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Abstract
We propose a flexible cure rate survival model by assuming that the number of competing causes of the

event of interest has the Poisson distribution and the time for the event follows the gamma-G family of distri-
butions. The extended family of gamma-G failure-time models with long-term survivors is flexible enough to
include many commonly used failure-time distributions as special cases. We consider a frequentist analysis for
parameter estimation and derive appropriate matrices to assess local influence on the parameters. Further, various
simulations are performed for different parameter settings, sample sizes and censoring percentages. We illustrate
the performance of the proposed regression model by means of a data set from the medical area (gastric cancer).

Keywords: gamma-G family, lifetime data, long-term survivors, Poisson distribution, regression
model, sensitivity analysis

1. Introduction

Models for survival data with a surviving fraction (also known as long-term survival models or cure
rate models) occupy an outstanding place in reliability and survival analysis. Cure rate models cover
situations where there are sampling units insusceptible to the occurrence of the event of interest. The
proportion of such units is termed the cured fraction. In clinical studies, the event of interest can be
the death of a patient (which can happen due to different competing causes) or a tumor recurrence
(which can be attributed to metastasis-component tumor cells left active after an initial treatment).
A metastasis-component tumor cell is a tumor cell with a potential to metastasize (Yakovlev and
Tsodikov, 1996). The literature on the subject is significant and increasing. Books by Maller and
Zhou (1996) and Ibrahim et al. (2001), as well as the review paper by Chen et al. (1999), Tsodikov et
al. (2003), and the article by Cooner et al. (2007) represent key references. Alternatively, other works
dealt with cure rate models. For example, Balakrishnan and Pal (2012) pioneered an EM algorithm-
based likelihood estimation for some cure rate models, Balakrishnan and Pal (2013) investigated log-
normal lifetimes and likelihood-based inference for flexible cure rate models based on the COM-
Poisson family, Balakrishnan and Pal (2016) proposed the EM-based likelihood inference for flexible
cure rate models with Weibull lifetimes, Balakrishnan and Pal (2015a) studied likelihood inference
for flexible cure rate models with gamma lifetimes, Balakrishnan and Pal (2015b) derived an EM
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algorithm to estimate the parameters of a flexible cure rate model with generalized gamma lifetime and
model discrimination using likelihood and information based methods and Balakrishnan et al. (2016)
proposed piecewise linear approximations for cure rate models and associated inferential issues.

Some proposals have been made recently in the literature by more general classes of distri-
butions to model lifetimes. For example, Zografos and Balakrishnan (2009) and Ristić and Bal-
akrishnan (2012) proposed a family of univariate distributions generated by gamma random vari-
ables. For any baseline cumulative distribution function (cdf) G(t; η) depending on a parameter vector
η = (η1, . . . , ηq)⊤, and t > 0, they defined the gamma-G family with probability density function (pdf)
f (t) and cdf F(t) given by

f
(
t; a, η

)
=

1
Γ(a)

{− log
[
1 −G

(
t; η

)]}a−1 g(t; η) (1.1)

and

F(t; a, η) =
γ
(
a,− log

[
1 −G(t; η)

])
Γ(a)

=
1
Γ(a)

∫ − log[1−G(t;η)]

0
va−1e−vdv, (1.2)

respectively, for a > 0, where g(t) = dG(t)/dt, Γ(a) =
∫ ∞

0 ta−1 e−tdt denotes the gamma function,
and γ(a, z) =

∫ z
0 ta−1 e−tdt denotes the incomplete gamma function. The corresponding hazard rate

function (hrf) is given by

h(t; a, η) =
{− log[1 −G(t; η)]

}a−1 g(t; η)
γ̄
(
a,− log

[
1 −G(t; η)

]) ,

where γ̄(a, z) =
∫ ∞

z va−1 e−vdv denotes the complementary incomplete gamma function. The gamma-
G family has the same parameters of the G distribution plus an additional shape parameter a > 0. If T
is a random variable with pdf (1.1), we write T ∼ gamma-G (a). Each new gamma-G distribution can
be obtained from a specified G distribution. For a = 1, the G distribution is a basic exemplar of the
gamma-G distribution with a continuous crossover towards cases with different shapes (for example,
a particular combination of skewness and kurtosis).

Zografos and Balakrishnan (2009), Ristić and Balakrishnan (2012), and Nadarajah et al. (2015)
presented several motivations for the gamma-G family of distributions: if TL(1), . . . , TL(n) are lower
record values from a sequence of independent random variables with common pdf g (·), then the pdf
of the nth lower record value takes the form (1.1); if Z is a gamma random variable with unit scale
parameter and shape parameter a > 0, then X = G−1(1− exp(−Z)) has the pdf (1.1); and, if Z is a log-
gamma random variables, then X = G−1(exp{− exp(Z)}) has the pdf (1.1). In order to make the model
more flexible, we assume that the time to the event has a gamma-G distribution with density function
given by (1.1). In this context, we propose a new family called the Poisson-gamma-G (PG-G) model
with cure fraction in competitive-risk structure. Further, we examine statistical inference aspects and
formulate the PG-G model with covariates.

After fitting the model, it is important to check the model assumptions and conduct robustness
studies to detect possible influential or extreme observations that can cause distortions in the results
of the analysis. However, when case-deletion is used, all information from a single subject is deleted
at once and it is hard to say if that subject has some influence on a specific aspect of the model. A
solution for the earlier problem can be found in the local influence approach, where we reinvestigate
how the results of the analysis change under small perturbations in the model or data. Cook (1986)
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proposed a general framework to detect the influence of the observations, which indicate how sensitive
the analysis is when small perturbations are provoked on the data or in the model. Several authors
have applied the local influence methodology in regression analysis with censoring. Ortega et al.
(2012) considered the problem of assessing local influence in the negative binomial beta Weibull
regression model to predict a cure rate for prostate cancer, Hashimoto et al. (2013) derived curvature
quantities under various perturbation schemes in Neyman type A beta Weibull model for long-term
survivors, Fachini et al. (2014) used local influence methods to a bivariate regression model with
cure fraction and Ortega et al. (2015) adapted local influence methods to model a power series beta
Weibull regression model to predict breast carcinoma. We propose a similar methodology to detect
influential subjects in the PG-G family with cure rate.

The plan of the foregoing sections of the paper is as follows. Section 2 is devoted to model formu-
lation. Some structural properties of the PG-G family for the non-cured population are investigated in
Section 3 including moments, generating function and mean deviations. The inference on the model
parameters is discussed in Section 4. A simulation study is performed in Section 5. In Section 6, we
obtain the normal curvatures for local influence under some usual perturbations. The results of an
application to a gastric cancer data set are reported in Section 7. In Section 8, we end with general
remarks.

2. The new model

In order to describe the PG-G family with cure fraction, we focus on modeling data, for simplicity,
where there are no covariates. The time for the jth competing cause to produce the event of inter-
est (time to event) is denoted by R j, j = 1, . . . , M, where M denotes the unobservable number of
competing causes that can produce this event. We consider that, conditional on M, the R j’s are i.i.d.
random variables with cdf F(t) given by (1.2) and survival function S (t) = 1 − F(t). In addition,
we assume that R1, R2, . . . are independent of M. These latent competing causes M can be assigned
to metastasis-component tumor cells left active after an initial treatment. Latent variables cannot be
measured directly because they represent a theoretical construction and are not observable. However,
they can be represented or measured by other variables. The observable time of the occurrence of
the event of interest is defined by T = min{R1, . . . ,RM} subject to P(T = ∞|M = 0) = 1. The i.i.d.
assumption on R1, R2, . . . is surely a strong one, as remarked by Yakovlev and Tsodikov (1996). This
option favors simplicity and analytical tractability at the expense of a more general formulation. De-
spite this shortcoming, these models have proven to be useful in many real-world applications. Under
this setup, Tsodikov et al. (2003) and Rodrigues et al. (2009) proved that the survival function for the
population is given by

S pop(t) = P(T ≥ t) = Ap
(
S (t)

)
, (2.1)

where Ap(·) is the probability generating function (pgf) of the number of competing causes (M). The
choice of a particular distribution for M implies some consequences. This aspect is investigated in the
sequel.

Henceforth, we assume that the number of competing causes has a Poisson distribution with pa-
rameter τ > 0 and probability mass function

p(m; τ) = P(M = m|τ) =
e−τ τm

m!
, m = 0, 1, 2, . . . , (2.2)

where τ > 0.
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The pgf is given by Ap(s) =
∑∞

m=0 p(m; τ) sm = exp[−τ(1− s)], 0 ≤ s ≤ 1. Therefore, the improper
survival function reduces to

S pop(t; τ, a, η) = exp
{
−τ γ (

a,− log
[
1 −G(t; η)

])
Γ(a)

}
, (2.3)

where G(t; η) is the baseline cdf. Note that Equation (2.3) is an improper function, since S pop(t) is not
a proper survival function. The cured fraction is p0 = limt→∞ S pop(t), so that, from (2.3), p0 = e−τ.

The density function corresponding to this model is given by

fpop(t; τ, a, η) =
τ g(t; η)
Γ(a)

{− log
[
1 −G

(
t; η

)]}a−1 exp
{
−τ γ (

a,− log
[
1 −G(t; η)

])
Γ(a)

}
. (2.4)

Equation (2.4) is referred to as the PG-G model with cure fraction in a competitive-risk structure.
For a = 1, we obtain the Poisson-G (PG) model.

The corresponding population hrf is given by

hpop(t; τ, a, η) =
τ g(t; η)
Γ(a)

{− log
[
1 −G

(
t; η

)]}a−1 .

The Weibull, log-logistic (LL) and log-normal distributions are very popular distributions for mod-
elling lifetime data in several areas such as medicine, biology, and engineering. In reliability analysis,
the fatigue is a structural damage which occurs when a material is exposed to stress and tension fluc-
tuations. Statistical models allow an analysis of the random variation of the failure time associated to
materials exposed to fatigue as a result of different cyclical patterns and strengths. The most popular
models used to describe the lifetime process under fatigue are the half-normal (HN), generalized half-
normal (GHN) and Birnbaum-Saunders (BS) distributions. Here, we present and study some special
cases of this family considering cure fraction and classic Weibull, LL, BS and GHN distributions.

• Poisson-gamma Weibull (PGW) model

The PGW model is defined from (2.3) by taking G(t; η) and g(t; η) to be the cdf and pdf of the
Weibull distribution. In this case, G(t; η) = 1 − exp{−(t/α)λ}, with shape parameter λ > 0, scale
parameter α > 0 and η = (α, λ)⊤.

• Poisson-gamma log-logistic (PGLL) model

Consider the LL distribution with shape parameter α > 0, scale parameter λ > 0, and cdf given by
G(t; η) = 1 − [1 + (t/α)λ]−1, where η = (α, λ)⊤.

• Poisson-gamma Birnbaum-Saunders (PGBS) model

Let G(t; η) be the BS distribution with cdf G(t; η) = Φ[α−1(
√

t/λ −
√
λ/t)], for t > 0, shape

parameter α > 0, scale parameter λ > 0, where η = (α, λ)⊤ and Φ(·) is the standard normal cdf.

• Poisson-gamma generalized half-normal (PGGHN) model

The baseline density g(t; η) =
√

2/π(α/t)(t/λ)α exp[−1/2(t/λ)2α] leads to the PGGHN model,
where α > 0 is the shape parameter, λ > 0 is the scale parameter and η = (α, λ)⊤.

In Table 1, we list special models of the PG-G family with cure fraction. For a = 1, we obtain
the following models with cure fraction: Poisson Weibull (PW), Poisson log-logistic (PLL), Poisson
Birnbaum-Saunders (PBS) and Poisson generalized-half normal (PGHN) distributions.
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Table 1: Some members of the Poisson-gamma-G (PG-G) family with cure fraction, where η = (α, λ)⊤

Model fpop(t; τ, a, η) S pop(t; τ, a, η)

PGW τ λ tλ−1 exp{−(t/α)λ}
αλΓ(a)

(
t
α

)λ(a−1)
exp

{
−τ γ[a,(t/α)λ]

Γ(a)

}
exp

{
−τ γ[a,(t/α)λ]

Γ(a)

}
PGLL τ λ tλ−1[1+(t/α)λ]−2

αλΓ(a)

{
log

[
1 +

(
t
α

)λ]}a−1
exp

{
−τγ(a,log[1+(t/α)λ])

Γ(a)

}
exp

{
−τ γ(a,log[1+(t/α)λ])

Γ(a)

}
PGBS τ (t+λ)t

−3
2

2
√

2λπαΓ(a)
exp

{
−1

2α2

[(
t
λ

)
+

(
λ
t

)
− 2

]}
exp

{
−τ γ(a,− log[1−Φ[(1/α)(√t/λ−

√
λ/t)]])

Γ(a)

}
{
− log

{
1 − Φ

[
1
α

(√
t
λ
−

√
λ
t

)]}}a−1

exp
{
−τ γ(a,− log[1−Φ[(1/α)(√t/λ−

√
λ/t)]])

Γ(a)

}
PGGHN τ

√
2√

πΓ(a)

(
α
t

) (
t
λ

)α
exp

[
− 1

2

(
t
λ

)2α
]

exp
{
−τγ(a,− log{2−2Φ[(t/λ)α]})

Γ(a)

}
{
− log

{
2 − 2Φ

[(
t
λ

)α]}}a−1

exp
{
−τγ(a,− log{2−2Φ[(t/λ)α]})

Γ(a)

}
PGW = Poisson-gamma Weibull; PGLL = Poisson-gamma log-logistic; PGBS = Poisson-gamma
Birnbaum-Saunders; PGGHN = Poisson-gamma generalized half-normal.

2.1. The PG-G model for the non-cured population

Numerous classical distributions have been extensively used for modeling data in several areas. There
is a clear need for extended forms of classical distributions in applied areas such as biology, insurance,
finance, and lifetime analysis, that is, new distributions which are more flexible to model real data.
Hence, several classes of distributions have been introduced in the literature by adding one or more
parameters. The PG-G family contains various well-known distributions as special models. Several
new distributions can also be easily generated. Some useful distributions in the PG-G family are
described below.

The (proper) survival function for the non-cured population (or PG-G survival function), say
S PG-G, is given by

S PG-G(t; τ, a, η) =
exp

{−τγ (
a,− log

[
1 −G(t; η)

])
Γ(a)

}
− exp(−τ)

1 − exp(−τ)
, t > 0.

We note that lim S PG-G(t; τ, a, η)t→o = 1 and lim S PG-G(t; τ, a, η)t→∞ = 0, so that it is a proper survival
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Figure 1: (a) Plots of the Poisson-gamma Weibull (PGW) density function for some values of τ and a with
α = 5.1 and λ = 3.5; (b) Plots of the Poisson-gamma log-logistic (PGLL) density function for some values of τ

and a with α = 5.1 and λ = 2.5.

function. The pdf for the non-cured population (or the PG-G family) is given by

fPG-G(t; τ, a, η) =
τ g(t; η)

{− log[1 −G(t; η)]
}a−1

Γ(a)[1 − exp(−τ)]
exp

{
−τγ (

a,− log
[
1 −G(t; η)

])
Γ(a)

}
. (2.5)

From Equation (2.5), we note that the parameter a controls its shape. The PG-G family (2.5) can
be used to model survival or reliability data. For a = 1, the PG-G family reduces to the PG model.
The hrf for the non-cured population becomes

hPG-G(t; τ, a, η) =
fPG-G(t; τ, a, η)

S PG-G(t; τ, a, η)
, t > 0.

Next, we present some special models of the PG-G family because it extends several widely-
known distributions in the literature. The density (2.5) will be most tractable when the cdf G(t; η) and
pdf g(t; η) have simple analytic expressions.

• PGW distribution

If g(t; τ) = (λ/αλ)tλ−1 exp{−(t/α)λ} is the Weibull pdf, where η = (α, λ)⊤, the PGW density function
(for t > 0) reduces to

fPGW(t) =
τ λ tλ−1 exp

{
− (t/α)λ

}
αλΓ(a)[1 − exp(−τ)]

( t
α

)λ(a−1)
exp

−τ γ
[
a, (t/α)λ

]
Γ(a)

 . (2.6)

We obtain the PW distribution when a = 1. A random variable with density (2.6) is denoted by
T ∼ PGW(a, τ, α, λ).
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• PGLL distribution

The PGLL distribution is defined from (2.5) by taking g(t; τ) = (λ/αλ)tλ−1[1 + (t/α)λ]−2 as the LL
density, where τ = (α, λ)⊤. Its density function (for t > 0) is given by

fPGLL(t) =
τ λ tλ−1

[
1 + (t/α)λ

]−2

αλΓ(a)[1 − exp(−τ)]

{
log

[
1 +

( t
α

)λ]}a−1

× exp

−τ γ
(
a, log

[
1 + (t/α)λ

])
Γ(a)

 , (2.7)

where α and a are shape parameters and λ is a scale parameter. For a = 1, we obtain the PLL
distribution. A random variable with density (2.7) is denoted by T ∼ PGLL(a, τ, α, λ). Figure 1
displays the plots of the PGW and PGLL density functions for selected parameter values.

• PGBS distribution

Let g(t; τ) = [(t+λ)t−3/2/2α
√

2λπ] exp{−(1/2α2)(t/λ+λ/t−2)} be the BS density. Then, the PGBS
density function (for t > 0) reduces to

fPGBS(t) =
τ(t + λ)t

−3
2

2
√

2λπαΓ(a)[1 − exp(−τ)]
exp

{
−1
2α2

[( t
λ

)
+ (λt) − 2

]}

×
− log

1 − Φ
 1
α

√ t
λ
−

√
λ

t





a−1

× exp

−τγ
(
a,− log

[
1 − Φ

[
1/α

(√
t/λ −

√
λ/t

)]])
Γ(a)

 , (2.8)

where λ > 0 is a scale parameter and α and a are shape parameters. A random variable with density
(2.8) is denoted by T ∼ PGBS(a, τ, α, λ). For a = 1, we obtain the PBS distribution.

• PGGHN distribution

Consider the GHN distribution proposed for Cooray and Ananda (2008) with cdf

G(t; τ) = 2Φ
[( t
λ

)α]
− 1 = erf

[
(t/λ)α
√

2

]
,

where Φ(x) = (1/2)[1 + erf(x/
√

2)] and erf(x) = (2/
√
π)

∫ x
0 exp(−u2)du. The PGGHN density

function reduces to

fPGGHN(t) =
τ
√

2 (α/t) (t/λ)α
√
πΓ(a)[1 − exp(−τ)]

exp
[
−1

2

( t
λ

)2α
] {
− log

{
1 − 2Φ

[( t
λ

)α]}}a−1

× exp
{
−τ γ (

a,− log
{
1 − 2Φ

[
(t/λ)α

]})
Γ(a)

}
, (2.9)

where α > 0 is the shape parameter and λ > 0 is the scale parameter. For a = 1, we obtain the
PGHN distribution. A random variable with density (2.9) is denoted by T ∼ PGGHN(a, τ, α, λ).
Plots of the PGBS and PGGHN density functions for selected parameter values are displayed in
Figure 2.
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Figure 2: (a) Plots of the Poisson-gamma Birnbaum-Saunders (PGBS) density function for some values of τ and
a with α = 0.1 and λ = 3.5; (b) Plots of the Poisson-gamma generalized-half normal (PGGHN) density function

for some values of τ and a with α = 2.1 and λ = 3.5.

3. Mathematical properties

The cdf for the non-cured population, say FPG-G(t; τ, a, η), is given by

FPG-G(t; τ, a, η) =
1 − exp

{−τ γ (
a,− log

[
1 −G(t; η)

])}
1 − exp(−τ)

, t > 0. (3.1)

We omit the dependence on the parameters and write FPG-G(t) = FPG-G(t; τ, a, η), G(t) = G(t; η),
g(t) = g(t; η). Based on the power series for the incomplete gamma function ratio, we can write

γ
(
a,− log [1 −G(t)]

)
=

∞∑
m=0

am
(− log [1 −G(t)]

)α+m , (3.2)

where am = (−1)m/[(a+m) m! Γ(a)]. For any real number c and z ∈ (0, 1), the following formula holds

[− log(1 − z)]c = zc +

∞∑
i=0

pi(c) zi+c+1, (3.3)

where p0(c) = c/2, p1(c) = c (3c+ 5)/24, p2(c) = c (c2 + 5c+ 6)/48, p3(c) = c (15c3 + 150c2 + 485c+
502)/5760, etc. Flajolet and Odlyzko (1990, Theorem 3A, p.227) gave the proof of (3.3).

Then, we can write from Equation (3.3)

{− log [1 −G(t)]
}α+m

= G(t)α+m +

∞∑
i=0

pi(α + m) G(t)α+i+m+1
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and inserting in Equation (3.2)

γ
(
a,− log [1 −G(t)]

)
=

∞∑
m=0

am

G(t)α+m +

∞∑
i=0

pi(α + m) G(t)α+i+m+1

 .
Since G(t) belongs to the interval (0, 1), is is easy to prove

G(t)β =
∞∑

r=0

sr(β) G(t)r,

where

sr(β) =
∞∑
j=r

(
− 1

)r+ j
(
β

j

) (
j
r

)
.

We can rewrite (3.2) as

γ
(
a,− log [1 −G(t)]

)
=

∞∑
r=0

wr G(t)r, (3.4)

where

wr =

∞∑
m=0

am

sr(α + m) +
∞∑

i=0

pi(α + m) sr(α + i + m + 1)

 .
Further, Equation (3.1) reduces to

FPG-G(t; τ, a, η) =
1 − exp

{
−τ ∑∞

r=0 wr G(t)r
}

1 − exp(−τ)
, t > 0.

By expanding the exponential function, we have

FPG-G(t; τ, a, η) =
1

1 − e−τ

∞∑
j=1

(−τ) j

j!

 ∞∑
r=0

wr G(t)r

 j

. (3.5)

Next, we adopt an equation of Gradshteyn and Ryzhik (2000) for a power series raised to a positive
integer j  ∞∑

i=0

ai zi

 j

=

∞∑
i=0

c j,i zi, (3.6)

where the coefficients c j,i (for j, i = 1, 2, . . .) are easily determined from the recurrence equation (for
i = 1, 2, . . .)

c j,i = (i a0)−1
i∑

l=1

[
l ( j + 1) − i

]
al c j,i−l
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and c j,0 = a j
0 (for j = 0, 1, . . .). Combining (3.5) and (3.6), we obtain

FPG-G(t) =
∞∑

r=0

sr G(t)r, (3.7)

where (for r ≥ 0)

sr =
1

1 − e−τ

∞∑
j=1

(−τ) j

j!
e j,r,

where e j,r = (r w0)−1 ∑r
m=1 [m( j + 1) − t] wm e j,r−m (for j, r = 1, 2, . . .) and e j,0 = w j

0.
A useful representation for the pdf (2.5) can be derived using the concept of exponentiated-G (exp-

G) distribution. For an arbitrary baseline cdf G(x), a random variable is said to have the exp-G distri-
bution with parameter c > 0, say Y ∼exp-G(c), if its pdf and cdf are given by hc(x) = c G(x)c−1 g(x)
and Hc(x) = G(x)c, respectively.

By differentiating (3.7), we can write

fPG-G(t) =
∞∑

r=0

sr+1 hr+1(t), (3.8)

where hr+1(t) = hr+1(t; η) = (r + 1) G(t; η)r g(t; η) (for r ≥ 0) is the exp-G density function with power
parameter r + 1. Henceforth, let Yr+1 ∼exp-G(r + 1).

3.1. Moments and generating function

A first formula for the nth moment of X can be obtained from (3.8) as

µ′n = E(Xn) =
∞∑

r=0

sr+1 E(Yn
r+1). (3.9)

Explicit expressions for moments of special PG-G models can be determined from exp-G moments
given by Nadarajah and Kotz (2006). A second formula for µ′n follows from (3.9) in terms of the
baseline quantile function (qf) QG(u) = QG(u; η) = G−1(u; η). We obtain

µ′n =
∞∑

r=0

(
r + 1

)
sr+1 τn,r,

where τn,r =
∫ ∞
−∞ xn G(x)r g(x)dx =

∫ 1
0 QG(u)n ur du.

For empirical purposes, the shapes of many distributions can be usefully described by the incom-
plete moments. These types of moments play an important role for measuring inequality, for example,
income quantiles and Lorenz and Bonferroni curves. The nth incomplete moment of X is determined
as

mn(y) =
∫ ∞

0
tn fPG-G(t)dt =

∞∑
r=0

(
r + 1

)
sr+1

∫ G(y)

0
QG(u)n urdu. (3.10)

The last integral can be computed for most baseline G distributions.
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Other kinds of moments such as central and factorial moments and cumulants can also be obtained
in closed-form from the ordinary moments using well-known formulae, but we consider only the
previous moments for reasons of space.

Next, we obtain the mgf M(t) = E(et X) of X. Let Mr+1(t) be the mgf of Yr+1. We can write from
(3.8)

M(t) =
∞∑

r=0

sr+1 Mr+1(t) =
∞∑

r=0

(
r + 1

)
sr+1 ρ(t, r),

where ρ(t, r) =
∫ ∞
−∞ etq G(q)r g(q)dq =

∫ 1
0 exp[t QG(u)] urdu can be evaluated from QG(u) = G−1(u).

Hence, M(t) is given by a linear combination of exp-G generating functions.

3.2. Mean deviations

The mean deviations about the mean (δ1 = E(|X − µ′1|)) and about the median (δ2 = E(|X − M|)) of X
can be expressed as δ1 = 2µ′1 F(µ′1) − 2m1(µ′1) and δ2 = µ

′
1 − 2m1(M), respectively, where µ′1 = E(X),

M =Median(X) is the median, F(µ′1) is evaluated from the cdf (3.1) and m1(z) =
∫ z
−∞ t fPG-G(t)dt can

be obtained from (3.10) with n = 1. Alternatively, a general equation for m1(z) can follow from (3.8)
as m1(z) =

∑∞
r=0 sr+1 Jr+1(z), where Jr+1(z) =

∫ z
−∞ t hr+1(t)dt.

4. Inference

For many medical problems, the lifetimes are affected by explanatory variables such as the cholesterol
level, blood pressure, weight, and others. Parametric models to estimate univariate survival functions
and for censored data regression problems are widely used. Different forms of regression models
have been proposed in survival analysis. The explanatory variables are commonly used to model the
expectation of the number of competing causes. Now, we link the parameter τ in Equation (2.3) to the
covariates xi by τi = exp(x⊤i β), i = 1, . . . , n, where β = (β1, . . . , βp)⊤ denotes the vector of regression
parameters.

We consider the situation where the time to the event of interest is not completely observed but
subjected to right censoring. Let Ci denote the censoring time. We observe ti = min{Ti,Ci}, for i =
1, . . . , n. Let θ = (a, η⊤,β⊤)⊤ be the parameter vector, from n pairs of times and censoring indicators
t1, . . . , tn. The full log-likelihood function under non-informative censoring can be expressed as

l(θ) = − r log[Γ(a)] +
∑
i∈F

x⊤i β +
∑
i∈F

log[g(ti; η)] + (a − 1)
∑
i∈F

log{− log[1 −G(ti; η)]}

− 1
Γ(a)

∑
i∈F

exp
(
x⊤i β

)
γ
(
a,− log

[
1−G(ti; η)

])− 1
Γ(a)

∑
i∈C

exp
(
x⊤i β

)
γ
(
a,− log

[
1−G(ti; η)

])
, (4.1)

where r is the number of failures and F and C denote the uncensored and censored sets of observations,
respectively.

The maximum likelihood estimates (MLEs) θ̂ = (â, η̂⊤, β̂
⊤

)⊤ of θ = (a, η⊤,β⊤)⊤ can be obtained
by maximizing (4.1) directly by using the SAS (PROC NLMIXED), R (optim and maxLik functions) and
Ox program (sub-routine MaxBFGS). Details for fitting univariate distributions using maximum likeli-
hood in R for censored or non-censored data can be obtained at http://www.inside-r.org/packages/cran
/fitdistrplus/docs/mledist.
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The inference procedures for θ = (a, η⊤,β⊤)⊤ can be based on the asymptotic normal approxima-
tion (

â, η̂⊤, β̂
⊤)⊤
∼ N(p+q+1)

{(
a, η⊤,β⊤

)⊤
,−L̈−1(θ)

}
, (4.2)

where −L̈(θ) = {−(∂2l(θ)/∂θθ⊤)} is the (p + q + 1) × (p + q + 1) observed information matrix, which
can be evaluated numerically.

The likelihood ratio (LR) statistic can be used to compare some special models with the PG-G
model. We consider the partition θ = (θ⊤1 , θ

⊤
2 )⊤, where θ1 is the subset of parameters of interest and

θ2 is a subset of remaining parameters. The LR statistic for testing the null hypothesis H0 : θ1 = θ
(0)
1

versus the alternative hypothesis H1 : θ1 , θ
(0)
1 is given by w = 2{ℓ(θ̂) − ℓ(θ̃)}, where θ̃ and θ̂ are the

estimates under the null and alternative hypotheses, respectively. The statistic w is asymptotically (as
n → ∞) distributed as χ2

k , where k is the dimension of the subset of parameters θ1 of interest. For
example, the test of H0 : a = 1 versus H : a , 1 is equivalent to compare the PG and PG-G models.
In this case, the LR statistic is

w = 2
{
l
(
â, η̂, β̂

)
− l

(
1, η̃, β̃

)}
,

where â, η̂ and β̂ are the MLEs under H and η̃ and β̃ are the estimates under H0.

5. Simulation study

We perform a simulation study in order to evaluate some frequentist properties of the MLE θ̂. The
failure time data are simulated from the gamma-G family by taking the Weibull, LL, BS and GHN
models for the baseline G distribution. The number of causes of the event of interest for each individ-
ual i (i = 1, . . . , n), Mi, is generated from a Poisson distribution with parameter τi. One explanatory
variable is generated from a Bernoulli distribution with parameter 0.5. We link the parameter τ in
Equation (4) to the covariate xi by τi = exp(β0 + β1xi), i = 1, . . . , n. The censoring times are sampled
from the uniform distribution in the (0, ν) interval, where ν controls the censoring proportion of the
uncured population.

We consider the following values for the parameters: a = 1.50, α = 1.25, λ = 0.25, β0 = −0.50
and β1 = 0.70 for the PGBS model; a = 0.75, α = 2.00, λ = 0.50, β0 = −0.50 and β1 = 0.70 for the
PGGHS model; a = 0.75, α = 0.75, λ = 1.50, β0 = −0.50 and β1 = 1.25 for the PGLL model; and
a = 0.50, α = 2.00, λ = 1.50, β0 = −0.50 and β1 = 1.25 for the PGW model.

The results are obtained from 3,000 Monte Carlo simulations performed using R software with
the Optim function. In each replication, a random sample of size n is drawn from the four models
and parameters are estimated by maximum likelihood. The sample sizes are n = 100, 200, 300, 400
and 700. In this study, the proportion of censored observations is taken approximately to be equal to
55% for the PGBS and PGGHN models and 45% for the PGBS and PGGHN models.

Tables 2–5 list the averages of the MLEs (mean), biases (bias) and mean square errors (MSEs) for
the PGBS, PGGHN, PGLL and PGW models, respectively.

We conclude from the figures in Tables 2–5 that the average estimates of the parameters tend to be
closer to the true parameters when n increases. We can also note that, even for small sample sizes, the
biases and MSEs are small for the estimates of β0 and β1. This fact indicates that asymptotic normal
distribution provides an adequate approximation to the finite sample distribution of the MLEs. The
normal approximation can be often improved using bias adjustments to the estimators. Approxima-
tions to the their biases in simple models may be determined analytically. Bias correction typically
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Table 2: Summaries of the quantities for the Poisson-gamma Birnbaum-Saunders (PGBS) model

Sample Parameter Summaries of the parameters
size (True value) Mean Bias MSE

a (1.50) 1.7020 0.2020 0.5593
α (1.25) 1.4887 0.2387 0.3342

100 λ (0.25) 0.5095 0.2595 1.4779
β0 (−0.50) −0.4009 0.0991 0.1718
β1 (0.70) 0.7139 0.0139 0.1020
a (1.50) 1.6114 0.1114 0.2923
α (1.25) 1.4024 0.1524 0.1532

200 λ (0.25) 0.3951 0.1451 0.2884
β0 (−0.50) −0.4369 0.0631 0.0820
β1 (0.70) 0.7091 0.0091 0.0451
a (1.50) 1.5669 0.0669 0.1992
α (1.25) 1.3526 0.1026 0.0796

300 λ (0.25) 0.3433 0.0933 0.1450
β0 (−0.50) −0.4610 0.0390 0.0527
β1 (0.70) 0.7058 0.0058 0.0325
a (1.50) 1.5769 0.0769 0.1581
α (1.25) 1.3306 0.0806 0.0524

400 λ (0.25) 0.3043 0.0543 0.0801
β0 (−0.50) −0.4769 0.0231 0.0347
β1 (0.70) 0.7053 0.0053 0.0241
a ( 1.50) 1.5371 0.0371 0.0917
α (1.25) 1.3009 0.0509 0.0162

700 λ (0.25) 0.2737 0.0237 0.0284
β0 (−0.50) −0.4840 0.0160 0.0149
β1 (0.70) 0.6998 −0.0002 0.0136

Mean = averages of the MLEs; Bias = biases; MSE = mean square error.

Table 3: Summaries of the quantities for the Poisson-gamma generalized half normal (PGGHN) model

Sample Parameter Summaries of the parameters
size (True value) Mean Bias MSE

a (0.75) 1.2934 0.5434 0.9498
α (2.00) 1.5624 −0.4376 0.6602

100 λ (0.50) 0.4146 −0.0854 0.0316
β0 (−0.50) −0.4979 0.0021 0.0678
β1 (0.70) 0.7009 0.0009 0.1034
a (0.75) 1.1171 0.3671 0.4919
α (2.00) 1.6459 −0.3541 0.4718

200 λ (0.50) 0.4378 −0.0622 0.0194
β0 (−0.50) −0.5043 −0.0043 0.0350
β1 (0.70) 0.7062 0.0062 0.0540
a (0.75) 1.0062 0.2562 0.3063
α (2.00) 1.7352 −0.2648 0.3539

300 λ (0.50) 0.4567 −0.0433 0.0131
β0 (−0.50) −0.5011 −0.0011 0.0207
β1 (0.70) 0.6990 −0.0010 0.0326
a (0.75) 0.9583 0.2083 0.2160
α (2.00) 1.7673 −0.2327 0.2941

400 λ (0.50) 0.4644 −0.0356 0.0100
β0 (−0.50) −0.5022 −0.0022 0.0168
β1 (0.70) 0.7011 0.0011 0.0251
a (0.75) 0.8612 0.1112 0.0822
α (2.00) 1.8589 −0.1411 0.1897

700 λ (0.50) 0.4823 −0.0177 0.0048
β0 (−0.50) −0.5039 −0.0039 0.0094
β1 (0.70) 0.7038 0.0038 0.0144

Mean = averages of the MLEs; Bias = biases; MSE = mean square error.



56 Edwin M. M. Ortega, Gauss M. Cordeiro, Elizabeth M. Hashimoto, Adriano K. Suzuki

Table 4: Summaries of the quantities for the Poisson-gamma log-logistic (PGLL) model

Sample Parameter Summaries of the parameters
size (True value) Mean Bias MSE

a (0.75) 1.0616 0.3116 1.3849
α (0.75) 0.6668 −0.0832 0.1360

100 λ (1.50) 1.7815 0.2815 0.7338
β0 (−0.50) −0.4841 0.0159 0.1032
β1 (1.25) 1.2687 0.0187 0.0915
a (0.75) 0.9282 0.1782 0.4558
α (0.75) 0.6948 −0.0552 0.0962

200 λ (1.50) 1.6422 0.1422 0.4122
β0 (−0.50) −0.4659 0.0341 0.0608
β1 (1.25) 1.2594 0.0094 0.0447
a (0.75) 0.8700 0.1200 0.2288
α (0.75) 0.7092 −0.0408 0.0725

300 λ (1.50) 1.6024 0.1024 0.3001
β0 (−0.50) −0.4719 0.0281 0.0425
β1 (1.25) 1.2582 0.0082 0.0302
a (0.75) 0.8313 0.0813 0.1441
α (0.75) 0.7233 −0.0267 0.0547

400 λ (1.50) 1.5789 0.0789 0.2131
β0 (−0.50) −0.4772 0.0228 0.0301
β1 (1.25) 1.2551 0.0051 0.0215
a (0.75) 0.8083 0.0583 0.0797
α (0.75) 0.7282 −0.0218 0.0345

700 λ (1.50) 1.5314 0.0314 0.1233
β0 (−0.50) −0.4844 0.0156 0.0176
β1 (1.25) 1.2551 0.0051 0.0131

Mean = averages of the MLEs; Bias = biases; MSE = mean square error.

Table 5: Summaries of the quantities for the Poisson-gamma Weibull (PGW) model

Sample Parameter Summaries of the parameters
size (True value) Mean Bias MSE

a (0.50) 0.7289 0.2289 0.3105
α (2.00) 1.6741 −0.3259 0.7474

100 λ (1.50) 1.5217 0.0217 0.5108
β0 (−0.50) −0.5042 −0.0042 0.0773
β1 (1.25) 1.2690 0.0190 0.0947
a (0.50) 0.6815 0.1815 0.2088
α (2.00) 1.7685 −0.2315 0.6832

200 λ (1.50) 1.4991 −0.0009 0.4328
β0 (−0.50) −0.4800 0.0200 0.0399
β1 (1.25) 1.2507 0.0007 0.0431
a (0.50) 0.6492 0.1492 0.1582
α (2.00) 1.8028 −0.1972 0.4584

300 λ (1.50) 1.4953 −0.0047 0.3642
β0 (−0.50) −0.4861 0.0139 0.0262
β1 (1.25) 1.2561 0.0061 0.0297
a (0.50) 0.6294 0.1294 0.1290
α (2.00) 1.8136 −0.1864 0.3152

400 λ (1.50) 1.4952 −0.0048 0.3228
β0 (−0.50) −0.4847 0.0153 0.0202
β1 (1.25) 1.2525 0.0025 0.0221
a ,(0.50) 0.5822 0.0822 0.0727
α (2.00) 1.8880 −0.1120 0.1900

700 λ (1.50) 1.5012 0.0012 0.2303
β0 (−0.50) −0.4911 0.0089 0.0122
β1 (1.25) 1.2551 0.0055 0.0123

Mean = averages of the MLEs; Bias = biases; MSE = mean square error.
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does a very good job to correct MLEs. However, it may also increase the MSEs. Whether bias cor-
rection is useful in practice depends basically on the shape of the bias function and on the variance of
the MLE.

6. Sensitivity analysis

The approach is one in which the stability of the estimated outputs with respect to the model inputs
is studied using various minor model perturbation schemes, such as the local influence approach
developed by Cook (1986). In the following section, we describe the background and details of the
classical diagnostic methods to detect influential observations.

6.1. Local influence

Another approach is suggested by Cook (1986), where instead of removing observations, weights
are given to them. Local influence calculation can be conducted for model (2.3). Let ω0 be the no
perturbation vector. If likelihood displacement LD(ω) = 2{l(θ̂) − l(θ̂ω)} is used, where θ̂ω denotes
MLE under the perturbed model, the normal curvature for θ at the direction d, ∥ d ∥= 1, is provided
by Cd(θ) = 2|d⊤∆⊤[L̈(θ)]−1∆d|, where ∆ is a (p+q+1)×n matrix, which depends on the perturbation
scheme. The elements of ∆ are given by ∆vi = ∂

2l(θ|ω)/∂ϕv∂ωi, for i = 1, 2, . . . , n and v = 1, 2, . . . , p+
q + 1, evaluated at θ̂ and ω0. For the PG-G regression model with long-term survivors, the elements
of L̈(θ) are calculated numerically. We can also determine normal curvatures Cd(a), Cd(η) and Cd(β)
to perform various index plots such as the index plot of dmax, the eigenvector corresponding to Cdmax ,
the largest eigenvalue of the matrix B = −∆⊤[L̈(θ)

]−1
∆. The index plots of Cdi (a), Cdi (η) and Cdi (β),

called total local influence, where di denotes an n×1 vector of zeros with one at the ith position. Thus,
the curvature at direction di takes the form Ci = 2|∆T

i [L̈(θ)]−1∆i|, where ∆T
i denotes the ith row of ∆.

It is usual to point out those cases such that Ci ≥ 2C̄, where C̄ = (1/n)
∑n

i=1 Ci. Another influence
measure for the ith observation is Ui =

∑n1
k=1 λke2

ki, where {(λk, ek)|k = 1, . . . , n} are the eigenvalue-
eigenvector pairs of B with λ1 ≥ · · · ≥ λn1 ≥ λn1+1 = · · · = λn = 0 and {ek = (ek1, . . . , ekn)T } is
the associated orthonormal basis. Zhu et al. (2007) studied the influence measure ui systematically
under a case weight perturbation. Therefore, this influence measure expresses local sensitivity to the
log-likelihood of the perturbations.

6.2. Curvature calculations

Next, we determine for three perturbation schemes, the matrix

∆ = (∆vi)[(p+q+1)×n] =
(
∂2l(θ|ω)
∂θvωi

)
[(p+q+1)×n]

,

where v = 1, 2, . . . , p + q + 1 and i = 1, 2, . . . , n. We should consider the model defined in (2.3), (2.4)
and its log-likelihood function given by (4.1).

6.2.1. Case-weight perturbation

First, we consider a case weight perturbation which modifies the weight given to each subject in the
log-likelihood. Consider the vector of weights ω = (ω1, . . . , ωn)⊤.
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In this case, the log-likelihood function is given by

l(θ|ω) = − log[Γ(a)]
∑
i∈F

ωi +
∑
i∈F

(
x⊤i β

)
ωi +

∑
i∈F

log[g(ti; η)]ωi

+ (a − 1)
∑
i∈F

log{− log[1 −G(ti; η)]}ωi

− 1
Γ(a)

∑
i∈F

exp
(
x⊤i β

)
γ
(
a,− log

[
1 −G(ti; η)

])
ωi

− 1
Γ(a)

∑
i∈C

exp
(
x⊤i β

)
γ
(
a,− log

[
1 −G(ti; η)

])
ωi,

where 0 ≤ ωi ≤ 1, ω0 = (1, . . . , 1)⊤. The matrix ∆ = (∆⊤a ,∆
⊤
ηηη ,∆

⊤
βββ )⊤ is evaluated numerically.

6.2.2. Response perturbation

Since ti values have different variances, we require a scaling of the perturbation vector ω by an esti-
mator of the standard deviation of ti. We consider that each ti is perturbed as tiw = ti +ωiS t, where S t

is a scale factor that may be estimated by the standard deviation of t and ωi ∈ R.
Here, the perturbed log-likelihood function is expressed as

l(θ|ω) = −r log[Γ(a)] +
∑
i∈F

x⊤i β +
∑
i∈F

log
[
g
(
t∗i ; η

)]
+ (a − 1)

∑
i∈F

log
{− log

[
1 −G

(
t∗i ; η

)]}
− 1
Γ(a)

∑
i∈F

exp
(
x⊤i β

)
γ
(
a,− log

[
1 −G

(
t∗i ; η

)])
− 1
Γ(a)

∑
i∈C

exp
(
x⊤i β

)
γ
(
a,− log

[
1 −G

(
t∗i ; η

)])
,

where t∗i = ti + ωiS t and ω0 = (0, . . . , 0)⊤. The matrix ∆ = (∆⊤a ,∆
⊤
ηηη ,∆

⊤
βββ )⊤ is evaluated numerically.

7. Application: gastric cancer data

The data set refers to n = 201 patients observed with gastric adenocarcinoma. Gastric (stomach)
cancer is a disease in which malignant (cancer) cells form in the stomach lining. Almost all gastric
cancers are adenocarcinomas (cancers that begin in cells that make and release mucus and other
fluids). Other types of gastric cancer are gastrointestinal carcinoid tumors, gastrointestinal stromal
tumors, and lymphomas. The response variable is the time ti in months after surgery until death.
Patients who die from other causes and patients that are still alive at the end of the study are censored
observations (53%). For more details, see Martinez et al. (2013). The only covariate is the type of
therapy: xi1 (0=adjuvant chemoradiotherapy, n = 125; 1 = surgery alone, n = 76). We are interested
in the effect of the explanatory variable on the cure fraction. Figure 3 displays the estimated Kaplan-
Meier survival function with a well-pronounced plateau. According to Yakovlev and Tsodikov (1996)
this may be thought of as an indication of the presence of a proportion of patients for whom the gastric
adenocarcinoma will never recur; therefore, the patients can be considered cured.
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Figure 3: Kaplan-Meier curves for the gastric cancer data.

Table 6: Some statistics from the fitted models to the gastric cancer data

Model Statistics
AIC CAIC BIC

PGW 900.3 900.6 916.8
PW 898.5 898.7 911.7
PGLL 900.1 900.4 916.7
PLL 898.2 898.4 911.4
PGBS 893.9 894.2 910.4
PBS 970.5 970.7 983.8
PGGHN 892.9 893.2 909.4
PGHN 897.5 897.8 910.8

The explanatory variable is related to the parameter θ according to the following structure. For
the PG-G cure rate model, we consider (i = 1, . . . , 201):

τi = exp(β0 + β1 xi1).

In Table 6, we present the values of the Akaike Information Criterion (AIC), Consistent Akaike
Information Criterion (CAIC) and Bayesian Information Criterion (BIC) for all models discussed in
Section 2. So, we will have more evidence to be able to discriminate and choose the most suitable
model. The lowest values of these information criteria correspond to the PGGHN model, which
provides a better fit to the current data than other models.

Table 7 lists the MLEs for the fitted PGGHN regression model. At a 5% significance level, the
regression coefficient is significant for the type of therapy (x1). Table 8 provides LR statistics to
compare the PGW and PW, PGLL and PLL, PGBS and PBS, PGGHN and PGHN models to the
current data. We reject the null model in favor of the PGBS and PGGHN models.

Next, we analyze the local influence for the stomach cancer data.

1) Influence using case-weight perturbation
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Table 7: MLEs for the full Poisson-gamma generalized-half normal (PGGHN) regression model with cure rate
fraction fitted to the gastric cancer data

Parameter Estimate Standard error 95% C.L. p-value
a 0.1588 0.0153 (0.1286, 0.1890) -
α 5.7268 0.1137 (5.5026, 5.9509) -
λ 28.8416 1.7077 (25.4743, 32.2090) -
β0 −0.6451 0.1788 (−0.9976, −0.2926) 0.0004
β1 0.4485 0.2176 (0.0195, 0.8775) 0.0406

Table 8: Likelihood ratio (LR) tests

Endurance Hypotheses Statistic w p-value
PGW versus PW H0 : a = 1 vs H1 : H0 is false 0.2 0.6547

PGLL versus PLL H0 : a = 1 vs H1 : H0 is false 0.1 0.7518
PGBS versus PBS H0 : a = 1 vs H1 : H0 is false 78.6 <0.0001

PGGHN versus PGHN H0 : a = 1 vs H1 : H0 is false 6.6 0.0102
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Figure 4: Index plots of the case-weight perturbation for θ on the gastric cancer data ((a) dmax; (b) Ci).

By applying the local influence methodology developed in Section 6.1, where case-weight pertur-
bation is used, the value Cdmax (θ) = 1.445 is found as a maximum curvature. Figure 4 displays
the index plots of dmax(θ) and Ci for all observations. Clearly, the cases ♯51 and ♯77 are the most
influential observations on θ̂ (Figures 4(a) and (b)).

2) Influence using response variable perturbation

Further, we examine the influence of perturbations on observed survival times. The value for
the maximum curvature is Cdmax (θ) = 599.715. In Figure 5, we provide plots for dmax(θ) and Ci

for all points. The plots in Figures 5(a) and (b) indicate that the case ♯82 is the most influential
observation on θ̂.

3) Impact of the detected influential observations
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Figure 5: Index plot of the response perturbation scheme for θ on the gastric cancer data ((a) dmax, (b) Ci).

The diagnostic analysis detected, as potentially influential, the following three cases: ♯51, ♯77 and
♯82. In order to reveal the impact of these observations on the parameter estimates, we refit the
model under some situations. First, we individually eliminate each of the three cases. Next, we
remove the totality of potentially influential observations from set “A” (original data set).

In Table 9, we provide the relative changes (in percentages) of the parameter estimates given by
RCθ j = [(θ̂ j − θ̂ j(I))/θ̂ j] × 100, parameter estimates and the corresponding p-values, where θ̂ j(I)
denotes the MLE of θ j after the set “I” of observations has been removed. Note that I1 = {♯51},
I2 = {♯77}, I3 = {♯82}, I4 = {♯51, ♯77}, I5 = {♯51, ♯82}, I6 = {♯77, ♯82} and I7 = {♯51, ♯77, ♯82}.
From Table 9, we can note that the MLEs from the PGGHN regression model with cure rate frac-
tion are not highly sensitive under the deletion of the outstanding observations. The significance
of the parameter estimates does not change (at the 5% level) after removing set I. Therefore, we
do not have inferential changes after removing the observations provided in the diagnostic plots.

4) Goodness of fit

We adopt a regression structure for the cure probability in long-term survivor models (Section 4).
We now estimate the cure rate (p0). Note that

τ̂ =
1

201

201∑
i=1

τ̂i = 0.7093,

where τ̂i = exp(−0.6451 + 0.4485xi1) and then p̂0 = e−τ̂ = 0.4920.

In order to assess if the model is appropriate, Figure 6(a) displays the empirical survival function
and the estimated marginal survival functions given by (2.3) from the fitted PGGHN model with
long-term survivors.

The estimates of the cure rate for patients stratified by type of therapy (x1) are:

• For Chemoradiotherapy (x1 = 0)
τ̂0 = exp(−0.6451) and the cured fraction is p̂00 = e−τ̂0 = 0.5918.
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Table 9: Relative changes [RC-in %], estimates and the corresponding p-values in parentheses for the
regression coefficients to explain survival times

Drooping a α λ β0 β1
[ - ] [ - ] [ - ] [ - ] [ - ]

A 0.1588 5.7268 28.8416 −0.6451 0.4485
( - ) ( - ) ( - ) (0.0004) (0.0406)
[ 3 ] [−4] [ 5 ] [−6] [−3]

A-I1 0.1547 5.9279 27.4986 −0.6812 0.4606
( - ) ( - ) ( - ) (0.0002) (0.0376)
[−2] [−1] [ 0 ] [ 0] [ 2 ]

A-I2 0.1626 5.7832 28.8386 −0.6437 0.4409
( - ) ( - ) ( - ) (0.0003) (0.0436)
[ 4 ] [ 0 ] [ 0 ] [ 0] [ 4 ]

A-I3 0.1625 5.7332 28.8163 −0.6438 0.4311
( - ) ( - ) ( - ) (0.0003) (0.0486)
[ 4 ] [−8] [ 2 ] [−2] [ 2 ]

A-I4 0.1518 6.1962 28.1716 −0.6602 0.4408
( - ) ( - ) ( - ) (0.0003) (0.0453)
[−5] [ 0 ] [ 5 ] [−6] [ 0 ]

A-I5 0.1661 5.6984 27.2627 −0.6847 0.4499
( - ) ( - ) ( - ) (0.0002) (0.0419)
[−5] [−1] [ 0 ] [−1] [ 5 ]

A-I6 0.1670 5.7857 28.8639 −0.6407 0.4265
( - ) ( - ) ( - ) (0.0004) (0.0519)
[ 13 ] [−5] [ 4 ] [−4] [ 2 ]

A-I7 0.1388 6.0239 27.5831 −0.6736 0.4385
( - ) ( - ) ( - ) (0.0003) (0.0491)

• For Surgery alone (x1 = 1)
τ̂1 = exp(−0.6451 + 0.4485) and the cured fraction is p̂01 = e−τ̂1 = 0.4398.

The estimated survival function and cure fraction stratified by x1 are also displayed in Figure 6(b),
from which a significant fraction of survivors can be observed. Note that the proportion of cured
is greater for patients receiving chemoradiotherapy.

The plots of the hrf in Figure 7 corresponding to the type of therapy variable (x1) under the PGGHN
regression model with cure fraction reveal that the hrf is larger for surgery alone than chemoradio-
therapy. There exists a substantial difference between the two hrfs.

More information is provided by a visual comparison of the histogram of the data with the fitted
density functions. The plots of the fitted PGGHN and GHN distributions for the non-cured popula-
tion, see Equation (2.9), are displayed in Figure 8. We also conclude that the PGGHN distribution
for the non-cured population provides an adequate fit to the data.

8. Concluding remarks

This study modifies the PG-G regression model to include long-term individuals. Our proposal takes
parametric modeling as the basis for survival time. The model estimates the effects of explanatory
variables on the acceleration/deceleration of timing in a surviving fraction, that is, the proportion of
the population for which the event never occurs. We provide applications of influence diagnostics
in the PG-G regression model with long-term survivors. By applying the procedures in a data set
from the medical area, we can assess the sensitivity aspects of the MLEs under some perturbation
schemes as well as check the goodness-of-fit of the postulated model. The diagnostic plots detect
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pô = 0.492

Kaplan−Meier
PGGHN model with long−term survivors 
Estimate cure rate
Lower and upper 95% C.L.

(a)

0 10 20 30 40

0
.0

0
.2

0
.4

0
.6

0
.8

1
.0

t

S
(t

|x
) p00^ = 0.5918(x1=0)

p01^ = 0.4398(x1=1)

Chemoradiotherapy

Surgery alone

PGGHN model with long−term survivors (x1=0)
PGGHN model with long−term survivors (x1=1)

(b)
Figure 6: (a) Kaplan-Meier curves (solid lines), the estimated Poisson-gamma generalized-half normal (PGGHN)
survival function and the estimated cure fraction for the gastric cancer data; (b) Estimates of the survival function

and cure fraction of model stratified by type of therapy for the gastric cancer data.
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Figure 7: Fitted hrfs using the Poisson-gamma generalized-half normal (PGGHN) regression model with cure
fraction for the gastric cancer data.

some possible influential observations; however, their deletion does not cause inferential changes in
the results. Future studies can be conducted to compare the Cox regression model with our model.
This can be done empirically, considering different simulation scenarios. Therefore, the PG-G model
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Figure 8: Fitted Poisson-gamma generalized-half normal (PGGHN) and generalized-half normal (GHN) densi-
ties (non-cured) for the gastric cancer data.

with long-term survivors represent an interesting option to explain/predict survival times for long-term
individuals.
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