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EXTENDED ZERO-DIVISOR GRAPHS OF IDEALIZATIONS

Driss Bennis, Jilali Mikram, and Fouad Taraza

Abstract. Let R be a commutative ring with zero-divisors Z(R). The

extended zero-divisor graph of R, denoted by Γ(R), is the (simple) graph
with vertices Z(R)∗ = Z(R)\{0}, the set of nonzero zero-divisors of R,
where two distinct nonzero zero-divisors x and y are adjacent whenever
there exist two non-negative integers n and m such that x

n
y
m = 0 with

x
n 6= 0 and y

m 6= 0. In this paper, we consider the extended zero-divisor
graphs of idealizations R ⋉ M (where M is an R-module). At first, we

distinguish when Γ(R⋉M) and the classical zero-divisor graph Γ(R⋉M)
coincide. Various examples in this context are given. Among other things,
the diameter and the girth of Γ(R ⋉M) are also studied.

1. Introduction

Throughout, R is a commutative ring with 1 6= 0 and M is a nonzero R-
module. We use Z(R) to denote the set of zero-divisors of R; in particular,
Z(R)∗ = Z(R)\{0}. For an element x of R, we denote by AnnM (x) the set
{m ∈ M |xm = 0}. In particular, AnnR(x), which is denoted simply by
Ann(x), is the annihilator of x. For an element m ofM , we denote by AnnR(m)
the set {r ∈ R | rm = 0}. Also, we use Ann(M) to denote the annihilator of
M ; that is, the set of elements r ∈ R such that rm = 0 for all m ∈ M . For
an ideal I of R,

√
I means the radical of I. In particular, Nil(R) :=

√
0 is the

nilradical of R. For a nonzero nilpotent element x of R, nx denotes the index
of nilpotency of x. Also, the equivalence class in a quotient ring (or a quotient
module) of an element x will be denoted by x. Finally, the ring Z/nZ of the
residues modulo an integer n will be noted by Zn.

For general background information and terminology on commutative rings
with zero-divisors, we refer the reader to [15].

The extended zero-divisor graph of R, denoted by Γ(R), is the simple graph
associated to R such that its vertex set consists of all its nonzero zero-divisors
and two distinct vertices x and y are joined by an edge if and only if there exist
two non-negative integers n andm such that xnym = 0 with xn 6= 0 and ym 6= 0.
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The concept of the extended zero-divisor graph was recently introduced in [13]
as an extension of the classical zero-divisor graph. Recall the zero-divisor graph,
denoted by Γ(R), is the simple graph associated to R such that its vertex set
consists of all its nonzero zero-divisors and two distinct vertices x and y are
joined by an edge if and only if xy = 0. The idea of associating graphs with
algebraic structures goes back to Beck in [12], where he was mainly interested in
colorings. In his work, all elements of the ring are vertices of the graph (see also
[8]). It was Anderson and Livingston (in [6]) who introduced the zero-divisor
graph of a commutative ring and started the study of the relationship between
ring-theoretic properties and graph-theoretic ones. Since then, zero-divisor
graphs of commutative rings have attracted the attention of several researchers
(see, for instance, [1, 3, 4, 5, 6, 7, 10, 11, 16, 17]). It was proved, among other
things, that Γ(R) is connected with diam(Γ(R)) ≤ 3 and gr(Γ(R)) ∈ {3, 4,∞}.
For a survey and recent results concerning zero-divisor graphs, we refer the
reader to [2].

In order to well understand the concept of zero-divisor graphs, several au-
thors have been interested in studying zero-divisor graphs of particular ring
constructions (see for instance [10, 11]). In this paper, we are interested in
studying extended zero-divisor graphs of idealizations. Recall that the ideal-
ization of M (also called the trivial extension of R by M), denoted by R⋉M ,
is the commutative ring R × M with the following operations: (r1,m1) +
(r2,m2) = (r1 + r2,m1 +m2) and (r1,m1)(r2,m2) = (r1r2, r1m2 + r2m1) for
all (r1,m1), (r2,m2) ∈ R⋉M . Recall also that Nil(R⋉M) = Nil(R)⋉M and
Z(R⋉M) = (Z(R)∪Z(M))⋉M , where Z(M) := {r ∈ R | ∃m ∈ M\{0}, rm =
0}. From [11, Proposition 1.1], we also have Z(R⋉M)∗ = {(0,m) |m ∈ M\{0}}
⋃

{(a, n) | a ∈ R\{0}, n ∈ M and for some m ∈ M\{0}, am = 0}
⋃

{(a, n) |
a ∈ Z(R)∗, n ∈ M} (see, for instance, [9] for more details about this ring
construction).

The paper is organized in the following way:
In Section 2, we are interested in studying when Γ(R ⋉M) and Γ(R ⋉M)

coincide. In the main result in this section (Theorem 2.1), we characterize when
Γ(R⋉M) and Γ(R⋉M) coincide. Then, as corollaries, we give various examples
of idealizations R⋉M such that Γ(R⋉M) and Γ(R⋉M) coincide. In Section
3, we completely characterize the girth of the extended zero-divisor graph of an
idealization. Finally, Section 4 deals with the diameter of the graph Γ(R⋉M).
We characterize when the extended zero-divisor graph of an idealization can
be complete (Theorem 4.2) and we characterize when diam(Γ(R ⋉ M)) ≤ 2
(Theorem 4.4).

For completeness, it is convenient to recall some notions on graph theory
used in this paper. Here, we use the terminology given in [2]. For general
background on graph theory, we refer the reader to [14].

Let G be a (undirected) graph. We say that G is connected if there is a
path between any two distinct vertices. For distinct vertices x and y in G,
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the distance between x and y, denoted by d(x, y), is the length of a shortest
path connecting x and y, and if no such a path exits, we set d(x, y) = ∞
(by convention, d(x, x) = 0). The diameter of the graph G is diam(Γ) :=
Sup{d(x, y) |x and y are vertices of G}. A cycle of length n ∈ N\{0} in G is
a path of the form x1 − x2 − · · · − xn − x1, where xi 6= xj when i 6= j. We
define the girth of G, denoted by gr(G), as the length of a shortest cycle in G,
provided G contains a cycle; otherwise, gr(G) = ∞. A graph G is said to be
complete if any two distinct vertices are adjacent.

2. When Γ(R ⋉ M) and Γ(R ⋉ M) coincide?

In this section, we investigate when Γ(R ⋉M) and Γ(R ⋉M) coincide. A
general result is proved in [13, Theorem 2.1] as follows: The two graphs Γ(R)
and Γ(R) coincide if and only if every nonzero nilpotent element (if it exists)
has index 2, and Ann(x2) = Ann(x) for every x ∈ Z(R)\Nil(R).

We start with the main result of this section.

Theorem 2.1. The two graphs Γ(R⋉M) and Γ(R⋉M) coincide if and only

if the following conditions hold.

(1) (2Nil(R))M = 0.
(2) Γ(R) = Γ(R).
(3)

⋃

a∈ΛAnn(a) ⊆ Ann(M), where Λ = Z(R)\Nil(R).

(4) AnnM (a2) = AnnM (a) for all a ∈ R\Nil(R).

Proof. (⇒) (1) We show that (2Nil(R))M = 0. Clearly we may assume that
Nil(R) 6= {0}. Suppose that (2Nil(R))M 6= 0. Then there are an a ∈ Nil(R)
and an m ∈ M such that 2am 6= 0. We have (a,m)2 = (a2, 2am) 6= (0, 0), a
contradiction since (a,m) ∈ Nil(R⋉M) and Γ(R⋉M) = Γ(R⋉M).

(2) We show that Γ(R) = Γ(R). Let a ∈ Nil(R). Then (a, 0) ∈ Nil(R⋉M).
Hence (a, 0)2 = (0, 0), and therefore a2 = 0. Let a ∈ Z(R)\Nil(R). We prove
that Ann(a2) ⊆ Ann(a). Let x ∈ Ann(a2). Then (x, 0) ∈ Ann((a, 0)2) =
Ann((a, 0)) by hypothesis. Therefore, (x, 0)(a, 0) = (xa, 0) = (0, 0); so x ∈
Ann(a). Hence, by [13, Theorem 2.1], Γ(R) = Γ(R).

(3) We may assume that Z(R) 6= Nil(R). Suppose that
⋃

a∈ΛAnn(a) *
Ann(M). Then there is a b ∈

⋃

a∈ΛAnn(a) with b /∈ Ann(M). Hence, there
is an a ∈ Z(R)\Nil(R) such that ba = 0, and there is an n ∈ M such that
bn 6= 0. Thus (a, n)(b, 0) 6= (0, 0) and (a, n)2(b, 0) = (0, 0), a contradiction
since Γ(R ⋉M) = Γ(R ⋉M).

(4) Let a ∈ R\Nil(R), and consider 0 6= m ∈ AnnM (a2). Then a2m = 0,
and hence (0,m)(a, 0)2 = (0, a2m) = (0, 0). Then (0,m)(a, 0) = (0, 0) (since
(a, 0) /∈ Nil(R ⋉ M) and Γ(R ⋉ M) = Γ(R ⋉ M)). Therefore, am = 0; so
m ∈ AnnM (a).

(⇐) We show that Γ(R⋉M) = Γ(R⋉M). Let (a,m) ∈ Nil(R⋉M). Then
a ∈ Nil(R), and hence a2 = 0 since Γ(R) = Γ(R). Thus (a,m)2 = (a2, 2am) =
(0, 0) since (2Nil(R))M = 0 by hypothesis.
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Let (a,m) ∈ Z(R⋉M)\Nil(R⋉M). We only need to show that Ann((a,m)2)
⊆ Ann(a,m). Let (b, n) ∈ Ann((a,m)2). Then (b, n)(a,m)2 = (ba2, 2abm +
a2n) = (0, 0). Hence, b ∈ Ann(a2) = Ann(a) ⊆ Ann(M) (by hypotheses
2 and 3); so ba = 0 and bm = 0. Also, n ∈ AnnM (a2) = AnnM (a); so
(b, n) ∈ Ann(a,m), as desired. �

Now we give some corollaries which can be used to construct examples of
particular rings that satisfy the conditions of Theorem 2.1.

We begin with the case where M is a faithful R-module, that is, aM 6= 0
for all a ∈ R\{0}. Then, using [13, Theorem 2.1] and Theorem 2.1, we get the
following result.

Corollary 2.2. Assume M is faithful. Then Γ(R ⋉ M) = Γ(R ⋉ M) if and

only if 2Nil(R) = 0 and a2 = 0 for all a ∈ Z(R).

As a simple consequence of the above result, we get Γ(Z4 ⋉ (Z4)
(I)) =

Γ(Z4 ⋉ (Z4)
(I)) for an arbitrary set I. Also, for M = R, we get the following

result.

Corollary 2.3. Γ(R ⋉ R) = Γ(R ⋉ R) if and only if 2Nil(R) = 0 and x2 = 0
for every x ∈ Z(R).

In particular, if R is reduced, then Γ(R⋉R) = Γ(R⋉R) if and only if R is

an integral domain.

As examples of rings that satisfy the conditions of the above result, one can
consider the rings R = Z4 and R = Z2[X ]/(X2).

Noting that if Γ(R ⋉ R) = Γ(R ⋉ R) and Nil(R) 6= {0}, then 2 ∈ Z(R) =
Nil(R) and so 4 · 1R = 0 (since Γ(R) = Γ(R)). Then, if 2 6= 0, the vertex 2 is
adjacent to all other vertices (since we have Ann(2) = Nil(R) = Z(R)). Finally,
it is also worth noting that if Γ(R⋉R) = Γ(R⋉R), then the characteristic of
R is either 0; 2 or 4.

From [13, Corollary 2.7], we have that if R is reduced, then Γ(R) = Γ(R).
Using this fact, we get the following result.

Corollary 2.4. If R is reduced, then Γ(R ⋉ M) = Γ(R ⋉ M) if and only if

Z(R) ⊆ Ann(M) and AnnM (a2) = AnnM (a) for all a ∈ R\{0}.
In particular, the following conditions hold.

(1) If R is an integral domain, then Γ(R⋉M) = Γ(R⋉M) if and only if

AnnM (a2) = AnnM (a) for all a ∈ R\{0}.
(2) If R is a von Neumann regular ring, then Γ(R ⋉ M) = Γ(R ⋉ M) if

and only if R is a field.

(3) If R is reduced and M = R/I for a radical ideal I, then Γ(R ⋉M) =
Γ(R⋉M) if and only if Z(R) ⊆ I.

Proof. Only the assertions (2) and (3) merit a proof.
(2) First note that the assertion “AnnM (a2) = AnnM (a) for all a ∈ R\{0}”

holds for every von Neumann regular ring R. Indeed, consider, m ∈ M such
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that a2m = 0. Since R is a von Neumann regular ring, there is an x ∈ R such
that a = xa2. Then am = xa2m = 0, as desired. Thus, it remains to prove
that if Γ(R ⋉ M) = Γ(R ⋉ M), then R is a field. In fact, if R is not a field,
then there is a nontrivial idempotent e. Then we have two zero-divisors e and
1− e such that e+ (1− e) = 1. This shows that Z(R) cannot be included in a
proper ideal. This completes the proof since M is a nonzero module.

(3) Let a ∈ R\{0}. We claim that AnnM (a2) = AnnM (a). Let x ∈ R such
that a2x = 0. Then (ax)2 ∈ I. Since I is a radical ideal, ax ∈ I. Therefore,
x ∈ AnnM (a), as desired. �

The case where Z(R) is an ideal of R is of interest.

Corollary 2.5. Assume that Z(R) is an ideal of R. Then Γ(R ⋉ R/Z(R)) =
Γ(R⋉R/Z(R)) if and only if Γ(R) = Γ(R).

We end this section with the case where M = R/Nil(R).

Corollary 2.6. Γ(R⋉R/Nil(R)) = Γ(R⋉R/Nil(R)) if and only if the following

conditions hold.

(1) Γ(R) = Γ(R).
(2)

⋃

a∈ΛAnn(a) ⊆ Nil(R), where Λ = Z(R)\Nil(R).

Proof. It suffices to show that if Γ(R) = Γ(R), then the fourth assertion in
Theorem 2.1 holds. Indeed, consider a non-nilpotent element a of R. If a
is regular, then AnnM (a2) = {0} = AnnM (a), where M = R/Nil(R). Now
suppose that a ∈ Z(R)\Nil(R), and let m ∈ R with a2m = 0. If m = 0, then
there is nothing to prove. If m 6= 0, then a2m is nilpotent. Thus, a and m are
adjacent in Γ(R) (since they are not nilpotent). And, since Γ(R) = Γ(R), a
and m are adjacent in Γ(R), as desired. �

As a ring that satisfies the assertion (2) in Corollary 2.6, one can consider
the ring R = R[X,Y ]/(X2, XY ), where Nil(R) = XR.

3. The girth of extended zero-divisor graphs of idealizations

In this section, we study the girth of extended zero-divisor graphs of R ⋉
M . As in the classical case [11], if |M | ≥ 4, then gr(Γ(R ⋉ M)) = 3, since
(0,m1) − (0,m2) − (0,m3) − (0,m1) is a cycle of length three, where m1,m2

and m3 are distinct nonzero elements of M . Thus, we only need to consider
when the module M has only two or three elements. Also, since Γ(R ⋉M) is
a subgraph of Γ(R ⋉ M), then [11, Theorem 2.1] remains valid for our case.
Namely, if M = Z3, then the following two assertions hold.

• gr(Γ(R⋉ Z3)) = 3 if and only if Ann(Z3) 6= {0}.
• gr(Γ(R⋉ Z3)) = ∞ if and only if Ann(Z3) = {0}.

Thus, only the case where M ∼= Z2 is of interest. We begin with the “ex-
tended” counterpart of [11, Theorem 2.2].
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Theorem 3.1. Assume that M ∼= Z2 as an R-module. Then the girth of

Γ(R⋉ Z2) is three if and only if one of the following assertions holds.

(1) The girth of Γ(R) is three.

(2) There exists an r ∈ R\{0} such that rn = 0 for some integer n ≥ 2.
(3) There exist distinct a, b ∈ Z(R)∗ and n,m ∈ N\{0} such that anbm = 0

and anZ2 = bmZ2 = {0} with an 6= 0 and bm 6= 0.

Proof. (⇒) The proof is similar to that of [11, Theorem 2.2]. There are two
cases to discuss. Case 1. The element (0, 1) is a part of a minimal length cycle.
Then the cycle has the form (0, 1) − (a, i) − (b, j) − (0, 1). If a 6= b, we have
distinct a, b ∈ Z(R)∗ such that there are n,m ∈ N and anbm = 0 with an 6= 0,
bm 6= 0 and anZ2 = bmZ2 = 0. If a = b, we have a ∈ R\{0} such that an = 0.
Case 2. The element (0, 1) is not a part of a minimal length cycle. Then the
cycle has the form (a, i) − (b, j)− (c, k) − (a, i) (with a 6= 0). If a, b and c are
all distinct, the path a − b − c− a is a cycle in Γ(R), and so gr(Γ(R)) = 3. If
not, then either an = 0 or bm = 0, where n,m ≥ 2.

(⇐) If assertion (1) holds, then clearly the girth of Γ(R ⋉ Z2) is three.
Suppose that assertion (2) holds. Then either r ·1 = 0 or r ·1 = 1. If r ·1 = 1,

then rn−1(r · 1) = 1, a contradiction (since rn = 0). Thus r · 1 = 0, and so
(r, 0)− (r, 1)− (0, 1)− (r, 0) is a cycle of length three in Γ(R ⋉ Z2).

Finally, suppose that assertion (3) holds. Then (a, 0)− (b, 0)− (0, 1)− (a, 0)
is a cycle of length three in Γ(R ⋉ Z2). �

Examples 3.2.

(1) Let R = Z2[X ]/(X3). Then gr(Γ(R)) = 3 and (X, 0) − (X2, 0) −

(X +X2, 0) − (X, 0) is a cycle of length three in Γ(R ⋉ Z2), but it is
not a cycle in Γ(R⋉ Z2), although gr(Γ(R ⋉ Z2)) = 3.

(2) Let R = Z12. Then 6 is a nilpotent element and (2, 0)− (6, 0)− (6, 1)−
(2, 0) is a cycle of length three in Γ(R ⋉ Z2) and also in Γ(R⋉ Z2).

(3) Let R = Z8. Then (2, 0)−(4, 0)−(6, 0)−(2, 0) is a cycle of length three
in Γ(R⋉Z2), but it is not a cycle in Γ(R⋉Z2), although gr(Γ(R⋉Z2)) =
3.

Now we give a result that characterizes when the girth of the extended graph
Γ(R⋉ Z2) is infinite. Compare with [11, Theorem 2.7].

Theorem 3.3. The girth of Γ(R⋉Z2) is infinite if and only if R is an integral

domain.

Proof. (⇐) If R is an integral domain, then Γ(R ⋉ Z2) = Γ(R ⋉ Z2) is a star
graph with center (0, 1). This shows that the girth of Γ(R ⋉ Z2) is infinite.

(⇒) If gr(Γ(R ⋉ Z2)) = ∞, then gr(Γ(R ⋉ Z2)) = ∞ since Γ(R ⋉ Z2) is a
subgraph of Γ(R⋉Z2). By [11, Theorem 2.7], R ∼= Z2 ×Z2 or R is an integral
domain. If R ∼= Z2 ×Z2, one can show that ((1, 0), 0)− ((0, 1), 0)− ((0, 0), 1)−
((0, 1), 1) − ((1, 0), 0) is a cycle of length four in Γ(R ⋉ Z2), a contradiction.
Therefore, R is an integral domain. �
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Note that [11, Example 2.4] shows that, when R ∼= Z2 × Z2, the graph
Γ(R ⋉ Z2) has no cycles. It is also worth noting that the only case in which
gr(Γ(R ⋉M)) can be four is when M = Z2 and R does not satisfy any of the
conditions of the above results.

We end this section with a result concerning the particular case M = R.
Recall that the set of nonzero zero-divisors of R ⋉ R is Z(R ⋉ R)∗ = T1 ∪ T2,
where T1 = {(0, r) | r ∈ R\{0}} and T2 = {(a, r) | a ∈ Z(R)∗ and r ∈ R}
(see [11, Proposition 1.1]). Note that if |R| = 2 or |R| = 3, then Γ(R ⋉
R) = Γ(R ⋉ R), but there are examples of rings R with |R| ≥ 4 such that
Γ(R ⋉ R) 6= Γ(R ⋉ R) (see Section 2). Nevertheless, one can show easily that
the girth of both Γ(R ⋉ R) and Γ(R ⋉ R) are always the same. Namely, we
have the following result.

Corollary 3.4. The following assertions hold.

(1) If |R| = 2 or |R| = 3, then gr(Γ(R ⋉R)) = gr(Γ(R ⋉R)) = ∞.

(2) If |R| ≥ 4, then gr(Γ(R⋉R)) = gr(Γ(R ⋉R)) = 3.

4. Diameter of extended zero-divisor graphs of idealizations

In this section, we study the diameter of extended zero-divisor graphs of
idealizations.

We start with a result that determines when Γ(R⋉M) is a complete graph
(i.e., where the diameter of Γ(R⋉M) is at most one).

Recall that, for a nonzero nilpotent element r of R, we use nr to denote the
index of nilpotency of r. The following sets are used in the characterization
of a complete extended zero-divisor graph (see [13, Corollary 3.4]): Z(R) :=
{xnx−1 |x ∈ Nil(R)\{0}} and Z(R)2 := {xnx−1yny−1 |x, y ∈ Nil(R)\{0}}.

Namely, it is proved that when Γ(R) 6= Γ(R), Γ(R) is complete if and only
if Z(R) = Nil(R) and Z(R)2 = {0}.

The proof of the desired result uses the following lemma. Note that for an
(r,m) ∈ R ⋉M and an n ∈ N, (r,m)n = (rn, nrn−1m). Then, one can easily
show that n(r,m) is equal to either nr or nr + 1.

Lemma 4.1. Z(R ⋉M)2 = {0} if and only if Z(R)2 = {0} and rnr−1M = 0
for all r ∈ Nil(R)\{0}.

Proof. (⇒) Assume that Z(R ⋉ M)2 = {0}. Let r, s ∈ Nil(R)\{0}. Then
(0, 0) = (r, 0)n(r,0)−1(s, 0)n(s,0)−1, which implies that rnr−1sns−1 = 0. There-
fore, Z(R)2 = {0}. Now, let r ∈ Nil(R)\{0} and m ∈ M\{0}. Then (0, 0) =
(r, 0)nr−1(0,m) = (rnr−1, 0)(0,m). Hence, rnr−1m = 0; so rnr−1M = 0.

(⇐) First note that the condition “rnr−1M = 0 for all r ∈ Nil(R)\{0}”
implies that n(r,n) = nr for every (r, n) ∈ R⋉M with r 6= 0.

Now consider (r, n)n(r,n)−1(s,m)n(s,m)−1 ∈ Z
2
(R ⋉ M) with r, s ∈ Nil(R)

and n,m ∈ M such that (r, n) and (s,m) are nonzero. We claim that

(r, n)n(r,n)−1(s,m)n(s,m)−1 = (0, 0).
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The case where r = s = 0 is clear. If r 6= 0 and s = 0, then

(r, n)n(r,n)−1(0,m) = (rnr−1, (nr − 1)rnr−2n)(0,m) = (0, 0).

If r 6= 0 and s 6= 0, then also (r, n)n(r,n)−1(s,m)n(s,m)−1 = (0, 0) since Z(R)2 =
{0} and rnr−1M = 0. �

Now we give the desired result. Note that it treats only the case where
Γ(R ⋉M) 6= Γ(R ⋉M), since the other case corresponds to the classical one
which was already studied in [11, Theorem 3.3].

Theorem 4.2. Assume that Γ(R ⋉ M) 6= Γ(R ⋉ M). Then Γ(R ⋉ M) is

complete if and only if the following conditions hold.

(1) Z(R) = Z(M) = Nil(R).
(2) Z(R)2 = {0}.
(3) rnr−1M = 0 for all r ∈ Nil(R)\{0}.

Proof. (⇒) Assume Γ(R ⋉ M) to be complete and Γ(R ⋉ M) 6= Γ(R ⋉ M).
Then the assertions (2) and (3) follow by Lemma 4.1, and by [13, Corollary 3.4],
Z(R⋉M) = Nil(R⋉M) and Z(R⋉M)2 = {0}. Then Z(R)∪Z(M) = Nil(R)
(since Nil(R⋉M) = Nil(R)⋉M and Z(R⋉M) = (Z(R)∪Z(M))⋉M). Thus
Z(R) = Nil(R) and Z(M) ⊆ Nil(R). The converse inclusion Nil(R) ⊆ Z(M)
follows using the assertion 3.

(⇐) This follows by Lemma 4.1 and [13, Corollary 3.4]. �

As examples of idealizations that satisfy the conditions of Theorem 4.2, one
may consider the rings Z8 ⋉ Z2 and Z2[X ]/(X3)⋉ Z2.

As a simple consequence of Theorem 4.2, we get the following result.

Corollary 4.3. If Γ(R ⋉ M) 6= Γ(R ⋉ M) and Γ(R ⋉ M) is complete, then

Γ(R) is complete.

In [11], the authors posed a question concerning the characterization of ide-
alizations R ⋉ M of diameter 2. This question was resolved in [7, Theorem
3.9]. Namely, diam(Γ(R ⋉M)) ≤ 2 if and only if, for all x, y ∈ Z(R) ∪ Z(M),
either (1) there is a z ∈ Ann(M)\{0} such that x, y ∈ Ann(z), or (2) there is an
m ∈ M\{0} such that x, y ∈ AnnR(m). Here, we give the following “extended”
counterpart of this result.

Theorem 4.4. diam(Γ(R⋉M)) ≤ 2 if and only if, for all x, y ∈ Z(R)∪Z(M),
one of the following two assertions holds.

(1) There is a z ∈ Ann(M)\{0} such that x, y ∈
√

Ann(z).

(2) There is an m ∈ M\{0} such that x, y ∈
√

AnnR(m).

Proof. (⇒) Let x, y ∈ Z(R) ∪ Z(M), and suppose that (2) does not hold. We
may assume that x 6= 0 and y 6= 0. First suppose that x ∈ Z(M). Then
xm = 0 for some m ∈ M\{0}, and thus yβm 6= 0 for every β ∈ N\{0}. Then
(x,m), (y, 0) ∈ Z(R⋉M)∗ are distinct and not adjacent in Γ(R⋉M); so there
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is a (z, b) ∈ Z(R⋉M)∗ adjacent to both (x,m) and (y, 0) in Γ(R⋉M). Hence,
there are α, β, γ ∈ N\{0} such that

(x,m)α(z, b)γ = 0 = (y, 0)β(z, b)γ ,

with (x,m)α 6= 0, (y, 0)β 6= 0 and (z, b)γ 6= 0. This implies that x, y ∈
√

Ann(zγ). It remains to prove that zγ ∈ Ann(M)\{0}. We have zγ 6= 0.
Indeed, consider the element b′ ∈ M which satisfies (z, b)γ = (zγ , b′), and as-
sume that zγ = 0. Then, b′ 6= 0 and xαb′ = 0 = yβb′. This is absurd since (2)
does not hold. Now, for all n ∈ M , xα(zγn) = yβ(zγn) = 0. Since (2) does not
hold, zγn = 0. This shows that zγ ∈ Ann(M)\{0}, as desired.

Assume now that x ∈ Z(R). Then we get the result using the same argument
as above for (x, 0), (y,m) ∈ Z(R⋉M)∗ with m ∈ M\{0}.

(⇐) The proof is similar to the proof of [7, Theorem 3.9]. For completeness,
we give a proof here. Suppose that for every x, y ∈ Z(R) ∪ Z(M), either (1)
or (2) holds. Consider two distinct elements (x, a), (y, b) ∈ Z(R ⋉M)∗ which
are not adjacent in Γ(R ⋉M). If assertion (1) holds, then there is a nonzero

z ∈
√

Ann(M) such that (z, 0) is adjacent to both (x, a) and (y, b); and if
assertion (2) holds, then there is a nonzero m ∈ M such that (0,m) is adjacent
to both (x, a) and (y, b). Therefore diam(Γ(R ⋉M)) ≤ 2. �

One can show that R = Z12 ⋉ Z3 satisfies the conditions of Theorem 4.4.
Then, diam(Γ(R⋉M)) = 2; however, diam(Γ(R⋉M)) = 3.

It is worth noting that, as in [7, Remark 3.10 (a)], if diam(Γ(R ⋉M)) ≤ 2,
then one can show that either Z(R) ⊆ Z(M) or Z(M) ⊆ Z(R).

We end this paper with a result giving the diameter of the particular case
R ⋉ R. Note that when R is an integral domain, Γ(R ⋉ R) = Γ(R ⋉ R) and
Z(R ⋉R) = {(0, r) | r ∈ R}. So in this case, the result is known. Namely, the
following two cases occur:

(1) If |R| = 2, then diam(Γ(R ⋉ R)) = 0. In this case, Γ(R ⋉ R) is a
complete graph.

(2) If |R| ≥ 3, then diam(Γ(R ⋉ R)) = 1. In this case, Γ(R ⋉ R) is also a
complete graph.

Thus, here, only the case where R is not an integral domain is of interest.

Proposition 4.5. If R is not an integral domain, then diam(Γ(R ⋉R)) ≥ 2.

Proof. Let (0, 1), (z, 0) ∈ R⋉R, where z ∈ Z(R)∗. Then, (0, 1)(z, 0) = (0, z) 6=
(0, 0). Hence, d((0, 1), (z, 0)) ≥ 2. Therefore, diam(Γ(R ⋉R)) ≥ 2. �

We conclude with an example of a ring R such that diam(Γ(R ⋉ R)) = 3.
Let R = Z30. In Γ(R ⋉ R), d((2, 0), (5, 0)) = 3 (consider the following path
(2, 0)− (15, 0)− (6, 0)− (5, 0)). Then, diam(Γ(R⋉R)) = 3. Note that since R
is reduced, Γ(R⋉R) 6= Γ(R⋉R) (by Corollary 2.3).
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