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Abstract

Various components of an engine nozzle are modeled as flexible multi-body components that are operated under high 

temperature and pressure. In this paper, in order to predict complex behavior of an engine nozzle, thermo-fluid-flexible multi-

body dynamics coupled analysis framework was developed. Temperature and pressure on the nozzle wall were obtained by the 

steady-state flow analysis for a two-dimensional nozzle. The pressure and temperature-dependent material properties were 

delivered to the flexible multi-body dynamics analysis. Then the deflection and strain distribution for a nozzle configuration 

was obtained. Heat conduction and thermal analyses were done using MSC.NASTRAN. The present framework was validated 

for a simple nozzle configuration by using a one-way coupled analysis. A two-way coupled analysis was also performed for 

the simple nozzle with an arbitrary joint clearance, and an asymmetric flow was observed. Finally, the total strain result for a 

realistic nozzle configuration was obtained using the one-way and two-way coupled analyses.
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1. Introduction

Thrust vector control is required in aircrafts, rockets or 

other vehicles to adjust the thrust direction from its engine 

and vary the attitude or angular velocity. For thrust vector 

control, a jet engine exhaust nozzle consists of numerous 

movable thin plates and joints to change its flow path and flux 

area, as shown in Fig. 1. The nozzle can change and maintain 

its configuration by actuators. Inside the nozzle, high-

temperature pressurized flow impinges on its surface that 

may induce complicated nonlinear stress and strain patterns 

in the structural components.

Because there are various components in an engine nozzle, 

it is modeled as a flexible multi-body structure. Computational 
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flow analysis is essential to calculate the pressure and 

temperature. Also, changes of material properties due to 

the high temperatures should be considered. To predict 

the complex behavior of an engine nozzle under such high 

temperatures and pressure, thermo-fluid-flexible multi-

body dynamics coupled analysis will generally be required.

In the literature, few attempts to analyze an engine nozzle 

have been reported. Whitaker and Gowadiat [2] conducted a 

conceptual study of aircraft thrust vectoring using a flexible 

two-dimensional nozzle configuration. Schwane and Xia [3] 

performed a fluid-structure interaction stability analysis for 

a three-dimensional nozzle. Their numerical results were 

validated with hypersonic wind tunnel experimental results. 

Murugappan et al. [4] conducted a fluid-structure coupled 

analysis for a flexible nozzle. They employed a fully-closed 

nozzle configuration. Wang et al. [5] introduced a tightly-

coupled algorithm to simulate the nozzle deformation. They 

performed a transient aeroelastic nozzle start-up analysis at 

sea level. However, multi-body configurations and material 

properties variations were not implemented in those 

investigations.

Recently, multi-body dynamics analysis programs, such 

as ADAMS [6], DADS [7] and SAMCEF-Mecano [8], have 

been developed. However, it is difficult for these programs 

to couple with the results of a flow analysis, since they 

require manual process for entering the pressure acting on 

structural elements and temperature distribution. A flexible 

multi-body dynamics analysis program, RecurDyn [9], 

also provides elastic bodies and various joints. Modeling 

of an arbitrarily complex design is possible by assembling 

these components. However, to apply distributed loads 

on its beam element, nodal forces need to be specified 

manually. In order to understand physical properties of the 

variable nozzle, the flexible multibody structure analysis 

should be efficiently coupled with the flow analysis, and 

the material characteristics and thermal stress generated in 

the high temperature environment need to be considered 

simultaneously. Since it was difficult for the complex analysis 

of the vectoring nozzle structure to implement in existing 

programs, this paper was destined to solve such problems.

In this paper, thermo-fluid-flexible multi-body 

dynamics coupled analysis for a two-dimensional nozzle 

was attempted. A flexible multi-body dynamics analysis 

[10] was conducted and an in-house CFD program [11] 

was developed that uses a mixed unstructured grid for 

a steady-state flow analysis. A thermal analysis was also 

performed with RecurDyn [9]. And these three capabilities 

were combined to produce a coupled analysis procedure 

by the present framework. For the coupled analysis, simple 

and realistic two-dimensional nozzle configurations were 

selected. Then temperature and pressure at the nozzle wall 

were predicted using the steady-state flow analysis. The 

temperature results were delivered to NASTRAN for the 

thermal analysis. The flexible multi-body dynamics analysis 

was performed in order to predict the deflections and strains 

for a nozzle configuration. The present framework allowed 

the internal results to be exchanged. By adopting the present 

analytical procedure, prediction of the complicated behavior 

of a jet engine nozzle will be possible.

2. Theoretical Elements of the Present Analysis

2.1  Flexible multi-body dynamics analysis, DYMORE

DYMORE is a finite-element-based tool for the analysis 

of nonlinear elastic multi-body systems [20]. It allows the 

modeling of arbitrarily complex configurations through 

the assembly of deformable bodies with numerous joint 

elements. Fig. 2 depicts the six lower pairs of joints that are 

provided by DYMORE [10].

In this paper, deformable bodies were modeled by the finite 

element method, without resorting to modal approximations, 

and two-dimensional nozzle components were modeled as 

beam elements. In DYMORE, a geometrically-exact beam 

formulation for a nonlinear elastic beam was employed. 

Consider the elastic body shown in Fig. 3. The overall rigid 

body motion of the elastic body is described by a floating 

frame whose orientation is defined by the orthonormal 

bases 
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body-attached frames are denoted 𝑥𝑥𝐹𝐹 and 𝑥𝑥𝑃𝑃, respectively. 

The total motion of the elastic body consists of the superposition of a rigid body motion and an 

elastic motion. The rigid body motion, defined by the motion of the floating frame, brings the elastic 

body to the fictitious rigid body configuration shown Fig. 3. Since this motion is rigid, the position 

vector of point P with respect to the floating frame, measured in this frame, remains unchanged, i.e. 

𝑠𝑠𝑃𝑃∗ = 𝑆𝑆𝑃𝑃∗, where 𝑠𝑠𝑃𝑃∗ = 𝑅𝑅0𝑇𝑇𝑠𝑠𝑃𝑃, 𝑆𝑆𝑃𝑃∗ = (𝑅𝑅𝐹𝐹𝑅𝑅0)𝑇𝑇𝑆𝑆𝑃𝑃, and 𝑆𝑆𝑃𝑃 denotes the position vector of point P in 

the fictitious rigid body configuration. The position of point P is now written as 

   * *
0 0 0 0
P P F F P P F F F P Px x x x S u x x R R s u          (1) 

where 𝑢𝑢𝑃𝑃 is the elastic displacement of the body, and 𝑢𝑢𝑃𝑃∗ = (𝑅𝑅𝐹𝐹𝑅𝑅0)𝑇𝑇𝑢𝑢𝑃𝑃 the components of this 

displacement vector measured in frame 𝐵𝐵𝐹𝐹 Solving eq. (1) then yields 

   * *
0 0 0

TP F P P F F Pu R R x x x x s       (2) 

In general, the elastic body also undergoes elastic rotations that will be defined in the following 

manner 

* *
32 2332 23

* * * *
13 31 13 31

* *
21 12 21 12

1 1
sin

2 2
P

R Rg g
g g R R n
g g R R

 

  
        
      

 (3) 

Where 𝑅𝑅𝑖𝑖𝑖𝑖∗  are the components of the relative rotation tensor 𝑅𝑅∗ = (𝑅𝑅𝐹𝐹𝑅𝑅0)𝑇𝑇𝑅𝑅𝑃𝑃𝑅𝑅0 , ϕ is the 

magnitude of this relative rotation, �̅�𝑛∗ is the unit vector about which it takes place, and 𝑔𝑔𝛼𝛼𝛼𝛼 =

�̅�𝑒𝛼𝛼𝐹𝐹𝑇𝑇�̅�𝑒𝛼𝛼𝑃𝑃. If the elastic displacements remain small, 𝜃𝜃𝑃𝑃∗ ≈ �̅�𝑛∗𝜙𝜙 represents the infinitesimal rotation 

vector, although 𝑅𝑅𝑃𝑃 and 𝑅𝑅𝐹𝐹 both are finite rotations. 

Since Equations (2) and (3) are valid for any point on the elastic body, they also hold for the 

boundary points, hence 

   * *
0 0 0

TB F B B F F Bu R R x x x x s       (4) 

and 
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5 

body-attached frames are denoted 𝑥𝑥𝐹𝐹 and 𝑥𝑥𝑃𝑃, respectively. 

The total motion of the elastic body consists of the superposition of a rigid body motion and an 

elastic motion. The rigid body motion, defined by the motion of the floating frame, brings the elastic 

body to the fictitious rigid body configuration shown Fig. 3. Since this motion is rigid, the position 

vector of point P with respect to the floating frame, measured in this frame, remains unchanged, i.e. 

𝑠𝑠𝑃𝑃∗ = 𝑆𝑆𝑃𝑃∗, where 𝑠𝑠𝑃𝑃∗ = 𝑅𝑅0𝑇𝑇𝑠𝑠𝑃𝑃, 𝑆𝑆𝑃𝑃∗ = (𝑅𝑅𝐹𝐹𝑅𝑅0)𝑇𝑇𝑆𝑆𝑃𝑃, and 𝑆𝑆𝑃𝑃 denotes the position vector of point P in 

the fictitious rigid body configuration. The position of point P is now written as 

   * *
0 0 0 0
P P F F P P F F F P Px x x x S u x x R R s u          (1) 

where 𝑢𝑢𝑃𝑃 is the elastic displacement of the body, and 𝑢𝑢𝑃𝑃∗ = (𝑅𝑅𝐹𝐹𝑅𝑅0)𝑇𝑇𝑢𝑢𝑃𝑃 the components of this 

displacement vector measured in frame 𝐵𝐵𝐹𝐹 Solving eq. (1) then yields 

   * *
0 0 0

TP F P P F F Pu R R x x x x s       (2) 

In general, the elastic body also undergoes elastic rotations that will be defined in the following 

manner 

* *
32 2332 23

* * * *
13 31 13 31

* *
21 12 21 12

1 1
sin

2 2
P

R Rg g
g g R R n
g g R R

 

  
        
      

 (3) 

Where 𝑅𝑅𝑖𝑖𝑖𝑖∗  are the components of the relative rotation tensor 𝑅𝑅∗ = (𝑅𝑅𝐹𝐹𝑅𝑅0)𝑇𝑇𝑅𝑅𝑃𝑃𝑅𝑅0 , ϕ is the 

magnitude of this relative rotation, �̅�𝑛∗ is the unit vector about which it takes place, and 𝑔𝑔𝛼𝛼𝛼𝛼 =

�̅�𝑒𝛼𝛼𝐹𝐹𝑇𝑇�̅�𝑒𝛼𝛼𝑃𝑃. If the elastic displacements remain small, 𝜃𝜃𝑃𝑃∗ ≈ �̅�𝑛∗𝜙𝜙 represents the infinitesimal rotation 

vector, although 𝑅𝑅𝑃𝑃 and 𝑅𝑅𝐹𝐹 both are finite rotations. 

Since Equations (2) and (3) are valid for any point on the elastic body, they also hold for the 

boundary points, hence 

   * *
0 0 0

TB F B B F F Bu R R x x x x s       (4) 

and 

, respectively.

The total motion of the elastic body consists of the 

superposition of a rigid body motion and an elastic motion. 

The rigid body motion, defined by the motion of the floating 

frame, brings the elastic body to the fictitious rigid body 

configuration shown Fig. 3. Since this motion is rigid, the 

position vector of point P with respect to the floating frame, 

measured in this frame, remains unchanged, i.e., 

5 

body-attached frames are denoted 𝑥𝑥𝐹𝐹 and 𝑥𝑥𝑃𝑃, respectively. 

The total motion of the elastic body consists of the superposition of a rigid body motion and an 

elastic motion. The rigid body motion, defined by the motion of the floating frame, brings the elastic 

body to the fictitious rigid body configuration shown Fig. 3. Since this motion is rigid, the position 

vector of point P with respect to the floating frame, measured in this frame, remains unchanged, i.e. 

𝑠𝑠𝑃𝑃∗ = 𝑆𝑆𝑃𝑃∗, where 𝑠𝑠𝑃𝑃∗ = 𝑅𝑅0𝑇𝑇𝑠𝑠𝑃𝑃, 𝑆𝑆𝑃𝑃∗ = (𝑅𝑅𝐹𝐹𝑅𝑅0)𝑇𝑇𝑆𝑆𝑃𝑃, and 𝑆𝑆𝑃𝑃 denotes the position vector of point P in 

the fictitious rigid body configuration. The position of point P is now written as 

   * *
0 0 0 0
P P F F P P F F F P Px x x x S u x x R R s u          (1) 

where 𝑢𝑢𝑃𝑃 is the elastic displacement of the body, and 𝑢𝑢𝑃𝑃∗ = (𝑅𝑅𝐹𝐹𝑅𝑅0)𝑇𝑇𝑢𝑢𝑃𝑃 the components of this 

displacement vector measured in frame 𝐵𝐵𝐹𝐹 Solving eq. (1) then yields 

   * *
0 0 0

TP F P P F F Pu R R x x x x s       (2) 

In general, the elastic body also undergoes elastic rotations that will be defined in the following 

manner 

* *
32 2332 23

* * * *
13 31 13 31

* *
21 12 21 12

1 1
sin

2 2
P

R Rg g
g g R R n
g g R R

 

  
        
      

 (3) 

Where 𝑅𝑅𝑖𝑖𝑖𝑖∗  are the components of the relative rotation tensor 𝑅𝑅∗ = (𝑅𝑅𝐹𝐹𝑅𝑅0)𝑇𝑇𝑅𝑅𝑃𝑃𝑅𝑅0 , ϕ is the 

magnitude of this relative rotation, �̅�𝑛∗ is the unit vector about which it takes place, and 𝑔𝑔𝛼𝛼𝛼𝛼 =

�̅�𝑒𝛼𝛼𝐹𝐹𝑇𝑇�̅�𝑒𝛼𝛼𝑃𝑃. If the elastic displacements remain small, 𝜃𝜃𝑃𝑃∗ ≈ �̅�𝑛∗𝜙𝜙 represents the infinitesimal rotation 

vector, although 𝑅𝑅𝑃𝑃 and 𝑅𝑅𝐹𝐹 both are finite rotations. 

Since Equations (2) and (3) are valid for any point on the elastic body, they also hold for the 

boundary points, hence 

   * *
0 0 0

TB F B B F F Bu R R x x x x s       (4) 

and 

 

where 

5 

body-attached frames are denoted 𝑥𝑥𝐹𝐹 and 𝑥𝑥𝑃𝑃, respectively. 

The total motion of the elastic body consists of the superposition of a rigid body motion and an 

elastic motion. The rigid body motion, defined by the motion of the floating frame, brings the elastic 

body to the fictitious rigid body configuration shown Fig. 3. Since this motion is rigid, the position 

vector of point P with respect to the floating frame, measured in this frame, remains unchanged, i.e. 

𝑠𝑠𝑃𝑃∗ = 𝑆𝑆𝑃𝑃∗, where 𝑠𝑠𝑃𝑃∗ = 𝑅𝑅0𝑇𝑇𝑠𝑠𝑃𝑃, 𝑆𝑆𝑃𝑃∗ = (𝑅𝑅𝐹𝐹𝑅𝑅0)𝑇𝑇𝑆𝑆𝑃𝑃, and 𝑆𝑆𝑃𝑃 denotes the position vector of point P in 

the fictitious rigid body configuration. The position of point P is now written as 

   * *
0 0 0 0
P P F F P P F F F P Px x x x S u x x R R s u          (1) 

where 𝑢𝑢𝑃𝑃 is the elastic displacement of the body, and 𝑢𝑢𝑃𝑃∗ = (𝑅𝑅𝐹𝐹𝑅𝑅0)𝑇𝑇𝑢𝑢𝑃𝑃 the components of this 

displacement vector measured in frame 𝐵𝐵𝐹𝐹 Solving eq. (1) then yields 

   * *
0 0 0

TP F P P F F Pu R R x x x x s       (2) 

In general, the elastic body also undergoes elastic rotations that will be defined in the following 

manner 

* *
32 2332 23

* * * *
13 31 13 31

* *
21 12 21 12

1 1
sin

2 2
P

R Rg g
g g R R n
g g R R

 

  
        
      

 (3) 

Where 𝑅𝑅𝑖𝑖𝑖𝑖∗  are the components of the relative rotation tensor 𝑅𝑅∗ = (𝑅𝑅𝐹𝐹𝑅𝑅0)𝑇𝑇𝑅𝑅𝑃𝑃𝑅𝑅0 , ϕ is the 

magnitude of this relative rotation, �̅�𝑛∗ is the unit vector about which it takes place, and 𝑔𝑔𝛼𝛼𝛼𝛼 =

�̅�𝑒𝛼𝛼𝐹𝐹𝑇𝑇�̅�𝑒𝛼𝛼𝑃𝑃. If the elastic displacements remain small, 𝜃𝜃𝑃𝑃∗ ≈ �̅�𝑛∗𝜙𝜙 represents the infinitesimal rotation 

vector, although 𝑅𝑅𝑃𝑃 and 𝑅𝑅𝐹𝐹 both are finite rotations. 

Since Equations (2) and (3) are valid for any point on the elastic body, they also hold for the 

boundary points, hence 

   * *
0 0 0

TB F B B F F Bu R R x x x x s       (4) 

and 

  and SP denotes 

the position vector of point P in the fictitious rigid body 

configuration. The position of point P is now written as

5 

body-attached frames are denoted 𝑥𝑥𝐹𝐹 and 𝑥𝑥𝑃𝑃, respectively. 

The total motion of the elastic body consists of the superposition of a rigid body motion and an 

elastic motion. The rigid body motion, defined by the motion of the floating frame, brings the elastic 

body to the fictitious rigid body configuration shown Fig. 3. Since this motion is rigid, the position 

vector of point P with respect to the floating frame, measured in this frame, remains unchanged, i.e. 

𝑠𝑠𝑃𝑃∗ = 𝑆𝑆𝑃𝑃∗, where 𝑠𝑠𝑃𝑃∗ = 𝑅𝑅0𝑇𝑇𝑠𝑠𝑃𝑃, 𝑆𝑆𝑃𝑃∗ = (𝑅𝑅𝐹𝐹𝑅𝑅0)𝑇𝑇𝑆𝑆𝑃𝑃, and 𝑆𝑆𝑃𝑃 denotes the position vector of point P in 

the fictitious rigid body configuration. The position of point P is now written as 

   * *
0 0 0 0
P P F F P P F F F P Px x x x S u x x R R s u          (1) 

where 𝑢𝑢𝑃𝑃 is the elastic displacement of the body, and 𝑢𝑢𝑃𝑃∗ = (𝑅𝑅𝐹𝐹𝑅𝑅0)𝑇𝑇𝑢𝑢𝑃𝑃 the components of this 

displacement vector measured in frame 𝐵𝐵𝐹𝐹 Solving eq. (1) then yields 

   * *
0 0 0

TP F P P F F Pu R R x x x x s       (2) 

In general, the elastic body also undergoes elastic rotations that will be defined in the following 

manner 

* *
32 2332 23

* * * *
13 31 13 31

* *
21 12 21 12

1 1
sin

2 2
P

R Rg g
g g R R n
g g R R

 

  
        
      

 (3) 

Where 𝑅𝑅𝑖𝑖𝑖𝑖∗  are the components of the relative rotation tensor 𝑅𝑅∗ = (𝑅𝑅𝐹𝐹𝑅𝑅0)𝑇𝑇𝑅𝑅𝑃𝑃𝑅𝑅0 , ϕ is the 

magnitude of this relative rotation, �̅�𝑛∗ is the unit vector about which it takes place, and 𝑔𝑔𝛼𝛼𝛼𝛼 =

�̅�𝑒𝛼𝛼𝐹𝐹𝑇𝑇�̅�𝑒𝛼𝛼𝑃𝑃. If the elastic displacements remain small, 𝜃𝜃𝑃𝑃∗ ≈ �̅�𝑛∗𝜙𝜙 represents the infinitesimal rotation 

vector, although 𝑅𝑅𝑃𝑃 and 𝑅𝑅𝐹𝐹 both are finite rotations. 

Since Equations (2) and (3) are valid for any point on the elastic body, they also hold for the 

boundary points, hence 

   * *
0 0 0

TB F B B F F Bu R R x x x x s       (4) 

and 

(1)

where 

5 

body-attached frames are denoted 𝑥𝑥𝐹𝐹 and 𝑥𝑥𝑃𝑃, respectively. 

The total motion of the elastic body consists of the superposition of a rigid body motion and an 

elastic motion. The rigid body motion, defined by the motion of the floating frame, brings the elastic 

body to the fictitious rigid body configuration shown Fig. 3. Since this motion is rigid, the position 

vector of point P with respect to the floating frame, measured in this frame, remains unchanged, i.e. 

𝑠𝑠𝑃𝑃∗ = 𝑆𝑆𝑃𝑃∗, where 𝑠𝑠𝑃𝑃∗ = 𝑅𝑅0𝑇𝑇𝑠𝑠𝑃𝑃, 𝑆𝑆𝑃𝑃∗ = (𝑅𝑅𝐹𝐹𝑅𝑅0)𝑇𝑇𝑆𝑆𝑃𝑃, and 𝑆𝑆𝑃𝑃 denotes the position vector of point P in 

the fictitious rigid body configuration. The position of point P is now written as 

   * *
0 0 0 0
P P F F P P F F F P Px x x x S u x x R R s u          (1) 

where 𝑢𝑢𝑃𝑃 is the elastic displacement of the body, and 𝑢𝑢𝑃𝑃∗ = (𝑅𝑅𝐹𝐹𝑅𝑅0)𝑇𝑇𝑢𝑢𝑃𝑃 the components of this 

displacement vector measured in frame 𝐵𝐵𝐹𝐹 Solving eq. (1) then yields 

   * *
0 0 0

TP F P P F F Pu R R x x x x s       (2) 

In general, the elastic body also undergoes elastic rotations that will be defined in the following 

manner 

* *
32 2332 23

* * * *
13 31 13 31

* *
21 12 21 12

1 1
sin

2 2
P

R Rg g
g g R R n
g g R R

 

  
        
      

 (3) 

Where 𝑅𝑅𝑖𝑖𝑖𝑖∗  are the components of the relative rotation tensor 𝑅𝑅∗ = (𝑅𝑅𝐹𝐹𝑅𝑅0)𝑇𝑇𝑅𝑅𝑃𝑃𝑅𝑅0 , ϕ is the 

magnitude of this relative rotation, �̅�𝑛∗ is the unit vector about which it takes place, and 𝑔𝑔𝛼𝛼𝛼𝛼 =

�̅�𝑒𝛼𝛼𝐹𝐹𝑇𝑇�̅�𝑒𝛼𝛼𝑃𝑃. If the elastic displacements remain small, 𝜃𝜃𝑃𝑃∗ ≈ �̅�𝑛∗𝜙𝜙 represents the infinitesimal rotation 

vector, although 𝑅𝑅𝑃𝑃 and 𝑅𝑅𝐹𝐹 both are finite rotations. 

Since Equations (2) and (3) are valid for any point on the elastic body, they also hold for the 

boundary points, hence 

   * *
0 0 0

TB F B B F F Bu R R x x x x s       (4) 

and 

 is the elastic displacement of the body, and 

5 

body-attached frames are denoted 𝑥𝑥𝐹𝐹 and 𝑥𝑥𝑃𝑃, respectively. 

The total motion of the elastic body consists of the superposition of a rigid body motion and an 

elastic motion. The rigid body motion, defined by the motion of the floating frame, brings the elastic 

body to the fictitious rigid body configuration shown Fig. 3. Since this motion is rigid, the position 

vector of point P with respect to the floating frame, measured in this frame, remains unchanged, i.e. 

𝑠𝑠𝑃𝑃∗ = 𝑆𝑆𝑃𝑃∗, where 𝑠𝑠𝑃𝑃∗ = 𝑅𝑅0𝑇𝑇𝑠𝑠𝑃𝑃, 𝑆𝑆𝑃𝑃∗ = (𝑅𝑅𝐹𝐹𝑅𝑅0)𝑇𝑇𝑆𝑆𝑃𝑃, and 𝑆𝑆𝑃𝑃 denotes the position vector of point P in 

the fictitious rigid body configuration. The position of point P is now written as 

   * *
0 0 0 0
P P F F P P F F F P Px x x x S u x x R R s u          (1) 

where 𝑢𝑢𝑃𝑃 is the elastic displacement of the body, and 𝑢𝑢𝑃𝑃∗ = (𝑅𝑅𝐹𝐹𝑅𝑅0)𝑇𝑇𝑢𝑢𝑃𝑃 the components of this 

displacement vector measured in frame 𝐵𝐵𝐹𝐹 Solving eq. (1) then yields 

   * *
0 0 0

TP F P P F F Pu R R x x x x s       (2) 

In general, the elastic body also undergoes elastic rotations that will be defined in the following 

manner 

* *
32 2332 23

* * * *
13 31 13 31

* *
21 12 21 12

1 1
sin

2 2
P

R Rg g
g g R R n
g g R R

 

  
        
      

 (3) 

Where 𝑅𝑅𝑖𝑖𝑖𝑖∗  are the components of the relative rotation tensor 𝑅𝑅∗ = (𝑅𝑅𝐹𝐹𝑅𝑅0)𝑇𝑇𝑅𝑅𝑃𝑃𝑅𝑅0 , ϕ is the 

magnitude of this relative rotation, �̅�𝑛∗ is the unit vector about which it takes place, and 𝑔𝑔𝛼𝛼𝛼𝛼 =

�̅�𝑒𝛼𝛼𝐹𝐹𝑇𝑇�̅�𝑒𝛼𝛼𝑃𝑃. If the elastic displacements remain small, 𝜃𝜃𝑃𝑃∗ ≈ �̅�𝑛∗𝜙𝜙 represents the infinitesimal rotation 

vector, although 𝑅𝑅𝑃𝑃 and 𝑅𝑅𝐹𝐹 both are finite rotations. 

Since Equations (2) and (3) are valid for any point on the elastic body, they also hold for the 

boundary points, hence 

   * *
0 0 0

TB F B B F F Bu R R x x x x s       (4) 

and 

 the components of this displacement 

vector measured in frame BF solving eq. (1) then yields

5 

body-attached frames are denoted 𝑥𝑥𝐹𝐹 and 𝑥𝑥𝑃𝑃, respectively. 

The total motion of the elastic body consists of the superposition of a rigid body motion and an 

elastic motion. The rigid body motion, defined by the motion of the floating frame, brings the elastic 

body to the fictitious rigid body configuration shown Fig. 3. Since this motion is rigid, the position 

vector of point P with respect to the floating frame, measured in this frame, remains unchanged, i.e. 

𝑠𝑠𝑃𝑃∗ = 𝑆𝑆𝑃𝑃∗, where 𝑠𝑠𝑃𝑃∗ = 𝑅𝑅0𝑇𝑇𝑠𝑠𝑃𝑃, 𝑆𝑆𝑃𝑃∗ = (𝑅𝑅𝐹𝐹𝑅𝑅0)𝑇𝑇𝑆𝑆𝑃𝑃, and 𝑆𝑆𝑃𝑃 denotes the position vector of point P in 

the fictitious rigid body configuration. The position of point P is now written as 

   * *
0 0 0 0
P P F F P P F F F P Px x x x S u x x R R s u          (1) 

where 𝑢𝑢𝑃𝑃 is the elastic displacement of the body, and 𝑢𝑢𝑃𝑃∗ = (𝑅𝑅𝐹𝐹𝑅𝑅0)𝑇𝑇𝑢𝑢𝑃𝑃 the components of this 

displacement vector measured in frame 𝐵𝐵𝐹𝐹 Solving eq. (1) then yields 

   * *
0 0 0

TP F P P F F Pu R R x x x x s       (2) 

In general, the elastic body also undergoes elastic rotations that will be defined in the following 

manner 

* *
32 2332 23

* * * *
13 31 13 31

* *
21 12 21 12

1 1
sin

2 2
P

R Rg g
g g R R n
g g R R

 

  
        
      

 (3) 

Where 𝑅𝑅𝑖𝑖𝑖𝑖∗  are the components of the relative rotation tensor 𝑅𝑅∗ = (𝑅𝑅𝐹𝐹𝑅𝑅0)𝑇𝑇𝑅𝑅𝑃𝑃𝑅𝑅0 , ϕ is the 

magnitude of this relative rotation, �̅�𝑛∗ is the unit vector about which it takes place, and 𝑔𝑔𝛼𝛼𝛼𝛼 =

�̅�𝑒𝛼𝛼𝐹𝐹𝑇𝑇�̅�𝑒𝛼𝛼𝑃𝑃. If the elastic displacements remain small, 𝜃𝜃𝑃𝑃∗ ≈ �̅�𝑛∗𝜙𝜙 represents the infinitesimal rotation 

vector, although 𝑅𝑅𝑃𝑃 and 𝑅𝑅𝐹𝐹 both are finite rotations. 

Since Equations (2) and (3) are valid for any point on the elastic body, they also hold for the 

boundary points, hence 

   * *
0 0 0

TB F B B F F Bu R R x x x x s       (4) 

and 

(2)

In general, the elastic body also undergoes elastic 

rotations that will be defined in the following manner

5 

body-attached frames are denoted 𝑥𝑥𝐹𝐹 and 𝑥𝑥𝑃𝑃, respectively. 

The total motion of the elastic body consists of the superposition of a rigid body motion and an 

elastic motion. The rigid body motion, defined by the motion of the floating frame, brings the elastic 

body to the fictitious rigid body configuration shown Fig. 3. Since this motion is rigid, the position 

vector of point P with respect to the floating frame, measured in this frame, remains unchanged, i.e. 

𝑠𝑠𝑃𝑃∗ = 𝑆𝑆𝑃𝑃∗, where 𝑠𝑠𝑃𝑃∗ = 𝑅𝑅0𝑇𝑇𝑠𝑠𝑃𝑃, 𝑆𝑆𝑃𝑃∗ = (𝑅𝑅𝐹𝐹𝑅𝑅0)𝑇𝑇𝑆𝑆𝑃𝑃, and 𝑆𝑆𝑃𝑃 denotes the position vector of point P in 

the fictitious rigid body configuration. The position of point P is now written as 

   * *
0 0 0 0
P P F F P P F F F P Px x x x S u x x R R s u          (1) 

where 𝑢𝑢𝑃𝑃 is the elastic displacement of the body, and 𝑢𝑢𝑃𝑃∗ = (𝑅𝑅𝐹𝐹𝑅𝑅0)𝑇𝑇𝑢𝑢𝑃𝑃 the components of this 

displacement vector measured in frame 𝐵𝐵𝐹𝐹 Solving eq. (1) then yields 

   * *
0 0 0

TP F P P F F Pu R R x x x x s       (2) 

In general, the elastic body also undergoes elastic rotations that will be defined in the following 

manner 

* *
32 2332 23

* * * *
13 31 13 31

* *
21 12 21 12

1 1
sin

2 2
P

R Rg g
g g R R n
g g R R

 

  
        
      

 (3) 

Where 𝑅𝑅𝑖𝑖𝑖𝑖∗  are the components of the relative rotation tensor 𝑅𝑅∗ = (𝑅𝑅𝐹𝐹𝑅𝑅0)𝑇𝑇𝑅𝑅𝑃𝑃𝑅𝑅0 , ϕ is the 

magnitude of this relative rotation, �̅�𝑛∗ is the unit vector about which it takes place, and 𝑔𝑔𝛼𝛼𝛼𝛼 =

�̅�𝑒𝛼𝛼𝐹𝐹𝑇𝑇�̅�𝑒𝛼𝛼𝑃𝑃. If the elastic displacements remain small, 𝜃𝜃𝑃𝑃∗ ≈ �̅�𝑛∗𝜙𝜙 represents the infinitesimal rotation 

vector, although 𝑅𝑅𝑃𝑃 and 𝑅𝑅𝐹𝐹 both are finite rotations. 

Since Equations (2) and (3) are valid for any point on the elastic body, they also hold for the 

boundary points, hence 

   * *
0 0 0

TB F B B F F Bu R R x x x x s       (4) 

and 

(3)

Where 

5 

body-attached frames are denoted 𝑥𝑥𝐹𝐹 and 𝑥𝑥𝑃𝑃, respectively. 

The total motion of the elastic body consists of the superposition of a rigid body motion and an 

elastic motion. The rigid body motion, defined by the motion of the floating frame, brings the elastic 

body to the fictitious rigid body configuration shown Fig. 3. Since this motion is rigid, the position 

vector of point P with respect to the floating frame, measured in this frame, remains unchanged, i.e. 

𝑠𝑠𝑃𝑃∗ = 𝑆𝑆𝑃𝑃∗, where 𝑠𝑠𝑃𝑃∗ = 𝑅𝑅0𝑇𝑇𝑠𝑠𝑃𝑃, 𝑆𝑆𝑃𝑃∗ = (𝑅𝑅𝐹𝐹𝑅𝑅0)𝑇𝑇𝑆𝑆𝑃𝑃, and 𝑆𝑆𝑃𝑃 denotes the position vector of point P in 

the fictitious rigid body configuration. The position of point P is now written as 

   * *
0 0 0 0
P P F F P P F F F P Px x x x S u x x R R s u          (1) 

where 𝑢𝑢𝑃𝑃 is the elastic displacement of the body, and 𝑢𝑢𝑃𝑃∗ = (𝑅𝑅𝐹𝐹𝑅𝑅0)𝑇𝑇𝑢𝑢𝑃𝑃 the components of this 

displacement vector measured in frame 𝐵𝐵𝐹𝐹 Solving eq. (1) then yields 

   * *
0 0 0

TP F P P F F Pu R R x x x x s       (2) 

In general, the elastic body also undergoes elastic rotations that will be defined in the following 

manner 

* *
32 2332 23

* * * *
13 31 13 31

* *
21 12 21 12

1 1
sin

2 2
P

R Rg g
g g R R n
g g R R

 

  
        
      

 (3) 

Where 𝑅𝑅𝑖𝑖𝑖𝑖∗  are the components of the relative rotation tensor 𝑅𝑅∗ = (𝑅𝑅𝐹𝐹𝑅𝑅0)𝑇𝑇𝑅𝑅𝑃𝑃𝑅𝑅0 , ϕ is the 

magnitude of this relative rotation, �̅�𝑛∗ is the unit vector about which it takes place, and 𝑔𝑔𝛼𝛼𝛼𝛼 =

�̅�𝑒𝛼𝛼𝐹𝐹𝑇𝑇�̅�𝑒𝛼𝛼𝑃𝑃. If the elastic displacements remain small, 𝜃𝜃𝑃𝑃∗ ≈ �̅�𝑛∗𝜙𝜙 represents the infinitesimal rotation 

vector, although 𝑅𝑅𝑃𝑃 and 𝑅𝑅𝐹𝐹 both are finite rotations. 

Since Equations (2) and (3) are valid for any point on the elastic body, they also hold for the 

boundary points, hence 

   * *
0 0 0

TB F B B F F Bu R R x x x x s       (4) 

and 

 are the components of the relative rotation 

tensor 

5 

body-attached frames are denoted 𝑥𝑥𝐹𝐹 and 𝑥𝑥𝑃𝑃, respectively. 

The total motion of the elastic body consists of the superposition of a rigid body motion and an 

elastic motion. The rigid body motion, defined by the motion of the floating frame, brings the elastic 

body to the fictitious rigid body configuration shown Fig. 3. Since this motion is rigid, the position 

vector of point P with respect to the floating frame, measured in this frame, remains unchanged, i.e. 

𝑠𝑠𝑃𝑃∗ = 𝑆𝑆𝑃𝑃∗, where 𝑠𝑠𝑃𝑃∗ = 𝑅𝑅0𝑇𝑇𝑠𝑠𝑃𝑃, 𝑆𝑆𝑃𝑃∗ = (𝑅𝑅𝐹𝐹𝑅𝑅0)𝑇𝑇𝑆𝑆𝑃𝑃, and 𝑆𝑆𝑃𝑃 denotes the position vector of point P in 

the fictitious rigid body configuration. The position of point P is now written as 

   * *
0 0 0 0
P P F F P P F F F P Px x x x S u x x R R s u          (1) 

where 𝑢𝑢𝑃𝑃 is the elastic displacement of the body, and 𝑢𝑢𝑃𝑃∗ = (𝑅𝑅𝐹𝐹𝑅𝑅0)𝑇𝑇𝑢𝑢𝑃𝑃 the components of this 

displacement vector measured in frame 𝐵𝐵𝐹𝐹 Solving eq. (1) then yields 

   * *
0 0 0

TP F P P F F Pu R R x x x x s       (2) 

In general, the elastic body also undergoes elastic rotations that will be defined in the following 

manner 

* *
32 2332 23

* * * *
13 31 13 31

* *
21 12 21 12

1 1
sin

2 2
P

R Rg g
g g R R n
g g R R

 

  
        
      

 (3) 

Where 𝑅𝑅𝑖𝑖𝑖𝑖∗  are the components of the relative rotation tensor 𝑅𝑅∗ = (𝑅𝑅𝐹𝐹𝑅𝑅0)𝑇𝑇𝑅𝑅𝑃𝑃𝑅𝑅0 , ϕ is the 

magnitude of this relative rotation, �̅�𝑛∗ is the unit vector about which it takes place, and 𝑔𝑔𝛼𝛼𝛼𝛼 =

�̅�𝑒𝛼𝛼𝐹𝐹𝑇𝑇�̅�𝑒𝛼𝛼𝑃𝑃. If the elastic displacements remain small, 𝜃𝜃𝑃𝑃∗ ≈ �̅�𝑛∗𝜙𝜙 represents the infinitesimal rotation 

vector, although 𝑅𝑅𝑃𝑃 and 𝑅𝑅𝐹𝐹 both are finite rotations. 

Since Equations (2) and (3) are valid for any point on the elastic body, they also hold for the 

boundary points, hence 

   * *
0 0 0

TB F B B F F Bu R R x x x x s       (4) 

and 

 is the magnitude of this 

relative rotation, 

5 

body-attached frames are denoted 𝑥𝑥𝐹𝐹 and 𝑥𝑥𝑃𝑃, respectively. 

The total motion of the elastic body consists of the superposition of a rigid body motion and an 

elastic motion. The rigid body motion, defined by the motion of the floating frame, brings the elastic 

body to the fictitious rigid body configuration shown Fig. 3. Since this motion is rigid, the position 

vector of point P with respect to the floating frame, measured in this frame, remains unchanged, i.e. 

𝑠𝑠𝑃𝑃∗ = 𝑆𝑆𝑃𝑃∗, where 𝑠𝑠𝑃𝑃∗ = 𝑅𝑅0𝑇𝑇𝑠𝑠𝑃𝑃, 𝑆𝑆𝑃𝑃∗ = (𝑅𝑅𝐹𝐹𝑅𝑅0)𝑇𝑇𝑆𝑆𝑃𝑃, and 𝑆𝑆𝑃𝑃 denotes the position vector of point P in 

the fictitious rigid body configuration. The position of point P is now written as 

   * *
0 0 0 0
P P F F P P F F F P Px x x x S u x x R R s u          (1) 

where 𝑢𝑢𝑃𝑃 is the elastic displacement of the body, and 𝑢𝑢𝑃𝑃∗ = (𝑅𝑅𝐹𝐹𝑅𝑅0)𝑇𝑇𝑢𝑢𝑃𝑃 the components of this 

displacement vector measured in frame 𝐵𝐵𝐹𝐹 Solving eq. (1) then yields 

   * *
0 0 0

TP F P P F F Pu R R x x x x s       (2) 

In general, the elastic body also undergoes elastic rotations that will be defined in the following 

manner 

* *
32 2332 23

* * * *
13 31 13 31

* *
21 12 21 12

1 1
sin

2 2
P

R Rg g
g g R R n
g g R R

 

  
        
      

 (3) 

Where 𝑅𝑅𝑖𝑖𝑖𝑖∗  are the components of the relative rotation tensor 𝑅𝑅∗ = (𝑅𝑅𝐹𝐹𝑅𝑅0)𝑇𝑇𝑅𝑅𝑃𝑃𝑅𝑅0 , ϕ is the 

magnitude of this relative rotation, �̅�𝑛∗ is the unit vector about which it takes place, and 𝑔𝑔𝛼𝛼𝛼𝛼 =

�̅�𝑒𝛼𝛼𝐹𝐹𝑇𝑇�̅�𝑒𝛼𝛼𝑃𝑃. If the elastic displacements remain small, 𝜃𝜃𝑃𝑃∗ ≈ �̅�𝑛∗𝜙𝜙 represents the infinitesimal rotation 

vector, although 𝑅𝑅𝑃𝑃 and 𝑅𝑅𝐹𝐹 both are finite rotations. 

Since Equations (2) and (3) are valid for any point on the elastic body, they also hold for the 

boundary points, hence 

   * *
0 0 0

TB F B B F F Bu R R x x x x s       (4) 

and 

 is the unit vector about which it takes 

place, and 

5 

body-attached frames are denoted 𝑥𝑥𝐹𝐹 and 𝑥𝑥𝑃𝑃, respectively. 

The total motion of the elastic body consists of the superposition of a rigid body motion and an 

elastic motion. The rigid body motion, defined by the motion of the floating frame, brings the elastic 

body to the fictitious rigid body configuration shown Fig. 3. Since this motion is rigid, the position 

vector of point P with respect to the floating frame, measured in this frame, remains unchanged, i.e. 

𝑠𝑠𝑃𝑃∗ = 𝑆𝑆𝑃𝑃∗, where 𝑠𝑠𝑃𝑃∗ = 𝑅𝑅0𝑇𝑇𝑠𝑠𝑃𝑃, 𝑆𝑆𝑃𝑃∗ = (𝑅𝑅𝐹𝐹𝑅𝑅0)𝑇𝑇𝑆𝑆𝑃𝑃, and 𝑆𝑆𝑃𝑃 denotes the position vector of point P in 

the fictitious rigid body configuration. The position of point P is now written as 

   * *
0 0 0 0
P P F F P P F F F P Px x x x S u x x R R s u          (1) 

where 𝑢𝑢𝑃𝑃 is the elastic displacement of the body, and 𝑢𝑢𝑃𝑃∗ = (𝑅𝑅𝐹𝐹𝑅𝑅0)𝑇𝑇𝑢𝑢𝑃𝑃 the components of this 

displacement vector measured in frame 𝐵𝐵𝐹𝐹 Solving eq. (1) then yields 

   * *
0 0 0

TP F P P F F Pu R R x x x x s       (2) 

In general, the elastic body also undergoes elastic rotations that will be defined in the following 

manner 

* *
32 2332 23

* * * *
13 31 13 31

* *
21 12 21 12

1 1
sin

2 2
P

R Rg g
g g R R n
g g R R

 

  
        
      

 (3) 

Where 𝑅𝑅𝑖𝑖𝑖𝑖∗  are the components of the relative rotation tensor 𝑅𝑅∗ = (𝑅𝑅𝐹𝐹𝑅𝑅0)𝑇𝑇𝑅𝑅𝑃𝑃𝑅𝑅0 , ϕ is the 

magnitude of this relative rotation, �̅�𝑛∗ is the unit vector about which it takes place, and 𝑔𝑔𝛼𝛼𝛼𝛼 =

�̅�𝑒𝛼𝛼𝐹𝐹𝑇𝑇�̅�𝑒𝛼𝛼𝑃𝑃. If the elastic displacements remain small, 𝜃𝜃𝑃𝑃∗ ≈ �̅�𝑛∗𝜙𝜙 represents the infinitesimal rotation 

vector, although 𝑅𝑅𝑃𝑃 and 𝑅𝑅𝐹𝐹 both are finite rotations. 

Since Equations (2) and (3) are valid for any point on the elastic body, they also hold for the 

boundary points, hence 

   * *
0 0 0

TB F B B F F Bu R R x x x x s       (4) 

and 

5 

body-attached frames are denoted 𝑥𝑥𝐹𝐹 and 𝑥𝑥𝑃𝑃, respectively. 

The total motion of the elastic body consists of the superposition of a rigid body motion and an 

elastic motion. The rigid body motion, defined by the motion of the floating frame, brings the elastic 

body to the fictitious rigid body configuration shown Fig. 3. Since this motion is rigid, the position 

vector of point P with respect to the floating frame, measured in this frame, remains unchanged, i.e. 

𝑠𝑠𝑃𝑃∗ = 𝑆𝑆𝑃𝑃∗, where 𝑠𝑠𝑃𝑃∗ = 𝑅𝑅0𝑇𝑇𝑠𝑠𝑃𝑃, 𝑆𝑆𝑃𝑃∗ = (𝑅𝑅𝐹𝐹𝑅𝑅0)𝑇𝑇𝑆𝑆𝑃𝑃, and 𝑆𝑆𝑃𝑃 denotes the position vector of point P in 

the fictitious rigid body configuration. The position of point P is now written as 

   * *
0 0 0 0
P P F F P P F F F P Px x x x S u x x R R s u          (1) 

where 𝑢𝑢𝑃𝑃 is the elastic displacement of the body, and 𝑢𝑢𝑃𝑃∗ = (𝑅𝑅𝐹𝐹𝑅𝑅0)𝑇𝑇𝑢𝑢𝑃𝑃 the components of this 

displacement vector measured in frame 𝐵𝐵𝐹𝐹 Solving eq. (1) then yields 

   * *
0 0 0

TP F P P F F Pu R R x x x x s       (2) 

In general, the elastic body also undergoes elastic rotations that will be defined in the following 

manner 

* *
32 2332 23

* * * *
13 31 13 31

* *
21 12 21 12

1 1
sin

2 2
P

R Rg g
g g R R n
g g R R

 

  
        
      

 (3) 

Where 𝑅𝑅𝑖𝑖𝑖𝑖∗  are the components of the relative rotation tensor 𝑅𝑅∗ = (𝑅𝑅𝐹𝐹𝑅𝑅0)𝑇𝑇𝑅𝑅𝑃𝑃𝑅𝑅0 , ϕ is the 

magnitude of this relative rotation, �̅�𝑛∗ is the unit vector about which it takes place, and 𝑔𝑔𝛼𝛼𝛼𝛼 =

�̅�𝑒𝛼𝛼𝐹𝐹𝑇𝑇�̅�𝑒𝛼𝛼𝑃𝑃. If the elastic displacements remain small, 𝜃𝜃𝑃𝑃∗ ≈ �̅�𝑛∗𝜙𝜙 represents the infinitesimal rotation 

vector, although 𝑅𝑅𝑃𝑃 and 𝑅𝑅𝐹𝐹 both are finite rotations. 

Since Equations (2) and (3) are valid for any point on the elastic body, they also hold for the 

boundary points, hence 

   * *
0 0 0

TB F B B F F Bu R R x x x x s       (4) 

and 

. If the elastic displacements remain 

small, 

5 

body-attached frames are denoted 𝑥𝑥𝐹𝐹 and 𝑥𝑥𝑃𝑃, respectively. 

The total motion of the elastic body consists of the superposition of a rigid body motion and an 

elastic motion. The rigid body motion, defined by the motion of the floating frame, brings the elastic 

body to the fictitious rigid body configuration shown Fig. 3. Since this motion is rigid, the position 

vector of point P with respect to the floating frame, measured in this frame, remains unchanged, i.e. 

𝑠𝑠𝑃𝑃∗ = 𝑆𝑆𝑃𝑃∗, where 𝑠𝑠𝑃𝑃∗ = 𝑅𝑅0𝑇𝑇𝑠𝑠𝑃𝑃, 𝑆𝑆𝑃𝑃∗ = (𝑅𝑅𝐹𝐹𝑅𝑅0)𝑇𝑇𝑆𝑆𝑃𝑃, and 𝑆𝑆𝑃𝑃 denotes the position vector of point P in 

the fictitious rigid body configuration. The position of point P is now written as 

   * *
0 0 0 0
P P F F P P F F F P Px x x x S u x x R R s u          (1) 

where 𝑢𝑢𝑃𝑃 is the elastic displacement of the body, and 𝑢𝑢𝑃𝑃∗ = (𝑅𝑅𝐹𝐹𝑅𝑅0)𝑇𝑇𝑢𝑢𝑃𝑃 the components of this 

displacement vector measured in frame 𝐵𝐵𝐹𝐹 Solving eq. (1) then yields 

   * *
0 0 0

TP F P P F F Pu R R x x x x s       (2) 

In general, the elastic body also undergoes elastic rotations that will be defined in the following 

manner 

* *
32 2332 23

* * * *
13 31 13 31

* *
21 12 21 12

1 1
sin

2 2
P

R Rg g
g g R R n
g g R R

 

  
        
      

 (3) 

Where 𝑅𝑅𝑖𝑖𝑖𝑖∗  are the components of the relative rotation tensor 𝑅𝑅∗ = (𝑅𝑅𝐹𝐹𝑅𝑅0)𝑇𝑇𝑅𝑅𝑃𝑃𝑅𝑅0 , ϕ is the 

magnitude of this relative rotation, �̅�𝑛∗ is the unit vector about which it takes place, and 𝑔𝑔𝛼𝛼𝛼𝛼 =

�̅�𝑒𝛼𝛼𝐹𝐹𝑇𝑇�̅�𝑒𝛼𝛼𝑃𝑃. If the elastic displacements remain small, 𝜃𝜃𝑃𝑃∗ ≈ �̅�𝑛∗𝜙𝜙 represents the infinitesimal rotation 

vector, although 𝑅𝑅𝑃𝑃 and 𝑅𝑅𝐹𝐹 both are finite rotations. 

Since Equations (2) and (3) are valid for any point on the elastic body, they also hold for the 

boundary points, hence 

   * *
0 0 0

TB F B B F F Bu R R x x x x s       (4) 

and 

 represents the infinitesimal rotation vector, 

although RP and RF both are finite rotations.

Since Equations (2) and (3) are valid for any point on the 

elastic body, they also hold for the boundary points, hence

5 

body-attached frames are denoted 𝑥𝑥𝐹𝐹 and 𝑥𝑥𝑃𝑃, respectively. 

The total motion of the elastic body consists of the superposition of a rigid body motion and an 

elastic motion. The rigid body motion, defined by the motion of the floating frame, brings the elastic 

body to the fictitious rigid body configuration shown Fig. 3. Since this motion is rigid, the position 

vector of point P with respect to the floating frame, measured in this frame, remains unchanged, i.e. 

𝑠𝑠𝑃𝑃∗ = 𝑆𝑆𝑃𝑃∗, where 𝑠𝑠𝑃𝑃∗ = 𝑅𝑅0𝑇𝑇𝑠𝑠𝑃𝑃, 𝑆𝑆𝑃𝑃∗ = (𝑅𝑅𝐹𝐹𝑅𝑅0)𝑇𝑇𝑆𝑆𝑃𝑃, and 𝑆𝑆𝑃𝑃 denotes the position vector of point P in 

the fictitious rigid body configuration. The position of point P is now written as 

   * *
0 0 0 0
P P F F P P F F F P Px x x x S u x x R R s u          (1) 

where 𝑢𝑢𝑃𝑃 is the elastic displacement of the body, and 𝑢𝑢𝑃𝑃∗ = (𝑅𝑅𝐹𝐹𝑅𝑅0)𝑇𝑇𝑢𝑢𝑃𝑃 the components of this 

displacement vector measured in frame 𝐵𝐵𝐹𝐹 Solving eq. (1) then yields 

   * *
0 0 0

TP F P P F F Pu R R x x x x s       (2) 

In general, the elastic body also undergoes elastic rotations that will be defined in the following 

manner 

* *
32 2332 23

* * * *
13 31 13 31

* *
21 12 21 12

1 1
sin

2 2
P

R Rg g
g g R R n
g g R R

 

  
        
      

 (3) 

Where 𝑅𝑅𝑖𝑖𝑖𝑖∗  are the components of the relative rotation tensor 𝑅𝑅∗ = (𝑅𝑅𝐹𝐹𝑅𝑅0)𝑇𝑇𝑅𝑅𝑃𝑃𝑅𝑅0 , ϕ is the 

magnitude of this relative rotation, �̅�𝑛∗ is the unit vector about which it takes place, and 𝑔𝑔𝛼𝛼𝛼𝛼 =

�̅�𝑒𝛼𝛼𝐹𝐹𝑇𝑇�̅�𝑒𝛼𝛼𝑃𝑃. If the elastic displacements remain small, 𝜃𝜃𝑃𝑃∗ ≈ �̅�𝑛∗𝜙𝜙 represents the infinitesimal rotation 

vector, although 𝑅𝑅𝑃𝑃 and 𝑅𝑅𝐹𝐹 both are finite rotations. 

Since Equations (2) and (3) are valid for any point on the elastic body, they also hold for the 

boundary points, hence 

   * *
0 0 0

TB F B B F F Bu R R x x x x s       (4) 

and 

(4)

and

6 

32 23
*

13 31

21 12

1
2

B

g g
g g
g g


 

   
  

  (5) 

where 𝑔𝑔𝛼𝛼𝛼𝛼 = �̅�𝑒𝛼𝛼𝐹𝐹𝐹𝐹�̅�𝑒𝛼𝛼𝐵𝐵 

The clearance element provided in DYMORE describes the parameters associated with the 

definition of a clearance inside the revolute joints. Consider the revolute joint depicted in Fig. 4. The 

outer and inner races of the revolute joint with clearance are modeled as bodies K and L of the 

revolute joint with radii ρk and ρl, respectively. The relative distance between the candidate contact 

points zk and zl is denoted by q. Such elements are used in conjunction with contact, lubrication, and 

backlash characteristics. 

The present contact definition describes the parameters associated with the contact of two bodies. 

The forces generated at the point of contact can be divided into two parts: the normal forces and the 

tangential forces. The normal forces act in the direction normal to the plane tangent to the contacting 

bodies at the point of contact, whereas the tangential forces act in this plane. 

Figure 5 shows two solid surfaces separated by a thin lubricant film of thickness h. Reynolds 

equation relates the fluid pressure P to the different kinematic variables associated with the surfaces. 
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where μ is the film viscosity, and 𝑢𝑢𝑖𝑖, 𝑣𝑣𝑖𝑖 and 𝑤𝑤𝑖𝑖 the velocities of the surfaces in the x, y and z 

directions, respectively. The subscripts ( )1 and ( )2 indicate quantities related to the inner and outer 

races, respectively. 

By applying an extreme difference or clearance condition to the upper and lower joints of the 

present two-dimensional configuration, asymmetric structural deflection and flow results will be 

induced. 

 

2.2 Steady-state flow analysis 
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inside the revolute joints. Consider the revolute joint 

depicted in Fig. 4. The outer and inner races of the revolute 

joint with clearance are modeled as bodies K and L of the 

revolute joint with radii ρk and ρl,respectively. The relative 

distance between the candidate contact points zk and zl is 

denoted by q. Such elements are used in conjunction with 

contact, lubrication, and backlash characteristics.

The present contact definition describes the parameters 

associated with the contact of two bodies. The forces 

generated at the point of contact can be divided into two 

parts: the normal forces and the tangential forces. The 

normal forces act in the direction normal to the plane tangent 

to the contacting bodies at the point of contact, where as the 

tangential forces act in this plane.

Figure 5 shows two solid surfaces separated by a thin 

lubricant film of thickness h. Reynolds equation relates 

the fluid pressure P to the different kinematic variables 

associated with the surfaces. 
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where Q is the vector of the conservative variables for mass, momentum and energy equation. F(Q) 

and G(Q) denote the inviscid and viscous fluxes, respectively. Equations 8 through 14 describe 

detailed expressions for those quantities. 
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where ρ is the density, and u, v are the velocity components in x, y directions observed in an inertial 

frame, respectively. E is the internal energy per unit mass, and V is the velocity vector of cell face. p 

and T are the pressure and temperature, respectively. τ and q are the shear stress tensor and the heat 

flux, respectively. 𝛾𝛾 is the specific heat ratio. Pr(0.72) and 𝑃𝑃𝑃𝑃𝑡𝑡(0.9) are the laminar and turbulent 

Prandtl numbers, respectively. Re is Reynolds number. μ is the laminar viscosity which is determined 
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 is the velocity 

vector of cell face. p and T are the pressure and temperature, 

respectively. τ and q are the shear stress tensor and the heat 

flux, respectively. r is the specific heat ratio. Pr(0.72) and 

Prt(0.9) are the laminar and turbulent Prandtl numbers, 

respectively. Re is Reynolds number. μ is the laminar viscosity 

which is determined from the Surtherlands’ law, and μt is the 

turbulent eddy viscosity which is calculated by turbulence 

models.

The governing equations were discretized by using a 

vertex-centered finite-volume method on an unstructured 

grid. The flow domain was divided into a finite number of 

control volumes surrounding each vertex, which were made 

of non-overlapping median-dual cells whose boundary 

surfaces were defined by the cell centroid, face centroid and 

mid-point of the edge of the unstructured mesh. The inviscid 

flux terms were approximated using Roe’s flux difference 

splitting scheme [13], whereas the viscous flux terms were 

evaluated by a modified central difference method [14]. The 

flow variables at each dual face were assessed by applying 

a least-square reconstruction technique to achieve second-

order spatial accuracy. The integration with respect to time 

of the discretized equations proceeded via a Gauss-Seidel 
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Fig. 5. Fluid Film and Lubricant 

  Fig. 5.  Fluid Film and Lubricant
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iteration method. To enhance the convergence speed, a 

local-time stepping procedure was taken. To estimate the 

turbulent eddy viscosity, the Spalart-Allmaras turbulence 

model [15] was adopted.

Figure 6 shows the computational meshes and boundary 

conditions used in the present study. Stagnation conditions 

were applied to the left face of the inflow upstream of the 

nozzle. At the far-field boundary, the characteristic inflow/

outflow boundary condition with Riemann invariants was 

used. No-slip and adiabatic boundary conditions were 

assumed at all solid walls. And exit flow boundary condition 

was applied on the right face that changed between constant 

pressure outflow and supersonic outflow depending on the 

local Mach number.

 

2.3 Thermal analysis

In this paper, material property variations with 

temperature and thermal expansion were considered. The 

temperature on the nozzle wall was predicted by the steady-

state flow analysis. In order to obtain the temperatures of 

the nozzle components between the inner and outer nozzle 

walls, heat conduction analysis was employed. The entire 

nozzle temperature distribution was predicted and applied 

to the material properties calculation and thermal strain 

analysis. Heat conduction and thermal strain analyses were 

conducted using MSC.NASTRAN [16].

However, the present thermal analysis procedure did not 

consider rotational motion with respect to the revolute joints. 

The restriction of rotation may induce an excessive strain 

result. Also, heat convection and radiation analyses were 

not included in the present prediction. In a real situation, 

temperature at the solid surface is reduced by a film cooling 

effect. The present thermal analysis may thus over-predict 

the temperature distribution. In the future, heat convection 

and the radiation effect will be included to improve the 

accuracy of the predicted temperature distribution. 

3. Combined Analytical Framework

The thermo-fluid-flexible multi-body dynamics coupled 

analysis framework for a jet engine nozzle was established. 

Fig. 7 shows the flowchart for the present procedure. The 

present framework is composed of the five fundamental 

modules. The important features of the individual modules 

are as follows.

3.1 Input module for external design software

In order to create an analytical model for a nozzle, which is 

applicable to both steady-state flow and flexible multi-body 

dynamics analyses, the input data generation module for 

external design software was developed. In this procedure, 

external geometry information of a two-dimensional nozzle 

configuration are provided by the computer-aided design 

software, CATIA. While the geometry information file 

retained dimensions of lines and points only, additional 

information such as types of joints, shapes of cross section 

or boundary conditions are required for the steady-state 

flow, flexible multi-body dynamics, and coupled analyses. 

The developed input module is capable of specifying the 

multi-body element information, and creating steady-state 

flow and flexible multi-body dynamics input data. The 

input data generated by the present input module, is easily 

transferred between steady-state flow and flexible multi-

body dynamics analyses because the present input data 

obtained compulsory information for coupled analyses.

31 

 

 
Fig. 6. Boundary Conditions 

  Fig. 6.  Boundary Conditions
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Fig. 7. Framework of the Thermo-Fluid-Flexible Multi-body Coupled Analysis 

  Fig. 7.  Framework of the Thermo-Fluid-Flexible Multi-body Coupled 
Analysis
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3.2 Interface module for the fluid-flexible multi-body 
dynamics coupled analysis

For the first attempt, steady-state floe analysis was 

oerformed for the initial nozzle configuration with in-house 

CFD analysis program. Then the pressure and temperature 

on the nozzle wall is obtained and delivered to the interface 

module for coupled analysis. The nozzle wall pressure is 

converted into a form of distributed load through the interface 

module. A linear interpolation scheme was implemented 

for this process (Fig. 8). The interface module creates the 

flexible multi-body dynamics analysis data including multi-

body element information and the distributed loads from 

the steady-state flow analysis. Then the flexible multi-body 

dynamics analysis was performed. The present fluid-flexible 

multi-body dynamics coupled analysis was established by 

applying this interface module.

The interface module facilitates data exchanges between 

the steady-state flow and flexible multi-body dynamics 

analysis. By means of the interface module, the external load 

data from the steady-state flow analysis results do not have 

to be manually specified in contrast with the commercial 

flexible multi-body dynamics analysis programs such as 

RecurDyn.

 

3.3  Material properties variation by the thermal 
module

An exhaust nozzle is usually exposed to elevated 

temperature, which induces changes in the material 

properties. Thus, the present coupled analysis requires 

material properties variation corresponding to the 

temperature for individual element. Thermal module was 

developed and introduced to consider the effect of heat 

conduction within the structural component.

The present thermal module receives the temperature 

information on the wall obtained from the steady-state flow 

analysis, and it generates intermediate results for the heat 

conduction analysis including the geometry information 

produced by the input module. The steady-state flow 

analysis provides only the temperature information on the 

nozzle wall. In order to obtain the temperature distribution 

for the entire nozzle configuration, heat conduction analysis 

was performed. Such procedure is illustrated in Fig. 9.

The present interface module predicts material properties 

depending on the temperature results from the heat 

conduction analysis. Thus, material property variation was 

considered for the present coupled analysis. MIL-HDBK-

5H [17] was used in order to predict the material property 

variations. Fig. 10 presents the relationships between 

temperature and material properties of the Titanium Alloy, 

Ti-6Al-2Nb-1Ta-1Mo.
 

3.4 Total strain estimation module

The present flexible multi-body dynamics analysis 

considers the external loads from the steady-state flow 

analysis and the material properties variations according to 

the temperature distribution. This procedure is facilitated 

through the interface module and thermal module, 

respectively. After flexible multi-body dynamics analysis 

was performed, the flexible multi-body dynamics variables, 

which included deformations and mechanical strain for the 

nozzle components, were obtained. However, thermal strain 

also has to be considered because of elevated temperature.

Thermal module delivers temperature distribution from 

the heat conduction analysis to the thermal strain analysis. 

Then the thermal strain will be obtained. The total strain 

module is introduced, in order to acquire the mechanical 

and thermal strain and calculate the total strain for a nozzle 

configuration. By this module, total stain is predicted for 

the coupled analysis of thermo-fluid-flexible multi-body 

dynamics. 
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Fig. 8. Conversion of Pressure into Distributed load 

  Fig. 8. Conversion of Pressure into Distributed load
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Fig. 9. Temperature Distribution Obtained from Thermal Conduction Analysis 

  Fig. 9.  Temperature Distribution Obtained from Thermal Conduction 
Analysis
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3.5 Two-way coupled analysis module

The one-way coupled analysis included fluid-flexible 

multi-body dynamics interaction, material property 

variations, and thermal analysis. However, the deflection 

of the nozzle configuration was not considered. Two-

way coupled analysis module takes the deformed 

configuration into account for the steady-state flow 

analysis. The deflection of the nozzle wall, which is 

predicted by the flexible multi-body dynamics analysis, is 

delivered back to the steady-state flow analysis. Then the 

steady-state flow analysis will conduct with the deformed 

nozzle configuration. Such intrinsic result exchanges are 

conducted several times. In this way, a loosely-coupled 

analytical procedure was established.

4.  Validation of the Individual Element in the 
Present Analysis

4.1 Flexible multi-body dynamics analysis validation

In order to verify the present flexible multi-body dynamics 

analysis, a multi-body example, as shown in Fig. 11, was 

devised. Both ends of the two beams, which are connected 

by a revolute joint, are fixed. Then the transverse deflection, 

which occurred when a load was applied to the center for 

one second, was estimated. Table 1 shows the cross-sectional 

properties of the beams. 

Comparisons for the results for transverse deflection, 

as predicted by the present flexible multi-body dynamics 

analysis, the RecurDyn with equivalent multi-body example 

problem, are shown in Fig. 12. The transverse deflections 

predicted in both interpretations were well-correlated, and 

the average difference of deflection between the present 

analysis and the RecurDyn was less than 1%. Thus, the 
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Fig. 10. Material Property Variation in Terms of Temperature [15] 
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Fig. 11. Flexible Multi-body Dynamics Analysis Condition 

  Fig. 11. Flexible Multi-body Dynamics Analysis Condition
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Fig. 12. Transverse Deflection of Cantilevered Beam under Distributed Load 

  Fig. 12.  Transverse Deflection of Cantilevered Beam under Distributed 
Load

Table 1. Cross-sectional properties of the multi-body example

23 

Table 1. Cross-sectional properties of the multi-body example 
Property Expression (unit) Value 

Axial stiffness EA (N) 5.7962 × 106 

Shear stiffness 
K22 (N) 5.1331 × 106 
K33 (N) 5.1331 × 106 

Torsional stiffness GJ (N-m2) 1.0179 × 101 

Bending stiffness 
EIlag (N-m2) 1.3042 × 101 
EIflap (N-m2) 1.3042 × 101 

Unit mass μ (kg/m) 2.2195 × 10-1 

Moment of inertia 
I2 (kg-m2) 1.8497 × 10-2 
I3 (kg-m2) 1.8497 × 10-2 
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validity of the present flexible multi-body dynamics analysis 

was ascertained.

 

4.2 Steady-state flow analysis validation

The steady-state flow analysis validations were made by 

comparing the present steady-state flow analysis results with 

available experimental results [18]. Steady-state flow analyses 

were conducted with the experimental configuration [18] for 

three different nozzle pressure ratios, 2.412, 5.423, and 8.780. 

Table 2 shows the steady-state flow analysis conditions.

Figure 13 illustrates the comparison for the pressure 

distribution, predicted at the nozzle wall, against that 

measured by experiment. It reveals that the present 

predictions were accurate and showed good agreement with 

experiment, within a discrepancy of 3%. Thus, the present in-

house CFD analysis was validated.

 

5.  Numerical Results for the Present Coupled 
Analysis

5.1 Analysis configurations

In this section, two different nozzle configurations were 

selected for the five different analysis configurations. A 

realistic nozzle has gaps between the various elements. 

However, in order to implement the steady-state flow 

analysis, the nozzle surface has to be smooth without any 

gap. Thus, a simplified two-dimensional nozzle configuration 

was devised. The simple nozzle one-way coupled analysis 

was conducted to validate the fluid- flexible multi-body 

dynamics coupled analysis procedure. Fig. 14 shows the 

simple nozzle configuration.

In order to observe asymmetric flow a two-way coupled 

analysis of the simple nozzle configuration was performed, 

with arbitrary joint clearances. Fig. 15 shows the modified 

configuration for the present engine nozzle including the 

clearance. Two joints in the upper half component were 

replaced by one including a certain amount of clearance 

as shown in Fig. 15. That may induce a pressure difference 

between the upper and lower wall, asymmetric deflection 

and flow, and a tilted thrust vector. For this analysis 

configuration, the ability to handle an arbitrary joint 

clearance and an asymmetric flow using the present coupled 

framework will be verified.

Beyond that, a realistic nozzle configuration [19] was 

introduced. Fig. 16 shows the patent configuration for the 

realistic nozzle configuration. The one-way and two-way 

Table 2. Flow Analyses Condition

24 

Table 2. Flow Analyses Condition 
Test gas Ideal Air 

Stagnation temperature 294 K 
Ambient pressure 101.33 kPa 
Expansion ratio 1.797 

Reynolds number 3.2ⅹ106 
Nozzle pressure ratio (NPR) 2,412, 5.423, 8.780 
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Fig. 13. Pressure Distribution at the Nozzle Wall 

  Fig. 13. Pressure Distribution at the Nozzle Wall
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Fig. 14. Simple Two-dimensional Nozzle Configuration (Configuration 1) 

  
Fig. 14. Simple Two-dimensional Nozzle Configuration (Configuration 1)
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Fig. 15. Simple Two-dimensional Nozzle with Joint Clearance (Configuration 2) 

  Fig. 15.  Simple Two-dimensional Nozzle with Joint Clearance (Con-
figuration 2)
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coupled analyses were performed on a realistic configuration 

(Fig. 17). In these analyses, all revolute joints were restrained 

to maintain the nozzle shape. In practice, the nozzle shape 

is controlled by actuators. DYMORE provides actuator and 

controller elements to simulate closed-loop control. As 

a preliminary analysis, only a single torsional spring was 

adopted and other revolute joints were released to offer a 

more realistic behavior (Fig. 18). The spring coefficient was 

set to be 100 N-m/rad in consideration of the characteristics 

of the linear actuator used in the practical nozzle. These 

analyses are summarized in Table 3.

 

5.2  Simple nozzle one-way coupled analysis (Con-
figuration 1)

The steady-state flow analysis was performed for the 

simple nozzle configuration. The pressure results from 

the steady-state flow analysis were transformed into 

dimensional distributed loads on the nozzle wall. Then 

a nonlinear static flexible multi-body dynamics analysis 

was performed. Another static analysis was performed by 

using RecurDyn, and the resulting transverse deflection 

predictions were compared with those obtained by the 

present analysis. Because it was not possible to apply the flow 

analysis results into RecurDyn as distributed loads, those 

were applied manually by replacing them with several nodal 

forces. As illustrated in Fig. 19, good agreement regarding 

the deflection was observed. The maximum difference in the 

deflection was 4.88×10-3 m at the end of the nozzle, and the 

average difference was 0.1%.

 

5.3  Simple nozzle with joint clearance (Configura-
tion 2) 

Two-way coupled analysis was performed for the two-

dimensional simple nozzle including an imaginary joint 

clearance. The symmetric steady-state flow analysis was 

performed first. The symmetric nozzle wall pressure was 

delivered to flexible multi-body dynamics, which included 

a clearance element. After flexible multi-body dynamics 

analysis was performed, the asymmetric deflection result 

was delivered back to the steady-state flow analysis. Such 

intrinsic result exchanges were conducted several times.

The computations and results exchanges between the 

steady-state flow and flexible multi-body dynamics analyses 

were conducted seven times for the present asymmetric 

flow. Each step was 0.01 second long, and thus the total time 

Table 3. Computational Configurations for Coupled Analysis

25 

Table 3. Computational Configurations for Coupled Analysis 
 Configuration type Analysis type Joint type 

Configuration 1 Simple 
Configuration 

One-way coupling N/A 
Configuration 2 Two-way coupling Joint with Clearance 
Configuration 3 

Realistic 
Configuration 

One-way coupling 
Fixed Joint Configuration 4 

Two-way coupling 
Configuration 5 Joint with torsional spring 
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Fig. 16. Patent nozzle configuration 

  Fig. 16. Patent nozzle configuration
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Fig. 17. Realistic Two-dimensional Nozzle Configuration (Configurations 3, 4) 

Fig. 17.  Realistic Two-dimensional Nozzle Configuration (Configura-
tions 3, 4)
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Fig. 18. Realistic Two-dimensional Nozzle with Torsional Spring (Configuration 5) 

  Fig. 18.  Realistic Two-dimensional Nozzle with Torsional Spring (Con-
figuration 5)
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Fig. 19. Deformed Geometry of the Nozzle Inner Wall 

  Fig. 19. Deformed Geometry of the Nozzle Inner Wall
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for the present analysis time would be 0.07 second. Fig. 20 

depicts the pressure results obtained at the first and seventh 

step. The pressure difference at the seventh step between the 

upper and lower wall was 11.2%. In addition, a kink of 1.69% 

relative to nozzle inner radius was observed at the center of 

the clearance joint in the upper half component. As a result, 

the thrust vector was found to be tilted by 1.77˚ because of 

the asymmetric deflection, as illustrated in Fig. 21. A straight 

solid line that designates the thrust vector was obtained 

along the locations where higher Mach number than those 

in the surroundings was observed.

 

5.4  Realistic nozzle with restrained joints (Configu-
ration 3, 4)

One-way and two-way coupled analyses were performed 

with the realistic two-dimensional nozzle configuration. 

The realistic nozzle configuration consists of multiple 

beams and revolute joints without any clearances. For the 

present configuration, rotation on the joints was restrained 

to maintain the nozzle shape. The present steady-state 

flow analysis was capable of predicting the temperature 

on the inner and outer wall. Heat conduction analysis was 

conducted to obtain the temperature results on all of the 

components. Fig. 22 shows the temperature distribution 

result for the realistic nozzle configuration.

The interface module produced a flexible multi-body 

dynamics analysis input file, which included distributed 

load and material properties. Nonlinear flexible multi-body 

dynamics analysis was conducted. For two-way coupled 

analysis, structural deflection induced at the nozzle wall was 

delivered to the steady-state flow analysis. The total strain 

result was obtained as a summation of the mechanical and 

thermal strain. Fig. 23 illustrates the mechanical and thermal 

strain margin of safety in the realistic nozzle configuration. 

Restriction of relative rotation with respect to the joint 

induced a similar mechanical strain, with either the two-way 

coupled analysis or the one-way analysis.

 

5.5  Realistic nozzle with a single torsional spring 
(Configuration 5)

Restriction of relative rotation with respect to the joint 

induced similar strain results in one-way and two-way 

coupled analyses. For the realistic configuration, a single 
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Fig. 20. Non-dimensional Pressure Distribution Predicted by Two-way Coupled Analysis 

  Fig. 20.  Non-dimensional Pressure Distribution Predicted by Two-way 
Coupled Analysis
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Fig. 21. Deflected Thrust Vector after in the Present Two-way Coupled Analysis 

  Fig. 21.  Deflected Thrust Vector after in the Present Two-way Coupled 
Analysis
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Fig. 22. Temperature Distribution Results [K] 

 
 

Fig. 22. Temperature Distribution Results [K]
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Fig. 24. Safety Margin of Mechanical Strain for the Realistic Nozzle with a Torsional Spring 

 Fig. 24.  Safety Margin of Mechanical Strain for the Realistic Nozzle 
with a Torsional Spring
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(a) Safety Margin of Thermal strain distribution 

 
(b) Safety Margin of Mechanical strain result with the one-way coupled analysis 

 
(c) Safety Margin of Mechanical strain result with the two-way coupled analysis 

 

 
 

Fig. 23. Safety Margin for the Realistic Nozzle 
 

Fig. 23. Safety Margin for the Realistic Nozzle
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torsional spring was added instead of a restrained joint and a 

two-way coupled analysis was conducted. Fig. 24 shows the 

margin of safety in the realistic nozzle configuration with a 

single torsional spring. The maximum mechanical strain was 

reduced by 41% when compared to the results obtained with 

the two-way analysis for the realistic nozzle with restrained 

joints. Such reduction in the strain happened because the 

revolute joints in the configuration were now released to 

rotate freely.

 

5. Conclusion

In the present paper, both one-way and two-way coupled 

analyses for thermo-fluid-flexible multi-body dynamics 

were suggested for two-dimensional engine nozzles. 

DYMORE was employed for flexible multi-body dynamics 

analysis, and a flow solver with a mixed unstructured grid 

was developed. Heat conduction and thermal analysis was 

done using NASTRAN. An interface module was devised that 

exchanged results among these computer processes. In that 

way, a thermo-fluid-flexible multi-body coupled dynamics 

analysis framework for a jet engine nozzle was established.

In order to validate the present combined analytical 

procedure, a simplified two-dimensional nozzle model 

was devised. One-way coupled analysis was performed 

to combine the steady-state flow analysis and the flexible 

multi-body dynamics analysis. The strain result showed 

good agreement, with differences less than 1% compared 

to RecurDyn results. Thus, the present coupled analysis 

procedure was validated.

In order to simulate the asymmetric flow pattern that was 

introduced by the joint clearance, a two-way coupled analysis 

was performed. An arbitrary clearance was added to the 

joints in the upper-half component in the two-dimensional 

simplified nozzle. Iterative analysis was performed seven 

times for the resultant asymmetric flow. As a result, an 11.2% 

average pressure difference between the upper- and lower-

half components and a kink of 1.69% relative to the nozzle 

inner radius were obtained; the thrust vector was tilted by 

1.77°.

The total margin of safety results for the realistic nozzle 

configuration were predicted with one-way and two-way 

coupled analyses. Heat conduction and thermal analyses 

were done using NASTRAN. The total strain was obtained 

as the sum of the mechanical strain and the thermal strain. 

However, all revolute joints were restrained to maintain the 

nozzle shape, and with the one-way and two-way coupled 

analyses similar strain results were induced. Finally, a single 

torsional spring was introduced instead of a fixed joint and a 

two-way coupled analysis was conducted.

The present combined analytical framework facilitates 

a coupled analysis of thermo-fluid-flexible multi-body 

dynamics for a two-dimensional nozzle. The interface 

module receives the steady-state flow analysis pressure 

results and geometrical information. It also generates an 

input file for flexible multi-body dynamics analysis that 

incorporates material-property variations. The pressure 

information was directly distributed on beam elements, 

whose material properties vary with the temperature results. 

Validation of the present framework was accomplished.

In the future, prescribed actuation will be applied to the 

nozzle configuration. The heat convection and radiation effect 

of the steady-state flow analysis will be included. Also, the 

present framework will be applicable to a three-dimensional 

nozzle configuration. The present beam elements will 

be replaced by the shell elements, and distributed loads 

will be replaced by pressure distributions on the nozzle 

surface. The element library of DYMORE already includes 

various actuator elements, shell elements, and a distributed 

pressure input function. For a three-dimensional nozzle 

analysis, parallel computation will be required in order to 

handle increased-sized fluid-flexible multi-body dynamics 

interaction problem matrices. A finite element tearing and 

interconnecting (FETI) method is already implemented in 

a parallel version of DYMORE. Thus, it will be possible to 

build an analytical procedure for a three-dimensional nozzle 

configuration by extending the present framework.
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