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Abstract: This paper presents a dehazing method based on a fuzzy membership function and 
variational method. The proposed algorithm consists of three steps: i) estimate transmission through 
a pixel-based operation using a fuzzy membership function, ii) refine the transmission using an L1-
norm–based regularization method, and iii) obtain the result of haze removal based on a hazy image 
formation model using the refined transmission. In order to prevent color distortion of the sky 
region seen in conventional methods, we use a trapezoid-type fuzzy membership function. The 
proposed method acquires high-quality images without halo artifacts and loss of color contrast.     
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1. Introduction 

Since a degraded image distorts the necessary image 
characteristics, it reduces the reliability of image analysis 
algorithms, such as object detection and recognition. 
Therefore, research to improve the visibility of an image 
degraded by fog is very important in preprocessing for an 
image analysis algorithm. 

In computer vision, a lot of research has been done to 
restore images degraded by haze. In an early haze removal 
method, Narasimhan and Nayer proposed an algorithm 
using multiple images acquired from the same location 
under different weather conditions 0, [2]. Shwartz et al. 
and Schechner et al. proposed a method of removing haze 
by measuring the degree of polarization using two 
differently polarized filters in the same scene [3]. However, 
these methods make it difficult to obtain experimental data, 
and computational complexity is too high. 

To overcome these problems, many methods have been 
developed to remove haze from a single hazy image. Tan 
removed fog by estimating a Markov random field model 
and maximizing local contrast using the characteristic of 
contrast ratio in the foggy image and a fog-free image, 
where the amount of fog depends on the distance from the 
camera [5]. However, Tan’s method incurs contrast 
saturation and halo artifacts. Fattal estimated the albedo of 
the scene and removed fog on the assumption that 

transmission and surface shading are locally uncorrelated 
[6]. However, this approach cannot obtain a clean result, 
because it is difficult to estimate the albedo in a region 
with dense fog. Kratz and Nishino removed haze by 
estimating statistically independent components of image 
albedo and distance using Markov random fields [7]. Their 
method shows the clear detail of the edge, but tends toward 
color distortion.  

He et al. proposed a method of haze removal using 
dark channel prior (DCP), saying that in a fog-free region, 
some pixels have very low intensity in at least one of the 
RGB color channels [8]. They used soft-matting to 
improve the transmission map to eliminate halo artifacts 
caused by the kernel operation. However, color distortion 
occurred when the image was dark or the value of the 
transmission of an object at a close distance was 
incorrectly estimated. In addition, this method has high 
computational costs in the soft-matting process. In order to 
solve this problem, Xiao and Gan eliminated halo artifacts 
using joint bilateral filtering [9]. Gao et al. further reduced 
halo artifacts using a guided filter [10]. DCP-based 
methods have been developed by many other researchers 
[11].  

Meng et al. proposed a method to estimate the 
transmission map using a boundary constraint, and they 
refined the transmission map through L1-norm–based 
regularization [24]. As a result, they reduced halo artifacts 
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by refining the transmission map, but the result of haze 
removal caused color distortion according to the fog color 
information distributed in the hazy image.  

Nishino et al. removed haze using a Bayesian 
probabilistic method that simultaneously calculates the 
scene albedo and depth of the image based on the Markov 
random field [25]. Wang and Fan used the Markov random 
field and a Bayesian theory–based multi-scale depth map 
to remove haze [26]. Under Bayesian-based algorithms, 
halo artifacts are reduced by reducing the kernel operation, 
but color distortion occurs in the resulting images.  

Ancuti and Ancuti proposed a multi-scale fusion–based 
haze removal algorithm using a Laplacian pyramid and a 
Gaussian pyramid, both of which improved a single hazy 
image using white balance and contrast enhancement, 
respectively [27]. Ma et al. removed haze by combining 
two improved images using simple linear transformation 
and high-boost filtering on a single hazy image [28]. 
Fusion-based haze removal algorithms have an advantage 
in that the processing speed is fast [27]. However, the 
results have color distortion and high saturation, since the 
amount of distribution of the haze along the depth is not 
considered. 

Yoon et al. proposed a haze removal method optimized 
for aerial unmanned systems using a wavelength-adaptive 
hazy image degradation model and a spatially-adaptive 
transmission map generated using geometric classes and 
dynamic merging [30]. Berman et al. proposed a non-
local–based dehazing algorithm using an estimated 
transmission based on haze lines [31]. However, when the 
resulting image is dark, gamma correction is post-
processed, and the result is different, depending on the 
post-processing.  

Although various haze removal methods have been 
proposed, there are still problems with halo artifacts and 
color distortion. In order to address this problem, the 
proposed method estimates transmission using the 
membership value (degree of membership) of the pixel 
values of the hazy image for the global fog color 
component using a trapezoidal membership function of a 
fuzzy set. A more accurate transmission map is obtained 
by refining the estimated transmission map using the L1-
norm–based regularization method. The refined 
transmission map is used to obtain high-quality images 
without color distortion.  

2. Haze Model 

Most haze removal algorithms are based on the hazy 
image formation model [32] shown in Fig. 1. The light 
reflected from the object and the light from the sun 
scattered by atmospheric factors such as haze reach the 
camera. The farther the distance between the object and 
the camera, the more the image is affected by atmospheric 
factors. The formula of the hazy image formation model is 
as follows:  

 
 ( ) ( ) ( ) (1 ( )) ,g x f x T x T x A= + −                 (1) 

 

where x represents pixel coordinates, ( )g x is the hazy 
image or observed image, and ( )f x  is a haze-free image or 
scene radiance. A  is the global atmospheric light, 
indicating the degree of brightness of the haze, and the 
assumed global constant in the atmosphere. ( )T x is the 
transmission, as follows: 

 
 ( )( ) d xT x e β−=                                 (2) 

 
where β  is the scattering coefficient of the atmosphere, 
and ( )d x  represents the depth at the x position of the 
image. The deeper the depth, the more scattering of light, 
so the haze looks thicker. The first term, ( ) ( )f x T x , is 
called the direct attenuation, which is light reflected from 
the object that reaches the camera; and the second term, 
(1 ( ))T x A− , is airlight, indicating scattered light in the 
atmosphere that reaches the camera. The haze-removed 
image can be restored by estimating A  and ( )T x . The 
haze-removed image can be expressed as 

 

 
0

( )( )
max(T( ), t )

g x Af x A
x
−

= +                         (3) 

 
where 0t  is the lower bound of the transmission map, and 
is set to 0.01 for the experimentally best result. 

3. Estimate Transmission using Fuzzy 
Membership Function 

The proposed algorithm estimates the transmission 
through a fuzzy membership function based on the hazy 
image formation model. The reason for using the fuzzy 
membership function is to estimate a depth-like map. We 
will also estimate a transmission map using the depth-like 
map obtained with the fuzzy membership function. 

Fuzzy theory was introduced by Zadeh [33]3, [34]. A 
fuzzy set defines as a membership function the degree of 
membership at which an arbitrary element belongs to any 
set. First, define ℑ  as a fuzzy set and, for the universal 
set X , the degree of membership at which the pixel 
value ( )x x X∈  belongs to ( )Xℑ ℑ⊆  is represented by 
membership function μℑ . This can be expressed as 

 

Fig. 1. The illustration of haze formation model. 
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 : [0,1]Xμℑ →                             (4) 
 

where [0,1] represents a real interval between 0 and 1.  
Membership function μℑ  maps the elements of X  

values between 0 and 1, and can be expressed as 
 

 ( ) [0,1]xμℑ ∈                                  (5) 
 
The proposed method is based on the assumption that 

the atmospheric light, such as the degree of brightness of 
the haze, generally has a bright value, and the haze looks 
thicker as the distance from the scene increases. Fuzzy set 
F  for atmospheric light A  can be expressed as follows: 

 
 { ( ), ( ) | ( ) ,  0 ( ) 1}A AF g x x g x g xμ μ= ∈ < <          (6) 

 
where F  is the fuzzy set for A , ( )A xμ  the membership 
value for pixels of the hazy image for A , ( )g x  is the 
pixels of the hazy image, and g  is the hazy image 
(universal set). 

The conventional method has a problem, in that color 
distortion occurs severely because the transmission in the 
sky region is estimated differently. In order to solve these 
problems, the proposed method assumes that the fog 
distribution is constant in the sky region. We use a 
trapezoid-type membership function to define the 
membership value of the hazy image pixels for A . Using 
the membership function of the shape of the trapezoid, the 
membership value of each pixel is defined as 
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( ) 0
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     (7) 
 

where ( )Cg x  represents the pixel value of each color 
channel, { , , B}C R G∈ , of the hazy image, min(g ( ))C x  and 
max(g ( ))C x , respectively, are the minimum brightness 
value and the maximum brightness value in each channel, 
and min CA  and max CA , respectively, represent the 
minimum and maximum values of the area. The A  region 
is selected by the 19 x 19 patch in the sky region or the top 
0.03~0.1% bright pixels [8]. The membership function of 
the trapezoid type is shown in Fig. 2. 

The selected pixels that have similar brightness belong 
to A  and are mapped to a membership value of all 1’s. 
Therefore, the proposed method can reduce color 

distortion in the sky and the error estimation in 
transmission for a white object. The deeper region of the 
image is more affected by the fog component and has a 
brighter value. Therefore, the degree of membership, or the 
membership value obtained using the fuzzy membership 
function, is a depth-like map. The transmission map can be 
expressed as 

 

  
1

   
R G B

R G B
g g g

R G B

mean A mean A mean A
T

mean A mean A mean A

μ μ μ
ω

× + × + ×
= − ⋅

+ +
 
   (8) 

 

where T  is a value between 0 and 1, Cmean A  is the 
average value of min CA  and max CA , and ω  is a 
constant parameter to control the amount of fog removal. 

Fig. 3 shows the result of mapping the colors according 
to the estimated transmission map of the sky region. All 
results were estimated and compared using a 1 x 1 kernel. 
In Figs. 3(b) and (c), color distortion occurs since different 
transmission values are estimated in the sky region. 
However, with the proposed method, we can see that the 
transmission of the sky region is constantly estimated. 

 

Fig. 2. The proposed membership function of 
trapezoid-type. 

 
 

 
(a) 

 
(b) 

 
(c) (d) 

Fig. 3. The result from estimated transmission in the 
sky region (a) a hazy image, (b) He et al.’s method [8], 
(c) Meng et al.’s method [24], (d) the proposed method.
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4. Refine the Transmission using the 
Variational Method 

Since adjacent pixels are likely to be the same object 
with the same transmission, the transmission estimation in  

the proposed method does not contain information 
about adjacent pixels, because we use a pixel-based 
operation. As a result, there is a problem with loss of color 
contrast after haze removal. In order to solve this problem, 
the proposed method applies L1-norm regularization to 
refine the transmission to blur an area within the same 
object and to preserve the edges. L1-norm regularization 
uses the ROF(Rudin, Oscher and Fatemi) model. In order 
to preserve the edges and remove noise at the same time, 
Rudin et al. proposed a total variation–based optimization 
algorithm [34]. The energy function for transmission using 
the ROF model is defined as 

 
 0 2 1

( ) arg min
T

E T T T Tβ= − + ∇                  (9) 

 
where 0 2

T T−  represents a data-fidelity term, and 
1

T∇  
is the total variation regularization term. β represents the 
parameter to balance the data-fidelity term with the 
regularization term. 

Applying the Euler-Lagrange derivative and gradient 
descent algorithm to Eq. (9), we finally obtain the 
discretization equation for time t  as follows: 

 

 1
0(1 )

| | 2
k k TT T t t T

T
β+ ⎡ ⎤⎛ ⎞∇

= − Δ + Δ ∇ ⋅ + ⋅⎢ ⎥⎜ ⎟∇⎝ ⎠⎣ ⎦
        (10) 

 
where tΔ  is the controlled convergence speed. The refined 
transmission map is shown in Fig. 4. 

Fig. 4(b) shows the results of the refined transmission 
map through regularization based on the L1-norm. This 
result shows that the transmission map is smoothed 
without loss of edges. Using the finally obtained 
transmission T  and Eq. (10), the fog-removed image can 
be obtained, as shown in Fig. 4. 

Fig. 5(b) shows that the color contrast is lost because 
there is no information sharing of adjacent pixels, since 
pixel-based transmission is estimated to obtain a result 
without halo artifacts. However, Fig. 5(c) shows that the 
results are better than Fig. 5(b) by refining the 
transmission through L1-norm–based regularization to 
prevent color contrast loss after haze removal. 

5. Experimental Result 

In this section, to evaluate the performance of the 
proposed dehazing method, the dehazing result is 
compared with state-of-the-art methods. Fig. 6 shows the 
result where the proposed method effectively removes 
haze in the sky area without color distortion better than 
other methods. In Figs. 6(b) and (e), we can see that the 

result causes color distortion, because the transmission is 
not constantly estimated in the sky region. Fig. 6(c) shows 
that over-saturation appears in the sky region. Fig. 6(d) 
shows the result of color fading around the building. In the 
proposed method, the result in the sky region is clearer 
than with other algorithms, and the color contrast of the 
image is increased. We can see that the result is much 
improved visibility. 

Fig. 7 shows the experimental results of an image taken 
in the city. In Figs. 7(b) and (c), the transmission is 
estimated to be low in the sky region because the fog 
component is distributed at a low value. For this reason, 
the sky region appears dark. Fig. 7(d) shows poor results in 
areas of great distance, because it does not consider depth 
information. However, the proposed algorithm shows that 
color distortion is not generated in the sky area, and it 
shows better color contrast. However, even if the fog is 
distributed at a low value, the proposed algorithm shows 
that there is no color distortion in the sky area and better 
color contrast, since the transmission is mapped to a value 
between 0 and 1 using the fog value estimated by the fuzzy 
membership function. 

Fig. 8 shows the fog removal experiment results of 
images taken of a road. Fig. 8(b) shows that color 
distortion occurs in the lettering of the road sign due to 
incorrect estimation of transmission for the white lettering 
of the road sign. Fig. 8(c) shows the results of low 
saturation. Fig. 8(d) shows that color distortion occurs in 
the road sign because the same amount of fog was 
removed globally without considering depth information. 
In Fig. 8(e), color distortion occurs in the sky region. 
However, with the proposed method, both the sky and the 
road sign show better results than other algorithms without 
color distortion. 

 
(a) (b) 

Fig. 4. Transmission map refinement result (a) the 
transmission map without refining, (b) the refined 
transmission map using the ROF model based on L1-
norm regularization. 

 

 
(a) (b) (c) 

Fig. 5. The result of haze removal (a) a hazy image, (b)
the result of haze removal without refinement of 
transmission, (c) the result of haze removal using the 
refined transmission. 
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In the results of Fig. 9, the proposed method has the 
best color contrast in the grass and the brick. Fig. 9(b) 
shows that the fog is less removed from the brick. Fig. 9(c) 
shows the results are dark in the nearby branches and grass. 
Fig. 9(d) shows a lot of color distortion. Figs. 9(e) and (f) 
show the effective result of fog removal. 

Fig. 10 shows the resulting images from a landscape 
photograph. In this hazy image, it is difficult to estimate 
the fog value because the pixel value of the front of the 
stone is the highest, and the value of the blue channel of 
the sky area is high. Fig. 10(b) shows the color distortion 
that results in rocks where the people are sitting. Figs. 
10(c) and (d) show the results of color distortion. However, 

the proposed algorithm estimates transmission using each 
RGB component. Therefore, color contrast is better than 
other algorithms, and shows less color distortion in the 
rocks where the people are sitting. 

Table 1 shows the quality assessments from objective 
comparisons. The fog images are difficult to compare with 
the original images. Therefore, for measuring contrast in 
the image, we used no-reference image quality assessment, 
the contrast-to-noise ratio (CNR) [36], the no-reference 
image quality metric for contrast distortion (NIQMC) [37], 
and entropy. The higher the measured value of CNR and 
NIQMC, the higher the color contrast of the image, and the 
clearer the boundary line. A high entropy value means that 

   
(a) (b) (c) (d) (e) (f) 

Fig. 6. Experimental results of various dehazing methods (a) a hazy image, (b) He et al.’s method [8], (c) Fattal’s 
method [6], (d) Ancuti and Ancuti’s method [27], (e) Meng et al.’s method [24], (f) the proposed method with 0.75ω =  
and 16β = . 

 

   
(a) (b) (c) (d) (e) (f) 

Fig. 7. Experimental results of various dehazing methods (a) a hazy image, (b) He et al.’s method, (c) Fattal’s 
method, (d) Ancuti and Ancuti’s method, (e) Meng et al.’s method, (f) the proposed method with 0.8ω =  and 20β = . 

 

   
(a) (b) (c) (d) (e) (f) 

Fig. 8. Experimental results of various dehazing methods (a) a hazy image, (b) He et al.’s method, (c) Fattal’s 
method, (d) Ancuti and Ancuti’s method, (e) Meng et al.’s method, (f) the proposed method with 0.8ω =  and 20β = . 

 
 

   
(a) (b) (c) (d) (e) (f) 

Fig. 9. Experimental results of various dehazing methods (a) a hazy image, (b) He et al.’s method, (c) Fattal’s 
method, (d) Ancuti and Ancuti’s method, (e) Meng et al.’s method, (f) the proposed method with 0.8ω =  and 20β = . 
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the average amount of information in the image is high, 
which means there is a lot of information about the edges 
or features. Therefore, the higher the entropy value of the 
image, the better the contrast. Table 1 shows that the 
proposed method performs better than other methods. 

6. Conclusion 

This paper proposed a dehazing method based on fuzzy 
set theory and a total variational method. The proposed 
method estimates transmission by calculating the 
membership value of a pixel for the haze value using a 
fuzzy membership function. In addition, the estimated 
transmission is refined using an ROF model–based L1-
norm regularization method. The result enhances color 
contrast and reduces halo artifacts by using a pixel-based 
operation. Also, we reduced color distortion in sky regions 
and the error estimation in transmission for white objects. 
In the experimental results, the proposed method removed 

haze efficiently without color distortion and halo artifacts. 
The proposed method can be used for various applications, 
such as surveillance systems and self-driving cars. 
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