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A NOTE ON MINIMAL PRIME IDEALS

Rasul Mohammadi, Ahmad Moussavi, and Masoome Zahiri

Abstract. Let R be a strongly 2-primal ring and I a proper ideal of R.
Then there are only finitely many prime ideals minimal over I if and only

if for every prime ideal P minimal over I, the ideal P/

√
I of R/

√
I is

finitely generated if and only if the ring R/

√
I satisfies the ACC on right

annihilators. This result extends “D. D. Anderson, A note on minimal
prime ideals, Proc. Amer. Math. Soc. 122 (1994), no. 1, 13–14.” to
large classes of noncommutative rings. It is also shown that, a 2-primal
ring R only has finitely many minimal prime ideals if each minimal prime
ideal of R is finitely generated. Examples are provided to illustrate our
results.

1. Introduction

Throughout this paper, R denotes an associative ring with identity. In the
case when R is a commutative ring with identity and I an ideal of R, it was
first appeared in [9, Theorem 88], that if R satisfies the ACC (ascending chain
condition) on radical ideals, then R has finitely many prime ideals minimal
over I. Of course, for a Noetherian ring R every prime ideal minimal over I is
finitely generated.

Anderson [2] proved that whenever R is a commutative ring, I a proper
ideal and every prime ideal minimal over I is finitely generated, then R has
only finitely many prime ideals minimal over I. By [5, Lemma 1.16], if R is
a reduced ring with ACC on annihilators, then R has finitely many minimal
prime ideals. C. Huh, N. K. Kim and Y. Lee [8] generalized the Anderson’s
Theorem to a class of noncommutative rings.

A ring R is called 2-primal if the lower nil radical, Nil∗(R), coincides with
the set of nilpotent elements Nil(R) of R. Shin in [16, Proposition 1.11] showed
that a ring R is 2-primal if and only if every minimal prime ideal P of R is
completely prime (i.e., R/P is a domain). Birkenmeier, Heatherly and Lee in
[3, Proposition 2.6] proved that R is 2-primal if and only if the polynomial ring
R[x] is 2-primal.
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In this note, we extend the Anderson’s theorem and prove that, when R is
a strongly 2-primal ring and I a proper ideal of R, then there are only finitely
many prime ideals minimal over I if and only if for every prime ideal P minimal
over I, the ideal P/

√
I of R/

√
I is finitely generated.

We also show that, a 2-primal ring R has only finitely many minimal prime
ideals if and only if R/Nil∗(R) has the ACC on right annihilators if and only
if every minimal prime ideal of R is finitely generated.

Let R be a 2-primal ring with an endomorphism σ. If every minimal prime
ideal of R is finitely generated, then there are only finitely many minimal prime
ideals in the ring S(R, n, σ). This result enables us to produce a big class of
noncommutative rings which satisfy our results.

1.1. The results

Definition ([10]). An ideal I of R is called 2-primal if Nil∗(R/I) = Nil(R/I).
A ring R is strongly 2-primal whenever every proper ideal of R is 2-primal.

The strong 2-primal property has the following equivalent conditions:

Proposition 1.1 ([10]). For a ring R the following statements are equivalent:
(1) R is a strongly 2-primal ring.

(2) Every prime ideal of R is completely prime.

(3) Every semiprime ideal of R is completely semiprime.

(4) R/Nil∗(R) is a strongly 2-primal ring.

Note that every strongly 2-primal ring is 2-primal but not conversely, see [10].
Several authors investigated the condition 2-primal rings that to be strongly
2-primal. N. K. Kim and Y. Lee [10], proved that whenever R/Nil∗(R) is a
weakly π-regular ring, then R is 2-primal if and only if R is strongly 2-primal.
Also by [7], whenever R is a 2-primal ring, then R/Nil∗(R) is weakly π-regular
if and only if every prime ideal is maximal. According to [7], in every one sided
perfect ring the notions of 2-primal and strongly 2-primal rings coincide.

We wire
√
I = {r ∈ R | there exists an integer k for which rk ∈ I}, for every

proper ideal I of R. A ring R satisfies IFP (the insertion-of-factors-property),
if the right annihilator of each element of R is an ideal (equivalently, if for all
a, b ∈ R we have ab = 0 implies aRb = 0).

Lemma 1.2. The following statements are equivalent:
(i) R is a strongly 2-primal ring;

(ii)
√
P = P has IFP for every prime ideal P of R.

Proof. (i)⇒(ii) Suppose that P is a prime ideal of R. As R is strongly 2-primal,

0 = Nil∗(R/P ) = Nil(R/P ) =
√
P/P yields that

√
P = P . If r1r2 ∈ P ,

then (r2r1)
2 ∈ P =

√
P implies that r2r1 ∈ P . Hence r2r1R ⊆ P and from

(r1Rr2)
2 ⊆ P =

√
P we get r1Rr2 ⊆ P .

(ii)⇒(i) As every prime ideal P of R is completely prime, applying Propo-
sition 1.1, the result follows. �
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Lemma 1.3. Let R be a strongly 2-primal ring and I an ideal of R. Then for

every a, b ∈ R, ab ∈
√
I if and only if ba ∈

√
I.

Proof. Assume that a, b ∈ R such that ab ∈
√
I but ba 6∈

√
I. As R/I is

2-primal,
√
I/I = Nil(R/I) = Nil∗(R/I). Since (ba+ I) 6∈

√
I/I, there exists

a prime ideal P minimal over I with ba 6∈ P . As P/I is completely prime in

R/I, from ab ∈
√
I we get (ab + I) ∈ P/I and so a+ I ∈ P/I or b + I ∈ P/I,

which is a contradiction. �

Lemma 1.4. Let I, J be ideals of R. Then
√
I
√
J ⊆

√
IJ.

Proof. Assume that
∑n

i=1 aibi ∈
√
I
√
J , where ai ∈

√
I and bi ∈

√
J for

1 ≤ i ≤ n. Then
∑n

i=1 aibi ∈
√
I ∩

√
J and so there exists an integer k for

which (
∑n

i=1 aibi)
k ∈ I ∩ J. It follows that (

∑n

i=1 aibi)
2k ∈ IJ which shows

that
∑n

i=1 aibi ∈
√
IJ . �

Theorem 1.5. Let R be a strongly 2-primal ring and I a proper ideal of R.

Then there are only finitely many prime ideals minimal over I if and only if

for every prime ideal P minimal over I, the ideal P/
√
I of R/

√
I is finitely

generated.

Proof. Our arguments are inspired by the techniques developed in [2, Theorem].
First assume to the contrary that there are infinitely many prime ideals minimal
over I, and set

S = {P1 · · ·Pn | each Pi is a prime ideal minimal over I, n = 1, 2, . . .}.

Assume that for each C ∈ S, C 6⊆
√
I. It is easy to see that the set

T = {
√
J | J is an ideal of R with I ⊆ J and C 6⊆

√
J for each C ∈ S},

is partially ordered by inclusion. Now we show that every chain in T has a
maximal element. For this, take a chain U = {

√
Kα |α ∈ A} in T and put

K =
⋃

α∈A

√
Kα. We claim that K ∈ T . If not, then there exists an element

C = P1 · · ·Pn ∈ S for which C ∈ K. As for any 1 ≤ i ≤ n, Pi/
√
I is a finitely

generated ideal of R/
√
I, we can write Pi =

∑mi

t=1 Rp(i)tR+
√
I. It follows that

every p(1)b1 · · · p(n)bn ∈ C is contained in K where p(i)bi ∈ Pi, 1 ≤ bi ≤ mi.
Since the cardinality of V = {p(1)b1 · · · p(n)bn | p(i)bi ∈ Pi} is less than or equal
to m1 · · ·mn, we get V is finite. Thus there exists Kα ∈ U with V ∈ Kα. Now
since R is strongly 2-primal, by Lemma 1.2,

√
Kα has the IFP . From this

and that p(1)b1 · · · p(n)bn ∈ Kα, we get p(1)b1R · · ·Rp(n)bn ∈
√
Kα, entailing

C ⊆
√
Kα ∈ T , a contradiction. Thus K ∈ T , so by Zorn’s lemma, there exists

a maximal element Q in T . By definition of T , Q =
√
Q. Now we show that Q

is a prime ideal of R. If not, there exist elements a, b 6∈ Q such that aRb ⊆ Q.
Then by the maximality ofQ, there exist C1, C2 ∈ S such that C1 ⊆

√
Q+RaR

and C2 ⊆
√
Q +RbR. But C1C2 =

√

(Q+RaR)
√

(Q+RbR), by Lemma 1.4,
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C1C2 ⊆
√

(Q+RaR)(Q+RbR) =
√
Q = Q and since C1C2 ∈ S we get

a contradiction. Thus Q is a prime ideal of R and I ⊆ Q, and so by [6,
Proposition 2.3] there exists a prime ideal P minimal over I with P ⊆ Q. Then
P ∈ S with P ⊆ Q ∈ T , a contradiction. Thus the result follows.

Conversely, assume on the contrary that there are finitely many prime ideals
minimal over proper ideal I, namely {P1, . . . , Pn}, whereas there exists a mini-

mal prime ideal Pk, 1 ≤ k ≤ n, such that Pk =
∑

∞

i=1 RqiR, where Pk = Pk/
√
I ,

R = R/
√
I and qi ∈ Pk/

√
I. Take T =

⋂n

i=1,i6=k Pi. Then PkT ⊆
√
I, so for

every i, qi is a right annihilator in R. Thus we get a chain

Rq1R ⊆ Rq1R+Rq2R ⊆ · · ·

of right annihilators in R. As there are finitely many prime ideals minimal over
the proper ideal I, by Theorem 1.17, R satisfies ACC on right annihilator.
Hence there exists an integer s for which Pk =

∑s

i=1 RqiR, as needed. �

An ideal I of R is said to have IFP, if for every a, b ∈ R, ab ∈ I implies
that aRb ⊆ I. By C. Huh, N. K. Kim, and Y. Lee [8], a ring R is said to have
homomorphically IFP, if all ideals of R have IFP.

Corollary 1.6 ([8]). Let R be a homomorphically IFP ring and I a proper

ideal of R. If all the prime ideals minimal over I are finitely generated, then

there are only finitely many prime ideals minimal over I.

Corollary 1.7 ([2]). Let R be a commutative ring and I an ideal of R. If

all the prime ideals minimal over I are finitely generated, then there are only

finitely many prime ideals minimal over I.

Corollary 1.8. Let R be a 2-primal ring whose prime ideals are maximal and

I be a proper ideal of R. Then there are finitely many prime ideals minimal

over I if and only if for every prime ideal P minimal over I, P/
√
I is finitely

generated.

Proof. It follows from the facts that R/Nil(R) is weakly π-regular if and only
if prime ideals are maximal and every 2-primal ring with R/Nil(R) weakly
π-regular is strongly 2-primal. �

Theorem 1.9. Let R be a 2-primal ring. Then there are only finitely many

minimal prime ideals in R if and only if for every minimal prime ideal P of

R, P/Nil(R) is a finitely generated ideal of R/Nil(R).

Proof. The proof is an exact copy of that of Theorem 1.5 only taking I = 0 and
using the fact that in any 2-primal ring minimal prime ideals are completely
prime. �

The following example shows that Theorem 1.5 properly generalizes the main
results of [8] and [2].
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Example 1.10. Consider the ring R = k[x1, x2, x3, . . .]/〈x
2
1, x

3
2, x

4
3, . . .〉, where

k is a field. Then R is a commutative local ring with the unique minimal prime
ideal J(R) = Nil∗(R), where J(R) is the Jacobson radical of R. Hence J(R)
is the unique prime ideal minimal over proper ideal I of R, but J(R)/I is not
finitely generated, for every finitely generated proper ideal I of R. However
Nil∗(R) =

√
I and J(R)/Nil∗(R) is zero and so finitely generated in the ring

R/Nil∗(R).

Motivated by the above example, we consider duo rings R, whose prime
ideals are maximal, and show that if R has the ACC on direct summands,
then for every proper ideal I of R, the ring R has finitely many prime ideals
minimal over I.

Theorem 1.11. Let R be a duo ring whose prime ideals are maximal and I

a proper ideal of R. Then R has finitely many prime ideals minimal over I if

and only if R has the ACC on direct summands.

Proof. Assume that R has finitely many prime ideals minimal over I, and
applying Theorem 1.5, it suffices to show that R/Nil(R) is left Noetherian.

This is because, we have Nil(R) ⊆
√
I for every proper ideal I of R, so we get

R/
√
I is a left Noetherian ring, so for every prime ideal P which is minimal

over I, P/
√
I is finitely generated.

As R is a 2-primal ring and prime ideals are maximal by [7, Corollary 3.6],
R/Nil(R) is a right weakly regular ring and every prime factor ring of R is
a simple domain. Hence every prime factor of R/Nil(R) is a simple domain.
Now for every prime ideal P of R, R/P is a simple domain. Let a + P be a
nonzero element of R/P . Then RaR + P = R, because R/P is a simple ring.
As R is left duo, Ra + P = R. This shows that R/P is a division ring and
so a von Neumann regular ring. Applying [18, 4.6], it yields that R/Nil(R) is
a von Neumann regular ring. If R/Nil(R) is not left Noetherian, then there
exists a left ideal K/Nil(R) of R/Nil(R) for which K/Nil(R) is not finitely

generated. Assume that {ki}
∞

i=1 generates K/Nil(R) and Kj =
∑j

i=1 Rki for
j = 1, 2, . . .. Then for every j, (Kj +Nil(R))/Nil(R) is a direct summand of
R/Nil(R). Now we get an infinite chain of direct summands

(K1+Nil(R))/Nil(R) ⊆ (K2+Nil(R))/Nil(R) ⊆ (K3+Nil(R))/Nil(R) ⊆ · · ·

of R/Nil(R). As idempotents lift module Nil(R), then there exists an infinite
set of direct summands in R, which is a contradiction. Therefore R/Nil(R) is
left Noetherian as desired, and the proof follows.

Conversely, assume on the contrary that there exists an infinite chain of
direct summand

e1R ⊂ e2R ⊂ enR ⊂ · · ·

in R, where ei = e2i are nontrivial idempotents in R for i = 1, 2, . . .. As R is a
duo ring, e1 6= 1, we can consider I = e1R as a proper ideal of R. Since R has
finitely many prime ideals minimal over I, the ring R/

√
I has ACC on right
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annihilators, by Theorem 1.17. Thus the ring R/
√
I and so the R/I

√

I/I
satisfies

ACC on direct summand. As direct summands of the ring R/I lift module to

Nil(R/I) =
√
I/I, we get the ring R/I satisfies ACC on direct summand. It

not hard to see that, for any i = 2, 3, . . ., eiR/I is a direct summand of the
ring R/I. As

e2R/I ⊂ e3R/I ⊂ · · ·

is a chain of direct summand ofR/I, there exists an integer k for which ekR/I =
ek+iR/I, for i ≥ 1. From this we get ekR = ek+1R = · · · , a contradiction.
Hence R has the ACC on direct summands. �

Lemma 1.12. Let R be a reduced ring. Then the following statements are

equivalent:
(1) R has finitely many minimal prime ideals;
(2) R satisfies the ACC on right (left) annihilators;
(3) any minimal prime ideal is finitely generated;
(4) R has finite left (right) uniform dimension.

Proof. (1) ⇔ (2) Note that when R is a reduced ring, then ACC on left anni-
hilators and ACC on right annihilators coincide. If R satisfies ACC on right
annihilators, then by [5, Lemma 1.16], R has only finitely many minimal prime
ideals.

For the converse assume that the number of minimal prime ideals of R is n,
namely {P1, . . . , Pn}. Assume on the contrary that R does not satisfy ACC on
right annihilators. Then by [12, Exercise 6.22] there are ti, si, i = 1, 2, . . . with
tisi 6= 0 for all positive integers i while tisj = 0 for every j < i. Hence there
exists a minimal prime ideal Pi for which si, ti 6∈ Pi, for every i = 1, 2, . . ., so
there exist distinct positive integers p, q and 1 ≤ r ≤ n such that sp, sq, tp, tq 6∈
Pr. We may assume that p < q. Then we get 0 = tqsp ∈ Pr. Since R is
reduced, minimal prime ideals of R are completely prime, so we get tq ∈ Pr or
sp ∈ Pr, which is a contradiction, and the result follows.

(1) ⇔ (3) This follows from Theorem 1.9.
(2) ⇔ (4) This is well known. �

Theorem 1.13. Let R be a 2-primal ring. Then R has finitely many minimal

prime ideals if and only if R/Nil(R) satisfies the ACC on right annihilators.

Proof. Note that there exists a one to one correspondence between the mini-
mal prime ideals in the rings R and R/Nil(R) and 2-primal condition forces
that R/Nil(R) to be a reduced ring. Now in view of Lemma 1.12, we get
R/Nil(R) satisfies the ACC on right annihilators if and only if R has finitely
many minimal prime ideals. �

Corollary 1.14. Let R be a 2-primal ring. If every minimal prime ideal is

finitely generated, then R/Nil(R) satisfies the ACC on right annihilators.
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Corollary 1.15. Let R be a 2-primal ring. If every minimal prime ideal of R

is finitely generated, then there are only finitely many minimal prime ideals in

R[x].

Proof. This follows from the fact that each minimal prime ideal of R[x] is of
the form P [x] for some minimal prime ideal P of R. �

Using Theorems 1.11 and 1.13, we deduce.

Corollary 1.16. Let R be a commutative reduced and weakly π-regular ring.

Then R satisfies the ACC on direct summands if and only if R has the ACC

on annihilators.

Theorem 1.17. Let R be a strongly 2-primal ring and I a proper ideal of R.

Then there exist finitely many prime ideals minimal over I if and only if the

ring R/
√
I has the ACC on right annihilators.

Proof. Note that R/
√
I is a reduced ring for every proper ideal I of R, because

if there exists an element a ∈ R such that (a +
√
I)2 =

√
I. Then we must

have a2 ∈
√
I. Thus a ∈

√
I, which implies that a+

√
I is zero in R/

√
I. Now

from the fact that every prime ideal minimal over I must contain
√
I, we get

the number of prime ideals minimal over I and the number of minimal prime
ideals of R/

√
I are equal. Now repeated using of 1.12 completes the proof. �

Corollary 1.18. Let R be a strongly 2-primal ring and I a proper ideal of R.

Then the following statements are equivalent:
(1) for every prime ideal P minimal over I, P/

√
I is a finitely generated

ideal of R/
√
I;

(2) the ring R/
√
I satisfies the ACC on right annihilators;

(3) there exist finitely many prime ideals minimal over I.

Proof. It follows from Theorems 1.5 and 1.17. �

According to [1], a ring R is said to be a right q.f.d.-ring if every cyclic right
R-module has finite Goldie dimension. Left q.f.d.-rings are defined symmetry.
Right q.f.d -rings have been studied in [1], [11], [15] and [17]. This is equivalent
to the requirement for every cyclic right R-module to have finitely generated
socle [11]. Examples of right q.f.d.-rings include rings with left Krull dimension.
In particular, left noetherian rings are also right q.f.d.-rings. R is a right q.f.d.-
ring if and only if every finitely generated R-module has finite Goldie dimension
[4].

Theorem 1.19. Let R be a strongly 2-primal left q.f.d.-ring and I a proper

ideal of R. Then there exist finitely many prime ideals minimal over I.

Proof. As prime ideals minimal over I and over
√
I are the same, we work

on the ideal
√
I. Since R is a left q.f.d. ring, U. dim(R/

√
I) < ∞ as a left

R-module. Hence the ring R/
√
I has the finite left uniform dimension. Now
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from [5, Lemma 1.14], the ring R/
√
I has ACC on right annihilators. Applying

Theorem 1.17 guarantees the finiteness of number of prime ideals minimal over√
I. �

Corollary 1.20. Let R be a strongly 2-primal ring with Krull dimension. Then

for every ideal I of R, R/
√
I is a semiprime left Goldie ring.

Proof. From Theorem 1.19, there are finitely many prime ideals minimal over I.
Applying Theorem 1.17, R/

√
I satisfies ACC on right annihilators. As R/

√
I

is a reduced ring, R/
√
I satisfies ACC on left annihilators if and only if R/

√
I

satisfies ACC on right annihilators. On the other hand, Lemma 1.12 implies
that R/

√
I has finite left uniform dimension. Hence R/

√
I is a semiprime left

Goldie ring. �

As mentioned above strongly 2-primal rings play an important role in the
present paper, so we provide examples of such rings. Also every 2-primal ring
with R/Nil(R) being weakly π-regular is strongly 2-primal, so we use this fact
to construct more examples of noncommutative strongly 2-primal rings.

Note that 2-primal rings, perfect rings and weakly π-regular rings transfer to
the triangular matrix rings Tn(R), Rn(R), T (R, n), so we can construct several
non-commutative strongly 2-primal rings.

Let R be a ring and σ an endomorphism of R with σ(1) = 1. We de-
note the identity matrix, unit matrices and the (i, j)-entry, in the full ma-
trix ring Mn(R), by In and eij , respectively. In [14], T. K. Lee and Y.
Zhou introduced a subring of the skew triangular matrix ring as a set of
all triangular matrices Tn(R), with addition pointwise and a new multipli-
cation subject to the condition eijr = σj−i(r)eij . So (aij)(bij) = (cij), where
cij = aiibij + ai,i+1σ(bi+1,j) + · · ·+ aijσ

j−i(bjj), for each i ≤ j and denoted it,
by Tn(R, σ).

The subring of the skew triangular matrices with constant diagonals is de-
noted by S(R, n, σ). Then

S(R, n, σ) =



































a11 a12 · · · a1n

0 a11
. . .

...
...

...
. . . an−1,n

0 0 · · · a11













| aij ∈ R, 1 ≤ i, j ≤ n























is a ring with addition pointwise and multiplication given by:

reijsejk = rσj−i(s)eik for every r, s ∈ R.

Proposition 1.21. If R is a strongly 2-primal ring with an endomorphism σ,

then so is the ring S(R, n, σ).

Proof. As R/Nil(R) ≃ S(R, n, σ)/Nil(S(R, n, σ)), applying Proposition 1.1, it
implies that S(R, n, σ) is strongly 2-primal. �
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Lemma 1.22. Let R be a 2-primal ring and assume that R/Nil(R) is a weakly

π-regular ring. Then S(R, n, σ) is a 2-primal ring and

S(R, n, σ)/Nil(S(R, n, σ))

is a weakly π-regular ring. Especially S(R, n, σ) is a strongly 2-primal ring.

Proof. Note that

A =













a11 a12 · · · a1n

0 a11
. . .

...
...

...
. . . an−1,n

0 0 · · · a11













∈ Nil∗(S(R, n, σ))

if and only if a11 is a strongly nilpotent element of R, so Nil∗(S(R, n, σ))
consists exactly those elements that their main diagonal is in Nil∗(R). It is
easy to check that Nil(S(R, n, σ)) consists exactly those elements which their
main diagonal are nilpotent. Since R is a 2-primal ring we getNil(S(R, n, σ)) =
Nil∗(S(R, n, σ)), which shows that S(R, n, σ) is 2-primal. On the other hand
from the ring isomorphism

R/Nil(R) ≃ S(R, n, σ)/Nil(S(R, n, σ)),

we get S(R, n, σ)/Nil(S(R, n, σ)) is weakly π-regular. �

Proposition 1.23. Let R be a 2-primal ring. If every minimal prime ideal of

R is finitely generated, then there are only finitely many minimal prime ideals

in S(R, n, σ).

Proof. We will show that Q is a prime ideal in S(R, n, σ) if and only if Q =
PIn +

∑

i<j Reij for some prime ideal P of R. For, assume that Q is a prime

ideal of S(R, n, σ). In view of Lemma 1.22, S(R, n, σ) is 2-primal and so
∑

i<j Reij ⊆ Nil(S(R, n, σ)) ⊆ Q. If I, J are ideals of R with IJ ⊆ Q1,
where Q1 is the set of elements of R which occur in the main diagonal of el-
ements in Q. Then (IIn +

∑

i<j Reij)(JIn +
∑

i<j Reij) ⊆ Q, where In is

the identity matrix in S(R, n, σ). As Q is a prime ideal of S(R, n, σ) we get
(IIn +

∑

i<j Reij) ⊆ Q or (JIn +
∑

i<j Reij) ⊆ Q. Hence either I ⊆ Q1 or
J ⊆ Q1 and so the set of all main diagonal of Q is a prime ideal of R.

Conversely, one can show that if P is a prime ideal of R, then Q = PIn +
∑

i<j Reij is a prime ideal of S(R, n, σ). �

Corollary 1.24. Let R be a commutative ring. If every minimal prime ideal of

R is finitely generated, then there are only finitely many minimal prime ideals

in S(R, n, σ).

Lemma 1.25. Let I be an ideal of the ring S(R, n, σ). Then for an ideal L of

R √
I =

√
LIn +

∑

i<j, 1≤i≤n, 2≤j≤n

Reij .
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Proof. Assume that I is an ideal of S(R, n, σ). Then as
∑

i<j, 1≤i≤n, 2≤j≤n Reij

is a nilpotent ideal of S(R, n, σ),
∑

i<j, 1≤i≤n, 2≤j≤n Reij ⊆
√
I.

Let L be the set of all elements of R which occur in the main diagonal
elements of I. Then L is an ideal of R such that

√
LIn ⊆

√
I. Hence

√
LIn +

∑

i<j, 1≤i≤n, 2≤j≤n

Reij ⊆
√
I.

If A ∈
√
I, then there exists an integer n such that An ∈ I. So we have

A ∈
√
LIn +

∑

i<j, 1≤i≤n, 2≤j≤n

Reij, i.e.,
√
I =

√
LIn +

∑

i<j, 1≤i≤n, 2≤j≤n

Reij .

�

Corollary 1.26. Let L be a proper ideal of R. Then the right uniform dimen-

sions of the rings R/
√
L and S(R, n, σ)/

√
I are equal, where I is an ideal of

S(R, n, σ) with
√
I ∩ In =

√
LIn, where In is the identity matrix.

Corollary 1.27. Let L be a proper ideal of R. If there exist finitely many

minimal primes over L, then there are finitely many minimal primes over the

ideal I of S(R, n, σ), where
√
I ∩ In =

√
LIn.
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