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A STABILITY RESULT FOR P-CENTROID BODIES

Lujun Guo, Gangsong Leng, and Youjiang Lin

Abstract. In this paper, we prove a stability result for p-centroid bodies

with respect to the Hausdorff distance. As its application, we show that

the symmetric convex body is determined by its p-centroid body.

1. Introduction

The centroid body ΓK of a convex body K ∈ Rd is a classical notion from
geometry (see e.g. [3, 7, 9, 11, 12, 23, 24]) that has attracted much attention in
recent years. The name centroid body was first given and investigated by Petty
[22], but the concept had previously appeared in work of Dupin, in connection
with problems for floating bodies (see e.g., the book of Schneider [23], Section
7.4). If K is an origin symmetric convex body, it turns out that ΓK is bounded
by the locus of the centroids of all the halves of K obtained by cutting K with
hyperplanes through the origin.

The concept of a centroid body had a natural extension in what became
known as the Lp Brunn-Minkowski theory and its dual (see e.g., [13, 14]). For
each real number p ≥ 1, the p-centroid body ΓpK of a convex body K is defined
by its support function:

hΓpK(x) =
( 1

V (K)

∫
K

|x · y|pdy
) 1

p

,(1)

where the integration is with respect to Lebesgue measure. This body is ho-
mothetic to the p-centroid body defined by Lutwak and Zhang in [18] (see also
[15]).

For p = 1, the set Γ1K is known in the literature as the centroid body ΓKof
K.
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For p = 2, Γ2K is homothetic to the Legendre ellipsoid of K, which arises
in classical mechanics in connection with the moments of inertia of K (see e.g.,
[19]).

Γ∞K is interpreted as a limit of (1), as p → ∞, then Γ∞K = conv(K ∪
(−K)), where conv stands for the convex hull. Such a body was investigated
by Fáry and Rédei [3] in the framework of affine inequalities related to the
geometry of numbers.

The p-centroid bodies have recently been studied by different authors (see
e.g. [1,2,4,5,8,15,16,18,20,21,26,27] etc.). In [5], Gardner and Giannopoulos
established an inclusion for p-cross-section bodies and applied this to disprove
a conjecture of Makai and Martini. In [18], Lutwak and Zhang established
the centro-affine inequality involving the volumes of K and its polar p-centroid
body. The Lp Busemann-Petty centroid inequality was established by Lutwak,
Yang and Zhang in [15] with an independent approach presented by Campi
and Gronchi [1]. In [4], Fleury, Guédon and Paouris proved a type of stability
result for p-centroid bodies with respect to the geometric distance. The Orlicz
Brunn-Minkowski theory originated with the work of Lutwak, Yang and Zhang
in 2010 and the topics of Orlicz centroid bodies are treated in [17,25].

The geometric distance between two symmetric convex bodies K and L is
defined by

d(K,L) = inf{ab | a, b > 0 and
1

a
K ⊂ L ⊂ bK}.

In [4], Fleury, Guédon and Paouris proved the following stability result for
origin symmetric convex bodies.

Theorem A ([4]). There exists a constant c > 0 such that for every integer d
greater than 3 and any odd integer p ≤ d, we have the following property: if K is

a symmetric convex body in Rd such that for some a > 1 and ε ∈ (0, (ca)−2d3),

d(K,Bd) ≤ a and d(ΓpK̃,ΓpB̃d) ≤ 1 + ε,

where K̃ = V (K)−
1
dK and B̃d = V (Bd)−

1
dBd, then

d(K,Bd) ≤ 1 + h(ε) and (1− h(ε))ΓpB̃d ⊂ ΓpK̃ ⊂ (1 + h(ε))ΓpB̃d,

where h(ε) = (ca)d+p+1ε
1
d2 .

In this paper, we will prove a stability result for the convex bodies from their
p-centroid bodies with respect to the Hausdorff distance δ(K,L). Let K d

e (r,R)
be the set of origin symmetric convex bodies K satisfying rBd ⊂ K ⊂ RBd.

Our main result is the following theorem.

Theorem 1. Let K,L ∈ K d
e (r,R) such that V (K) = V (L), p ≥ 1, p 6= 2k,

k ∈ N. If, for some ε ≥ 0,

δ(ΓpK,ΓpL) ≤ ε,
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then

δ(K,L) ≤ c(d, r,R, p)ε
2

(d+1)(d+4)

with an explicit constant c(d, r,R, p) depending only on d, r,R, p.

From Theorem 1, we obtain the following corollary.

Corollary. Let K,L ∈ K d
e (r,R) such that V (K) = V (L). If for some p ≥ 1,

p 6= 2k, k ∈ N, ΓpK = ΓpL, then K = L.

2. Background and materials

For quick later reference, we collect in this section background materials
regarding convex bodies (see e.g., the book of Schneider [23]). We also state
some known facts about spherical harmonics (see e.g., the book of Groemer
[6]).

Let Rd denote the d-dimensional Euclidean space with corresponding Eu-
clidean norm | · |. Let Bd denote the origin centered standard unit ball in Rd.
The set Sd−1 is the unit sphere of Rd and σ is its spherical Lebesgue measure.
Write κd for V (Bd) the volume of Bd and ωd for σ(Sd−1) the surface area of
Bd.

A set K in Rn is a star-shaped (about the origin) if every straight line passing
through the origin crosses the boundary of K at exactly two points different
from the origin. The radial function ρK = ρ(K, ·) : Rn \ {0} → [0,∞), of a
compact, star-shaped (about the origin) K ∈ Rn, is defined by

ρK(v) := max{λ ≥ 0 : λv ∈ K} for v ∈ Rd \ {0}.

If ρK is positive and continuous, K is called a star body (about the origin).
A convex body K is a compact, convex set with non-empty interiors. Let

V (K) denote the volume of K. Associated with a convex body K is its support
function hK defined for x ∈ Rd by hK(x) := max{x · y : y ∈ K}. The function
hK is positively homogeneous of degree 1. We will usually be concerned with
the restriction of the support function to the unit sphere Sd−1.

The Hausdorff distance between convex bodies K,L is defined by

δ(K,L) := min{λ ≥ 0|K ⊂ L+ λBd, L ⊂ K + λBd}.

In terms of the support function, the Hausdorff distance between convex bodies
K,L can also be expressed as follows,

δ(K,L) = max
u∈Sd−1

|hK(u)− hL(u)|.(2)

If f is a real valued function on Sd−1, let

f+(u) :=
1

2
(f(u) + f(−u)), f−(u) :=

1

2
(f(u)− f(−u)).

Then, f = f+ + f−, and f+ is an even function and f− is an odd function on
Sd−1.
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For each real number p ≥ 1, let Cp denote the p-cosine transformation on
Sd−1, i.e., for each bounded integrable function f on Sd−1, let Cpf be the
function defined by

Cp(f)(u) =

∫
Sd−1

|u · v|pf(v)dσ(v)

for u ∈ Sd−1.
Let L2(Sd−1) denote the class of all real valued Lebesgue integral functions

f on Sd−1 with the property that
∫
Sd−1 f

2(u)dσ(u) < ∞. If f, g ∈ L2(Sd−1),

the inner product 〈f, g〉 is defined by 〈f, g〉 =
∫
Sd−1 f(u)g(u)dσ(u). Let ‖ · ‖

denote the norm derived from this inner product. Two functions f, g from
L2(Sd−1) are said to be orthogonal if 〈f, g〉 = 0. A sequence H0, H1, . . . with
Hi ∈ L2(Sd−1) and ‖Hi‖ 6= 0, for all i, will be called an orthogonal sequence
if 〈Hi, Hj〉 = 0 whenever i 6= j. If f ∈ L2(Sd−1) and H0, H1, . . . is a given
orthogonal sequence, then

∑∞
i=0 αiHi is called the Fourier series of f , where

the numbers αi = 〈f,Hi〉
‖Hi‖2 . To indicate that

∑∞
i=0 αiHi is the Fourier series of a

given function f , we write

f ∼
∞∑
i=0

αiHi.(3)

Let ∇ denote the gradient. If f is a function whose domain is a subject of
Rd that contains Sd−1, we write f∧ for the restriction of f to Sd−1. On the
other hand, if f is defined on Sd−1, we let f∨ denote the radial extension of
f to Rd \ {0}. This means that f∨(x) = f( x

|x| ). Using the above extension

procedure one can transfer the gradient to the operator acting on functions on
Sd−1. We define ∇o by ∇of = (∇f∨)∧. So ∇of exists if f is, respectively,
twice or once differentiable.

Let H d
n denote the space of all spherical harmonics of degree n in d variables

and H d the space of all finite sums of spherical harmonics of dimension d. If
H0, H1, . . . is a standard sequence of d-dimensional spherical harmonics, the
relation of (3) will also be expressed by saying that

∑∞
i=0 αiHi is a harmonic

expansion of f . We defineQn =
∑
χ(Hi)=n

αiHi, where χ(Hi) is the order of the

spherical harmonic Hi, and call
∑∞
n=0Qn the condensed harmonic expansion,

or simply the condensed expansion of f and write again

f ∼
∞∑
n=0

Qn.(4)

From the definition of the Fourier coefficients, it follows immediately that

‖f −
m∑
i=0

αiHi‖2 = ‖f‖2 −
m∑
i=0

α2
i ‖Hi‖2.(5)
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An obvious consequence of (5) is the fact that equality limm→∞ ‖f−
∑m
i=0 αiHi‖

= 0 holds if and only if ‖f‖2 =
∑∞
i=0 α

2
i ‖Hi‖2. The latter relation is called Par-

seval’s equation.
If f is twice differentiable, from (4) and Parseval’s equation, one can have

the following classical conclusion

‖∇of‖2 =

∞∑
n=1

n(n+ d− 2)‖Qn‖2.(6)

Lemma 2.1 ([6]). Let f and g be two continuous functions on Sd−1 with
respective contensed harmonic expansions

f ∼
∞∑
n=0

Qn, g ∼
∞∑
n=0

ξnQn,

and assume that Qn = 0 whenever ξn = 0. If ξ signifies the sequence ξ0, ξ1, . . .
and if t > 0 is given, let Γ(f, ξ, t) be defined by

Γ(f, ξ, t) =
∑
ξn 6=0

|ξn|−t‖Qn‖2,(7)

provided this series converges. Then

‖f‖ ≤ Γ(f, ξ, t)
1

t+2 ‖g‖
t

t+2 .(8)

3. Proof of the main result

The following result is crucial to prove our stability result for p-centroid
bodies. A simple proof is given by Kolodobsky [10].

Lemma 3.1. If H ∈ H d
n (d ≥ 2) and p ≥ 1, p 6= 2k, k ∈ N, then, for all

u ∈ Sd−1,

Cp(H)(u) =

∫
Sd−1

|u · v|pH(v)dσ(v) = λd,nH(u),

where

λd,n =
π

d
2−1Γ(p+ 1) sin(π(n−p)

2 )Γ(n−p2 )

2p−1Γ(d+n+p
2 )

for even n and λd,n = 0 for odd n.

The following result was obtained by Greomer [6] for p = 1. Along the same
approach, we extend it to all p ≥ 1, p 6= 2k, k ∈ N. For reader’s convenience,
we present the proof it here.

Lemma 3.2. If f1 and f2 are twice continuously differentiable functions on
Sd−1(d ≥ 2) and p ≥ 1, p 6= 2k, k ∈ N, then

‖f+
1 − f

+
2 ‖2 ≤ ψ(f1, f2)‖Cp(f1)− Cp(f2)‖

4
d+4 ,(9)

with ψ(f1, f2) = λ
−2− 2

d+4

d,0 ‖Cpf1−Cpf2‖2 + 2
cp

(∇o‖f1‖2 +∇o‖f2‖2) and cp > 0

is a constant.
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Proof. If we write the condensed expansion of fi(i = 1, 2) in the form

fi ∼
∞∑
n=0

Qin,

then

f+
1 − f

+
2 ∼

∑
n=2k,k∈N

(Q1
n −Q2

n).(10)

To prove (9), we let λ denote the sequence λd,0, λd,2, λd,4, . . . with λd,n as in
Lemma 3.1. From (10) and (7), it follows that

Γ(f+
1 − f

+
2 , λ,

4

d+ 2
) = λ

− 4
d+2

d,0 ‖Q1
0 −Q2

0‖2 +
∑

n=2k,k∈N+

|λd,n|−
4

d+2 ‖Q1
n −Q2

n‖2.

(11)

Combining 〈Cpf,H〉 = 〈f,CpH〉 with Lemma 3.1, one sees that

Cp(f) ∼
∞∑
n=0

λd,nQn,(12)

with λd,n as in Lemma 3.1.
This equation and Parseval’s equation show that

‖Q1
0 −Q2

0‖2 ≤ λ−2
d,0

∑
n=2k,k∈N

|λd,n|2‖Q1
n −Q2

n‖2

= λ−2
d,0‖Cpf1 − Cpf2‖2.(13)

Let

cp = min{ min
p>n,n even

{|λd,n|
4

d+2n(n+ d− 2)}, min
p<n,n even

{|λd,n|
4

d+2n(n+ d− 2)}}.

From (11), (13), the fact that ‖Q1
n − Q2

n‖2 ≤ 2(‖Q1
n‖2 + ‖Q2

n‖2)2 and (6),
we have

Γ(f+
1 − f

+
2 , λ,

4

d+ 2
)

(14)

≤ λ
−2− 2

d+4

d,0 ‖Cpf1 − Cpf2‖2 +
∑

n=2k,k∈N+

|λd,n|−
4

d+2 ‖Q1
n −Q2

n‖2

≤ λ
−2− 2

d+4

d,0 ‖Cpf1 − Cpf2‖2

+
∑

n=2k,k∈N+

2

|λd,n|
4

d+2n(n+ d− 2)

[
n(n+ d− 2)‖Q1

n‖2 + n(n+ d− 2)‖Q2
n‖2
]

≤ λ
−2− 2

d+4

d,0 ‖Cpf1 − Cpf2‖2

+
∑

n=2k,k∈N+

2

cp

[
n(n+ d− 2)‖Q1

n‖2 + n(n+ d− 2)‖Q2
n‖2
]
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≤ λ
−2− 2

d+4

d,0 ‖Cpf1 − Cpf2‖2 +
2

cp
(∇o‖f1‖2 +∇o‖f2‖2).

From Lemma 2.1 and (14), we obtain (9). �

Proof of Theorem 1. We assume that the assumptions are satisfied and K and
L have twice continuously differentiable radial functions. If the Theorem is
proved under this assumption, then the general case follows by approximation.

It follows from the definitions of the p-centroid body and p-cosine transfor-
mation that

hpΓpK
(u) =

1

(d+ p)V (K)

∫
Sd−1

|u · v|ρd+p
K (v)dσ(v)

=
1

(d+ p)V (K)
Cp(ρ

d+p
K )(u)(15)

and

hpΓpL
(u) =

1

(d+ p)V (L)
Cp(ρ

d+p
L )(u).(16)

Since K,L ∈ K d
e (r,R), it is clear that

rdκd ≤ V (K), V (L) ≤ Rdκd

and

max
u∈Sd−1

{hΓpK(u), hΓpL(u)} ≤
( 1

(d+ p)rdκd
κd−1R

d+p
) 1

p

=: c1(d, r,R, p),

where c1(d, r,R, p) is an explicit constant depending only on d, r,R, p.
Hence

‖Cp(ρd+p
K )− Cp(ρ

d+p
L )‖2

≤
(
(d+ p)Rdκd

)2∫
Sd−1

|hpΓpK
(u)− hpΓpL

(u)|2dσ(u)

=
(
(d+ p)Rdκd

)2∫
Sd−1

|hΓpK(u)− hΓpL(u)|2
( p−1∑
i=0

hiΓpK(u)hp−1−i
ΓpL

(u)
)2
dσ(u)

≤
(
(d+ p)Rdκd

)2
ωdδ(ΓpK,ΓpL)2p2c1(d, r,R, p)2(p−1)

≤ c2(d, r,R, p)ε2,(17)

where c2(d, r,R, p) :=
(
(d+ p)Rdκd

)2
ωdp

2c1(d, r,R, p)2(p−1) is an explicit con-
stant depending only on d, r,R, p.

A special case of the estimate (see e.g., [6, p. 243]) for K ∈ K d
e (r,R) gives

‖∇oρmK‖ ≤ m
√

(d− 1)ωd
Rm+1

r
(18)

for m > 0.
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From standard computations, involving Lemma 3.2, (18) and the fact ρK =
ρ+
K , ρL = ρ+

L , we can have

‖ρd+p
K − ρd+p

L ‖2 = ‖(ρd+p
K )+ − (ρd+p

L )+‖2

≤ c3(d, r,R, p)‖Cp(ρd+p
K )− Cp(ρ

d+p
L )‖

4
d+4(19)

with an explicit constant c3(d, r,R, p) depending only on d, r,R, p.

Denote c4(d, r,R, p) = c2(d, r,R, p)
2

d+4 c3(d, r, R, p), from (17) and (19), we
get

‖ρd+p
K − ρd+p

L ‖2 ≤ c4(d, r,R, p)ε
4

d+4 ,(20)

with an explicit constant c4(d, r,R, p) depending only on d, r,R, p.
It follows from K,L ∈ K d

e (r,R) that

‖ρd+p
K − ρd+p

L ‖2

=

∫
Sd−1

|ρd+p
K (u)− ρd+p

L (u)|2dσ(u)

=

∫
Sd−1

∣∣∣(ρK(u)− ρL(u)
)( d+p−1∑

i=0

ρiK(u)ρd+p−1−i
L (u)

)∣∣∣2dσ(u)

≥ (d+ p)2r2(d+p−1)

∫
Sd−1

∣∣ρK(u)− ρL(u)
∣∣2dσ(u)

= (d+ p)2r2(d+p−1)‖ρK − ρL‖2.(21)

For convex bodies K,L ∈ K d
e (r,R), the Hausdorff distance δ(K,L) can be

estimated in terms of the radial L2-metric by

δ(K,L) ≤ cdR2r−
d+3
d+1 ‖ρK − ρL‖

2
d+1(22)

with an explicit constant cd depending only on the dimension d (see e.g., Gre-
omer [6], Lemma 2.3.2).

The conclusion can be obtained from (20), (21) and (22). �

If ε = 0, from Theorem 1 we can obtain the following result.

Corollary 3.1. Let K,L be two origin-symmetric convex bodies in Rd such
that V (K) = V (L). If for some p ≥ 1, p 6= 2k, k ∈ N, ΓpK = ΓpL, then
K = L.
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