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This paper proposes a graph-theatrical approach to 
optimize spatial reuse by adopting a technique that 
quantizes the channel information into single bit sub-
messages. First, we introduce an interference graph to 
model the network topology. Based on the interference 
graph, the computational requirements of the algorithm 
that computes the optimal spatial reuse factor of each  
user are reduced to quasilinear time complexity, ideal   
for practical implementation. We perform a resource 
allocation procedure that can maximize the efficiency of 
spatial reuse. The proposed spatial reuse scheme provides 
advantages in beamforming systems, where in the 
interference with neighbor nodes can be mitigated by 
using directional beams. Based on results of system level 
measurements performed to illustrate the physical 
interference from practical millimeter wave wireless links, 
we conclude that the potential of the proposed algorithm is 
both feasible and promising. 
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I. Introduction 

Link scheduling algorithms have been widely studied to 
enhance the performance of wireless communication systems 
[1]–[4]. Scheduling techniques based on fully informed 
channel quality information are considered as conventional and 
straightforward solutions that can guarantee optimal scheduling 
results. However, the computational complexity and resource 
overhead of these algorithms are problematic because the best 
solutions require large amounts of channel information to be 
sent over the entire network, and the solutions must contend for 
a single central node to accommodate the requirements for an 
optimal spatial reuse scheduling procedure.  

Scheduling algorithms that model the network as vertices  
of a graph offer advantages relative to interference-based 
scheduling for several reasons: the implementation is relatively 
easy, and the computational complexity is, at worst, linear,  
and the resources required and performance measurement 
overhead can be minimized [1], [3], [5]. In addition, the 
interference edge of a graph model can present one-bit 
quantization information about the interference level. Thus, 
graph-based algorithms are more feasible to implement. By 
using a proper threshold value for generating the interference 
edge, we can avoid performance degradation while obtaining 
significant gain from spatial reuse. 

On the other hand, beamforming technology is regarded as 
one of the key features to enhance system performance by 
using intelligent scheduling algorithms [6]–[8]. Beamforming 
technology in millimeter-wave bands is also considered as a 
key enabler for 5th generation communications systems [9]–
[13]. It has been adopted for application to wireless 
communication systems in order to achieve a maximal high 
throughput. According to the well-known Friis law [14], 
millimeter wave signals incur much larger signal attenuation 
during propagation. As one of the most effective solutions to 
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the large propagation loss, beamforming plays a key role    
by preventing the transmission of energy from spreading 
arbitrarily in all directions. Using an array antenna, electrical 
energy can be concentrated toward the intended destination 
point such that the electrical signals do not reach unintended 
areas. In addition, the beamforming feature ensures robust 
multi-gigabit communication over millimeter wave bands by 
using a wide bandwidth. The majority of future wireless 
communication systems including 5th generation systems and 
the next generation of Wi-Fi systems, such as IEEE 802.11 
ad/ay, have already adopted the millimeter wave beamforming 
technology to exploit the advantages of the beamforming 
feature. 

Within the literature, recent mmWave beamforming 
technologies and the beam training techniques for application 
to practical wireless communication systems, including 5th 
generation communications systems, are described [9], [10], 
[13]; however, this research does not include an efficient spatial 
reuse scheme. The usage model can be limited because the 
practical mmWave radio channel for wireless communications 
is not considered at the system level. While there may exist 
research in the field of efficient resource management and 
cooperation with millimeter wave communications [15]–[17], 
our study considers a practical system model and mmWave 
radio channels that build upon the feasibility and complexity 
limitations of this previous research in the application to 
practical wireless communication systems.  

To reduce the large amount of feedback information from 
link scheduling that includes millimeter wave beamforming 
techniques, a graph model can be constructed for the proposed 
scheduling algorithm [18]–[24]. Building on this research, we 
propose a graph-based scheduling algorithm that uses a one-bit 
quantized indicator of the interference level to reduce the 
signaling overhead. Relative to this graph model, a vertex 
corresponds to a wireless communication link. Vertices are 
connected by an edge when considerable interference is 
detected between the corresponding wireless links. Thus, we 
obtain an interference graph that reflects the real wireless 
communication environments. Then, resource allocation can 
be efficiently performed to improve spatial reuse efficiency 
based on the interference graph. With the application of the 
theoretical analysis to the practical wireless communication 
systems [25]–[32], we devise, propose, and analyze a graph-
based algorithm. Then, we show that the proposed scheduling 
procedure can avoid link corruption while obtaining significant 
gain from spatial reuse.  

II. System Model 

In this section, we describe the system model that represents  

 

Fig. 1. Colored interference graph obtained from a sample network.
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a graph-based scheduling algorithm. The proposed scheduling 

algorithm is designed from an interference graph with a 

network topology as shown in Fig. 1. Here, the interference 

graph that represents the real network topology can be defined 

as ( , ),G V E  where V = {v1, v2, … , vN} is the set of vertices in 

which vi represents a wireless communication link, and      

E = {e1, e2, … , eM} is the set of edges in which ei represents the 

indication of interference between the two wireless links. If any 

two wireless links interfere with each other, the corresponding 

vertices are connected with an edge. Each communication link 

corresponds to a vertex v and is composed of a source node and 

a destination node. An interference edge consists of two 

vertices represented as vi and vj. Each vertex vi has a serving 

node 
ivs  and destination node .

ivd  The graph that reflects 

the network topology is obtained by the following rule. 

     , , : .: ,
i i j ji v v j v vv s d v s d             (1) 

If ,v vi j
s d cSNR    or , ,

v vj i
s d cSNR    j iv v E   and vi 

,jv E   where   
,, 0

/ ,
v v vv v i i ji j

s S ds d
PLSNR N  c  is  

a threshold value for sensing interference, 
vi

s  is the 

transmission power of node 
 

,,
i v vi j

v S ds PL  is the path loss 

between source station 
ivS  and destination station ,

jvd  and 

N0 is the background noise power. Applying the above rule, we 
can define an interference graph G consisting of several 
vertices and edges.  

III. Graph-Based Algorithm for Optimal Spatial Reuse 

Graph theory can be applied to wireless communication 
systems to enhance scheduling performance. In particular, we 
apply the well-known graph coloring problem to support the 
map coloring problem. This problem was proposed in the 
nineteenth century and an algorithm published in 1976 [33]. 
The chromatic number of an interference graph G is the 
minimum number of colors required for a proper graph 
coloring; that is, no two adjacent vertices share the same color. 
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In this paper, the chromatic color is denoted by ( )G . For an 
interference graph G with n vertices, the following inequality is 
always true.  

1 ( ) .G n                   (2) 

If each of the communication links in a network does not 
interfere with other communication links, the interference 
graph will possess no edges and chromatic number will be 1. 
On the other hand, if each communication link of a network 
interferes with all other communication links, the interference 
graph is a complete graph and the chromatic number is n. 

By applying Vizing’s Theorem [34], we can improve the 

upper bound of ( ),G  by reformulating the bound in terms 

of ( ),G  the maximum number of interference links of any 

communication link. Proposition 1 is a practical application  

of graph theory to the spatial reuse algorithm for wireless 

communications systems. Variable ( )G  denotes the 

maximum degree of any vertex. 

Proposition 1. For any interference graph G generated for a 

given network topology, ( ) ( ) 1.G G    
Proof. Select a vertex, vn, such that the vertices of G are 

1 2, , , nv v v  so that if i < j, then ( , ) ( , ).i n j nd v v d v v  Here, 
d is defined as the Euclidean distance between the two vertices. 
Then, we can enumerate the vertices ordered by distance from 
vn in descending order. We use integers 1, 2, … ,  + 1 as 
colors, where  is the chromatic number. We first color vi with 
1. Then for each vi in the order, we color vi with the smallest 
integer that does not violate the proper coloring requirement, 
and is distinct from the colors already assigned to the 
neighboring vertices of vi. For i < n, we claim that vi is colored 
with one of 1, 2, … , . For 1 < i < n, vi has at least one 
neighbor that is not yet colored, that is, a vertex closer to vn  
on a shortest path from vn to vi. Thus, the neighbors of vi use at 
most  – 1 colors from the colors 1, 2, … , , leaving at least 
one color from this list available for vi.  

Once v1, … , vn–1 have been colored, all neighbors of vn have 
been colored using the colors 1, 2, … , , so color  + 1 may 
be used to color vn.                             ■ 

Now, we color each vertex of the interference graph as 
follows.  

We define function F:V→N that maps a vertex to an 
arbitrary color in N, which is set of available colors, such that 
adjacent vertices cannot be assigned the same color as an 
adjacent vertex. Thus, if vi → vj  E, then ( ) ( ).i jF v F v  In 
order to compute the maximal spatial reuse factor, we compute 
the chromatic number ( ),G  which is defined as the 
minimum number of colors required to color G by applying the 
graph-coloring algorithm. 

 

Fig. 2. Procedure for deciding spatial reuse factor. 
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Indeed, the chromatic number ( )G  of the graph G can 
be obtained by finding the maximal complete subgraph Gs 
containing the largest number of vertices from G. Thus, we can 
express the chromatic number as following,  

( ) , where { | }.s s i sG V V v v G           (3) 

Since ( )G  is computed, the available time slots for data 
transmission are divided into ( )G  classes. Thus, an 
arbitrary wireless link that corresponds to vertex vi can be  

allocated to the time slots 
 

, ({ })
,

i

G

i ii i F v
T t




   where { }iv  are  

defined as adjacent vertices of vi, and ti is the allocated time slot 
for color i. Thus, when the non-adjacent communication links 
use the same time slots allocated according to the interference 
graph, the spatial reuse can be maximized with only limited 
information.  

From the interference graph, we can compute the optimal 
frequency reuse factor of each wireless link. Here, the color 
means the frequency/time resource that is allocated to each 
antenna of the user. This means adjacent antennas interfering 
with each other cannot share the same resources. The spectral 
efficiency will be degraded if such adjacent links share the 
same resources. The chromatic number, which is defined as the 
number of vertices constituting a maximally complete 
subgraph, matches the maximum frequency reuse factor of 
each wireless communication link in the proposed algorithm. 
This is also explained by the fact that a complete graph of n 
vertices requires n colors as proved by Brook’s theorem [35],  
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Fig. 3. Optimal reuse factor decision based on coloring algorithm
for interference graph of the sample network. 
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[5]. The efficient procedure for deciding the spatial reuse factor 
based on the interference graph is summarized in Fig. 2. 

The procedure begins by finding a maximally complete 
subgraph of G. The vertices that constitute the maximally 
complete subgraph must possess resources that are not 
allocated to any other vertex since the vertices cannot 
concurrently share the resource. Suppose ( ) ,G K   the 
frequency reuse factor of each vertex is computed as K in the 
first step. If there exists another complete subgraph with order 
K, the same operation is repeated. Subsequently, a complete 
subgraph with order K – 1 is searched. If any of the vertices 
constituting the complete subgraph with order K – 1 do not 
possess the spatial reuse factor, they are allocated an equally 
divided amount of resources. If some of the vertices already 
possess the computed spatial reuse factor from prior steps,  
the remaining resources are divided equally across the other 
vertices, excluding the pre-determined vertices. These 
operations are repeated until all vertices are examined and 
determined to possess the spatial reuse factor.  

Figure 3 is the interference graph for the sample network 
presented in Fig. 1. Each vertex is colored by applying the 
greedy coloring algorithm. Then, the optimal spatial reuse 
factor of each vertex is computed by applying the proposed 
algorithm. In the first iteration, the maximally complete 
subgraph with a degree of four is identified; thus, the spatial 
reuse factor of the four vertices constituting the maximally 
complete subgraph is determined as 4. In the second iteration, 
another complete subgraph of degree three is identified. The 
spatial reuse factor of one vertex in the complete subgraph with 
degree three is already determined in the prior step. Therefore, 
we compute the spatial reuse factor of the remaining vertices as 
8/3. In the third iteration, the same procedure is repeated and 
another complete subgraph with degree two is identified, and  

Table 1. Resource allocation to optimize the network throughput.

Scheduling procedure for dynamic resource allocation 

1 Pick an arbitrary vertex *i
v  from G. 

2
Let n* be the spatial reuse factor of *i

v  determined from interference 
graph. 

3
Allocate */T n  time slots to *i

v  from the available time slots. 
(Here, T is the total number of time slots.) 

4 Update *{ }.
i

G G v   

5 Repeat Steps 1 through 4 until every vertex is examined. 

 

the spatial reuse factor of the remaining vertex is computed. 
The major computational portion of the proposed algorithm 

consists of the process to calculate the chromatic number of  
the interference graph G. The graph coloring problem is one    
of Karp’s 21 problems that are NP-complete. However, the 
process to compute the chromatic number of a given 
interference graph can be completed in a finite time. This 
proposition is a practical application of the analysis to identify 
the upper bound of the computational complexity of deciding 
chromatic numbers in graph theory [25]–[32]. Many theorems 
proved in the field of graph theory and information theory are 
published in wireless communication and mathematics and 
computer science journals; these results can be applied to 
devise and analyze the feasibility of the proposed graph-based 
algorithm. This means the proposed algorithm can be 
implemented on a communication processor in real time. 
Proposition 2. The chromatic number of an interference graph 
can be computed in a finite amount of time [26], [27].  

Proof. Suppose that an interference graph G has n vertices and 

m edges and assume that v and w are non-adjacent vertices in G. 

Denote by G + {v, w} = G + e the graph formed by adding 

edge e = {v, w} to G. Denote by G/e the graph in which v  

and w are “identified,” that is, v and w are replaced by a single 

vertex x adjacent to all neighbors of v and w.  
The number of pairs of non-adjacent vertices is specified  

by ( ) .
2

n
G m

 
  
 

 The proof is by induction on .  If 

( ) 0,G   then G is a complete graph and the algorithm 

terminates immediately.  
Now we note that ( ) ( )G e G    and ( / ) ( ):G e G   

( ) 1 ( ) 1
2

n
G e m G 

 
      

 
 

and 

1
( / ) ( ),

2

n
G e m c

 
   
 

 

where c is the number of neighbors of both v and w. Then, 
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If ( ) 0G   then, G is not a complete graph, and therefore, 

there are non-adjacent vertices v and w which cannot be 

identified. By the induction hypothesis, the algorithm computes 

( )G e   and ( / )G e  correctly, and finally it computes  

( )G  from these in one additional step.                ■ 
The identification of the spatial reuse factor is followed by  

a scheduling process in Table 1. The proposed scheduling 
algorithm is implemented efficiently. According to the 
determined reuse factor of each vertex through the procedure 
previously described in Fig. 2, the resources are sequentially 
allocated to the wireless links to maximize the network 
throughput as following.  

IV. Feasibility for mmWave Beamforming Systems.  

To demonstrate the effectiveness of the proposed algorithm 
within an industrial environment, we performed system level 
feasibility tests by using IEEE 802.11ad testbeds that operate in 
millimeter wave bands [36], [37]. The testbeds include a 
commercially available off-the-shelf 60 GHz transmitter 
module (SK63102). Figure 4 shows the testbed set and the test 
environments. The tests are performed in an indoor gym with a 
dimension of 45 m × 45 m. The testbed consists of a modem, 
ADC/DAC, RF/antenna modules, and controller PC/monitors. 
In the cases of the PHY operation and the 16 QAM modulation, 
the code-rate 3/4 error-correction code is used to realize 
maximum throughput of the IEEE 802.11ad single-carrier 
PHY [38]. The set of beams is composed of segmented 18 
beam patterns, each of which have a beam width of 
approximately 22°. The PA output of the transmitter is fixed at 
10 dBm, and the antenna gains of the transmitter and receiver 
are 16 dBi. The directions of the TX beam and RX beam are 
fixed to the bore sight. 

To measure the effective beam width and coverage, the 
location of the TX station is fixed. The received signal strength 

 

Fig. 4. Millimeter wave system testbed and test environments.
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indication (RSSI) is measured while the location of the RX 
station is changed. The test results illustrated in Fig. 5 show that 
the measured RSSI is less than −68 dBm, when the angle 
between the TX station and the RX station is close to 20°. In 
this case, multiple users can share the same resource because 
the interference is smaller than the clear channel assessment 
(CCA) carrier sensing threshold. 

We carried out similar experiments for various beams. Five 
beams in the horizontal direction, illustrated in Fig. 6, were 
selected from the fragmented beam set. Then, the maximum 
power spectral density was measured at each position. The 
results are illustrated in Fig. 6 and Table 2 and show the signal 
attenuation in the misaligned direction is significantly large so 
that spatial reuse can be an effective technique to increase the 
network throughput in directional beamforming networks 
using millimeter wave signals. In the case such that the angle 
between the TX station and the RX station exceeds 15°, the 
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Fig. 6. Antenna gain patterns of the 18 segmented beams. 
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Table 2. Max power spectral density (dBm/Hz) with 3 MHz 

resolution. 

 Horizontal angle () 
Beam 
index 

–45 –30 –15 0 15 30 45 

1 –88.47 –88.27 –88.38 –75.86 –84.06 –85.00 –86.38

2 –86.48 –87.85 –79.09 –82.61 –86.28 –83.80 –86.41

3 –89.00 –83.53 –88.57 –88.32 –79.99 –79.78 –88.64

4 –87.56 –78.46 –81.55 –84.08 –86.64 –88.00 –88.78

5 –83.46 –88.45 –84.72 –86.40 –88.17 –77.30 –80.84
 

 
measured maximum power density is similar to the noise 
power density level. 

To create a practical implementation of the proposed 
algorithm, we suggest a methodology that is applicable to the 
IEEE 802.11ad systems. To construct the interference graph 
with limited information, a simple message passing procedure 
can be deployed. According to the specification, multiple 
network allocation vector (NAV) timers are maintained to 
monitor multiple streams based on DBand request to send 
(RTS)/DBand and clear to send (CTS) frames, which form the 
extended version of conventional RTS/CTS frames. The 
DBand RTS and DBand CTS frames in the IEEE 802.11ad 
system contain the source address and the destination address. 
Using this new frame format, the stations can accurately 
identify the neighbor communication link that affects the 
station, while overcoming a hidden node problem at the same 
time. The network topology is obtained by reporting the 
multiple NAV timer durations and the address information of 
source/destination pairs, which result in interference with the 
link. One-bit quantization is sufficient to indicate the existence 

of interference for the generation of the interference graph. 
Thus, the interference graph for the IEEE 802.11ad system can 
be constructed to implement the proposed algorithm. 

In spite of the efficiency of the proposed graph model 
relative to its computational complexity, the pairwise model 
has a fundamental limitation because it does not account for 
aggregate interference. Thus, some centralized optimization 
approaches based on measurements of interference by 
neighbors may provide the optimal solution to this problem. 
However, in general, the solutions are identified from a difficult 
non-convex problem. 

V. Performance Evaluation 

In this section, we analyze the computational complexity of 
the proposed algorithm. Let n be the number of wireless 
communication links, which are required to be scheduled for 
data transmission. Assume m time slots exist in a unit of time T. 
Then each link has an opportunity to join in each slot 
independently. In this situation, the complexity Cfull of the full-
search based resource allocation is expressed as follows. 

full ) .(2m nC                  (5) 

In the case of the proposed scheme, we first select k 
candidate vertices from the entire set of n vertices of the 
interference graph, and validate if the candidate vertices 
constitute a complete subgraph. The number of candidate 
vertices k can be changed from n to 1 until the maximally 
complete subgraph is identified. The number of possible 
combinations of k objects, taken from a set of n objects is 
expressed as follows. 

( , )

!
.

( )! !n k

n
c

n k k


 
              (6) 

To check if the k vertices selected constitute a complete 
subgraph (k – 1)! comparisons are required for each case. If the 
k vertices are fully connected, they are regarded as a complete 
subgraph. Thus, the following equation approximates the 
complexity of the proposed algorithm Cprop based on the 
number of comparators. 

prop ( , )
1 1

1

! 1 !
 1 !

( )! !

!
  2 1

( )
( )

.
( )!

n n

n k
k k

n
n

k

n k
C c k

n k k

n

n k k

 




  



  







 


       (7) 

Figure 7 illustrates the computational complexity of each 
method. Our proposed method has complexity of order O(2n), 
and the full-search based resource allocation complexity is  
O((2n)n). Our proposed method outperforms the full search 
method due to its improved computational complexity. 
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Fig. 7. Complexity analysis of the proposed algorithm. 
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Fig. 8. Number of users vs. spatial reuse efficiency with respect to
beam width. 
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We define the spatial reuse efficiency μ as a metric for 
performance evaluation. 

1

1
 ,

( )

N

i iv




                    (8) 

where N is the total number of wireless communication links in 
the network, vi is an arbitrary communication link indexed by 
, ( )ii v  is the spatial reuse factor of vi that is computed by the 

proposed scheme. Thus, μ describes the average number of 
wireless communication links that successfully reuse a time 
slot while mitigating interference. We performed system level 
simulations using MATLAB to observe the performance of the 
proposed scheme based on the IEEE 802.11ad system. In the 
simulation environments, the users were assumed to be 
uniformly distributed within a 45 m × 45 m square space. Each 
user was randomly paired with another user to establish a 
wireless communication link. The beam width of the wireless 
communication link was assumed to be configurable from 5° 

to 30°. 
As shown in Fig. 8, the spatial reuse efficiency increases as 

the number of users increases, because the opportunity for 
spatial reuse increases as the number of users increases in 
beamforming systems. Additionally, a narrower beam width 
improves the system performance because the interference 
with other wireless communication links decreases as the beam 
width decreases. From these results, we are convinced that the 
directional beamforming technology will potentially generate 
large performance gains from the proposed algorithm in dense 
wireless communication environments by improving the 
possibility of spatial reuse. According to the measurements in 
Fig. 5, the proposed algorithm can be expected to experience a 
gain in network throughput of 2.3 X in practical IEEE 
802.11ad systems. From the measurements, we are convinced 
that the proposed algorithm can be applied in many practical 
environments accompanied by significant improvement in 
network throughput. 

VI. Conclusions 

In this study, we proposed a graph-based link scheduling 
scheme to maximize spectral efficiency while the amount of 
message traffic is significantly reduced. The proposed scheme 
is easy to implement and is very effective. We also presented  
a feasible methodology to apply the proposed algorithm to 
practical millimeter wave systems. By considering aggregate 
interference in the proposed graph model, the system 
performance can be further improved, even if the complexity 
of the scheduling increases. Aggregate interference is still a 
very important issue that should be studied further. Therefore, 
we plan a further study of this issue on millimeter wave 
systems. The performance improvement demonstrated in this 
study can be applied to new applications in the next generation 
of communication systems of the future. 
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