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UNIQUENESS OF SOLUTION FOR IMPULSIVE

FRACTIONAL FUNCTIONAL DIFFERENTIAL EQUATION

Sandeep Singhal and Pattani Samsudeen Sehik Uduman

Abstract. In this research paper considering a differential equation with

impulsive effect and dependent delay and applied Banach fixed point the-
orem using the impulsive condition to the impulsive fractional functional

differential equation of an order α ∈ (1, 2) to get an uniqueness solution.
At last, theorem is verified by using a numerical example to illustrate the

uniqueness solution.

1. Introduction

The differential equations with impulsive effects have been appeared as in
natural description evolution processes. For more details of relevant devel-
opment in fractional calculus and functional differential equations with state
dependent delay in references [1–16]. Feckan et al. [3] present a counterexample
to show an essence error in the formula of solutions to the impulsive Cauchy
problems for differential equations with fractional order q ∈ (0, 1). Feckan et
al. find the correct formula and established the existence the by using the fixed
point theorem. Author [16] established sufficient conditions for existence of
the solutions by applying fixed point methods first for linear and nonlinear im-
pulsive condition. Recently, Liu et al. [10] study the existence and uniqueness
of solutions for nonlinear singular multiterm impulsive fractional differential
equations.

Our present work motivated by the papers [3,10,16]. In this work, we study
linear impulsive fractional functional integro-differential equation of the form:

Dα
t y(t) = J2−α

t f(t, yρ(t,yt), B(yρ(t,yt)), t ∈ J = [0, T ], t 6= tk,(1)

∆y(tk) = xk, ∆y′(tk) = zk, k = 1, 2, . . . ,m,(2)

y(t) = φ(t), y′(t) = ϕ(t), t ∈ [−d, 0],(3)

where y′ denotes the derivative of y with respect to t and Dα
t is Caputo’s

derivative of order α ∈ (1, 2). f : J × PC0 × PC0 → X is given continuous
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function and PC0 is an abstract phase space with yt the element of PC0 defined
by yt(θ) = y(t + θ), θ ∈ [−d, 0]. We have impulse point 0 = t0 < t1 <
· · · < tm < tm+1 = T, and xk, zk ∈ R. We have ∆y(tk) = y(t+k ) − y(t−k )

and ∆y′(tk) = y′(t+k ) − y′(t−k ). The term B(yρ(t,yt)) is given by B(yρ(t,yt)) =∫ t
0
K(t, s)(yρ(s,ys))ds, where K ∈ C(D,R+), is the set of all positive functions

which are continuous on D = {(t, s) ∈ R2 : 0 ≤ s ≤ t < T} and B∗ =

supt∈[0,t]
∫ t
0
K(t, s)ds <∞, respectively.

This paper is concerned with the existence results for impulsive fractional
functional integro-differential equations with state dependent delay subject to
initial conditions. To the best of the author’s knowledge the concept of ex-
istence result of the considered problem in this paper is not treated in the
literature. This work has four sections, second section provides some prelimi-
naries. Third section is quipped with main results for the considered problem
and in fourth section has an example.

2. Preliminary

Let (X, ‖·‖X) be a complex Banach space of functions with the norm ‖u‖X =
supt∈J{|u(t)| : u ∈ X}.

To avoid the repetitions of some definitions used in this paper we refer
the paper [2] such as Riemann–Liouville fractional integral operator, Caputo’s
derivative, Phase space PC0, PC

′
0 and others preliminary.

Definition (Podulbuny [12]). Caputo’s derivative of order α > 0 with lower
limit a, for a function f : [a,∞) → R such that f ∈ Cn([a,∞), X), is defined
as

aD
α
t f(t) =

1

Γ(n− α)

∫ t

a

(t− s)n−α−1f (n)(s)ds =a J
n−α
t f (n)(t), t > a,

where a ≥ 0, n− 1 < α < n, n ∈ N.

Definition (Podulbuny [12]). The Riemann-Liouville fractional integral oper-
ator of order α > 0 with lower limit a, for a continuous function f : [a,∞)→ R
is defined by

aJ
0
t f(t) = f(t), aJ

α
t f(t) =

1

Γ(α)

∫ t

a

(t− s)α−1f(s)ds, t > a,

where a ≥ 0 and Γ(·) is the Gamma function.

Lemma 2.1. A piecewise continuous differential function y(t) : [−d, T ] → X
is a solution of the system (1)-(3) if and only if it satisfied the following integral
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equation

y(t) =



φ(0) + ϕ(0)t+
∫ t
0
(t− s)f(s, yρ(s,ys), B(yρ(s,ys))ds, t ∈ (0, t1]

φ(0) + ϕ(0)t+
∑

0<tk<t
xk +

∑
0<tk<t

(t− tk)zk
+
∑

0<tk<t

∫ tk
tk−1

(tk − s)f(s, yρ(s,ys), B(yρ(s,ys))ds

+
∑

0<tk<t
(t− tk)

∫ tk
tk−1

f(s, yρ(s,ys), B(yρ(s,ys))ds

+
∫ t
tk

(t− s)f(s, yρ(s,ys), B(yρ(s,ys))ds, t ∈ (tk, tk+1].

(4)

Proof. If t ∈ (0, t1], then by a standard procedure the solution of (1) we get

(5) y(t) = a0 + b0t+

∫ t

0

(t− s)f(s, yρ(s,ys), B(yρ(s,ys))ds,

using the initial condition y(0) = φ(0), we get a0 = φ(0), then the equation (5)
become

(6) y(t) = φ(0) + b0t+

∫ t

0

(t− s)f(s, yρ(s,ys), B(yρ(s,ys))ds.

On differentiating (5) with respect to t and by initial condition y′(0) = ϕ(0),
we get b0 = ϕ(0), then the equation (6) become

(7) y(t) = φ(0) + ϕ(0)t+

∫ t

0

(t− s)f(s, yρ(s,ys), B(yρ(s,ys))ds.

If t ∈ (t1, t2], then the solution of equation (1) we have

(8) y(t) = a1 + b1(t− t1) +

∫ t

t1

(t− s)f(s, yρ(s,ys), B(yρ(s,ys))ds,

by impulsive condition y(t+1 )− y(t−1 ) = x1 the equation (8) written as

(9) y(t+1 ) = a1,

similarly by impulsive condition y(t+1 )−y(t−1 ) = x1 the equation (7) written as

(10) y(t−1 ) = φ(0) + ϕ(0)t1 +

∫ t1

0

(t1 − s)f(s, yρ(s,ys), B(yρ(s,ys))ds,

by the equations (9) and (10) we get

(11) a1 = φ(0) + ϕ(0)t1 + x1 +

∫ t1

0

(t1 − s)f(s, yρ(s,ys), B(yρ(s,ys))ds.

Hence (8) can be written as

y(t) = φ(0) + ϕ(0)t1 + x1 + b1(t− t1) +

∫ t1

0

(t1 − s)f(s, yρ(s,ys), B(yρ(s,ys))

+

∫ t

t1

(t− s)f(s, yρ(s,ys), B(yρ(s,ys))ds.(12)
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On differentiating equation (12) with respect to t and by impulsive condition
y′(t+1 )− y′(t−1 ) = z1, we get

(13) y′(t+1 ) = b1.

On differentiating equation (7) with respect to t and by impulsive condition
y′(t+1 )− y′(t−1 ) = z1, we get

(14) y′(t−1 ) = ϕ(0) +

∫ t1

0

f(s, yρ(s,ys), B(yρ(s,ys))ds.

From equation (13) and (14) we have

(15) b1 = ϕ(0) + z1 +

∫ t1

0

f(s, yρ(s,ys), B(yρ(s,ys))ds.

Hence equation (12) can be written as

y(t) = φ(0) + x1 + ϕ(0)t+ (t− t1)z1 + (t− t1)

∫ t1

0

f(s, yρ(s,ys), B(yρ(s,ys))ds

+

∫ t1

0

(t1 − s)f(s, yρ(s,ys), B(yρ(s,ys))ds

+

∫ t

t1

(t− s)f(s, yρ(s,ys), B(yρ(s,ys))ds.

Repeating the process in this way, the solution y(t) for t ∈ (tk, tk+1] can be
written as

y(t) = φ(0) + ϕ(0)t+
∑

0<tk<t

xk +
∑

0<tk<t

(t− tk)zk

+
∑

0<tk<t

∫ tk

tk−1

(tk − s)f(s, yρ(s,ys), B(yρ(s,ys))ds

+
∑

0<tk<t

(t− tk)

∫ tk

tk−1

f(s, yρ(s,ys), B(yρ(s,ys))ds

+

∫ t

tk

(t− s)f(s, yρ(s,ys), B(yρ(s,ys))ds.

Summarizing the result we get equation (4). It clear that the solution given in
(4) satisfies the system (1)-(3). This completes the proof of the lemma. �

3. Existence results

To prove our results we shall assume the function ρ : [0, T ]×PC0 → (−∞, T ]
is continuous. For the forthcoming analysis, we need the following assumption:

(H1) f : J × PC0 × PC0 → X is jointly continuous function and there exist
positive constants Lf1, Lf1 such that

‖f(t, ψ, ϕ)−f(t, ξ, χ)‖X ≤ Lf1‖ψ−ξ‖PC0
+Lf2‖ϕ−χ‖PC0

, ∀ ψ,ϕ, χ, ξ ∈ PC0.
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The proof of present theorem is based on contraction principal.

Theorem 3.1. Suppose that the assumption (H1) satisfied and

δ =
T 2

2
(2 + 3m)(Lf1 +B∗Lf2) < 1,

where B∗ = supt∈[0,t]
∫ t
0
K(t, s)ds. Then the problem (1)-(3) has a unique solu-

tion on J.

Proof. Consider the space PC ′′0 = {y ∈ PC ′0 : y(0) = φ(0)} and y(t) = φ(t) −
g(y) for t ∈ [−d, 0] endowed with the uniform convergence topology.

Now let us define the operator P : PC ′′0 → PC ′′0 by

Py(t) =



φ(0) + ϕ(0)t+
∫ t
0
(t− s)f(s, yρ(s,ys), B(yρ(s,ys))ds, t ∈ (0, t1]

φ(0) + ϕ(0)t+
∑

0<tk<t
xk +

∑
0<tk<t

(t− tk)zk
+
∑

0<tk<t

∫ tk
tk−1

(tk − s)f(s, yρ(s,ys), B(yρ(s,ys))ds

+
∑

0<tk<t
(t− tk)

∫ tk
tk−1

f(s, yρ(s,ys), B(yρ(s,ys))ds

+
∫ t
tk

(t− s)f(s, yρ(s,ys), B(yρ(s,ys))ds, t ∈ (tk, tk+1].

(16)

It is clear that the operator P is well defined. We will show that the operator
P : PC ′′0 → PC ′′0 has a fixed point. To show this, let us consider y, y∗ ∈ PC ′′0
for t ∈ (0, t1] then

‖P (y)(t)− P (y∗)(t)‖X

≤
∫ t

0

(t− s)‖f(s, yρ(s,ys), B(yρ(s,ys))− f(s, y∗ρ(s,y∗s ), B(y∗ρ(s,y∗s ))‖Xds

≤ T 2

2
(Lf1 +B∗Lf2)‖y − y∗‖X .

For t ∈ (tk, tk+1], we have

‖P (y)(t)− P (y∗)(t)‖X

≤
∑

0<tk<t

∫ tk

tk−1

(tk − s)‖f(s, yρ(s,ys), B(yρ(s,ys))− f(s, y∗ρ(s,y∗s ), B(y∗ρ(s,y∗s ))‖ds

+
∑

0<tk<t

(t− tk)

∫ tk

tk−1

‖f(s, yρ(s,ys), B(yρ(s,ys))− f(s, y∗ρ(s,y∗s ), B(y∗ρ(s,y∗s ))‖ds

+

∫ t

tk

(t− s)‖f(s, yρ(s,ys), B(yρ(s,ys))− f(s, y∗ρ(s,y∗s ), B(y∗ρ(s,y∗s ))‖ds

≤ T 2

2
(2 + 3m)(Lf1 +B∗Lf2)‖y − y∗‖X .

For all t ∈ [0, T ]

‖P (y)(t)− P (y∗)(t)‖X ≤ δ‖y − y∗‖X .
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Since δ < 1, its implies that P is a contraction mapping and P has a unique
fixed point y ∈ PC ′′0 . Its means that the system (1)-(3) has an unique solution
on J . This complete the proof of the theorem. �

4. Example

Consider the following nonlinear impulsive fractional functional integral
boundary value problem

D
3
2
t y(t) =

1

Γ(2− α)

∫ t

0

(t− s)1−α[
e−ty(t− σ(‖y‖))

(9 + et)(1 + y(t− σ(‖y‖)))

+

∫ t

0

cos(t− s)y(t− σ(‖y‖))
25

ds]ds, t 6= 1

2
,(17)

y(t) = φ(t), y′(t) = ψ(t), t ∈ [−d, 0],(18)

∆y|t= 1
2

=
x 1

2

5
, ∆y′|t= 1

2
=
z 1

2

9
.(19)

For the phase space. By setting

f(t, φ,Bφ) =
e−tφ

(9 + et)(1 + φ)
+

∫ t

0

cos(t− s) φ
25
ds,

the equations (17)-(19) can be written in the abstract form as (1)-(3). We can
easily verified all assumptions of (H1). Therefore system (17)-(19) has a unique
solution.

5. Conclusion

The conclusion is based on the results derived from this paper. The Banach
fixed point theorem has been interpolated to obtain the sufficient condition of
uniqueness solution for an impulsive fractional functional differential equation
order α ∈ (1, 2), with the state dependent delay and an impulsive effect and
also the numerical example has been illustrated to verify the theorem. This
result is having vast application in the field of science, engineering, astrophysics,
classical mechanics and harmonic motion function. Further this paper may be
carried forward to higher fractional order of differential equation.
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