean square sense. xt has conditional PDF P(x,t|x0,t0). 

Therefore,

Appendix A

The purpose of this appendix is to explain equivalence of Ito stochastic differential equation 

(SDE) to Fokker-Planck-Kolmogorov (FPK) equation and applied to the linear random 

dynamic system in order to derive the corresponding FPK equation. First, a single state 

variable x(t) satisfies the Ito SDE expressed as

𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕 = 𝑎𝑎𝑎𝑎(𝜕𝜕𝜕𝜕, 𝑡𝑡𝑡𝑡)𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡 + 𝑏𝑏𝑏𝑏(𝜕𝜕𝜕𝜕, 𝑡𝑡𝑡𝑡)𝑑𝑑𝑑𝑑𝑊𝑊𝑊𝑊𝑡𝑡𝑡𝑡 . (33)

For an arbitrary stochastic integral function f(xt) that is C2 continuous on ℝ → ℝ, SDE in 

Eq. (33) is substituted into 

𝑑𝑑𝑑𝑑 < 𝑓𝑓𝑓𝑓(𝜕𝜕𝜕𝜕) > =<
𝜕𝜕𝜕𝜕𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕 > +
1
2

<
𝜕𝜕𝜕𝜕2𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2

(𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕)2 >
(34)

Then, one-dimensional Ito formula is obtained as

𝑑𝑑𝑑𝑑 < 𝑓𝑓𝑓𝑓 >
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

 =<
𝜕𝜕𝜕𝜕𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝑎𝑎𝑎𝑎 +
1
2
𝜕𝜕𝜕𝜕2𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2

𝑏𝑏𝑏𝑏2𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡 >
(35)

since dt2 = 0,dtdWt = 0, < (dW𝑡𝑡𝑡𝑡)2 >= σ2𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡 = 𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡 and dWt/dt = 0 in the mean square 

sense. xt has conditional PDF P(x, t|x0, t0). Therefore,

𝑑𝑑𝑑𝑑 < 𝑓𝑓𝑓𝑓(𝜕𝜕𝜕𝜕) >
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

 =
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑡𝑡𝑡𝑡
� 𝑓𝑓𝑓𝑓(𝜕𝜕𝜕𝜕)𝜕𝜕𝜕𝜕(𝜕𝜕𝜕𝜕, 𝑡𝑡𝑡𝑡|𝜕𝜕𝜕𝜕0, 𝑡𝑡𝑡𝑡)𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

= � 𝑓𝑓𝑓𝑓(𝜕𝜕𝜕𝜕)
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕(𝜕𝜕𝜕𝜕, 𝑡𝑡𝑡𝑡|𝜕𝜕𝜕𝜕0, 𝑡𝑡𝑡𝑡)

𝜕𝜕𝜕𝜕𝑡𝑡𝑡𝑡
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

(36)

Applying the right hand side of Eq. (35),

𝑑𝑑𝑑𝑑 < 𝑓𝑓𝑓𝑓(𝜕𝜕𝜕𝜕) >
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

 =<
𝜕𝜕𝜕𝜕𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝑎𝑎𝑎𝑎 +
1
2
𝜕𝜕𝜕𝜕2𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2

𝑏𝑏𝑏𝑏2𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡 >

= � �
𝜕𝜕𝜕𝜕𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝑎𝑎𝑎𝑎 +
1
2
𝜕𝜕𝜕𝜕2𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2

𝑏𝑏𝑏𝑏2𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡� 𝜕𝜕𝜕𝜕(∙)𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕

= � 𝑎𝑎𝑎𝑎𝜕𝜕𝜕𝜕(∙)
𝜕𝜕𝜕𝜕𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕 +
1
2
� 𝑏𝑏𝑏𝑏2𝜕𝜕𝜕𝜕(∙)

𝜕𝜕𝜕𝜕2𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2

𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕

(37)

Applying integration-by-part to Eq. (37),
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(38)

Applying the right hand side of Eq. (37), 

Appendix A

The purpose of this appendix is to explain equivalence of Ito stochastic differential equation 

(SDE) to Fokker-Planck-Kolmogorov (FPK) equation and applied to the linear random 

dynamic system in order to derive the corresponding FPK equation. First, a single state 

variable x(t) satisfies the Ito SDE expressed as

𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕 = 𝑎𝑎𝑎𝑎(𝜕𝜕𝜕𝜕, 𝑡𝑡𝑡𝑡)𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡 + 𝑏𝑏𝑏𝑏(𝜕𝜕𝜕𝜕, 𝑡𝑡𝑡𝑡)𝑑𝑑𝑑𝑑𝑊𝑊𝑊𝑊𝑡𝑡𝑡𝑡 . (33)

For an arbitrary stochastic integral function f(xt) that is C2 continuous on ℝ → ℝ, SDE in 

Eq. (33) is substituted into 

𝑑𝑑𝑑𝑑 < 𝑓𝑓𝑓𝑓(𝜕𝜕𝜕𝜕) > =<
𝜕𝜕𝜕𝜕𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕 > +
1
2

<
𝜕𝜕𝜕𝜕2𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2

(𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕)2 >
(34)

Then, one-dimensional Ito formula is obtained as

𝑑𝑑𝑑𝑑 < 𝑓𝑓𝑓𝑓 >
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

 =<
𝜕𝜕𝜕𝜕𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝑎𝑎𝑎𝑎 +
1
2
𝜕𝜕𝜕𝜕2𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2

𝑏𝑏𝑏𝑏2𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡 >
(35)

since dt2 = 0,dtdWt = 0, < (dW𝑡𝑡𝑡𝑡)2 >= σ2𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡 = 𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡 and dWt/dt = 0 in the mean square 

sense. xt has conditional PDF P(x, t|x0, t0). Therefore,

𝑑𝑑𝑑𝑑 < 𝑓𝑓𝑓𝑓(𝜕𝜕𝜕𝜕) >
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

 =
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑡𝑡𝑡𝑡
� 𝑓𝑓𝑓𝑓(𝜕𝜕𝜕𝜕)𝜕𝜕𝜕𝜕(𝜕𝜕𝜕𝜕, 𝑡𝑡𝑡𝑡|𝜕𝜕𝜕𝜕0, 𝑡𝑡𝑡𝑡)𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

= � 𝑓𝑓𝑓𝑓(𝜕𝜕𝜕𝜕)
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕(𝜕𝜕𝜕𝜕, 𝑡𝑡𝑡𝑡|𝜕𝜕𝜕𝜕0, 𝑡𝑡𝑡𝑡)

𝜕𝜕𝜕𝜕𝑡𝑡𝑡𝑡
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

(36)

Applying the right hand side of Eq. (35),

𝑑𝑑𝑑𝑑 < 𝑓𝑓𝑓𝑓(𝜕𝜕𝜕𝜕) >
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

 =<
𝜕𝜕𝜕𝜕𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝑎𝑎𝑎𝑎 +
1
2
𝜕𝜕𝜕𝜕2𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2

𝑏𝑏𝑏𝑏2𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡 >

= � �
𝜕𝜕𝜕𝜕𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝑎𝑎𝑎𝑎 +
1
2
𝜕𝜕𝜕𝜕2𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2

𝑏𝑏𝑏𝑏2𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡� 𝜕𝜕𝜕𝜕(∙)𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕

= � 𝑎𝑎𝑎𝑎𝜕𝜕𝜕𝜕(∙)
𝜕𝜕𝜕𝜕𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕 +
1
2
� 𝑏𝑏𝑏𝑏2𝜕𝜕𝜕𝜕(∙)

𝜕𝜕𝜕𝜕2𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2

𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕

(37)

Applying integration-by-part to Eq. (37),
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(39)

Applying integration-by-part to Eq. (39), 

𝑑𝑑𝑑𝑑 < 𝑓𝑓𝑓𝑓 >
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

 = 𝑎𝑎𝑎𝑎𝜕𝜕𝜕𝜕(∙)𝑓𝑓𝑓𝑓 �−�
𝜕𝜕𝜕𝜕[𝑎𝑎𝑎𝑎𝜕𝜕𝜕𝜕(∙)]
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝑓𝑓𝑓𝑓𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕 +
1
2
𝑏𝑏𝑏𝑏2𝜕𝜕𝜕𝜕(∙)

𝜕𝜕𝜕𝜕𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
�

−
1
2
�

𝜕𝜕𝜕𝜕[𝑏𝑏𝑏𝑏2𝜕𝜕𝜕𝜕(∙)]
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕

= 𝑎𝑎𝑎𝑎𝜕𝜕𝜕𝜕(∙)𝑓𝑓𝑓𝑓 �−�
𝜕𝜕𝜕𝜕[𝑎𝑎𝑎𝑎𝜕𝜕𝜕𝜕(∙)]
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝑓𝑓𝑓𝑓𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕 +
1
2
𝑏𝑏𝑏𝑏2𝜕𝜕𝜕𝜕(∙)

𝜕𝜕𝜕𝜕𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
�

−
1
2
𝜕𝜕𝜕𝜕[𝑏𝑏𝑏𝑏2𝜕𝜕𝜕𝜕(∙)]

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝑓𝑓𝑓𝑓| +

1
2
�

𝜕𝜕𝜕𝜕2[𝑏𝑏𝑏𝑏2𝜕𝜕𝜕𝜕(∙)]
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2

𝑓𝑓𝑓𝑓𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕

(38)

Noting that the boundary terms in Eq. (38) are all zero since a and b are continuous by 

definition, Eq. (38) reduces to 

� 𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕(𝜕𝜕𝜕𝜕, 𝑡𝑡𝑡𝑡|𝜕𝜕𝜕𝜕0, 𝑡𝑡𝑡𝑡0)

𝜕𝜕𝜕𝜕𝑡𝑡𝑡𝑡
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡  = � 𝑓𝑓𝑓𝑓 �−

𝜕𝜕𝜕𝜕[𝑎𝑎𝑎𝑎𝜕𝜕𝜕𝜕(∙)]
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

+
1
2
𝜕𝜕𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2
[𝑏𝑏𝑏𝑏2𝜕𝜕𝜕𝜕(∙)]�𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕

(39)

For the arbitrary stochastic integral function 𝑓𝑓𝑓𝑓(𝜕𝜕𝜕𝜕), FPK equation is obtained as

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕(𝜕𝜕𝜕𝜕, 𝑡𝑡𝑡𝑡|𝜕𝜕𝜕𝜕0, 𝑡𝑡𝑡𝑡0)
𝜕𝜕𝜕𝜕𝑡𝑡𝑡𝑡

 = −
𝜕𝜕𝜕𝜕[𝑎𝑎𝑎𝑎𝜕𝜕𝜕𝜕(∙)]
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

+
1
2
𝜕𝜕𝜕𝜕2[𝑏𝑏𝑏𝑏2𝜕𝜕𝜕𝜕(∙)]

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2
(40)

Therefore, the Ito SDE in Eq. (33) is equivalent to FPK equation.

Second, for n-dimensional state variable vector x(t), Ito SDE is expressed as 

𝑑𝑑𝑑𝑑𝒙𝒙𝒙𝒙(𝑡𝑡𝑡𝑡)  = 𝑨𝑨𝑨𝑨(𝒙𝒙𝒙𝒙 , 𝑡𝑡𝑡𝑡)𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡 + 𝑩𝑩𝑩𝑩(𝒙𝒙𝒙𝒙 , 𝑡𝑡𝑡𝑡)𝑑𝑑𝑑𝑑𝑾𝑾𝑾𝑾(𝑡𝑡𝑡𝑡) (41)

In tensor notation, Eq. (41) is written as

𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖(𝑡𝑡𝑡𝑡)  = 𝐴𝐴𝐴𝐴𝑖𝑖𝑖𝑖(𝒙𝒙𝒙𝒙 , 𝑡𝑡𝑡𝑡)𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡 + 𝐵𝐵𝐵𝐵𝑖𝑖𝑖𝑖𝑘𝑘𝑘𝑘(𝒙𝒙𝒙𝒙 , 𝑡𝑡𝑡𝑡)𝑑𝑑𝑑𝑑𝑊𝑊𝑊𝑊𝑘𝑘𝑘𝑘(𝑡𝑡𝑡𝑡), k = 1,2, … , m (42)

where summation rule is applied for 𝑘𝑘𝑘𝑘; i=1,2,…,n; 𝒙𝒙𝒙𝒙(𝑡𝑡𝑡𝑡) is the (n×1) state vector of the 

random process; 𝑨𝑨𝑨𝑨(𝒙𝒙𝒙𝒙, 𝑡𝑡𝑡𝑡) is a (n×1) drift vector; 𝑩𝑩𝑩𝑩(𝒙𝒙𝒙𝒙, 𝑡𝑡𝑡𝑡) is a (n×m) diffusion matrix and 

𝑑𝑑𝑑𝑑𝑾𝑾𝑾𝑾(𝑡𝑡𝑡𝑡) is an increment of (m × 1) Wiener vector process that have a property 

< 𝑑𝑑𝑑𝑑𝑾𝑾𝑾𝑾(𝑡𝑡𝑡𝑡)d𝑾𝑾𝑾𝑾(𝑡𝑡𝑡𝑡)T >= 𝑰𝑰𝑰𝑰𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡. Generalizing the one-dimensional FPK equation to n-dimensional 

case, FPK equation is written as
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(40)

Noting that the boundary terms in Eq. (40) are all zero 

since a and b are continuous by definition, Eq. (40) reduces 

to 

𝑑𝑑𝑑𝑑 < 𝑓𝑓𝑓𝑓 >
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

 = 𝑎𝑎𝑎𝑎𝜕𝜕𝜕𝜕(∙)𝑓𝑓𝑓𝑓 �−�
𝜕𝜕𝜕𝜕[𝑎𝑎𝑎𝑎𝜕𝜕𝜕𝜕(∙)]
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝑓𝑓𝑓𝑓𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕 +
1
2
𝑏𝑏𝑏𝑏2𝜕𝜕𝜕𝜕(∙)

𝜕𝜕𝜕𝜕𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
�

−
1
2
�

𝜕𝜕𝜕𝜕[𝑏𝑏𝑏𝑏2𝜕𝜕𝜕𝜕(∙)]
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕

= 𝑎𝑎𝑎𝑎𝜕𝜕𝜕𝜕(∙)𝑓𝑓𝑓𝑓 �−�
𝜕𝜕𝜕𝜕[𝑎𝑎𝑎𝑎𝜕𝜕𝜕𝜕(∙)]
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝑓𝑓𝑓𝑓𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕 +
1
2
𝑏𝑏𝑏𝑏2𝜕𝜕𝜕𝜕(∙)

𝜕𝜕𝜕𝜕𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
�

−
1
2
𝜕𝜕𝜕𝜕[𝑏𝑏𝑏𝑏2𝜕𝜕𝜕𝜕(∙)]

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝑓𝑓𝑓𝑓| +

1
2
�

𝜕𝜕𝜕𝜕2[𝑏𝑏𝑏𝑏2𝜕𝜕𝜕𝜕(∙)]
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2

𝑓𝑓𝑓𝑓𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕

(38)

Noting that the boundary terms in Eq. (38) are all zero since a and b are continuous by 

definition, Eq. (38) reduces to 

� 𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕(𝜕𝜕𝜕𝜕, 𝑡𝑡𝑡𝑡|𝜕𝜕𝜕𝜕0, 𝑡𝑡𝑡𝑡0)

𝜕𝜕𝜕𝜕𝑡𝑡𝑡𝑡
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡  = � 𝑓𝑓𝑓𝑓 �−

𝜕𝜕𝜕𝜕[𝑎𝑎𝑎𝑎𝜕𝜕𝜕𝜕(∙)]
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

+
1
2
𝜕𝜕𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2
[𝑏𝑏𝑏𝑏2𝜕𝜕𝜕𝜕(∙)]�𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕

(39)

For the arbitrary stochastic integral function 𝑓𝑓𝑓𝑓(𝜕𝜕𝜕𝜕), FPK equation is obtained as

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕(𝜕𝜕𝜕𝜕, 𝑡𝑡𝑡𝑡|𝜕𝜕𝜕𝜕0, 𝑡𝑡𝑡𝑡0)
𝜕𝜕𝜕𝜕𝑡𝑡𝑡𝑡

 = −
𝜕𝜕𝜕𝜕[𝑎𝑎𝑎𝑎𝜕𝜕𝜕𝜕(∙)]
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

+
1
2
𝜕𝜕𝜕𝜕2[𝑏𝑏𝑏𝑏2𝜕𝜕𝜕𝜕(∙)]

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2
(40)

Therefore, the Ito SDE in Eq. (33) is equivalent to FPK equation.

Second, for n-dimensional state variable vector x(t), Ito SDE is expressed as 

𝑑𝑑𝑑𝑑𝒙𝒙𝒙𝒙(𝑡𝑡𝑡𝑡)  = 𝑨𝑨𝑨𝑨(𝒙𝒙𝒙𝒙 , 𝑡𝑡𝑡𝑡)𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡 + 𝑩𝑩𝑩𝑩(𝒙𝒙𝒙𝒙 , 𝑡𝑡𝑡𝑡)𝑑𝑑𝑑𝑑𝑾𝑾𝑾𝑾(𝑡𝑡𝑡𝑡) (41)

In tensor notation, Eq. (41) is written as

𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖(𝑡𝑡𝑡𝑡)  = 𝐴𝐴𝐴𝐴𝑖𝑖𝑖𝑖(𝒙𝒙𝒙𝒙 , 𝑡𝑡𝑡𝑡)𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡 + 𝐵𝐵𝐵𝐵𝑖𝑖𝑖𝑖𝑘𝑘𝑘𝑘(𝒙𝒙𝒙𝒙 , 𝑡𝑡𝑡𝑡)𝑑𝑑𝑑𝑑𝑊𝑊𝑊𝑊𝑘𝑘𝑘𝑘(𝑡𝑡𝑡𝑡), k = 1,2, … , m (42)

where summation rule is applied for 𝑘𝑘𝑘𝑘; i=1,2,…,n; 𝒙𝒙𝒙𝒙(𝑡𝑡𝑡𝑡) is the (n×1) state vector of the 

random process; 𝑨𝑨𝑨𝑨(𝒙𝒙𝒙𝒙, 𝑡𝑡𝑡𝑡) is a (n×1) drift vector; 𝑩𝑩𝑩𝑩(𝒙𝒙𝒙𝒙, 𝑡𝑡𝑡𝑡) is a (n×m) diffusion matrix and 

𝑑𝑑𝑑𝑑𝑾𝑾𝑾𝑾(𝑡𝑡𝑡𝑡) is an increment of (m × 1) Wiener vector process that have a property 

< 𝑑𝑑𝑑𝑑𝑾𝑾𝑾𝑾(𝑡𝑡𝑡𝑡)d𝑾𝑾𝑾𝑾(𝑡𝑡𝑡𝑡)T >= 𝑰𝑰𝑰𝑰𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡. Generalizing the one-dimensional FPK equation to n-dimensional 

case, FPK equation is written as

23 

𝑑𝑑𝑑𝑑 < 𝑓𝑓𝑓𝑓 >
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

 = 𝑎𝑎𝑎𝑎𝜕𝜕𝜕𝜕(∙)𝑓𝑓𝑓𝑓 �−�
𝜕𝜕𝜕𝜕[𝑎𝑎𝑎𝑎𝜕𝜕𝜕𝜕(∙)]
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝑓𝑓𝑓𝑓𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕 +
1
2
𝑏𝑏𝑏𝑏2𝜕𝜕𝜕𝜕(∙)

𝜕𝜕𝜕𝜕𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
�

−
1
2
�

𝜕𝜕𝜕𝜕[𝑏𝑏𝑏𝑏2𝜕𝜕𝜕𝜕(∙)]
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕

= 𝑎𝑎𝑎𝑎𝜕𝜕𝜕𝜕(∙)𝑓𝑓𝑓𝑓 �−�
𝜕𝜕𝜕𝜕[𝑎𝑎𝑎𝑎𝜕𝜕𝜕𝜕(∙)]
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝑓𝑓𝑓𝑓𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕 +
1
2
𝑏𝑏𝑏𝑏2𝜕𝜕𝜕𝜕(∙)

𝜕𝜕𝜕𝜕𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
�

−
1
2
𝜕𝜕𝜕𝜕[𝑏𝑏𝑏𝑏2𝜕𝜕𝜕𝜕(∙)]

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝑓𝑓𝑓𝑓| +

1
2
�

𝜕𝜕𝜕𝜕2[𝑏𝑏𝑏𝑏2𝜕𝜕𝜕𝜕(∙)]
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2

𝑓𝑓𝑓𝑓𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕

(38)

Noting that the boundary terms in Eq. (38) are all zero since a and b are continuous by 

definition, Eq. (38) reduces to 

� 𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕(𝜕𝜕𝜕𝜕, 𝑡𝑡𝑡𝑡|𝜕𝜕𝜕𝜕0, 𝑡𝑡𝑡𝑡0)

𝜕𝜕𝜕𝜕𝑡𝑡𝑡𝑡
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡  = � 𝑓𝑓𝑓𝑓 �−

𝜕𝜕𝜕𝜕[𝑎𝑎𝑎𝑎𝜕𝜕𝜕𝜕(∙)]
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

+
1
2
𝜕𝜕𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2
[𝑏𝑏𝑏𝑏2𝜕𝜕𝜕𝜕(∙)]�𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕

(39)

For the arbitrary stochastic integral function 𝑓𝑓𝑓𝑓(𝜕𝜕𝜕𝜕), FPK equation is obtained as

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕(𝜕𝜕𝜕𝜕, 𝑡𝑡𝑡𝑡|𝜕𝜕𝜕𝜕0, 𝑡𝑡𝑡𝑡0)
𝜕𝜕𝜕𝜕𝑡𝑡𝑡𝑡

 = −
𝜕𝜕𝜕𝜕[𝑎𝑎𝑎𝑎𝜕𝜕𝜕𝜕(∙)]
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

+
1
2
𝜕𝜕𝜕𝜕2[𝑏𝑏𝑏𝑏2𝜕𝜕𝜕𝜕(∙)]

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2
(40)

Therefore, the Ito SDE in Eq. (33) is equivalent to FPK equation.

Second, for n-dimensional state variable vector x(t), Ito SDE is expressed as 

𝑑𝑑𝑑𝑑𝒙𝒙𝒙𝒙(𝑡𝑡𝑡𝑡)  = 𝑨𝑨𝑨𝑨(𝒙𝒙𝒙𝒙 , 𝑡𝑡𝑡𝑡)𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡 + 𝑩𝑩𝑩𝑩(𝒙𝒙𝒙𝒙 , 𝑡𝑡𝑡𝑡)𝑑𝑑𝑑𝑑𝑾𝑾𝑾𝑾(𝑡𝑡𝑡𝑡) (41)

In tensor notation, Eq. (41) is written as

𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖(𝑡𝑡𝑡𝑡)  = 𝐴𝐴𝐴𝐴𝑖𝑖𝑖𝑖(𝒙𝒙𝒙𝒙 , 𝑡𝑡𝑡𝑡)𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡 + 𝐵𝐵𝐵𝐵𝑖𝑖𝑖𝑖𝑘𝑘𝑘𝑘(𝒙𝒙𝒙𝒙 , 𝑡𝑡𝑡𝑡)𝑑𝑑𝑑𝑑𝑊𝑊𝑊𝑊𝑘𝑘𝑘𝑘(𝑡𝑡𝑡𝑡), k = 1,2, … , m (42)

where summation rule is applied for 𝑘𝑘𝑘𝑘; i=1,2,…,n; 𝒙𝒙𝒙𝒙(𝑡𝑡𝑡𝑡) is the (n×1) state vector of the 

random process; 𝑨𝑨𝑨𝑨(𝒙𝒙𝒙𝒙, 𝑡𝑡𝑡𝑡) is a (n×1) drift vector; 𝑩𝑩𝑩𝑩(𝒙𝒙𝒙𝒙, 𝑡𝑡𝑡𝑡) is a (n×m) diffusion matrix and 

𝑑𝑑𝑑𝑑𝑾𝑾𝑾𝑾(𝑡𝑡𝑡𝑡) is an increment of (m × 1) Wiener vector process that have a property 

< 𝑑𝑑𝑑𝑑𝑾𝑾𝑾𝑾(𝑡𝑡𝑡𝑡)d𝑾𝑾𝑾𝑾(𝑡𝑡𝑡𝑡)T >= 𝑰𝑰𝑰𝑰𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡. Generalizing the one-dimensional FPK equation to n-dimensional 

case, FPK equation is written as

23 

.

(41)

For the arbitrary stochastic integral function f(x), FPK 

equation is obtained as

𝑑𝑑𝑑𝑑 < 𝑓𝑓𝑓𝑓 >
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

 = 𝑎𝑎𝑎𝑎𝜕𝜕𝜕𝜕(∙)𝑓𝑓𝑓𝑓 �−�
𝜕𝜕𝜕𝜕[𝑎𝑎𝑎𝑎𝜕𝜕𝜕𝜕(∙)]
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝑓𝑓𝑓𝑓𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕 +
1
2
𝑏𝑏𝑏𝑏2𝜕𝜕𝜕𝜕(∙)

𝜕𝜕𝜕𝜕𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
�

−
1
2
�

𝜕𝜕𝜕𝜕[𝑏𝑏𝑏𝑏2𝜕𝜕𝜕𝜕(∙)]
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕

= 𝑎𝑎𝑎𝑎𝜕𝜕𝜕𝜕(∙)𝑓𝑓𝑓𝑓 �−�
𝜕𝜕𝜕𝜕[𝑎𝑎𝑎𝑎𝜕𝜕𝜕𝜕(∙)]
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝑓𝑓𝑓𝑓𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕 +
1
2
𝑏𝑏𝑏𝑏2𝜕𝜕𝜕𝜕(∙)

𝜕𝜕𝜕𝜕𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
�

−
1
2
𝜕𝜕𝜕𝜕[𝑏𝑏𝑏𝑏2𝜕𝜕𝜕𝜕(∙)]

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝑓𝑓𝑓𝑓| +

1
2
�

𝜕𝜕𝜕𝜕2[𝑏𝑏𝑏𝑏2𝜕𝜕𝜕𝜕(∙)]
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2

𝑓𝑓𝑓𝑓𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕

(38)

Noting that the boundary terms in Eq. (38) are all zero since a and b are continuous by 

definition, Eq. (38) reduces to 

� 𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕(𝜕𝜕𝜕𝜕, 𝑡𝑡𝑡𝑡|𝜕𝜕𝜕𝜕0, 𝑡𝑡𝑡𝑡0)

𝜕𝜕𝜕𝜕𝑡𝑡𝑡𝑡
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡  = � 𝑓𝑓𝑓𝑓 �−

𝜕𝜕𝜕𝜕[𝑎𝑎𝑎𝑎𝜕𝜕𝜕𝜕(∙)]
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

+
1
2
𝜕𝜕𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2
[𝑏𝑏𝑏𝑏2𝜕𝜕𝜕𝜕(∙)]�𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕

(39)

For the arbitrary stochastic integral function 𝑓𝑓𝑓𝑓(𝜕𝜕𝜕𝜕), FPK equation is obtained as

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕(𝜕𝜕𝜕𝜕, 𝑡𝑡𝑡𝑡|𝜕𝜕𝜕𝜕0, 𝑡𝑡𝑡𝑡0)
𝜕𝜕𝜕𝜕𝑡𝑡𝑡𝑡

 = −
𝜕𝜕𝜕𝜕[𝑎𝑎𝑎𝑎𝜕𝜕𝜕𝜕(∙)]
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

+
1
2
𝜕𝜕𝜕𝜕2[𝑏𝑏𝑏𝑏2𝜕𝜕𝜕𝜕(∙)]

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2
(40)

Therefore, the Ito SDE in Eq. (33) is equivalent to FPK equation.

Second, for n-dimensional state variable vector x(t), Ito SDE is expressed as 

𝑑𝑑𝑑𝑑𝒙𝒙𝒙𝒙(𝑡𝑡𝑡𝑡)  = 𝑨𝑨𝑨𝑨(𝒙𝒙𝒙𝒙 , 𝑡𝑡𝑡𝑡)𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡 + 𝑩𝑩𝑩𝑩(𝒙𝒙𝒙𝒙 , 𝑡𝑡𝑡𝑡)𝑑𝑑𝑑𝑑𝑾𝑾𝑾𝑾(𝑡𝑡𝑡𝑡) (41)

In tensor notation, Eq. (41) is written as

𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖(𝑡𝑡𝑡𝑡)  = 𝐴𝐴𝐴𝐴𝑖𝑖𝑖𝑖(𝒙𝒙𝒙𝒙 , 𝑡𝑡𝑡𝑡)𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡 + 𝐵𝐵𝐵𝐵𝑖𝑖𝑖𝑖𝑘𝑘𝑘𝑘(𝒙𝒙𝒙𝒙 , 𝑡𝑡𝑡𝑡)𝑑𝑑𝑑𝑑𝑊𝑊𝑊𝑊𝑘𝑘𝑘𝑘(𝑡𝑡𝑡𝑡), k = 1,2, … , m (42)

where summation rule is applied for 𝑘𝑘𝑘𝑘; i=1,2,…,n; 𝒙𝒙𝒙𝒙(𝑡𝑡𝑡𝑡) is the (n×1) state vector of the 

random process; 𝑨𝑨𝑨𝑨(𝒙𝒙𝒙𝒙, 𝑡𝑡𝑡𝑡) is a (n×1) drift vector; 𝑩𝑩𝑩𝑩(𝒙𝒙𝒙𝒙, 𝑡𝑡𝑡𝑡) is a (n×m) diffusion matrix and 

𝑑𝑑𝑑𝑑𝑾𝑾𝑾𝑾(𝑡𝑡𝑡𝑡) is an increment of (m × 1) Wiener vector process that have a property 

< 𝑑𝑑𝑑𝑑𝑾𝑾𝑾𝑾(𝑡𝑡𝑡𝑡)d𝑾𝑾𝑾𝑾(𝑡𝑡𝑡𝑡)T >= 𝑰𝑰𝑰𝑰𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡. Generalizing the one-dimensional FPK equation to n-dimensional 

case, FPK equation is written as

23 

. (42)

Therefore, the Ito SDE in Eq. (35) is equivalent to FPK 

equation.

Second, for n-dimensional state variable vector x(t), Ito 

SDE is expressed as 

𝑑𝑑𝑑𝑑 < 𝑓𝑓𝑓𝑓 >
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

 = 𝑎𝑎𝑎𝑎𝜕𝜕𝜕𝜕(∙)𝑓𝑓𝑓𝑓 �−�
𝜕𝜕𝜕𝜕[𝑎𝑎𝑎𝑎𝜕𝜕𝜕𝜕(∙)]
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝑓𝑓𝑓𝑓𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕 +
1
2
𝑏𝑏𝑏𝑏2𝜕𝜕𝜕𝜕(∙)

𝜕𝜕𝜕𝜕𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
�

−
1
2
�

𝜕𝜕𝜕𝜕[𝑏𝑏𝑏𝑏2𝜕𝜕𝜕𝜕(∙)]
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕

= 𝑎𝑎𝑎𝑎𝜕𝜕𝜕𝜕(∙)𝑓𝑓𝑓𝑓 �−�
𝜕𝜕𝜕𝜕[𝑎𝑎𝑎𝑎𝜕𝜕𝜕𝜕(∙)]
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝑓𝑓𝑓𝑓𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕 +
1
2
𝑏𝑏𝑏𝑏2𝜕𝜕𝜕𝜕(∙)

𝜕𝜕𝜕𝜕𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
�

−
1
2
𝜕𝜕𝜕𝜕[𝑏𝑏𝑏𝑏2𝜕𝜕𝜕𝜕(∙)]

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝑓𝑓𝑓𝑓| +

1
2
�

𝜕𝜕𝜕𝜕2[𝑏𝑏𝑏𝑏2𝜕𝜕𝜕𝜕(∙)]
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2

𝑓𝑓𝑓𝑓𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕

(38)

Noting that the boundary terms in Eq. (38) are all zero since a and b are continuous by 

definition, Eq. (38) reduces to 

� 𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕(𝜕𝜕𝜕𝜕, 𝑡𝑡𝑡𝑡|𝜕𝜕𝜕𝜕0, 𝑡𝑡𝑡𝑡0)

𝜕𝜕𝜕𝜕𝑡𝑡𝑡𝑡
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡  = � 𝑓𝑓𝑓𝑓 �−

𝜕𝜕𝜕𝜕[𝑎𝑎𝑎𝑎𝜕𝜕𝜕𝜕(∙)]
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

+
1
2
𝜕𝜕𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2
[𝑏𝑏𝑏𝑏2𝜕𝜕𝜕𝜕(∙)]�𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕

(39)

For the arbitrary stochastic integral function 𝑓𝑓𝑓𝑓(𝜕𝜕𝜕𝜕), FPK equation is obtained as

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕(𝜕𝜕𝜕𝜕, 𝑡𝑡𝑡𝑡|𝜕𝜕𝜕𝜕0, 𝑡𝑡𝑡𝑡0)
𝜕𝜕𝜕𝜕𝑡𝑡𝑡𝑡

 = −
𝜕𝜕𝜕𝜕[𝑎𝑎𝑎𝑎𝜕𝜕𝜕𝜕(∙)]
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

+
1
2
𝜕𝜕𝜕𝜕2[𝑏𝑏𝑏𝑏2𝜕𝜕𝜕𝜕(∙)]

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2
(40)

Therefore, the Ito SDE in Eq. (33) is equivalent to FPK equation.

Second, for n-dimensional state variable vector x(t), Ito SDE is expressed as 

𝑑𝑑𝑑𝑑𝒙𝒙𝒙𝒙(𝑡𝑡𝑡𝑡)  = 𝑨𝑨𝑨𝑨(𝒙𝒙𝒙𝒙 , 𝑡𝑡𝑡𝑡)𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡 + 𝑩𝑩𝑩𝑩(𝒙𝒙𝒙𝒙 , 𝑡𝑡𝑡𝑡)𝑑𝑑𝑑𝑑𝑾𝑾𝑾𝑾(𝑡𝑡𝑡𝑡) (41)

In tensor notation, Eq. (41) is written as

𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖(𝑡𝑡𝑡𝑡)  = 𝐴𝐴𝐴𝐴𝑖𝑖𝑖𝑖(𝒙𝒙𝒙𝒙 , 𝑡𝑡𝑡𝑡)𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡 + 𝐵𝐵𝐵𝐵𝑖𝑖𝑖𝑖𝑘𝑘𝑘𝑘(𝒙𝒙𝒙𝒙 , 𝑡𝑡𝑡𝑡)𝑑𝑑𝑑𝑑𝑊𝑊𝑊𝑊𝑘𝑘𝑘𝑘(𝑡𝑡𝑡𝑡), k = 1,2, … , m (42)

where summation rule is applied for 𝑘𝑘𝑘𝑘; i=1,2,…,n; 𝒙𝒙𝒙𝒙(𝑡𝑡𝑡𝑡) is the (n×1) state vector of the 

random process; 𝑨𝑨𝑨𝑨(𝒙𝒙𝒙𝒙, 𝑡𝑡𝑡𝑡) is a (n×1) drift vector; 𝑩𝑩𝑩𝑩(𝒙𝒙𝒙𝒙, 𝑡𝑡𝑡𝑡) is a (n×m) diffusion matrix and 

𝑑𝑑𝑑𝑑𝑾𝑾𝑾𝑾(𝑡𝑡𝑡𝑡) is an increment of (m × 1) Wiener vector process that have a property 

< 𝑑𝑑𝑑𝑑𝑾𝑾𝑾𝑾(𝑡𝑡𝑡𝑡)d𝑾𝑾𝑾𝑾(𝑡𝑡𝑡𝑡)T >= 𝑰𝑰𝑰𝑰𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡. Generalizing the one-dimensional FPK equation to n-dimensional 

case, FPK equation is written as

23 

. (43)

In tensor notation, Eq. (43) is written as

𝑑𝑑𝑑𝑑 < 𝑓𝑓𝑓𝑓 >
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

 = 𝑎𝑎𝑎𝑎𝜕𝜕𝜕𝜕(∙)𝑓𝑓𝑓𝑓 �−�
𝜕𝜕𝜕𝜕[𝑎𝑎𝑎𝑎𝜕𝜕𝜕𝜕(∙)]
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝑓𝑓𝑓𝑓𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕 +
1
2
𝑏𝑏𝑏𝑏2𝜕𝜕𝜕𝜕(∙)

𝜕𝜕𝜕𝜕𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
�

−
1
2
�

𝜕𝜕𝜕𝜕[𝑏𝑏𝑏𝑏2𝜕𝜕𝜕𝜕(∙)]
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕

= 𝑎𝑎𝑎𝑎𝜕𝜕𝜕𝜕(∙)𝑓𝑓𝑓𝑓 �−�
𝜕𝜕𝜕𝜕[𝑎𝑎𝑎𝑎𝜕𝜕𝜕𝜕(∙)]
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝑓𝑓𝑓𝑓𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕 +
1
2
𝑏𝑏𝑏𝑏2𝜕𝜕𝜕𝜕(∙)

𝜕𝜕𝜕𝜕𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
�

−
1
2
𝜕𝜕𝜕𝜕[𝑏𝑏𝑏𝑏2𝜕𝜕𝜕𝜕(∙)]

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝑓𝑓𝑓𝑓| +

1
2
�

𝜕𝜕𝜕𝜕2[𝑏𝑏𝑏𝑏2𝜕𝜕𝜕𝜕(∙)]
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2

𝑓𝑓𝑓𝑓𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕

(38)

Noting that the boundary terms in Eq. (38) are all zero since a and b are continuous by 

definition, Eq. (38) reduces to 

� 𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕(𝜕𝜕𝜕𝜕, 𝑡𝑡𝑡𝑡|𝜕𝜕𝜕𝜕0, 𝑡𝑡𝑡𝑡0)

𝜕𝜕𝜕𝜕𝑡𝑡𝑡𝑡
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡  = � 𝑓𝑓𝑓𝑓 �−

𝜕𝜕𝜕𝜕[𝑎𝑎𝑎𝑎𝜕𝜕𝜕𝜕(∙)]
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

+
1
2
𝜕𝜕𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2
[𝑏𝑏𝑏𝑏2𝜕𝜕𝜕𝜕(∙)]�𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕

(39)

For the arbitrary stochastic integral function 𝑓𝑓𝑓𝑓(𝜕𝜕𝜕𝜕), FPK equation is obtained as

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕(𝜕𝜕𝜕𝜕, 𝑡𝑡𝑡𝑡|𝜕𝜕𝜕𝜕0, 𝑡𝑡𝑡𝑡0)
𝜕𝜕𝜕𝜕𝑡𝑡𝑡𝑡

 = −
𝜕𝜕𝜕𝜕[𝑎𝑎𝑎𝑎𝜕𝜕𝜕𝜕(∙)]
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

+
1
2
𝜕𝜕𝜕𝜕2[𝑏𝑏𝑏𝑏2𝜕𝜕𝜕𝜕(∙)]

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2
(40)

Therefore, the Ito SDE in Eq. (33) is equivalent to FPK equation.

Second, for n-dimensional state variable vector x(t), Ito SDE is expressed as 

𝑑𝑑𝑑𝑑𝒙𝒙𝒙𝒙(𝑡𝑡𝑡𝑡)  = 𝑨𝑨𝑨𝑨(𝒙𝒙𝒙𝒙 , 𝑡𝑡𝑡𝑡)𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡 + 𝑩𝑩𝑩𝑩(𝒙𝒙𝒙𝒙 , 𝑡𝑡𝑡𝑡)𝑑𝑑𝑑𝑑𝑾𝑾𝑾𝑾(𝑡𝑡𝑡𝑡) (41)

In tensor notation, Eq. (41) is written as

𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖(𝑡𝑡𝑡𝑡)  = 𝐴𝐴𝐴𝐴𝑖𝑖𝑖𝑖(𝒙𝒙𝒙𝒙 , 𝑡𝑡𝑡𝑡)𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡 + 𝐵𝐵𝐵𝐵𝑖𝑖𝑖𝑖𝑘𝑘𝑘𝑘(𝒙𝒙𝒙𝒙 , 𝑡𝑡𝑡𝑡)𝑑𝑑𝑑𝑑𝑊𝑊𝑊𝑊𝑘𝑘𝑘𝑘(𝑡𝑡𝑡𝑡), k = 1,2, … , m (42)

where summation rule is applied for 𝑘𝑘𝑘𝑘; i=1,2,…,n; 𝒙𝒙𝒙𝒙(𝑡𝑡𝑡𝑡) is the (n×1) state vector of the 

random process; 𝑨𝑨𝑨𝑨(𝒙𝒙𝒙𝒙, 𝑡𝑡𝑡𝑡) is a (n×1) drift vector; 𝑩𝑩𝑩𝑩(𝒙𝒙𝒙𝒙, 𝑡𝑡𝑡𝑡) is a (n×m) diffusion matrix and 

𝑑𝑑𝑑𝑑𝑾𝑾𝑾𝑾(𝑡𝑡𝑡𝑡) is an increment of (m × 1) Wiener vector process that have a property 

< 𝑑𝑑𝑑𝑑𝑾𝑾𝑾𝑾(𝑡𝑡𝑡𝑡)d𝑾𝑾𝑾𝑾(𝑡𝑡𝑡𝑡)T >= 𝑰𝑰𝑰𝑰𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡. Generalizing the one-dimensional FPK equation to n-dimensional 

case, FPK equation is written as

23 

,

                                                                    

𝑑𝑑𝑑𝑑 < 𝑓𝑓𝑓𝑓 >
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

 = 𝑎𝑎𝑎𝑎𝜕𝜕𝜕𝜕(∙)𝑓𝑓𝑓𝑓 �−�
𝜕𝜕𝜕𝜕[𝑎𝑎𝑎𝑎𝜕𝜕𝜕𝜕(∙)]
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝑓𝑓𝑓𝑓𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕 +
1
2
𝑏𝑏𝑏𝑏2𝜕𝜕𝜕𝜕(∙)

𝜕𝜕𝜕𝜕𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
�

−
1
2
�

𝜕𝜕𝜕𝜕[𝑏𝑏𝑏𝑏2𝜕𝜕𝜕𝜕(∙)]
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕

= 𝑎𝑎𝑎𝑎𝜕𝜕𝜕𝜕(∙)𝑓𝑓𝑓𝑓 �−�
𝜕𝜕𝜕𝜕[𝑎𝑎𝑎𝑎𝜕𝜕𝜕𝜕(∙)]
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝑓𝑓𝑓𝑓𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕 +
1
2
𝑏𝑏𝑏𝑏2𝜕𝜕𝜕𝜕(∙)

𝜕𝜕𝜕𝜕𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
�

−
1
2
𝜕𝜕𝜕𝜕[𝑏𝑏𝑏𝑏2𝜕𝜕𝜕𝜕(∙)]

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝑓𝑓𝑓𝑓| +

1
2
�

𝜕𝜕𝜕𝜕2[𝑏𝑏𝑏𝑏2𝜕𝜕𝜕𝜕(∙)]
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2

𝑓𝑓𝑓𝑓𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕

(38)

Noting that the boundary terms in Eq. (38) are all zero since a and b are continuous by 

definition, Eq. (38) reduces to 

� 𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕(𝜕𝜕𝜕𝜕, 𝑡𝑡𝑡𝑡|𝜕𝜕𝜕𝜕0, 𝑡𝑡𝑡𝑡0)

𝜕𝜕𝜕𝜕𝑡𝑡𝑡𝑡
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡  = � 𝑓𝑓𝑓𝑓 �−

𝜕𝜕𝜕𝜕[𝑎𝑎𝑎𝑎𝜕𝜕𝜕𝜕(∙)]
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

+
1
2
𝜕𝜕𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2
[𝑏𝑏𝑏𝑏2𝜕𝜕𝜕𝜕(∙)]�𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕

(39)

For the arbitrary stochastic integral function 𝑓𝑓𝑓𝑓(𝜕𝜕𝜕𝜕), FPK equation is obtained as

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕(𝜕𝜕𝜕𝜕, 𝑡𝑡𝑡𝑡|𝜕𝜕𝜕𝜕0, 𝑡𝑡𝑡𝑡0)
𝜕𝜕𝜕𝜕𝑡𝑡𝑡𝑡

 = −
𝜕𝜕𝜕𝜕[𝑎𝑎𝑎𝑎𝜕𝜕𝜕𝜕(∙)]
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

+
1
2
𝜕𝜕𝜕𝜕2[𝑏𝑏𝑏𝑏2𝜕𝜕𝜕𝜕(∙)]

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2
(40)

Therefore, the Ito SDE in Eq. (33) is equivalent to FPK equation.

Second, for n-dimensional state variable vector x(t), Ito SDE is expressed as 

𝑑𝑑𝑑𝑑𝒙𝒙𝒙𝒙(𝑡𝑡𝑡𝑡)  = 𝑨𝑨𝑨𝑨(𝒙𝒙𝒙𝒙 , 𝑡𝑡𝑡𝑡)𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡 + 𝑩𝑩𝑩𝑩(𝒙𝒙𝒙𝒙 , 𝑡𝑡𝑡𝑡)𝑑𝑑𝑑𝑑𝑾𝑾𝑾𝑾(𝑡𝑡𝑡𝑡) (41)

In tensor notation, Eq. (41) is written as

𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖(𝑡𝑡𝑡𝑡)  = 𝐴𝐴𝐴𝐴𝑖𝑖𝑖𝑖(𝒙𝒙𝒙𝒙 , 𝑡𝑡𝑡𝑡)𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡 + 𝐵𝐵𝐵𝐵𝑖𝑖𝑖𝑖𝑘𝑘𝑘𝑘(𝒙𝒙𝒙𝒙 , 𝑡𝑡𝑡𝑡)𝑑𝑑𝑑𝑑𝑊𝑊𝑊𝑊𝑘𝑘𝑘𝑘(𝑡𝑡𝑡𝑡), k = 1,2, … , m (42)

where summation rule is applied for 𝑘𝑘𝑘𝑘; i=1,2,…,n; 𝒙𝒙𝒙𝒙(𝑡𝑡𝑡𝑡) is the (n×1) state vector of the 

random process; 𝑨𝑨𝑨𝑨(𝒙𝒙𝒙𝒙, 𝑡𝑡𝑡𝑡) is a (n×1) drift vector; 𝑩𝑩𝑩𝑩(𝒙𝒙𝒙𝒙, 𝑡𝑡𝑡𝑡) is a (n×m) diffusion matrix and 

𝑑𝑑𝑑𝑑𝑾𝑾𝑾𝑾(𝑡𝑡𝑡𝑡) is an increment of (m × 1) Wiener vector process that have a property 

< 𝑑𝑑𝑑𝑑𝑾𝑾𝑾𝑾(𝑡𝑡𝑡𝑡)d𝑾𝑾𝑾𝑾(𝑡𝑡𝑡𝑡)T >= 𝑰𝑰𝑰𝑰𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡. Generalizing the one-dimensional FPK equation to n-dimensional 

case, FPK equation is written as

23 

.
(44)

where summation rule is applied for k; i=1,2,…,n; x(t) is 

the (n×1) state vector of the random process; A(x,t) is a 

(n×1) drift vector; B(x,t) is a (n×m) diffusion matrix and 

dW(t) is an increment of (m×1) Wiener vector process that 

have a property <dW(t)dW(t)T>=Idt. Generalizing the one-

dimensional FPK equation to n-dimensional case, FPK 

equation is written as

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕(𝒙𝒙𝒙𝒙, 𝑡𝑡𝑡𝑡|𝒙𝒙𝒙𝒙0, 𝑡𝑡𝑡𝑡0)
𝜕𝜕𝜕𝜕𝑡𝑡𝑡𝑡

 

= −
𝜕𝜕𝜕𝜕[𝜕𝜕𝜕𝜕(∙)𝐴𝐴𝐴𝐴𝑖𝑖𝑖𝑖(𝒙𝒙𝒙𝒙, 𝑡𝑡𝑡𝑡)]

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖

+
1
2

𝜕𝜕𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝑗𝑗𝑗𝑗
[𝜕𝜕𝜕𝜕(∙)𝐵𝐵𝐵𝐵𝑖𝑖𝑖𝑖𝑘𝑘𝑘𝑘(𝒙𝒙𝒙𝒙, 𝑡𝑡𝑡𝑡)𝐵𝐵𝐵𝐵𝑗𝑗𝑗𝑗𝑘𝑘𝑘𝑘(𝒙𝒙𝒙𝒙, 𝑡𝑡𝑡𝑡)]

(43)

where the summation rule is also applied for subscript 𝑖𝑖𝑖𝑖, 𝑗𝑗𝑗𝑗 and 𝑘𝑘𝑘𝑘 and 𝐵𝐵𝐵𝐵𝑖𝑖𝑖𝑖𝑘𝑘𝑘𝑘𝐵𝐵𝐵𝐵𝑗𝑗𝑗𝑗𝑘𝑘𝑘𝑘 = [𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑇𝑇𝑇𝑇]𝑖𝑖𝑖𝑖𝑗𝑗𝑗𝑗.

For example, Eq. (20) of the stochastic dynamic system can be transformed to Ito SDE form 

as follows

ẋ1 =  x2 (44)

ẋ2 =  −𝛾𝛾𝛾𝛾x2 − 𝜅𝜅𝜅𝜅x1 + √2𝜎𝜎𝜎𝜎𝜂𝜂𝜂𝜂(𝑡𝑡𝑡𝑡)

where 𝜕𝜕𝜕𝜕1 is the displacement and 𝜕𝜕𝜕𝜕2 is the velocity. Changing Eq. (44) into two-

dimensional Ito SDE, 

�
𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕1(𝑡𝑡𝑡𝑡)
𝑑𝑑𝑑𝑑x2(𝑡𝑡𝑡𝑡)� = �

𝜕𝜕𝜕𝜕2(𝑡𝑡𝑡𝑡)
−𝛾𝛾𝛾𝛾𝜕𝜕𝜕𝜕2(𝑡𝑡𝑡𝑡) − 𝜅𝜅𝜅𝜅𝜕𝜕𝜕𝜕1(𝑡𝑡𝑡𝑡)� 𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡 + �0 0

0 √2𝜎𝜎𝜎𝜎
� �
𝑑𝑑𝑑𝑑𝑊𝑊𝑊𝑊(𝑡𝑡𝑡𝑡)
𝑑𝑑𝑑𝑑𝑊𝑊𝑊𝑊(𝑡𝑡𝑡𝑡)�

where 𝑨𝑨𝑨𝑨(𝒙𝒙𝒙𝒙, 𝑡𝑡𝑡𝑡) = �
𝜕𝜕𝜕𝜕2(𝑡𝑡𝑡𝑡)

−𝛾𝛾𝛾𝛾𝜕𝜕𝜕𝜕2(𝑡𝑡𝑡𝑡) − 𝜅𝜅𝜅𝜅𝜕𝜕𝜕𝜕1(𝑡𝑡𝑡𝑡)� and 𝑩𝑩𝑩𝑩(𝒙𝒙𝒙𝒙, 𝑡𝑡𝑡𝑡) = �0 0
0 √2𝜎𝜎𝜎𝜎�

(45)

From Eq. (43), a corresponding FPK equation can be derived as

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕(𝒙𝒙𝒙𝒙, 𝑡𝑡𝑡𝑡|𝒙𝒙𝒙𝒙0, 𝑡𝑡𝑡𝑡0)
𝜕𝜕𝜕𝜕𝑡𝑡𝑡𝑡

 

= −
𝜕𝜕𝜕𝜕[𝜕𝜕𝜕𝜕2(𝑡𝑡𝑡𝑡)𝜕𝜕𝜕𝜕(∙)]

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕1
−
𝜕𝜕𝜕𝜕[(−𝛾𝛾𝛾𝛾𝜕𝜕𝜕𝜕2(𝑡𝑡𝑡𝑡) − 𝜅𝜅𝜅𝜅𝜕𝜕𝜕𝜕1(𝑡𝑡𝑡𝑡))𝜕𝜕𝜕𝜕(∙)]

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2

+
1
2

𝜕𝜕𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝑗𝑗𝑗𝑗
[𝜕𝜕𝜕𝜕(∙)[𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑇𝑇𝑇𝑇]𝑖𝑖𝑖𝑖𝑗𝑗𝑗𝑗]

(46)

By the summation rule, the last term in Eq. (46) means 

24 

,

(45)

where the summation rule is also applied for subscript i, j 

and k and BikBjk=[BBT]ij.

For example, Eq. (20) of the stochastic dynamic system 

can be transformed to Ito SDE form as follows

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕(𝒙𝒙𝒙𝒙, 𝑡𝑡𝑡𝑡|𝒙𝒙𝒙𝒙0, 𝑡𝑡𝑡𝑡0)
𝜕𝜕𝜕𝜕𝑡𝑡𝑡𝑡

 

= −
𝜕𝜕𝜕𝜕[𝜕𝜕𝜕𝜕(∙)𝐴𝐴𝐴𝐴𝑖𝑖𝑖𝑖(𝒙𝒙𝒙𝒙, 𝑡𝑡𝑡𝑡)]

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖

+
1
2

𝜕𝜕𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝑗𝑗𝑗𝑗
[𝜕𝜕𝜕𝜕(∙)𝐵𝐵𝐵𝐵𝑖𝑖𝑖𝑖𝑘𝑘𝑘𝑘(𝒙𝒙𝒙𝒙, 𝑡𝑡𝑡𝑡)𝐵𝐵𝐵𝐵𝑗𝑗𝑗𝑗𝑘𝑘𝑘𝑘(𝒙𝒙𝒙𝒙, 𝑡𝑡𝑡𝑡)]

(43)

where the summation rule is also applied for subscript 𝑖𝑖𝑖𝑖, 𝑗𝑗𝑗𝑗 and 𝑘𝑘𝑘𝑘 and 𝐵𝐵𝐵𝐵𝑖𝑖𝑖𝑖𝑘𝑘𝑘𝑘𝐵𝐵𝐵𝐵𝑗𝑗𝑗𝑗𝑘𝑘𝑘𝑘 = [𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑇𝑇𝑇𝑇]𝑖𝑖𝑖𝑖𝑗𝑗𝑗𝑗.

For example, Eq. (20) of the stochastic dynamic system can be transformed to Ito SDE form 

as follows

ẋ1 =  x2 (44)

ẋ2 =  −𝛾𝛾𝛾𝛾x2 − 𝜅𝜅𝜅𝜅x1 + √2𝜎𝜎𝜎𝜎𝜂𝜂𝜂𝜂(𝑡𝑡𝑡𝑡)

where 𝜕𝜕𝜕𝜕1 is the displacement and 𝜕𝜕𝜕𝜕2 is the velocity. Changing Eq. (44) into two-

dimensional Ito SDE, 

�
𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕1(𝑡𝑡𝑡𝑡)
𝑑𝑑𝑑𝑑x2(𝑡𝑡𝑡𝑡)� = �

𝜕𝜕𝜕𝜕2(𝑡𝑡𝑡𝑡)
−𝛾𝛾𝛾𝛾𝜕𝜕𝜕𝜕2(𝑡𝑡𝑡𝑡) − 𝜅𝜅𝜅𝜅𝜕𝜕𝜕𝜕1(𝑡𝑡𝑡𝑡)� 𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡 + �0 0

0 √2𝜎𝜎𝜎𝜎
� �
𝑑𝑑𝑑𝑑𝑊𝑊𝑊𝑊(𝑡𝑡𝑡𝑡)
𝑑𝑑𝑑𝑑𝑊𝑊𝑊𝑊(𝑡𝑡𝑡𝑡)�

where 𝑨𝑨𝑨𝑨(𝒙𝒙𝒙𝒙, 𝑡𝑡𝑡𝑡) = �
𝜕𝜕𝜕𝜕2(𝑡𝑡𝑡𝑡)

−𝛾𝛾𝛾𝛾𝜕𝜕𝜕𝜕2(𝑡𝑡𝑡𝑡) − 𝜅𝜅𝜅𝜅𝜕𝜕𝜕𝜕1(𝑡𝑡𝑡𝑡)� and 𝑩𝑩𝑩𝑩(𝒙𝒙𝒙𝒙, 𝑡𝑡𝑡𝑡) = �0 0
0 √2𝜎𝜎𝜎𝜎�

(45)

From Eq. (43), a corresponding FPK equation can be derived as

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕(𝒙𝒙𝒙𝒙, 𝑡𝑡𝑡𝑡|𝒙𝒙𝒙𝒙0, 𝑡𝑡𝑡𝑡0)
𝜕𝜕𝜕𝜕𝑡𝑡𝑡𝑡

 

= −
𝜕𝜕𝜕𝜕[𝜕𝜕𝜕𝜕2(𝑡𝑡𝑡𝑡)𝜕𝜕𝜕𝜕(∙)]

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕1
−
𝜕𝜕𝜕𝜕[(−𝛾𝛾𝛾𝛾𝜕𝜕𝜕𝜕2(𝑡𝑡𝑡𝑡) − 𝜅𝜅𝜅𝜅𝜕𝜕𝜕𝜕1(𝑡𝑡𝑡𝑡))𝜕𝜕𝜕𝜕(∙)]

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2

+
1
2

𝜕𝜕𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝑗𝑗𝑗𝑗
[𝜕𝜕𝜕𝜕(∙)[𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑇𝑇𝑇𝑇]𝑖𝑖𝑖𝑖𝑗𝑗𝑗𝑗]

(46)

By the summation rule, the last term in Eq. (46) means 

24 

,
(46)

where x1 is the displacement and x2 is the velocity. Changing 

Eq. (46) into two-dimensional Ito SDE, 

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕(𝒙𝒙𝒙𝒙, 𝑡𝑡𝑡𝑡|𝒙𝒙𝒙𝒙0, 𝑡𝑡𝑡𝑡0)
𝜕𝜕𝜕𝜕𝑡𝑡𝑡𝑡

 

= −
𝜕𝜕𝜕𝜕[𝜕𝜕𝜕𝜕(∙)𝐴𝐴𝐴𝐴𝑖𝑖𝑖𝑖(𝒙𝒙𝒙𝒙, 𝑡𝑡𝑡𝑡)]

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖

+
1
2

𝜕𝜕𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝑗𝑗𝑗𝑗
[𝜕𝜕𝜕𝜕(∙)𝐵𝐵𝐵𝐵𝑖𝑖𝑖𝑖𝑘𝑘𝑘𝑘(𝒙𝒙𝒙𝒙, 𝑡𝑡𝑡𝑡)𝐵𝐵𝐵𝐵𝑗𝑗𝑗𝑗𝑘𝑘𝑘𝑘(𝒙𝒙𝒙𝒙, 𝑡𝑡𝑡𝑡)]

(43)

where the summation rule is also applied for subscript 𝑖𝑖𝑖𝑖, 𝑗𝑗𝑗𝑗 and 𝑘𝑘𝑘𝑘 and 𝐵𝐵𝐵𝐵𝑖𝑖𝑖𝑖𝑘𝑘𝑘𝑘𝐵𝐵𝐵𝐵𝑗𝑗𝑗𝑗𝑘𝑘𝑘𝑘 = [𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑇𝑇𝑇𝑇]𝑖𝑖𝑖𝑖𝑗𝑗𝑗𝑗.

For example, Eq. (20) of the stochastic dynamic system can be transformed to Ito SDE form 

as follows

ẋ1 =  x2 (44)

ẋ2 =  −𝛾𝛾𝛾𝛾x2 − 𝜅𝜅𝜅𝜅x1 + √2𝜎𝜎𝜎𝜎𝜂𝜂𝜂𝜂(𝑡𝑡𝑡𝑡)

where 𝜕𝜕𝜕𝜕1 is the displacement and 𝜕𝜕𝜕𝜕2 is the velocity. Changing Eq. (44) into two-

dimensional Ito SDE, 

�
𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕1(𝑡𝑡𝑡𝑡)
𝑑𝑑𝑑𝑑x2(𝑡𝑡𝑡𝑡)� = �

𝜕𝜕𝜕𝜕2(𝑡𝑡𝑡𝑡)
−𝛾𝛾𝛾𝛾𝜕𝜕𝜕𝜕2(𝑡𝑡𝑡𝑡) − 𝜅𝜅𝜅𝜅𝜕𝜕𝜕𝜕1(𝑡𝑡𝑡𝑡)� 𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡 + �0 0

0 √2𝜎𝜎𝜎𝜎
� �
𝑑𝑑𝑑𝑑𝑊𝑊𝑊𝑊(𝑡𝑡𝑡𝑡)
𝑑𝑑𝑑𝑑𝑊𝑊𝑊𝑊(𝑡𝑡𝑡𝑡)�

where 𝑨𝑨𝑨𝑨(𝒙𝒙𝒙𝒙, 𝑡𝑡𝑡𝑡) = �
𝜕𝜕𝜕𝜕2(𝑡𝑡𝑡𝑡)

−𝛾𝛾𝛾𝛾𝜕𝜕𝜕𝜕2(𝑡𝑡𝑡𝑡) − 𝜅𝜅𝜅𝜅𝜕𝜕𝜕𝜕1(𝑡𝑡𝑡𝑡)� and 𝑩𝑩𝑩𝑩(𝒙𝒙𝒙𝒙, 𝑡𝑡𝑡𝑡) = �0 0
0 √2𝜎𝜎𝜎𝜎�

(45)

From Eq. (43), a corresponding FPK equation can be derived as

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕(𝒙𝒙𝒙𝒙, 𝑡𝑡𝑡𝑡|𝒙𝒙𝒙𝒙0, 𝑡𝑡𝑡𝑡0)
𝜕𝜕𝜕𝜕𝑡𝑡𝑡𝑡

 

= −
𝜕𝜕𝜕𝜕[𝜕𝜕𝜕𝜕2(𝑡𝑡𝑡𝑡)𝜕𝜕𝜕𝜕(∙)]

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕1
−
𝜕𝜕𝜕𝜕[(−𝛾𝛾𝛾𝛾𝜕𝜕𝜕𝜕2(𝑡𝑡𝑡𝑡) − 𝜅𝜅𝜅𝜅𝜕𝜕𝜕𝜕1(𝑡𝑡𝑡𝑡))𝜕𝜕𝜕𝜕(∙)]

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2

+
1
2

𝜕𝜕𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝑗𝑗𝑗𝑗
[𝜕𝜕𝜕𝜕(∙)[𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑇𝑇𝑇𝑇]𝑖𝑖𝑖𝑖𝑗𝑗𝑗𝑗]

(46)

By the summation rule, the last term in Eq. (46) means 

24 

.

(47)

where and

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕(𝒙𝒙𝒙𝒙, 𝑡𝑡𝑡𝑡|𝒙𝒙𝒙𝒙0, 𝑡𝑡𝑡𝑡0)
𝜕𝜕𝜕𝜕𝑡𝑡𝑡𝑡

 

= −
𝜕𝜕𝜕𝜕[𝜕𝜕𝜕𝜕(∙)𝐴𝐴𝐴𝐴𝑖𝑖𝑖𝑖(𝒙𝒙𝒙𝒙, 𝑡𝑡𝑡𝑡)]

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖

+
1
2

𝜕𝜕𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝑗𝑗𝑗𝑗
[𝜕𝜕𝜕𝜕(∙)𝐵𝐵𝐵𝐵𝑖𝑖𝑖𝑖𝑘𝑘𝑘𝑘(𝒙𝒙𝒙𝒙, 𝑡𝑡𝑡𝑡)𝐵𝐵𝐵𝐵𝑗𝑗𝑗𝑗𝑘𝑘𝑘𝑘(𝒙𝒙𝒙𝒙, 𝑡𝑡𝑡𝑡)]

(43)

where the summation rule is also applied for subscript 𝑖𝑖𝑖𝑖, 𝑗𝑗𝑗𝑗 and 𝑘𝑘𝑘𝑘 and 𝐵𝐵𝐵𝐵𝑖𝑖𝑖𝑖𝑘𝑘𝑘𝑘𝐵𝐵𝐵𝐵𝑗𝑗𝑗𝑗𝑘𝑘𝑘𝑘 = [𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑇𝑇𝑇𝑇]𝑖𝑖𝑖𝑖𝑗𝑗𝑗𝑗.

For example, Eq. (20) of the stochastic dynamic system can be transformed to Ito SDE form 

as follows

ẋ1 =  x2 (44)

ẋ2 =  −𝛾𝛾𝛾𝛾x2 − 𝜅𝜅𝜅𝜅x1 + √2𝜎𝜎𝜎𝜎𝜂𝜂𝜂𝜂(𝑡𝑡𝑡𝑡)

where 𝜕𝜕𝜕𝜕1 is the displacement and 𝜕𝜕𝜕𝜕2 is the velocity. Changing Eq. (44) into two-

dimensional Ito SDE, 

�
𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕1(𝑡𝑡𝑡𝑡)
𝑑𝑑𝑑𝑑x2(𝑡𝑡𝑡𝑡)� = �

𝜕𝜕𝜕𝜕2(𝑡𝑡𝑡𝑡)
−𝛾𝛾𝛾𝛾𝜕𝜕𝜕𝜕2(𝑡𝑡𝑡𝑡) − 𝜅𝜅𝜅𝜅𝜕𝜕𝜕𝜕1(𝑡𝑡𝑡𝑡)� 𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡 + �0 0

0 √2𝜎𝜎𝜎𝜎
� �
𝑑𝑑𝑑𝑑𝑊𝑊𝑊𝑊(𝑡𝑡𝑡𝑡)
𝑑𝑑𝑑𝑑𝑊𝑊𝑊𝑊(𝑡𝑡𝑡𝑡)�

where 𝑨𝑨𝑨𝑨(𝒙𝒙𝒙𝒙, 𝑡𝑡𝑡𝑡) = �
𝜕𝜕𝜕𝜕2(𝑡𝑡𝑡𝑡)

−𝛾𝛾𝛾𝛾𝜕𝜕𝜕𝜕2(𝑡𝑡𝑡𝑡) − 𝜅𝜅𝜅𝜅𝜕𝜕𝜕𝜕1(𝑡𝑡𝑡𝑡)� and 𝑩𝑩𝑩𝑩(𝒙𝒙𝒙𝒙, 𝑡𝑡𝑡𝑡) = �0 0
0 √2𝜎𝜎𝜎𝜎�

(45)

From Eq. (43), a corresponding FPK equation can be derived as

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕(𝒙𝒙𝒙𝒙, 𝑡𝑡𝑡𝑡|𝒙𝒙𝒙𝒙0, 𝑡𝑡𝑡𝑡0)
𝜕𝜕𝜕𝜕𝑡𝑡𝑡𝑡

 

= −
𝜕𝜕𝜕𝜕[𝜕𝜕𝜕𝜕2(𝑡𝑡𝑡𝑡)𝜕𝜕𝜕𝜕(∙)]

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕1
−
𝜕𝜕𝜕𝜕[(−𝛾𝛾𝛾𝛾𝜕𝜕𝜕𝜕2(𝑡𝑡𝑡𝑡) − 𝜅𝜅𝜅𝜅𝜕𝜕𝜕𝜕1(𝑡𝑡𝑡𝑡))𝜕𝜕𝜕𝜕(∙)]

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2

+
1
2

𝜕𝜕𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝑗𝑗𝑗𝑗
[𝜕𝜕𝜕𝜕(∙)[𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑇𝑇𝑇𝑇]𝑖𝑖𝑖𝑖𝑗𝑗𝑗𝑗]

(46)

By the summation rule, the last term in Eq. (46) means 

24 
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From Eq. (45), a corresponding FPK equation can be 

derived as

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕(𝒙𝒙𝒙𝒙, 𝑡𝑡𝑡𝑡|𝒙𝒙𝒙𝒙0, 𝑡𝑡𝑡𝑡0)
𝜕𝜕𝜕𝜕𝑡𝑡𝑡𝑡

 

= −
𝜕𝜕𝜕𝜕[𝜕𝜕𝜕𝜕(∙)𝐴𝐴𝐴𝐴𝑖𝑖𝑖𝑖(𝒙𝒙𝒙𝒙, 𝑡𝑡𝑡𝑡)]

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖

+
1
2

𝜕𝜕𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝑗𝑗𝑗𝑗
[𝜕𝜕𝜕𝜕(∙)𝐵𝐵𝐵𝐵𝑖𝑖𝑖𝑖𝑘𝑘𝑘𝑘(𝒙𝒙𝒙𝒙, 𝑡𝑡𝑡𝑡)𝐵𝐵𝐵𝐵𝑗𝑗𝑗𝑗𝑘𝑘𝑘𝑘(𝒙𝒙𝒙𝒙, 𝑡𝑡𝑡𝑡)]

(43)

where the summation rule is also applied for subscript 𝑖𝑖𝑖𝑖, 𝑗𝑗𝑗𝑗 and 𝑘𝑘𝑘𝑘 and 𝐵𝐵𝐵𝐵𝑖𝑖𝑖𝑖𝑘𝑘𝑘𝑘𝐵𝐵𝐵𝐵𝑗𝑗𝑗𝑗𝑘𝑘𝑘𝑘 = [𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑇𝑇𝑇𝑇]𝑖𝑖𝑖𝑖𝑗𝑗𝑗𝑗.

For example, Eq. (20) of the stochastic dynamic system can be transformed to Ito SDE form 

as follows

ẋ1 =  x2 (44)

ẋ2 =  −𝛾𝛾𝛾𝛾x2 − 𝜅𝜅𝜅𝜅x1 + √2𝜎𝜎𝜎𝜎𝜂𝜂𝜂𝜂(𝑡𝑡𝑡𝑡)

where 𝜕𝜕𝜕𝜕1 is the displacement and 𝜕𝜕𝜕𝜕2 is the velocity. Changing Eq. (44) into two-

dimensional Ito SDE, 

�
𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕1(𝑡𝑡𝑡𝑡)
𝑑𝑑𝑑𝑑x2(𝑡𝑡𝑡𝑡)� = �

𝜕𝜕𝜕𝜕2(𝑡𝑡𝑡𝑡)
−𝛾𝛾𝛾𝛾𝜕𝜕𝜕𝜕2(𝑡𝑡𝑡𝑡) − 𝜅𝜅𝜅𝜅𝜕𝜕𝜕𝜕1(𝑡𝑡𝑡𝑡)� 𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡 + �0 0

0 √2𝜎𝜎𝜎𝜎
� �
𝑑𝑑𝑑𝑑𝑊𝑊𝑊𝑊(𝑡𝑡𝑡𝑡)
𝑑𝑑𝑑𝑑𝑊𝑊𝑊𝑊(𝑡𝑡𝑡𝑡)�

where 𝑨𝑨𝑨𝑨(𝒙𝒙𝒙𝒙, 𝑡𝑡𝑡𝑡) = �
𝜕𝜕𝜕𝜕2(𝑡𝑡𝑡𝑡)

−𝛾𝛾𝛾𝛾𝜕𝜕𝜕𝜕2(𝑡𝑡𝑡𝑡) − 𝜅𝜅𝜅𝜅𝜕𝜕𝜕𝜕1(𝑡𝑡𝑡𝑡)� and 𝑩𝑩𝑩𝑩(𝒙𝒙𝒙𝒙, 𝑡𝑡𝑡𝑡) = �0 0
0 √2𝜎𝜎𝜎𝜎�

(45)

From Eq. (43), a corresponding FPK equation can be derived as

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕(𝒙𝒙𝒙𝒙, 𝑡𝑡𝑡𝑡|𝒙𝒙𝒙𝒙0, 𝑡𝑡𝑡𝑡0)
𝜕𝜕𝜕𝜕𝑡𝑡𝑡𝑡

 

= −
𝜕𝜕𝜕𝜕[𝜕𝜕𝜕𝜕2(𝑡𝑡𝑡𝑡)𝜕𝜕𝜕𝜕(∙)]

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕1
−
𝜕𝜕𝜕𝜕[(−𝛾𝛾𝛾𝛾𝜕𝜕𝜕𝜕2(𝑡𝑡𝑡𝑡) − 𝜅𝜅𝜅𝜅𝜕𝜕𝜕𝜕1(𝑡𝑡𝑡𝑡))𝜕𝜕𝜕𝜕(∙)]

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2

+
1
2

𝜕𝜕𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝑗𝑗𝑗𝑗
[𝜕𝜕𝜕𝜕(∙)[𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑇𝑇𝑇𝑇]𝑖𝑖𝑖𝑖𝑗𝑗𝑗𝑗]

(46)

By the summation rule, the last term in Eq. (46) means 

24 

.

(48)

By the summation rule, the last term in Eq. (48) means 

1
2

𝜕𝜕𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝑗𝑗𝑗𝑗
�𝜕𝜕𝜕𝜕[𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑇𝑇𝑇𝑇]𝑖𝑖𝑖𝑖𝑗𝑗𝑗𝑗�

=
1
2
�
𝜕𝜕𝜕𝜕2[𝜕𝜕𝜕𝜕[𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑇𝑇𝑇𝑇]11]

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕12
+ 2

𝜕𝜕𝜕𝜕2[𝜕𝜕𝜕𝜕[𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑇𝑇𝑇𝑇]12]
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕1𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2

+
𝜕𝜕𝜕𝜕2[𝜕𝜕𝜕𝜕[𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑇𝑇𝑇𝑇]22]

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕22
�

(47)

Since [𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑇𝑇𝑇𝑇]11 = [𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑇𝑇𝑇𝑇]12 = 0, only the last term in Eq. (47) remains. Therefore, the 

corresponding FPK equation can be obtained as

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑡𝑡𝑡𝑡

= −
𝜕𝜕𝜕𝜕
∂𝜕𝜕𝜕𝜕1

[𝜕𝜕𝜕𝜕2𝜕𝜕𝜕𝜕] +
𝜕𝜕𝜕𝜕
∂𝜕𝜕𝜕𝜕2

[(𝛾𝛾𝛾𝛾𝜕𝜕𝜕𝜕2 + 𝜅𝜅𝜅𝜅𝜕𝜕𝜕𝜕1)𝜕𝜕𝜕𝜕] +  𝜎𝜎𝜎𝜎
𝜕𝜕𝜕𝜕2𝜕𝜕𝜕𝜕
∂𝜕𝜕𝜕𝜕22

(48)

When parameter 𝛾𝛾𝛾𝛾 is set to be 2.1, 𝜎𝜎𝜎𝜎 is 0.8, and 𝜅𝜅𝜅𝜅 is 1, the FP equation becomes

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑡𝑡𝑡𝑡

= −
𝜕𝜕𝜕𝜕
∂𝜕𝜕𝜕𝜕1

[𝜕𝜕𝜕𝜕2𝜕𝜕𝜕𝜕] +
𝜕𝜕𝜕𝜕
∂𝜕𝜕𝜕𝜕2

[(2.1𝜕𝜕𝜕𝜕2 + 𝜕𝜕𝜕𝜕1)𝜕𝜕𝜕𝜕] + 0.8
𝜕𝜕𝜕𝜕2𝜕𝜕𝜕𝜕
∂𝜕𝜕𝜕𝜕22

(49)

which is a linear partial differential equation.

25 

.

(49)

Since [BBT]11=[BBT]12=0, only the last term in Eq. (49) 

remains. Therefore, the corresponding FPK equation can be 

obtained as

1
2

𝜕𝜕𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝑗𝑗𝑗𝑗
�𝜕𝜕𝜕𝜕[𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑇𝑇𝑇𝑇]𝑖𝑖𝑖𝑖𝑗𝑗𝑗𝑗�

=
1
2
�
𝜕𝜕𝜕𝜕2[𝜕𝜕𝜕𝜕[𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑇𝑇𝑇𝑇]11]

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕12
+ 2

𝜕𝜕𝜕𝜕2[𝜕𝜕𝜕𝜕[𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑇𝑇𝑇𝑇]12]
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕1𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2

+
𝜕𝜕𝜕𝜕2[𝜕𝜕𝜕𝜕[𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑇𝑇𝑇𝑇]22]

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕22
�

(47)

Since [𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑇𝑇𝑇𝑇]11 = [𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑇𝑇𝑇𝑇]12 = 0, only the last term in Eq. (47) remains. Therefore, the 

corresponding FPK equation can be obtained as

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑡𝑡𝑡𝑡

= −
𝜕𝜕𝜕𝜕
∂𝜕𝜕𝜕𝜕1

[𝜕𝜕𝜕𝜕2𝜕𝜕𝜕𝜕] +
𝜕𝜕𝜕𝜕
∂𝜕𝜕𝜕𝜕2

[(𝛾𝛾𝛾𝛾𝜕𝜕𝜕𝜕2 + 𝜅𝜅𝜅𝜅𝜕𝜕𝜕𝜕1)𝜕𝜕𝜕𝜕] +  𝜎𝜎𝜎𝜎
𝜕𝜕𝜕𝜕2𝜕𝜕𝜕𝜕
∂𝜕𝜕𝜕𝜕22

(48)

When parameter 𝛾𝛾𝛾𝛾 is set to be 2.1, 𝜎𝜎𝜎𝜎 is 0.8, and 𝜅𝜅𝜅𝜅 is 1, the FP equation becomes

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑡𝑡𝑡𝑡

= −
𝜕𝜕𝜕𝜕
∂𝜕𝜕𝜕𝜕1

[𝜕𝜕𝜕𝜕2𝜕𝜕𝜕𝜕] +
𝜕𝜕𝜕𝜕
∂𝜕𝜕𝜕𝜕2

[(2.1𝜕𝜕𝜕𝜕2 + 𝜕𝜕𝜕𝜕1)𝜕𝜕𝜕𝜕] + 0.8
𝜕𝜕𝜕𝜕2𝜕𝜕𝜕𝜕
∂𝜕𝜕𝜕𝜕22

(49)

which is a linear partial differential equation.

25 

.
(50)

When parameter γ is set to be 2.1, σ is 0.8, and κ is 1, the FPK 

equation becomes

1
2

𝜕𝜕𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝑗𝑗𝑗𝑗
�𝜕𝜕𝜕𝜕[𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑇𝑇𝑇𝑇]𝑖𝑖𝑖𝑖𝑗𝑗𝑗𝑗�

=
1
2
�
𝜕𝜕𝜕𝜕2[𝜕𝜕𝜕𝜕[𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑇𝑇𝑇𝑇]11]

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕12
+ 2

𝜕𝜕𝜕𝜕2[𝜕𝜕𝜕𝜕[𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑇𝑇𝑇𝑇]12]
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕1𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2

+
𝜕𝜕𝜕𝜕2[𝜕𝜕𝜕𝜕[𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑇𝑇𝑇𝑇]22]

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕22
�

(47)

Since [𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑇𝑇𝑇𝑇]11 = [𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑇𝑇𝑇𝑇]12 = 0, only the last term in Eq. (47) remains. Therefore, the 

corresponding FPK equation can be obtained as

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑡𝑡𝑡𝑡

= −
𝜕𝜕𝜕𝜕
∂𝜕𝜕𝜕𝜕1

[𝜕𝜕𝜕𝜕2𝜕𝜕𝜕𝜕] +
𝜕𝜕𝜕𝜕
∂𝜕𝜕𝜕𝜕2

[(𝛾𝛾𝛾𝛾𝜕𝜕𝜕𝜕2 + 𝜅𝜅𝜅𝜅𝜕𝜕𝜕𝜕1)𝜕𝜕𝜕𝜕] +  𝜎𝜎𝜎𝜎
𝜕𝜕𝜕𝜕2𝜕𝜕𝜕𝜕
∂𝜕𝜕𝜕𝜕22

(48)

When parameter 𝛾𝛾𝛾𝛾 is set to be 2.1, 𝜎𝜎𝜎𝜎 is 0.8, and 𝜅𝜅𝜅𝜅 is 1, the FP equation becomes

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑡𝑡𝑡𝑡

= −
𝜕𝜕𝜕𝜕
∂𝜕𝜕𝜕𝜕1

[𝜕𝜕𝜕𝜕2𝜕𝜕𝜕𝜕] +
𝜕𝜕𝜕𝜕
∂𝜕𝜕𝜕𝜕2

[(2.1𝜕𝜕𝜕𝜕2 + 𝜕𝜕𝜕𝜕1)𝜕𝜕𝜕𝜕] + 0.8
𝜕𝜕𝜕𝜕2𝜕𝜕𝜕𝜕
∂𝜕𝜕𝜕𝜕22

(49)

which is a linear partial differential equation.

25 

,
(51)

which is a linear partial differential equation.
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