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HYBRID FIXED POINT RESULTS VIA E.A AND

TANGENTIAL PROPERTIES IN METRIC SPACES

Muhammad Shoaib, Muhammad Sarwar, Cemil Tunç∗

Abstract. In this manuscript, hybrid fixed point results for four
maps using (E.A) and tangential properties in the setting of metric
space are studied. Application to system of functional equations is
also studied.

1. Introduction and Preliminaries

The idea of weakly commuting maps introduced by Sessa [29] to study
common fixed point. To generalized the concept of weak commutativ-
ity, Jungck [12] described the idea of compatible maps and shown that
weakly commuting maps are compatible however the converse is not
true. Pant [23, 24] started investigation of non-compatible maps and
proved common fixed points results. The concept of tangential prop-
erty for the single-valued maps defined by Sastry and Murthy [25] and
established common fixed points in a metric space. In [4], the concept
of tangential property revived by Aamri and Moutawakil and called it
property (E.A). The class of maps fulfilling property (E.A) has the
astounding property that it includes the class of compatible maps too
the class of non-compatible maps [4]. Kamran extended the property
(E.A) to a hybrid pair in [13]. In [20], Liu et al. defined the term
common property (E.A) for two-hybrid pairs and established common
fixed points for multi-valued and single-valued maps. Kamran and Ca-
kic [14] generalizes the idea of common property (E.A) by presenting
the hybrid tangential property and coincidence point results (see also
[5, 8, 9, 26, 27]).
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In [10] Jungck open the idea of weak compatibility and then extended
this property to a hybrid pair( single-valued and multi-valued) maps in
[11] by Jungck and Rhoades. In [28] Singh and Mishra make known
to the concept of (IT)-commutativity for a hybrid pair to generalized
the idea of weak compatibility. Kamran [13] presented the concept of
T-weak commutativity and shown that (IT)-commutativity is T-weak
commutativity but the converse is not true in general. Property of oc-
casionally weakly compatible for single-valued maps introduced by Tha-
gafi and Shahzad [3] and proved that the weakly compatible property for
maps forms a subclass of the occasionally weakly compatible property.
The theory of occasionally weak compatibility generalized by Abbas and
Rhoades [1] to a hybrid pair. Babu and Alemayehu [6] using property
(E.A), common property (E.A), and occasionally weak compatibility to
established some fixed point theorems for single-valued mappings. Oc-
casionally weak compatibility generalized by the author in [30] to hybrid
pair.

In the current work, using (E.A) and tangential property some hybrid
fixed point results for (F, θ) contraction in metric space. In addition
application to the system of functional equations are also discussed.

Throughout the paper CL(χ̃) and CB(χ̃) represent the collection of
nonempty closed subsets and nonempty closed and bounded subsets of
χ̃, respectively.

Lemma 1.1 ([19]). Let R̂ be a non-empty set and Q1, Q2 : R̂ → R
be mappings. If optζ∈R̂Q1(ζ) and optζ∈R̂Q2(ζ) are bounded, then

|optζ∈R̂Q1(ζ)− optζ∈R̂Q2(ζ)| ≤ supζ∈R̂|Q1(ζ)−Q2(ζ)|.

Definition 1.2 ([16]). Mapping F, θ : [0,∞)→ [0,∞) are known as
altering distance functions if the following conditions are satisfied:

• F and θ are nondecreasing and continuous.
• F (ς) = θ(ς) = 0 if and only if ς = 0.

Now, we give some definitions for multi-valued mappings defined in
a metric space (χ̃, d). For Θ1,Θ2 ∈ CL(χ̃), we define H by

H(Θ1,Θ2) =


max{δ(Θ1,Θ2), δ(Θ2,Θ1)},
if the maximum exist

∞
if the maximum not exist,

(1.1)

where

δ(Θ1,Θ2) = sup{d(a,Θ2), a ∈ Θ1}, δ(Θ2,Θ1) = sup{d(b,Θ1), b ∈ Θ1}
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and
δ(a,Θ) = inf{d(a, x), x ∈ Θ}.

Definition 1.3. Let η : χ̃ → χ̃ and λ : χ̃ → CL(χ̃) be two maps.
Then

1. If two maps η and λ commute at their coincidence points, they are
weakly compatible, that is, ληξ = ηλξ whenever ηξ ∈ λξ [11];

2. Two maps η and λ are known (IT)-commuting at ξ ∈ χ̃ if ηλξ ∈
ληξ [9, 28];

3. Map η said λ-weakly commuting at ξ ∈ χ̃ if ηηξ ∈ ληξ [13];
4. Mapping η and λ said to occasionally weakly compatible if and

only if there exists some point ξ ∈ χ̃ such that ηξ ∈ λξ if ηλξ ⊂ ληξ
[1].

Definition 1.4. Let η, θ : χ̃ → χ̃ and λ, ϕ : χ̃ → CL(χ̃) be maps.
Then

1. Mapping η and λ are known compatible if ηλξ ∈ CL(χ̃) ∀ ξ ∈ χ̃
and H(ηλξn, ληξn) = 0, whenever ξn is a sequence in χ̃ such that
lim
n→∞

λξn = Θ1 ∈ CL(χ̃) and lim
n→∞

ηξn = t ∈ Θ1 [15];

2. Mapping η and λ are non-compatible if ηλξ ∈ CL(χ̃) ∀ ξ ∈ χ̃ and
there exists at least one sequence ξn in χ̃ such that lim

n→∞
λξn =

Θ1 ∈ CL(χ̃) and lim
n→∞

ηξn → t ∈ Θ1. But lim
n→∞

H(ηλξn, ληξn) 6= 0

or is non-existent [13];
3. Mapping η and λ are known to satisfy property (E.A) if there

exists a sequence ξn in χ̃, for some t in χ̃, and Θ1 ∈ CL(χ̃) such
that lim

n→∞
ηξn = t ∈ Θ1 = lim

n→∞
λξn [13];

4. The pairs (hybrid) (η, λ) and (θ, ϕ) are known to satisfy common
property (E.A) if there exist two sequences ξn, ςn in χ̃ for some t in
χ̃, and Θ1 ∈ CB(χ̃) such that lim

n→∞
λξn = Θ1 and lim

n→∞
ϕςn = Θ2,

lim
n→∞

ηξn = lim
n→∞

θςn = t ∈ Θ1
⋂

Θ2 [20];

5. The pairs (hybrid) (η, λ) are known θ-tangential at t ∈ χ̃ if there
exist two sequences ξn, ςn in χ̃ such that lim

n→∞
ϕξn = Θ2 ∈ CL(χ̃)

and lim
n→∞

ηξn = lim
n→∞

θςn = t ∈ Θ1 = lim
n→∞

λςn [14];

6. Assume (η, λ) be the pair (hybrid). Then η is known occasionally
weakly λ- commuting ⇔ there exists x in χ̃ such that ηηx ∈ ληx
for ηx ∈ λx [30].

Lemma 1.5 ([17, 18]). Assume a metric space (χ̃, d). Then for any
α, β ∈ χ̃ and ∆1,∆2,∆3 ∈ CB(χ̃) the following hold:
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1. d(α,∆2) ≤ d(α, b) for any b ∈ ∆2;
2. σ(∆1,∆2) ≤ H(∆1,∆2);
3. d(α,∆2) ≤ H(∆1,∆2) for any α ∈ ∆1;
4. H(∆1,∆1) = 0;
5. H(∆1,∆2) = H(∆2,∆1);
6. H(∆1,∆3) ≤ H(∆1,∆2) +H(∆2,∆3);
7. H(α,∆1) ≤ d(α, β) + d(β,∆1).

Lemma 1.6 ([21]). Assume a metric space (χ̃, d) and Θ1,Θ2 ∈
CB( ˜̃χ). Then for each L > 1 and for each γ ∈ Θ1 there exists β(γ) ∈ Θ2

such that d(γ, β) ≤ LH(Θ1,Θ2).

In [7, 21], it is shown that the above lemma is also true for L ≥ 1.

Lemma 1.7. Assume a metric space (χ̃, d) and Θ1,Θ2 ∈ CB(χ̃).
Then for each L ≥ 1 and for each γ ∈ Θ1 there exists β(γ) ∈ Θ2 such
that d(γ, β) ≤ LH(Θ1,Θ2).

2. Main Results

Theorem 2.1. Assume a metric space (χ̃, d). Let f, g be single
valued mapping on χ̃ and let S, T be multi-valued mapping from χ̃ to
CL(χ̃) and let F and θ are altering distance functions. Furthermore
assume that

θ(d(fξ, gς)) + F (H(Sξ, T ς)) ≤ F (d(fξ, gς)) ∀, ξ, ς ∈ χ̃. (2.1)

Suppose that either

(i) T χ̃ ⊆ gχ̃, fχ̃ is closed subspace of χ̃, the pair (hybrid) (f, T )
satisfies property (E.A) or;

(ii) Sχ̃ ⊆ fχ̃, gχ̃ is closed subspace of χ̃, the pair (hybrid) (g, S)
satisfies property (E.A);

then sets C(f, T ) and C(g, S) are non-empty.

Proof. Assume that (i) holds, then there exist a sequence ξn in χ̃ and
Θ1 ∈ CL(χ̃) such that

lim
n→∞

fξn = γ ∈ Θ1 = lim
n→∞

Tξn. (2.2)

Since T χ̃ ⊆ gχ̃ then Tξn ⊆ gχ̃ ∀ n.
Now for γ ∈ Θ1 we have

d(γ, gχ̃) ≤ d(γ, Tξn) ∀ n.
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Now by using Lemma 1.5 we have

d(γ, gχ̃) ≤ d(γ, Tξn) ≤ H(Θ1, T ξn) ∀ n.

Applying limit throughout we have

lim
n→∞

d(γ, gχ̃) ≤ lim
n→∞

d(γ, Tξn) ≤ lim
n→∞

H(Θ1, T ξn), ∀ n.

From (2.2) it implies that γ ∈ gχ̃. Therefore, there exists a sequence ςn
in χ̃ such that lim

n→∞
gςn = γ. Consider the following

lim
n→∞

fξn = lim
n→∞

gςn = γ. (2.3)

Since fχ̃ is closed subspace, there exists α ∈ χ̃ such that

lim
n→∞

fξn = fα = γ. (2.4)

We claim that lim
n→∞

Sςn = Θ1. From (2.1) we have

θ(d(fξn, gςn)) + F (H(Tξn, Sςn)) ≤ F (d(fξn, gςn)).

Applying limit n→∞ using (2.3) and (2.2), then we obtain

θ(0) + F (H(Θ1, lim
n→∞

Sςn)) ≤ F (0).

Using definition of F and θ and Hausdorff metric we get

F (H(Θ1, lim
n→∞

Sςn)) = 0.

Using definition of F we have

H(Θ1, lim
n→∞

Sςn) = 0.

By Lemma 1.5 we have

lim
n→∞

Sςn = Θ1. (2.5)

Now, we show that α ∈ C(f, T ). Using equation (2.1), we have

θ(d(fα, gςn)) + F (H(Tα, Sςn)) ≤ F (d(fα, gςn)).

Applying n → ∞ and using equations (2.3)(2.4), (2.5) and definition of
Hausdorff metric, then it follows that

θ(d(fα, γ)) + F (H(Tα,Θ1)) ≤ F (d(fα, γ)),

which implies F (H(Tα,Θ1)) = 0.
Using property of H and definition of F we have

F (H(fα, Tα)) ≤ F (H(Θ1, Tα)) = 0.

From Lemma 1.5 we have Tα = Θ1.
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From equation (2.4) γ = fα using closeness of Tα, we get

fα ∈ Tα. (2.6)

Since T χ̃ ⊂ gχ̃, there exist β ∈ χ̃ such that

gβ = fα. (2.7)

Now we have to show β ∈ C(g, S). From (2.1), (2.6) and (2.7), we have

θ(d(fα, gβ)) + F (H(Tα, Sβ)) ≤ F (d(fα, gβ)).

From equation (2.7) we get

θ(d(fα, Sβ)) ≤ F (H(Tα, Sβ)) = 0.

Hence we have fα ∈ Sβ. But using (2.7)fα = gβ therefore gβ ∈ Sβ.
Similarly the theorem holds if we assume (ii).

Theorem 2.2. Assume a metric space (χ̃, d). Let f, g be single
valued mapping on χ̃ and let S, T be multi-valued mapping from χ̃ to
CL(χ̃) such that all addition of Theorem 2.1 are satisfied. Then the
following hold:

(i) f and T is a common fixed point, if ffα = fα and f is occasionally
T -weakly commuting at α ;

(ii) g and S is a common fixed point, if ggα = gα and g is occasionally
S-weakly commuting at α;

(iii) if combine (i) and (ii) hold then f , g, S, and T is a common fixed
point .

Proof. Since ffα = fα and fα ∈ Tfα, then γ = fγ ∈ Tγ. Similarly
γ = gγ ∈ Sγ. (iii) holds obviously.

Example 2.3. Suppose χ̃ = [0, 1] be endowed by mean of usual
metric and f, g : χ̃ → χ̃, T, S : χ̃ → CL(χ̃) and F, θ : R+ → R+ are
defined by

fς =

{
3
4 if 0 ≤ ς < 1

2

ς if 1
2 ≤ ς ≤ 1,

gς =

{
0 if 0 ≤ ς < 1

2

ς − 2
5 if 1

2 ≤ ς ≤ 1,

Tς =

{
[12 ,

3
4 ] if 0 ≤ ς < 1

2

[34 ,
4
5 ] if 1

2 ≤ ς ≤ 1,

Sς =

{
[12 ,

3
5 ] if 0 ≤ ς < 1

2

[35 ,
4
5 ] if 1

2 ≤ ς ≤ 1,



Hybrid Fixed Point Results 725

F (t) = et − 1,

and
θ(t) = log(t+ 1).

By taking ξn = 1 − 1
n where n = 3, 4, 5, 6..., lim

n→∞
gξn = 3

5 ∈ lim
n→∞

Sξn.

Clearly (g, S) satisfies E.A property. It is clear that g(χ̃) is closed sub-
space. Further T χ̃ * gχ̃ but Sχ̃ ⊆ fχ̃.

Next to verify inequality of Theorem 2.1 we have to discuss the fol-
lowing cases. If ς, ϑ ∈ [0, 12 ], then d(fς, gϑ) = 3

4 and H(Sς, Tϑ) = 3
20 .

Now
F (d(fς, gϑ)) = e0.75 − 1 = 1.117.

Similarly
F (H(Sς, Tϑ)) = e0.15 − 1 = 0.1618,

θ(d(fς, gϑ)) = log(0.75 + 1) = 0.243.

Thus clearly for ς, ϑ ∈ [0, 12 ] the inequality holds. If ς, ϑ ∈ [12 , 1], then

d(fς, gϑ) = 2
5 and H(Sς, Tϑ) = 3

20 . Therefore,

F (H(Sς, Tϑ)) = 0.1618,

F (d(fς, gϑ)) = e0.4 − 1 = 0.4918,

and
θ(d(fς, gϑ)) = log(0.4 + 1) = 0.1461.

Thus for ς, ϑ ∈ [12 , 1] the inequality holds. Thus all conditions of Theo-
rem 2.1 hold. Therefore sets C(f, T ) and C(g, S) are non-empty.

Theorem 2.4. Assume a metric space (χ̃, d). Let f, g be single
valued mapping on χ̃ and let S, T be multi-valued mapping from χ̃ to
CL(χ̃) and let F and θ be altering distance functions. Furthermore
assume that

θ(d(fξ, gς)) + F (H(Sξ, T ς)) ≤ F (d(fξ, gς)) ∀, ξ, ς ∈ χ̃. (2.8)

Assume that fχ̃ and gχ̃ are closed subspace of χ̃. Assume that either

(a) (f, T ) have g-tangential or
(b) (g, S) have f -tangential,

then sets C(f, T ) and C(g, S) are non-empty. Moreover if

(i) f and T has a common fixed point, if ffα = fα and f is occa-
sionally T -weakly commuting at α;

(ii) g and S has a common fixed point, if ggβ = gβ and g is occasion-
ally S-weakly commuting at β ;
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(iii) if (i) and (ii) hold then f , g, S and T have a common fixed point.

Proof. By the g− tangential property of the pair (f, T ), there exist
sequences ξn and ςn in χ̃ such that

lim
n→∞

fξn = lim
n→∞

gςn = γ ∈ Θ1 = lim
n→∞

Tξn,

and lim
n→∞

Sςn = Θ2 ∈ CL(χ̃). We claim that Θ1 = Θ2. From equation

(2.8) we get

θ(d(fξn, gςn)) + F (H(Tξn, Sςn)) ≤ F (d(fξn, gςn)).

Applying limit n→∞ we have

θ(0) + F (H(Θ1,Θ2)) ≤ F (0).

Which implies that F (H(Θ1,Θ2)) = 0. Using definition of F and Lemma
1.5 we have Θ1 = Θ2. Since fχ̃ and gχ̃ are subspace, which are closed,
then there exist α, β ∈ χ̃ such that

lim
n→∞

fξn = fα = γ, lim
n→∞

gςn = gβ = γ. (2.9)

Following the line of the proof of Theorem 2.1 and Theorem 2.2 the
proof concluded.

Example 2.5. Assume χ̃ = [0, 1) be endowed through usual metric
and f, g : χ̃→ χ̃, T, S : χ̃→ CL(χ̃), F, θ : R+ → R+ are defined by,

fς =

{
3
4 if 0 ≤ ς < 1

2

0 if 1
2 ≤ ς < 1,

gς =

{
0 if 0 ≤ ς < 1

2

3
4 if 1

2 ≤ ς < 1,

Tς =

{
[12 ,

3
4 ] if 0 ≤ ς < 1

2

[34 ,
4
5 ] if 1

2 ≤ ς < 1,

Sς =

{
[12 ,

3
5 ] if 0 ≤ ς < 1

2

[35 ,
4
5 ] if 1

2 ≤ ς < 1,

F (t) = et − 1,

and

θ(t) = log(t+ 1).

To check (f, T ) satisfies g- tangential property, let ξn = 1
4 −

1
n , where

n = 4, 5, 6..., and ςn = 1 − 1
n , where n = 3, 4, 5, 6..., lim

n→∞
Sξn = [12 ,

3
5 ] ∈
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CL(χ̃) and lim
n→∞

fξn = lim
n→∞

gςn = 3
4 ∈ [34 ,

4
5 ] = lim

n→∞
Tςn. Also f(χ̃) and

g(χ̃) are closed subspaces of χ̃.
Next to verify inequality of Theorem 2.4 we have to discuss the fol-

lowing cases. If ς, ϑ ∈ [0, 12 ], then d(fς, gϑ) = 3
4 and H(Sς, Tϑ) = 3

20 .
Further,

F (d(fς, gϑ)) = e0.75 − 1 = 1.117.

Similarly
F (H(Sς, Tϑ)) = e0.15 − 1 = 0.1618,

θ(d(fς, gϑ)) = log(0.75 + 1) = 0.243.

Thus for ς, ϑ ∈ [0, 12 ] the inequality holds. If ς, ϑ ∈ [12 , 1], then d(fς, gϑ) =
3
4 and H(Sς, Tϑ) = 3

20 . Moreover

F (d(fς, gϑ)) = e0.75 − 1 = 1.117,

F (H(Sς, Tϑ)) = e0.15 − 1 = 0.1618,

and
θ(d(fς, gϑ)) = log(0.75 + 1) = 0.243.

Thus for ς, ϑ ∈ [12 , 1] the inequality holds. Thus C(f, T ) 6= ∅,and
C(g, S) 6= ∅. But condition (i) of Theorem 2.4 does not hold. Therefore
f, g, S, T are not common fixed point.

3. Applications to system of functional equations

In this unit, we demonstrated the common solution for four functional
equations assumed below, using Theorem 2.1. Throughout in this sec-
tion opt used for inf or sup, Ẑ and Ŷ stands for Banach spaces, the state
space is Ĩ ⊂ Ẑ, the decision space is J̃ ⊂ Ŷ , the space of all bounded
real-valued functions on Ĩ is χ̃ = B(Ĩ), which is Banach space. Define
d : χ̃× χ̃→ R+, by

d(v́1, v́2) = sup
x∈Ĩ
|v́1(x)− v́2(x)| = ||v́1 − v́2||.

Here, ||v́|| = sup{|v́(x)| : $11 ∈ Ĩ}∀v́ ∈ B(Ĩ). Consider the system

r1($11) = opt$22∈J̃{µ($11, $22) + Ψ1($11, $22, r1(m1($11, $22)))} ∀ $11 ∈ Ĩ,

r2($11) = opt$22∈J̃{µ($11, $22) + Ψ2($11, $22, r2(m2($11, $22)))} ∀ $11 ∈ Ĩ,

r3($11) = opt$22∈J̃{ν($11, $22) + Ψ3($11, $22, r3(m3($11, $22)))} ∀ $11 ∈ Ĩ,

r4($11) = opt$22∈J̃{ν($11, $22) + Ψ4($11, $22, r4(m4($11, $22)))} ∀ $11 ∈ Ĩ,

(3.1)

where µ, ν : Ĩ × J̃ → R, mi : Ĩ × J̃ → Ĩ, Ψi : Ĩ × J̃ × R→ R. $11, $22

denote the state vectors, decision vectors respectively, m1,m2,m3 and
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m4 signify the transformations of the process, r1($11), r2($11), r3($11)
and r4($11) symbolized the optimal return functions under the initial

state $11. Let S, T, f, g : B(Ĩ)→ B(Ĩ) be define by

Sh($11) = opt$22∈J̃{µ($11, $22) + Ψ1($11, $22, h(m1($11, $22)))},
Th($11) = opt$22∈J̃{µ($11, $22) + Ψ2($11, $22, h(m2($11, $22)))},
fh($11) = opt$22∈J̃{ν($11, $22) + Ψ3($11, $22, h(m3($11, $22)))},
gh($11) = opt$22∈J̃{ν($11, $22) + Ψ4($11, $22, h(m4($11, $22)))},

(3.2)

where ($11, h) ∈ Ĩ ×B(Ĩ).

Theorem 3.1. Assume S, T, f, g : B(Ĩ) → B(Ĩ) be maps given by
(3.2) which satisfying the following.

1. µ, ν and Ψi, for i = 1, 2, 3, 4, are bounded;
2. (S, f) or (T, g) pairs, share tangential property;
3. both fχ̃, gχ̃ is closed subspace of χ̃;
4. (S, f) and (T, g) is occasionally weakly commuting at h and fur-

ther, ffh = fh and ggh = gh;
5. ∀ ($11, $22, h, w) ∈ Ĩ × J̃ ×B(Ĩ)×B(Ĩ),

|Ψ1($11, $22, h(a1($11, $22)))−Ψ2($11, $22, w(a2($11, $22)))|

≤ (d(fh, gw))e−d(fh,gw).

Then, the system (3.1) has a common solution in B(Ĩ).

Proof. Since µ, ν and Ψi, for i = 1, 2, 3, 4, are bounded, so there exists
positive integer M > 0 such that

sup{‖µ($11, $22)‖, ‖ν($11, $22)‖, ‖Ψi($11, $22, t)‖ : ($11, $22, t) ∈ Ĩ × J̃ × R} ≤M. (3.3)

Thus by Lemma 1.1, (3.2) and (3.3) S, T, f, g are self-mappings in B(Ĩ).

Let ($11, h, w) ∈ Ĩ × B(Ĩ) × B(Ĩ). Suppose that opt$22∈J̃ = inf$22∈J̃ .

Then using (3.2) we can find $22, $33 ∈ J̃ such that

Sh($11) > µ($11, $22) + Ψ1($11, $22, h(m1($11, $22)))− δ; (3.4)

Tw($11) > µ($11, $33) + Ψ2($11, $33, w(m2($11, $33)))− δ; (3.5)

Sh($11) ≤ µ($11, $33) + Ψ1($11, $33, h(m1($11, $33))); (3.6)

Tw($11) ≤ µ($11, $22) + Ψ2($11, $22, w(m2($11, $22))); (3.7)

where ($11, h) ∈ Ĩ ×B(Ĩ).
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Next, with help of (3.4) and (3.7), we have

Sh($11)− Tw($11)

> Ψ1($11, $22, h(m1($11, $22)))−Ψ2($11, $22, w(m2($11, $22)))− δ

≥ −max

{
|Ψ1($11, $22, h(m1($11, $22)))−Ψ2($11, $22, w(m2($11, $22)))|,

|Ψ1($11, $33, h(m1($11, $33)))−Ψ2($11, $33, w(m2($11, $33)))|
}
− δ.

Similarly, using (3.5) and (3.6), we have

Sh($11)− Tw($1
11)

< Ψ1($11, $33, h(m1($11, $33)))−Ψ2($11, $33, w(m2($11, $33))) + δ

≤ max

{
|Ψ1($11, $22, h(m1($11, $22)))−Ψ2($11, $22, w(m2($11, $22)))|,

|Ψ1($11, $33, h(m1($11, $33)))−Ψ2($11, $33, w(m2($11, $33)))|
}

+ δ.

So that we can write
|Sh($11)− Tw($11)|

< max

{
|Ψ1($11, $22, h(m1($11, $22)))−Ψ2($11, $22, w(m2($11, $22)))|,

|Ψ1($11, $33, h(m1($11, $33)))−Ψ2($11, $33, w(m2($11, $33)))|
}

+ δ

= max

{
|Ψ1($11, $22, h(m1($11, $22)))−Ψ2($11, $22, w(m2($11, $22)))|+ δ,

|Ψ1($11, $33, h(m1($11, $33)))−Ψ2($11, $33, w(m2($11, $33)))|+ δ

}
,

|Sh($11)− Tw($11)| < max

{
|P −Q|+ δ, |R− S|+ δ

}
, (3.8)

where

P = Ψ1($11, $22, h(m1($11, $22))),

Q = Ψ2($11, $22, w(m2($11, $22))),

R = Ψ1($11, $33, h(m1($11, $33))),

S = Ψ2($11, $33, w(m2($11, $33))).

Similarly, one can obtain (3.8), if opt$22∈J̃ = sup$22∈J̃ . Now, with the

help of (3.8), we have

|Sh($11)− Tw($11)|
≤ max{|P −Q|+ δ, |R− S|+ δ}

≤ max

{
e−d(fh,gw)(d(fh, gw)) + δ, e−d(fh,gw)(d(fh, gw)) + δ

}
,
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where ($11, h, w) ∈ Ĩ ×B(Ĩ)×B(Ĩ). Taking limit as δ → 0+, we get

‖Sh− Tw‖ ≤ e−d(fh,gw)(d(fh, gw)), ∀ h,w ∈ B(Ĩ). (3.9)

Taking Logarithms, after simple calculation, we get

d(fh, gw)+ ln
(
d(T (h(η))−S(w(η)))

)
≤ ln

(
(d(fh(η), gw(η))

)
, (3.10)

which implies

d(fh, gw)+ ln
(

1 + d(T (h(η))− S(w(η)))
)

≤ ln
(

(1 + d(fh(η), gw(η))
)
.

(3.11)

By taking θ(x) = θ, F (x) = ln(1 + x) in Theorem 2.4. Hence, we

deduce that the mappings S, T, f, g has a common fixed point in B(Ĩ).
Therefore the system (3.1) has solutions.
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