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STRUCTURES CONCERNING GROUP OF UNITS

Young Woo Chung and Yang Lee

Abstract. In this note we consider the right unit-duo ring property on
the powers of elements, and introduce the concept of weakly right unit-

duo ring. We investigate first the properties of weakly right unit-duo rings
which are useful to the study of related studies. We observe next various
kinds of relations and examples of weakly right unit-duo rings which do
roles in ring theory.

1. Basic structure of weakly right unit-duo rings

Throughout this paper all rings are associative with identity unless otherwise
stated. Let R be a ring and a ∈ R. We use U(R) to denote the group of all units
in R. Let [a]ℓ = {ua |u ∈ U(R)} and [a]r = {au |u ∈ U(R)}, i.e., [a]ℓ = U(R)a
and [a]r = aU(R). Let J(R), X(R), I(R), and N(R) denote the Jacobson
radical, the set of all nonzero nonunits, the set of all idempotents, and the set
of all nilpotent elements in R, respectively. |S| denotes the cardinality of a
subset S of R. The polynomial (power series) ring, with an indetermainate x

over R, is written by R[x] (R[[x]]). Z (Zn) denotes the ring of integers (modulo
n), and Q denotes the field of rational numbers. Denote the n by n full (resp.,
upper triangular) matrix ring over R by Matn(R) (resp., Un(R)), and use Eij

for the matrix with (i, j)-entry 1 and elsewhere zeros. Following the literature,
we write Dn(R) = {(aij) ∈ Un(R) | a11 = · · · = ann} and R∗ = R\{0}. We use
⊕ to denote the direct sum, and Q8 denotes the quaternion group.

Due to Feller [11], a ring is called right (resp. left) duo if every right (resp.
left) ideal is an ideal; a ring is called duo if it is both right and left duo. We see
various kinds of useful results for duo rings in [6, 21, 26]. A ring R (possibly
without identity) is usually called reduced ifN(R) = 0. A ring (possibly without
identity) is usually called Abelian if every idempotent is central. The class of
Abelian rings is easily shown to contain reduced rings and right (left) duo rings.

Following Han et al. [14], a ring is called right unit-duo if [a]ℓ ⊆ [a]r for every
a ∈ R. Left unit-duo rings are defined similarly. A ring is unit-duo if it is both
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left and right unit-duo. Note that a ring R is unit-duo if and only if [a]ℓ = [a]r
for each a ∈ R. Commutative rings are clearly unit-duo. Right or left unit-duo
rings are Abelian by [14, Theorem 1.2(1)].

We consider next the right unit-duo ring property on the powers of elements.

Definition 1.1. A ring R is said to be weakly right unit-duo if for every a ∈ R

there exists k ≥ 1, depending on a, such that [ak]ℓ ⊆ [ak]r, i.e., U(R)ak ⊆
akU(R). Weakly left unit-duo rings are defined similarly. A ring is weakly

unit-duo if it is both left and right weakly unit-duo.

A ring R is clearly (weakly) unit-duo when U(R) is contained in the center of
R. It is also obvious that a ring R is a division ring if and only if X(R) is empty.
So we have that a ring R, with X(R) nonempty, is weakly right unit-duo if and
only if for every a ∈ X(R) there exists k ≥ 1 such that U(R)ak ⊆ akU(R). We
will use this fact freely.

We consider first a property of weakly right unit-duo rings which is related
to the conjugation by units.

Lemma 1.2. (1) Let R be a right unit-duo ring. Then N(R) ⊆ u{1− v | v ∈
U(R)}u−1 for all u ∈ U(R).

(2) Let R be a weakly right unit-duo ring. Then, for every u ∈ U(R),
N(R) ⊆ uk{1− v | v ∈ U(R)}u−k for some k ≥ 1.

Proof. (1) Let a ∈ N(R) and u ∈ U(R). Since R is right unit-duo, there exists
v ∈ U(R) such that (1− a)u = uv, noting 1− a ∈ U(R). So a = u(1 − v)u−1.
This yields

N(R) ⊆ u{1− v | v ∈ U(R)}u−1.

(2) Let a ∈ N(R) and u ∈ U(R). Since R is weakly right unit-duo, there
exists v ∈ U(R) and k ≥ 1 such that (1 − a)uk = ukv. So a = uk(1 − v)u−k,
and this implies

N(R) ⊆ uk{1− v | v ∈ U(R)}u−k. �

In the proof of Lemma 1.2(2), if uk(1 − v)u−k ∈ N(R), then 1 − v ∈ N(R)
because 0 = [uk(1 − v)u−k]n = uk(1 − v)nu−k for some n ≥ 1 (hence (1 −
v)n = 0). Let R = Dn(K) over a division ring K, where n ≥ 2. Then R is
weakly right (left) unit-duo by Lemma 1.3(2) below. Let Eij ∈ R with i < j

(then Eij ∈ N(R)), and u ∈ U(R), i.e., u ∈ {(aij) ∈ R | aii 6= 0}. Then
Eij = uk(1 − v)u−k for some v ∈ U(R) and k ≥ 1, by Lemma 1.2(2). Since

Eij 6= 0, v 6= 1 and so v must be of the form
(

1 s t
0 1 u
0 0 1

)

because 1− v ∈ N(R).

In the following we see basic properties of weakly right unit-duo rings.

Lemma 1.3. (1) A weakly right (left) unit-duo ring is Abelian.

(2) A local ring with nil Jacobson radical is weakly unit-duo.

(3) The weakly unit-duo property is not left-right symmetric.
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Proof. (1) Let R be a weakly right unit-duo ring. For r, e2 = e ∈ R, let
x = er(1− e) and y = (1− e)re. Then x2 = 0 = y2, and so 1−x, 1− y ∈ U(R).
Since R is weakly right unit-duo, we have

(1−e)−er(1−e) = (1−x)(1−e) = (1−e)u, and e− (1−e)re = (1−y)e = ev

for some u, v ∈ U(R). Multiplying these equalities by 1 − e and e on the left
respectively, we get

1− e = (1− e)u and e = ev.

This yields er(1 − e) = 0 and (1 − e)re = 0, entailing er = re. Thus R is
Abelian. The proof of the left case is similar.

(2) Let R be a local ring with J(R) nil. Then X(R) = J(R)\{0}. Since
J(R) is nil, R is obviously weakly unit-duo.

(3) There is a weakly left unit-duo ring that is not weakly right unit-duo. We
use the ring and apply the argument in [18, Example 1]. Let S be the quotient
field of the polynomial ring F [t] with an indeterminate t over a field F , and

consider the field monomorphism σ : S → S by σ( f(t)
g(t) ) =

f(t2)
g(t2) . Next consider

the skew power series ring R = S[[x;σ]] by σ with an indeterminate x over S,
in which every element is of the form

∑∞
i=0 aix

i, only subject to xa = σ(a)x
for a ∈ S.

Note that U(R) = {
∑∞

i=0 aix
i ∈ R | a0 6= 0}. Let f(x) = a0x

k + a1x
k+1 +

· · · ∈ R with a0 6= 0 and k ≥ 0, and g(x) =
∑∞

j=0 bjx
j ∈ U(R) (i.e., b0 6= 0).

Letting f(x) = h(x)xk, we have h(x) = a0 + a1x+ · · · ∈ U(R) because a0 6= 0.
Let h(x)−1 = a−1

0 + c1x+ · · · . Then

g(x)f(x) = g(x)h(x)xk = h(x)[h(x)−1g(x)h(x)]xk

= h(x)[(a−1
0 b0 + (a−1

0 b1 + c1σ(b0))x+ · · · )h(x)]xk

= h(x)[a−1
0 b0a0 + (a−1

0 b0a1 + a−1
0 b1σ(a0) + c1σ(b0)σ(a0))x + · · · ]xk

= h(x)[b0 + (a−1
0 b0a1 + a−1

0 b1σ(a0) + c1σ(b0)σ(a0))x + · · · ]xk

= h(x)xkk(x) = f(x)k(x)

for some k(x) = d0 + d1x+ · · · ∈ U(R) (i.e., d0 6= 0) such that

[b0 + (a−1
0 b0a1 + a−1

0 b1σ(a0) + c1σ(b0)σ(a0))x+ · · · ]xk

= xkk(x) = (σk(d0) + σk(d1)x+ · · · )xk,

noting that R is a domain. This implies that

b0 = σk(d0) and a−1
0 b0a1 + a−1

0 b1σ(a0) + c1σ(b0)σ(a0) = σk(d1).

So it is impossible that b0 is of the form u(t)
v(t) such that a term of u(t) or v(t) is

of odd degree, because σk(d0) is of the form f(t2k)
g(t2k) .

Thus, if we let g(x) = t2l+1 + b1x + · · · (i.e., b0 = t2l+1) with l ≥ 0, then
there cannot exist such k(x). This induces a contradiction, and so R is not
weakly right unit-duo.
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We claim next that R is (weakly) left unit-duo. For the power series f(x),
g(x) above, we have

f(x)g(x) = h(x)xkg(x) = h(x)g1(x)x
k = h(x)g1(x)h(x)

−1h(x)xk

= h(x)g1(x)h(x)
−1f(x) ∈ U(R)f(x),

where

xkg(x) = g1(x)x
k and g1(x) =

∞
∑

j=0

σk(bj)x
j .

But h(x)g1(x)h(x)
−1 = a0σ

k(b0)a
−1
0 + · · · ∈ U(R) because a0σ

k(b0)a
−1
0 6= 0,

so f(x)U(R) ⊆ U(R)f(x). Therefore R is (weakly) left unit-duo.
Next, in the preceding construction, let R = S[[x;σ]] be the skew power

series ring, with the coefficients written on the right, only subject to ax = xσ(a)
for a ∈ S. Then R can be shown to be a weakly right unit-duo ring that is not
weakly left unit-duo, through a similar computation. �

Let K be a division ring. Then Dn(K) is clearly a local ring with nilpotent
Jacobson radical, and so it is weakly unit-duo by Lemma 1.3(2).

The monomorphism σ in the proof of Lemma 1.3(3) is not surjective. If σ
is bijective, then the ring R is unit-duo as we see in the following.

Theorem 1.4. Let K be a field and σ be a monomorphism of K. If σ is

bijective, then the skew power series ring R = K[[x;σ]] by σ, with an indeter-

minate x over K, is a unit-duo ring, where every element is of R is of the form
∑∞

i=0 aix
i, only subject to xa = σ(a)x for all a ∈ K.

Proof. Note first that R is left unit-duo by the computation in the proof of
Lemma 1.3(3). Suppose that σ is bijective. Let f(x) =

∑∞
i=m aix

i ∈ R with
am 6= 0, and g(x) =

∑∞
j=0 bjx

j ∈ U(R) (i.e., b0 6= 0), where m ≥ 0. Let

f1(x) =

∞
∑

k=0

ckx
k with ck = am+k for all k.

Then f(x) = f1(x)x
m and f1(x) ∈ U(R). We will show that g(x)f(x) ∈

f(x)U(R). Write

f1(x)
−1g(x)f1(x) =

∞
∑

t=0

dtx
t,

noting that d0 6= 0 because c0, b0 6= 0. Then

g(x)f(x) = g(x)f1(x)x
m = f1(x)f1(x)

−1g(x)f1(x)x
m

= f1(x)(

∞
∑

t=0

dtx
t)xm = f1(x)x

m(

∞
∑

t=0

σ−m(dt)x
t)

= f(x)(

∞
∑

t=0

σ−m(dt)x
t).
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Note here that
∑∞

t=0 σ
−m(dt)x

t ∈ U(R) because σ−m(d0) 6= 0. This implies
g(x)f(x) ∈ f(x)U(R), entailing U(R)f(x) ⊆ f(x)U(R). Therefore R is right
unit-duo. �

Right unit-duo rings are clearly weakly right unit-duo, but the converse need
not hold by the following.

Example 1.5. (1) Let K be a division ring and R = D3(K). Let A = (aij).
It is easily checked that A is a unit if and only if a11 = · · · = ann 6= 0, entailing
U(R) = {(aij) ∈ R | aii 6= 0}. Note also that A is a nonunit if and only
if a11 = · · · = ann = 0 if and only if A is nilpotent. It then follows that
R is weakly unit-duo by Lemma 1.3(2), noting that R is a local ring with
J(R) = {(aij) ∈ R | aii = 0} and R

J(R)
∼= K.

However R is neither left nor right unit-duo. Indeed,

U(R)E12 = RE12 = KE12 $ KE12 +KE13 = E12R = E12U(R),

implying that R is not left unit-duo; and

U(R)E23 = RE23 = KE13 +KE23 % KE23 = E23R = E23U(R),

implying that R is not right unit-duo.
(2) We apply the construction of ring in [25, Definition 1.3] and argument

in [20, pp. 1693–1694]. Let R be a commutative ring with an endomorphism σ

and M be an R-module. To give R ⊕M a ring structure, define the addition
and multiplication are given by

(r1,m1) + (r2,m2) = (r1 + r2,m1 +m2) and

(r1,m1)(r2,m2) = (r1r2, σ(r1)m2 +m1r2).

Then this construction forms a ring and usually called the skew-trivial extension
of R by M , denoted by R ∝ M . Let K be a field with a monomorphism σ and
M be a K-module. If σ is not surjective, then K ∝ M is a right unit-duo ring
which is not left unit-duo by [14, Theorem 1.1(1)].

In the preceding construction of R, define the multiplication by

(r1,m1)(r2,m2) = (r1r2, r1m2 +m1σ(r2))

as in [14, Example 1.2(2)]. Then R is not right but left unit-duo by the argu-
ment in [14, Example 1.2(2)].

But J(R) = 0 ∝ M and R
J(R)

∼= K, so R is weakly unit-duo by Lemma

1.3(2).

Following Yao [28], a ring R is said to be weakly right duo if for each a ∈ R

there exists a positive integer n ≥ 1 such that Ran ⊆ anR, i.e., anR = RanR.
The weakly left duo rings can be defined similarly. A ring is a weakly duo ring
if it is both weakly left and weakly right duo. A right duo ring is obviously
weakly right but the converse need not hold as can be seen by D3(K) over a
division ring K. Indeed, every matrix in D3(K) is either a unit or nilpotent, so
D3(K) is weakly duo; but D3(K)E12 = KE12 (resp., E23D3(K) = KE23) does
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not contain E12D3(K) = KE12+KE13 (resp., D3(K)E23 = KE13+KE23), so
D3(K) is neither right nor left duo. A weakly right (left) duo ring is Abelian
by [28, Lemma 4]. There exists a unit-duo ring which is neither weakly right
nor weakly left duo by Example 2.8 below.

We see in the following a condition under which the weakly unit-duo property
is left-right symmetric. Recall that an involution on a ring R is a function
∗ : R → R which satisfies the properties that (x+ y)∗ = x∗ + y∗, (xy)∗ = y∗x∗,
1∗ = 1, and (x∗)∗ = x for all x, y ∈ R. The following is similar to [14, Theorem
1.3(4)].

Proposition 1.6. Let R be a ring with an involution ∗.
(1) R is weakly left unit-duo if and only if it is weakly right unit-duo.

(2) R is weakly left duo if and only if it is weakly right duo.

Proof. (1) Suppose that R is a weakly left unit-duo ring. Let a ∈ R and
u ∈ U(R). Then

(a∗)nu∗ = v(a∗)n

for some n ≥ 1 and v ∈ U(R), noting u∗ ∈ U(R). Observe (an)∗ = (a∗)n. It
then follows that

uan = ((uan)∗)∗ = ((a∗)nu∗)∗ = (v(a∗)n)∗ = (v(an)∗)∗ = ((an)∗)∗v∗ = anv∗.

Since v∗ ∈ U(R), we have now U(R)an ⊆ anU(R). This implies that R is
weakly right unit-duo. The proof of the converse is similar.

(2) Suppose that R is a weakly left duo ring, and let a, b ∈ R. Then

(a∗)nb∗ = c(a∗)n

for some n ≥ 1 and c ∈ R, and we have

ban = ((ban)∗)∗ = ((a∗)nb∗)∗ = (c(a∗)n)∗ = (c(an)∗)∗ = ((an)∗)∗c∗ = anc∗.

This implies thatR is weakly right duo. The proof of the converse is similar. �

Let G be any group G and K be any commutative ring, and consider the
group ring KG of G over K. It is well-known that KG is left duo if and only if
it is right duo, with the standard involution ∗ on KG defined by (

∑

aigi)
∗ =

∑

aig
−1
i for all ai ∈ K and gi ∈ G. We have also that KG is left unit-duo if

and only if it is right unit-duo by [14, Theorem 1.3(4)]. Recall that Q8 denotes
the quaternion group.

Proposition 1.7. Let K be a field of characteristic zero and R be the group

ring KQ8. Then the following conditions are equivalent:
(1) R is weakly right (left) unit-duo;
(2) R is right (left) unit-duo;
(3) R is right (left) duo;
(4) R is weakly right (left) duo;
(5) R is Abelian.
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Proof. Note first thatR is isomorphic toK⊕K⊕K⊕K⊕H(K) such thatH(K)
is either a division ring, D say, or Mat2(K), by [24, Theorem 7.4.6 and Lemma
7.4.9]. Here if R is Abelian, then R is isomorphic to K ⊕K ⊕K ⊕K ⊕D. So
the proof is done by help of Proposition 1.6, [14, Proposition 1.8], [28, Lemma
4], Lemma 1.3(1), and the argument prior to this proposition. �

In the preceding proof,K⊕K⊕K⊕K⊕H(K), whereH(K) is the quaternion
algebra over K, is called the Wedderburn decomposition in [24].

Due to Bell [3], a ring R is called to satisfy the insertion-of-factors-property

(simply, an IFP ring) if ab = 0 implies aRb = 0 for a, b ∈ R. IFP rings
are easily shown to be Abelian. The ring R in Lemma 1.3(3) is a domain
(hence IFP), but R is not weakly right unit-duo. Consider next Dn(K) over
a division ring K for n ≥ 4. Then Dn(K) is weakly unit-duo as above, but it
is not IFP by [19, Example 1.3]. So the concepts of weakly unit-duo and IFP
are independent of each other. We will see conditions under which these two
concepts are equivalent.

In the following, the class of weakly unit-duo rings of minimal order is com-
pletely characterized by help of Lemma 1.3(2).

Lemma 1.8. (1) [23, Corollary 6] A ring R is a noncommutative local ring

of minimal order if and only if R is a noncommutative IFP ring of minimal

order.

(2) [10, Theorem] Let R be a finite ring of order m with identity. If m has

a cube free factorization, then R is a commutative ring.

(3) [10, Proposition] If R is a noncommutative of order p3, p a prime, then

R is isomorphic to U2(GF (p)).

Xu and Xue [27, Theorem 8] proved that a noncommutative IFP ring of
minimal order is a local ring of order 16, and if R is such a ring, then R ∼= Ri

for some i ∈ {1, 2, 3, 4, 5}, where Ri’s are the rings in Example 1.9 to follow.
So a noncommutative local ring of minimal order is also isomorphic to one of
the Ri’s by Lemma 1.8(1). GF (pn) denotes the Galois field of order pn.

Example 1.9. In [27, Example 7], there exist five kinds of noncommutative
finite local rings of order 16. Let A〈x, y〉 be the free algebra generated by
noncommuting indeterminates x, y over given a commutative ring A, and (x, y)
denote the ideal of A〈x, y〉 generated by x, y.

(1) Let R1 = Z2〈x, y〉/I, where I is the ideal of Z2〈x, y〉 generated by
x3, y3, yx, x2 − xy, y2 − xy.

(2) Let R2 = Z4〈x, y〉/I, where I is the ideal of Z4〈x, y〉 generated by
x3, y3, yx, x2 − xy, x2 − 2, y2 − 2, 2x, 2y.

(3) Let R3 =
{(

a b
0 a2

)

∈ U2(GF (22)) | a, b ∈ GF (22)
}

.
(4) Let R4 = Z2〈x, y〉/I, where I is the ideal of Z2〈x, y〉 generated by

x3, y2, yx, x2 − xy. Identify x, y with their images in R4 for simplicity. It
is simply checked that R4 is isomorphic to D3(Z2) through the corresponding
x 7→ E12 + E23 and y 7→ E23.
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(5) Let R5 = Z4〈x, y〉/I, where I is the ideal of Z4〈x, y〉 generated by
x3, y2, yx, x2 − xy, x2 − 2, 2x, 2y.

We now have a complete structure of noncommutative unit-duo rings of
minimal order by help of Example 1.2.

Theorem 1.10. If R is a noncommutative weakly right (left) unit-duo ring of

minimal order, then |R| = 16 and R is isomorphic to one of Ri’s in Example

1.9.

Proof. Let R be a noncommutative weakly right (left) unit-duo ring of minimal
order. Then R is Abelian by Lemma 1.3(1). Moreover R is a local ring of order
16 by help of the proof of [14, Theorem 2.3]. Finite local rings are weakly unit-
duo by Lemma 1.3(2). These results lead us to conclude that R is isomorphic
to one of Ri’s in Example 1.9. �

The following is an immediate consequence of Theorem 1.10 and [14, Theo-
rem 2.3 and Corollary 2.4].

Corollary 1.11. (1) A ring is a noncommutative weakly right (left) unit-duo

ring of minimal order if and only if it is a right (left) unit-duo ring of minimal

order.

(2) A ring is a noncommutative weakly right unit-duo ring of minimal order

if and only if it is an IFP ring of minimal order.

(3) A ring is a noncommutative weakly right unit-duo ring of minimal order

if and only if it is a noncommutative weakly unit-duo ring of minimal order if

and only if it is a noncommutative weakly left unit-duo ring of minimal order.

2. Relations and examples

In this section we study first useful relations between weakly right duo rings
and nearby ring concepts. We investigate next various kinds of examples of
weakly right unit-duo rings which do roles in ring theory.

Following Cohn [7], a ring R is reversible if ab = 0 implies ba = 0 for a, b ∈ R.
Commutative rings are clearly reversible, and reduced rings are easily shown to
be reversible. There exist many reversible rings which are neither commutative
nor reduced as can seen by D2(K), over a noncommutative division ring K.
The class of IFP rings contains both reversible rings and right (left) duo rings.
Each converse does not hold in general as can be seen by D3(A) over a reduced
ring A (see [19, Proposition 1.2 and Example 1.5]).

The concepts of reversible and right (unit-)duo are independent of each other
as the following example shows. Recall Q8 = 〈i, j〉 with ji = i3j.

Example 2.1. (1) There exist reversible rings which are not left or right duo.
We use the ring constructed by Marks in [21, Example 5]. Let K be a field and
F = K〈x, y, z〉 be the free algebra with noncommuting indeterminates x, y, z

over K. Next consider the ideal I = (FxF )2 + (FyF )2 + (FzF )2 + FxyzF +
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FyzxF + FzxyF , and put R = F/I. Then, by the argument in [21, Example
5], R is a reversible ring that is not left or right duo.

(2) There exist reversible rings which are neither right nor left unit-duo.
We use the ring constructed by Bell and Li in [4, Example 1.2]. Let R be the
integral group ring ZQ8 of Q8 over Z. Then R is a reversible ring by help of
[13, Theorem 3.1]. Gutan and Kisielewicz showed that (i+ 2j)i /∈ R(i+ 2j) in
[13, Theorem 3.1], noting i ∈ U(R). This implies that R is not left (unit-)duo.
A similar argument can show that R is not right (unit-)duo.

(3) There exist one-sided duo rings which are not reversible. We use the ring
constructed by Courter in [8, Example 3]. Let K be a field and R0 be the row
finite infinite matrix ring over K. Let P be the K-subspace of R0 generated
by the matrices {a0, a1, . . . , aj , . . .}, where

a0 = E12, a1 = E13, a2 = E14 + E32, . . . , aj = E1,j+2 + Ej+1,2

for j ≥ 2. Next let I be the identity matrix in R0, and R = KI ⊕ P , the
K-subspace of R0 with a basic {I, a0, a1, . . . , aj , . . .}. Then R is a right duo
ring by the computation in [8, Example 3]. However a2a1 = 0 but a1a2 = E12,
entailing that R is not reversible.

We claim moreover that R is right unit-duo. Let a ∈ R and u ∈ U(R). We
will show that ua ∈ aU(R), and it suffices to consider the case of a ∈ X(R).
Then u and a can be expressed by

u = kI +

m
∑

i=0

ciai and a =

m
∑

i=0

diai,

where m ≥ 1 and k 6= 0, c0, . . . , cm, d0, . . . , dm ∈ K. We apply the argument in
[8, Example 3]. Note ua =

∑m
i=0(kdi)ai+(c1d2+c2d3+ · · ·+cm−1dm+kd0)a0.

Then, letting v = kI+ c1a3+ c2a4+ · · ·+ cm−1am+1 ∈ U(R), we have ua = av.
Thus R is a right unit-duo ring.

Marks proved in [21, Proposition 6] that the group ring kG is reversible if
and only if kG is IFP, where k is a commutative ring and G is a finite group.
Recall that right or left duo ring is IFP. So if kG is right or left duo, then it is
reversible by applying [21, Proposition 6].

We see a condition under which the ring properties mentioned above are
equivalent. Let K be a field and G be a non-Abelian torsion group. Here if
KG is a duo ring, then the characteristic of K is zero or 2 by [4, Theorem 4.2].
In this note we study the following relations in the case of characteristic zero,
and will concern one of characteristic 2 in the future study.

Proposition 2.2. Let K be a field of characteristic zero and R be the group

ring KQ8, where Q8 is the quaternion group. Then the following conditions

are equivalent:
(1) R is weakly right (left) unit-duo;
(2) R is right (left) unit-duo;
(3) R is right (left) duo;
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(4) R is weakly right (left) duo;
(5) R is Abelian;
(6) The equation 1 + x2 + y2 = 0 has no solutions in K;
(7) R is an IFP ring;
(8) R is a reversible ring.

Proof. The conditions (3) and (8) are equivalent by Bell and Li [4, Theorem
2.1]. The conditions (7) and (8) are equivalent by Marks [21, Proposition
6]. The equivalence of the conditions (6) and (8) is proved by Gutan and
Kisielewicz [13, Theorem 3.1]. The remainder is done by Proposition 1.7. �

QQ8 is a right (unit-)duo ring by Proposition 2.2 when it is an Abelian ring.
In this situation, ZQ8 is not a right (unit-)duo ring by Example 2.1. So we can
say that the class of right (unit-)duo rings is not closed under subrings.

We consider next a sort of a domain over which the polynomial is weakly
right unit-duo. One may compare the following with [14, Proposition 3.4].

Proposition 2.3. (1) Let R be a ring and suppose that R[x] is weakly right

(left) unit-duo. Then, for a ∈ R and u ∈ G(R), there exists k ≥ 1 such that

aku = uak and k(au) = k(ua).
(2) Let R be a domain of characteristic zero. If R[x] is weakly right (left)

unit-duo, then au = ua for all a ∈ R and u ∈ G(R) (hence R is unit-duo).
(3) Let R be a division ring of characteristic zero. Then the following are

equivalent:
(a) R[x] is weakly right (left) unit-duo;
(b) R is right (left) unit-duo;
(c) R is a field;
(d) R[x] is right (left) unit-duo.

Proof. (1) Let a ∈ R and u ∈ U(R). Since R[x] is weakly right unit-duo,
there exists k ≥ 1 such that u(a + x)k = (a + x)ku′ for some u′ ∈ U(R[x]).
Comparing the degrees of this equality, we get u′ ∈ R and u = u′. Then we
have uak = aku and k(au) = k(ua) from the equality u(ak + kax+ · · ·+ xk) =
(ak + kax+ · · ·+ xk)u. The proof of the left case is similar.

(2) Suppose that R[x] is weakly right unit-duo, and let a ∈ R and u ∈ U(R).
Then k(au) = k(ua) for some k ≥ 1 by (1). Since R is a domain of characteristic
zero, we have au = ua because k 6= 0. Thus R is also weakly right unit-duo.
The proof of the left case is similar.

(3) By (2), (a) implies (b). So it suffices to show (b) implies (c). Suppose
that R is right (left) unit-duo, and let 0 6= a, b ∈ R. Then, since a, b ∈ U(R),
we have ab = ba by (2). So R is a filed. �

Let R be the Hamilton quaternions over the real numbers. Then R[x] cannot
be (weakly) right unit-duo by Proposition 2.3.

Following [12], a ring R is called (von Neumann) regular (resp., unit-regular)
if for every x ∈ R there exists y ∈ R (resp., u ∈ U(R)) such that xyx = x
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(resp., xux = x). In this case, every element of a regular (resp., unit-regular)
ring is also said to be regular (resp., unit-regular. Abelian regulars are unit-
regular by [12, Corollary 4.2]. Let R be a unit-regular ring and a ∈ R. Then
a = aua for some u ∈ U(R), so this implies that a = (au)u−1 = u−1(ua) with
au, ua ∈ I(R).

Proposition 2.4. Let R be a regular ring. Then the following conditions are

equivalent:
(1) R is weakly right (left) unit-duo;
(2) R is right (left) unit-duo;
(3) R is right (left) duo;
(4) R is IFP;
(5) R is Abelian.

Proof. The proof is done by Lemma 1.3(1) and [14, Corollary 1.4]. �

We also have that a regular ring is weakly right unit-duo if and only if it is
reduced by help of Proposition 2.4 and [12, Theorem 3.2].

Following the literature, a ring R is called π-regular if for each a ∈ R there
exist a positive integer n = n(a), depending on a, and b ∈ R such that an =
anban. Regular rings are obviously π-regular, letting n(a) = 1 for all a. But
there exist π-regular rings which are not regular as can be seen by Dn(A) over
a division ring A. Indeed, Dn(A) is π-regular by [5, Corollary 6], but it is
clearly not regular when n ≥ 2. There exist many non-Abelian π-regular rings
by [5, Corollary 6], as can be seen by Un(K) over a division ring K for n ≥ 2.

Proposition 2.5. Let R be a π-regular ring. Then the following conditions

are equivalent:
(1) R is weakly right (left) unit-duo;
(2) R is Abelian.

Proof. It suffices to prove (2) implies (1) by help of Lemma 1.3(1). Let R be
an Abelian ring. Consider a ∈ R and u ∈ U(R). Since R is π-regular, an is
regular for some n ≥ 1. Then, by [1, Theorem 2], an is unit-regular because R

is Abelian. Say that an = anvan for some v ∈ U(R). Note anv, van ∈ I(R).
Since R is Abelian, we have

uan = u(anvan) = u(anv)an = (anv)uan = (anv)u(anv)v−1

= (anv)2uv−1 = anvuv−1,

implying U(R)an ⊆ anU(R). Thus R is weakly right unit-duo. The proof for
the left case is similar. �

Considering Propositions 2.4 and 2.5, one may ask whether a π-regular ring
is weakly right unit-duo if and only if it is right unit-duo. However the answer
is negative as follows. Let R = Dn(A) over a division ring A for n ≥ 2. Then
R is weakly right unit-duo and π-regular by Lemma 1.3(2) and [5, Corollary
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6]. However R is neither right nor left unit-duo by the argument in Example
1.5(1).

Badawi show in [2, Lemma 5] that J(R) = N(R) for an Abelian π-regular
ring R, entailing that R/J(R) is a reduced π-regular ring. Then R/J(R) is
moreover a regular ring by [2, Theorem 3] or [15, Lemma 4]. It then follows
that R/P is a division ring for every prime ideal P of R with J(R) ⊆ P , by
help of [12, Theorem 3.2]. In this situation, we need the condition “J(R) ⊆ P”
by the following.

Example 2.6. We use the construction in [17, Theorem 2.2(2)]. Let K

be a division ring, n ≥ 1, and define a map σ : D2n(K) → D2n+1(K) by
A 7→ (A 0

0 A ). Then D2n(K) can be considered as a subring of D2n+1(K) via
σ (i.e., A = σ(A) for A ∈ D2n(K)). Let R be the direct limit of the direct
system (D2n(K), σij), where σij = σj−i. Then J(R) = N(R) = {(ast) ∈ R |
the diagonal entries of (ast) are zero} and R/J(R) ∼= K. This implies that R

is a local ring, so R is Abelian. Moreover, R is π-regular by [2, Theorem 3].
Note that R is weakly unit-duo by Lemma 1.3(2).

We can show next that R is a prime ring by applying the proof of [16,
Proposition 1.3]. This implies that this prime ring R is not a division ring,
noting that J(R) 6= 0.

One can compare the following with [14, Proposition 1.6] which states a
similar argument for right (left) unit-duo rings.

Proposition 2.7. Let R be a weakly right (resp. left) unit-duo ring. If R is a

local ring, then R is weakly right (resp. left) duo.

Proof. Let R be a weakly right unit-duo ring, and a, b ∈ R. Then U(R)an ⊆
anU(R) for some n ≥ 1.

Assume that R is local. Then b ∈ U(R) or b ∈ J(R) (hence 1− b ∈ U(R)).
Here if a ∈ N(R), then we are done, so we suppose a /∈ N(R).

If b ∈ U(R), then ban = anu and u ∈ U(R) because R is weakly right
unit-duo.

If 1 − b ∈ U(R), then (1 − b)an = anv and v ∈ U(R) because R is weakly
right unit-duo. This yields ban = an(1− v).

We have then Ran ⊆ anR, and therefore R is weakly right duo. The proof
of the left weakly duo is similar. �

The condition “local” in Proposition 2.7 is not superfluous by the following.

Example 2.8. We refer to the arguments in [14, Example 1.7] and [22, The-
orem 1.3.5, Corollary 2.1.14, and Theorem 2.1.15]. Let Q〈x, y〉 be the free
algebra with noncommuting indetermiantes x, y over Q. The first Weyl al-

gebra A1(Q) ∼=
Q〈x,y〉

(yx−xy−1) , R say, is a domain whose invertible elements are

nonzero rational numbers (i.e., U(R) = Q∗), where (yx − xy − 1) is the ideal
of Q〈x, y〉 generated by yx− xy − 1. We identify x and y with their images in
R for simplicity. Then R is not local since it is a simple ring.
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Consider x ∈ R. Then, for any n ≥ 1, yxn (resp., xny) is not contained in
xnR (resp., Rxn). Thus R is neither weakly right nor weakly left duo. But R is
unit-duo (hence an elementwise-uniform weakly unit-duo ring) by the argument
in [14, Example 1.7].

Following the literature, a ring R is directly finite if ab = 1 implies ba = 1
for a, b ∈ R. Abelian rings are easily shown to be directly finite, so both
weakly right duo rings and weakly right unit-duo rings are directly finite by
the results above. We use this fact freely. One can compare the following with
[14, Theorem 1.3(3)].

Proposition 2.9. Let R be a domain. If R is weakly right duo, then R is

weakly right unit-duo.

Proof. Let R be a weakly right duo ring and suppose that 0 6= a ∈ R and
u ∈ U(R). Then there exist k ≥ 1 and b ∈ R such that uak = akb and
ak = u−1akb. Also since R is weakly right duo, there exist m ≥ 1 and c ∈ R

such that u−1(akb)m = (akb)mc. Consequently we have

ak = u−1akb = (akb)mc = akb · · ·akbc and ak(1− b · · ·akbc) = 0.

But R is a domain, so b · · ·akbc = 1. Thus b ∈ u(R), noting that R is directly
finite. Hence R is weakly right unit-duo. �

The converse of Proposition 2.9 need not hold by the domain R in Example
2.8.

Let A be an algebra (with or without identity) over a commutative ring S.
Due to Dorroh [9], the Dorroh extension of A by S is the Abelian group A⊕ S

with multiplication given by (a1, s1)(a2, s2) = (a1r2 + s1a2 + s2a1, s1s2) for
ai ∈ A and si ∈ S.

Proposition 2.10. Let A be a nil algebra over a commutative ring S. If S is

a field, then the Dorroh extension of A by S is weakly unit-duo.

Proof. Let S be a field and R be the Dorroh extension of A by S. Then
J(R) = N(R) = {(a, s) | s = 0} clearly, entailing R/J(R) ∼= S. So R is weakly
unit-duo by Lemma 1.3(2). �
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