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Design and Development of a Novel High Resolution Absolute Rotary
Encoder System Based on Affine n-digit N-ary Gray Code
Sarbajit Paul* and Junghwan Chang†
Abstract – This paper presents a new type of absolute rotary encoder system based on the affine ndigit N-ary gray code. A brief comparison of the existing encoder systems is carried out in terms of
resolution, encoding and decoding principles and number of sensor heads needed. Using the proposed
method, two different types of encoder disks are designed, namely, color-coded disk and grayscale
coded disk. The designed coded disk pattern is used to manufacture 3 digit 3 ary and 2 digit 5 ary
grayscale coded disks respectively. The manufactured disk is used with the light emitter and
photodetector assembly to design the entire encode system. Experimental analysis is done on the
designed prototype with LabVIEW platform for data acquisition. A comparison of the designed system
is done with the traditional binary gray code encoder system in terms of resolution, disk diameter,
number of tracks and data acquisition system. The resolution of the manufactured system is 3 times
higher than the conventional system. Also, for a 5 digit 5 ary coded encoder system, a resolution
approximately 100 times better than the conventional binary system can be achieved. In general, the
proposed encoder system gives (N/2)n times better resolution compared with the traditional gray coded
disk. The miniaturization in diameter of the coded disk can be achieved compared to the conventional
binary systems.

Keywords: Absolute encoder, N-digit N-ary gray code, Color-coded disk, Grayscale disk, Encoder
design

1. Introduction
Rotary optical encoder plays various important roles in the
automation industry, radar system, and high-performance
servo applications. It is an electromechanical device that
can convert real-time feedback information about the
angular or linear position into numerical codes. The rotary
encoders can be classified into incremental and absolute
encoders. Incremental encoders contain simple encoder
disk with alternate black and transparent patterns over a
single track circular disk. Using an incremental encoder,
the real time absolute position information cannot be
achieved. This drawback of the incremental encoder can
be overcome using absolute encoders. Absolute encoder
employs multiple track disk with different cyclic numeric
codes [1].
In the case of absolute encoder, using the binary or
gray code pattern disk, the real-time angular position
information can be converted into unique numerical codes.
These detected codes can then be converted back to user
readable data by the decoder assembly in the data
acquisition circuit. Although absolute encoders are one of
the most frequently used sensors in factory automation
†
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system, these encoders suffer from the inherent problem of
quantization noise on account of the limited resolution they
possess [2]. The resolution of the binary gray coded
absolute encoder is directly proportional to the number of
the disk tracks and the cost. The resolution can be improved
by increasing the number of the tracks in the coded disk.
With the increase of the number of tracks, the size and
weight of the encoder system increase simultaneously. This
eventually increases the cost of the overall system. Due to
the high market demand of the absolute encoders and the
limitations the traditional optical encoders possess, many
researchers are working on the topic of design of a high
precision and miniaturized optical encoder that can
substitute the already existing encoder systems.
A number of studies have been performed since last two
decades to achieve the goal to design a high resolution and
miniaturized encoder system. Hua et al. proposed single
track disks to reduce the number of coded tracks of the
encoders [3]. Some researchers have used pseudorandom
coded patterns [4] or De Burjin sequence [5] to design
the coded track. Also, M-code was used to design the
absolute encoder disk pattern [6]. These methods use
single coded track encoder disk to find the position.
Coded track design based on the graph theory was
proposed by T. Dziwinski [7]. The graph theory based track
design uses two-dimensional matrix decoding by the use of
two-dimensional image sensors.
This paper deals with a new coded disk design method
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that can be used to realize a high resolution compact
absolute optical encoder. Earlier documented research
works have used binary coding systems. In a binary coding
system, the base term of the denominator of the resolution
expression for encoder system is always fixed to two. The
main focus of the proposed work is to change both the
base and power terms of the denominator in resolution
expression of the encoder. To fulfill this goal, the proposed
method has employed n-digit N-ary gray code. the n-digit
N-ary gray code is widely used in many areas of
communication and computer applications. Raymond et al.
describe the use of N-ary gray code in the field of digital
circuit design [8]. The N-ary gray code is used in digital
communication system frequently [9-12]. In [13], the N-ary
gray code was used for image bit plane decomposition,
image denoising, and encryption. Motion estimation of
video processing has also used N-ary gray codes [14].
The N-ary gray code can be divided into different types
depending on their characteristics. C. Savage has
documented different types of N-ary gray codes in [15]. All
the available N-ary gray codes cannot be used to design the
absolute rotary encoder disk to measure angular position.
The N-ary gray code must follow the basic criteria of
bijection and cyclic characteristics to be used in optical
encoder disk design. This paper considers cyclic n-digit Nary gray code based on affine transformation to meet the
above mentioned conditions. The use of cyclic n digit Nary gray code to code the encoder disk opens the option
to change not only the power but also the base of the
denominator in the encoder resolution expression. This
results in the improvement of the resolution of the absolute
encoder. In addition to that, miniaturization in the overall
track diameter can be achieved compared to the traditional
binary encoder systems. Even though the coded disk uses
same numbers of tracks and sensors as that of the
traditional binary gray coded encoder disk of same size and
diameter, the resolution is higher than the traditional
binary gray coded encoder. Also, the comparison with
other encoder systems shows that by using the proposed
method both miniaturization in disk design and high
resolution can be achieved simultaneously.
The whole paper is divided into six sections, namely:
section 2 describes the brief overview of the existing
encoder systems and comparison in terms of resolution,
encoding and decoding principles; section 3 describes in
detail the section criteria of the proposed method and the
mathematical derivation behind it; section 4 deals with the
encoding and decoding method with physical realization
of the disk design; in section 5 the experimental analysis
of the designed prototype is studied. Finally, section 6
presents the conclusion.

2. Study of the Existing Absolute Encoder System
An absolute encoder system is shown in Fig. 1. The
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Table 1. Comparison among different existing encoder
systems
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encoder system is composed of three different sections,
namely, the coded disk, the light source, and the photodetector assembly. As shown in Fig. 1, the coded disk has 3
tracks. For three tracks of the coded disk, three light
sources and three photodetectors are needed. In general,
for encoders using the binary gray code, to achieve n bits
of resolution, n numbers of coded tracks are needed. To
decode n coded tracks, n numbers of sensor heads are
required. Optical absolute encoder disk is constructed
using cyclic code theory. There are various cyclic coding
approaches to encode the coded track. Among all the
different kinds of encoder disk coding approaches, disk
design based on the binary gray code is the most common
one. Fig. 1 presents different coded disk patterns, realized
using different cyclic codes. Table 1 shows a comparison
among different absolute encoder coding methods. The
brief discussion of each disk patterns is as follows,

2.1 Binary gray coded encoder disk
In 1953, F. Gray proposed the reflected gray code. The
arrangement of 3 bits coded track absolute encoders is
shown in Fig. 1(a). The small red circles on the coded disk
design in Fig. 1 are the position for the photo sensor
modules used to sense the coded pattern. The design of the
coded disk, encoding and decoding are simple in gray code
based system. But the main drawback of the gray code
based system is, to achieve n bits of resolution, n numbers
of coded tracks are needed. To decode n coded tracks, n
numbers of sensor heads are required. So the highresolution system can only be realized at the expense of the
big size and the high cost.

2.2. Gray coded encoder disk with vernier track
To improve the resolution of the gray code encoder,
Wekhande et al. used Vernier principle over the traditional
binary gray coded track [2]. According to the Vernier
principle, n divisions of the Vernier scale have the same
length as n-1 divisions of the main scale. To apply Vernier
principle on the n track gray coded disk, an extra track with
2n slits are added on the outermost track. Fig. 1(b) shows
the Vernier track gray coded absolute encoder. Compared
with the traditional gray coded track disk, the addition of
Vernier track improves the resolution greatly. But as shown
in Table 1, to detect the whole system we need 2n-1 ± 1
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Fig. 1. Traditional encoder system with different coded disk designs (a) gray coded disk (b) gray code disk with Vernier
track (c) M-coded disk and (d) Coded disk with graph theory
extra light source and photodetector assembly. This again
increases the size and weight of the overall system due to
mechanical tolerance to accommodate all the sections.

2.3. M-coded disk
M sequence or maximum length sequence is a
pseudorandom binary sequence. The bit pattern in M-code
is generated using linear feedback registers [6].
Fig. 1(c) shows a 3-bit M-coded track disk to decode
absolute position. As shown in Fig. 1(c), using the Mcoded track, single track disk can be designed but to
decode n bit M-coded track, n numbers of sensor heads
facing parallel to the track are needed. Also, the single
track disk has tracks at its outermost periphery. Therefore,
in terms of mechanical design, the disk size increases with
the increase of the number of bits because the patterns can
only be accommodated at the outermost track.

2.4. Graph theory based coded disk
The concept of this coding approach is to find the
Hamiltonian cycle in the set of N ´ N matrices [7]. The
code pattern using this method is shown in Fig. 1(d). As
shown in Fig. 1(d), the sensors are assembled in N ´ N
matrix form. The design of the disk pattern using the
graph theory approach gives significant improvement in
the resolution. But to code N ´ N matrices, N numbers of
tracks are needed. Also, each track is divided into
2
2 N numbers of unit cells. During manufacturing, a
minimum mechanical limit in diameter must be followed
to accommodate all the unit cell patterns evenly over the
circular track. After coding the first track with 2 N 2 number
of unit cell patterns over the minimum diameter, rest of

the N-1 tracks with 2 N 2 unit cell patterns each must be
placed over the first track. This causes the divergence of
the coding track.
The overview of the existing methods shows that the
works are done to improve the resolution of the overall
system. But the existing systems did not consider the size
of the disk into account. As a result, a miniaturized optical
encoder with high resolution cannot be obtained using
the above-mentioned disk designs. A different and more
efficient coding method is needed that can be used to
design a high resolution miniaturized optical encoder.

3. Proposed Method and The Disk Design
To achieve the goal mentioned in section 2, an n-digit Nary code based disk design method is proposed in this
paper. Unlike the binary approach in which the base term is
fixed to 2, in n digit N-ary gray code, the base number as
well as the exponent of the power representation of the
denominator in resolution can be varied. But n-digit N-ary
gray code must fulfill the requirement of being a) a
bijective and b) cyclic code, to be considered for encoder
disk design. The requirements are checked mathematically
as follows,

3.1.Algorithm to generate cyclic n-digit N-ary gray
code
Step 1 : Check of bijection and lee distance
In the case of n-digit N-ary gray code, for N, n≥ 2 , an
n-digit N-ary gray code is a sequence in which each n digit
string with digits from the set {0, 1, …, N-1} occurs only
once [16]. Thus n-digit N-ary gray code satisfies bijection
http://www.jeet.or.kr │ 945
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principle.
The cyclic characteristic of any code or string can be
determined by Lee distance or Hamiltonian cycle. The
distance between two strings x1, x2…, xn and y1, y2…, yn of
equal length n over an N-ary alphabet {0, 1,…, N-1} of
size N ³ 2 is called as Lee distance. Mathematically Lee
distance is defined as DL as follows,
n

DL ( x1.....xn , y1..... yn ) =

å min { x - y
i

i

, N - xi - yi } (1)

i =1

Definition 1: If the Lee distance between the last and the
first string is equal to 1 bit, the code is called cyclic code.
As mentioned above, in N-ary gray code consecutive
strings has Lee distance equals to 1 bit. Thus N-ary gray
code is a cyclic code and satisfies bijection. From the
above discussion, it is clear that N-ary gray code can be
used to design a absolute rotary encoder to measure
angular position.
Step 2 : Encoding using Affine transformation
To design the coded disk using the n-digit N-ary gray
code, affine transformation method is considered [17-20].
Unlike the other gray code transformation method, this
method does not depend on constrain conditions of N to be
prime for achieving cyclic code.
A transformation f on the plane of a form f (x) = Ax + b
is called an affine transformation, where A is an invertible
matrix and b is a constant vector.
Unlike a binary system which deals with 0 and 1, an n-

digit N-ary system or a vector of integers needs a
permutation operation P that arranges the n digits from the
sequence of vectors {0, 1, … Nn-1} in such a way that it
generates a cyclic gray code like traditional gray code.
Using the affine transformation, a permutation matrix is
generated as follows,
P = ((I - Z ) ×V × Q) + u

(2)

Where Z is an upper diagonal matrix with all it upper
diagonal elements 1, u is any 1 ´ n N-ary vector; S is an
n ´n matrix with 1’s on its super-diagonal and 0 elsewhere;
V is an n ´ n matrix with 1’s and -1’s in as it’s diagonal
elements; Q is an n ´n permutation matrix with elements
present only on the diagonal. A detail description of the
mathematical derivation and the examples are mentioned
by the authors in [21]. Fig. 2 presents a flowchart of the
encoding process of the n-digit N-ary cyclic gray code.

3.2.Physical circuit to design the code work and the
disk prototype
Physically, the code word can be designed using
multiplier and adder circuits as shown in Fig. 3(a). Using
Fig. 3(a), 3 digit 3 ary gray code can be achieved. The
triplets mentioned in the Fig. 3(a) are equivalent to the
BCD code in case of a binary system of representation.
The bits are generated in the order of MSB to LSB. The
generated 3 digit 3 ary gray codes from the corresponding
triples are presented in Table 2. As shown in Table 2, each
code word combinations designed using the set {0, 1, 2}
appears only once and the difference between two
consecutive code words is 1 bit. Thus the generated 3
digit 3 ary gray code thus obtained, fulfils the requirements
mentioned in section 3. A color code equivalent of the
generated code is designed using three basic colors red,
green and blue. Red, green and blue are considered as 0,
1, and 2 respectively. The color codes are presented in
Table 2.
The 3 digit 3 ary color codes can be arranged over a
disk as shown in Fig. 3(b). In terms of angular distance, the
3 digit 3 ary color code can divide 360° into 27 distinct
divisions. The expression of the gray code in the Table 1
can be modified in terms of n-digit N-ary code as follows,
Table 2. Encoded N-ary gray code and color code

Fig 2. Flowchart for the generation of the affine n-digit Nary gray code
946 │ J Electr Eng Technol.2018; 13(2): 943-952
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3
.
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24
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26

Triple
000
001
002
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.
.
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220
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Ternary cyclic gray code
000
001
002
012
.
.
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201
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200

Color code
RRR
RRG
RRB
RGB
.
.
BBG
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BRB
BRR
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Fig 5. Decoding method of the n-digit N-ary gray code

3.3. Decoding principle
Fig 3. (a) Encoding principle (b) Color 3 digit 3 ary gray
code (c) Color 3 digit 3 ary gray code in gray scale,
generated with single channel method

The decoder circuit for the disk designed using the affine
n-digit N-ary code is shown in Fig. 5. As shown in the Fig.
5, the decoder circuit consists of simple adders. The small
circles over the coded disk denote the position of the light
source and photodetectors. The information obtained from
the photodetectors are passed to the detector circuit. The
bits are introduced into the decoder circuit starting with
MSB to LSB. The decoder circuit outputs are obtained as
triplets. The triplets are further processed in the decimal
form using the data acquisition circuit

4. Experimental Validation
4.1. Prototype of the encoder system
(a)

(b)

Fig 4. The prototype of (a) 3 digit 3 ary gray scale disk and
(b) 2 digit 5 ary gray scale disk

Resolution =

360°
Nn

(3)

Another version of the color-coded disk can be obtained
by grayscale color conversion of the color-coded disk
shown in Fig.3(c). The grayscale color disk can be
obtained by passing the RGB colored disk through the
single color channel as shown in Fig.3. The single color
channel method is a grayscale conversion method that uses
the data from a single color channel. In Fig.3, the red color
channel is used to obtain the grayscale tracked disk from
the colored track disk. The resultant grayscale disk is
shown in Fig. 3(c).
Fig. 4 shows the prototypes of two different disks,
designed using the proposed coded disk design above
with two different values of n and N respectively. Fig.
4(a) and Fig. 4(b) show the prototype of a 3 digit 3 ary
and a 2 digit 5 ary grayscale coded disk respectively. The
diameters of the designed prototype disks are 6 cm and 4
cm respectively. The two manufactured disks will be used
to compare the resolution and the variation of diameter
with the variation of n and N values.

The coded disks shown in Fig. 4 are used with the light
source and photodetector to design the overall encoder
system. The whole encoder system is shown in Fig. 6(a).
As shown in the Fig. 6(a), white light emitting diodes
(LEDs) are used as the light emitters. The white light
passes through the transparent grayscale coded disks
shown in the Fig. 4. The lights with different intensities fall
on the light dependent resistors (LDRs) which are used
as the photodetectors. For 2 digit 5 ary coded and 3 digit
3 ary coded disks two and three light detectors are used
respectively. Fig. 6(a) is the graphical abstract of the
encoder system, designed using the Solidworks. For the
laboratory experiment purpose, the designed system is
shown in Fig. 6(b).
The characteristic of the LDR to change its resistance
with the variation of light intensity and color is used to
measure the output voltage across the LDR. The
characteristic of LDR is shown in Fig. 7. With the
variation of illumination, the resistance of LDR changes
exponentially. As a result of that, the output voltage across
the LDR terminal also changes. To process and condition
the output of the LDR, it is passed through the circuit
shown in Fig. 8. The signal conditioning circuit consists
of a differential amplifier, an inverting amplifier, span
adjustment circuit and a zero adjustment circuit. The LDR
is placed in a voltage divider circuit. The output of the
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(a)

Fig. 8. Signal conditioning circuit for a single photo
detector [23]

(b)
Fig. 6. (a) The graphical abstract of the overall encoder
system prototype with the light source and the
photodetectors (b) real prototype for the experiment
purpose

Fig. 7. The overall encoder system prototype with the light
source and the photodetectors [22]
Fig. 9. The overall encoder system operation flowchart
LDR fluctuates with the variation of the surrounding light
and the temperature. So the output from the LDR is fed to a
buffer which compensates the voltage loss. The output of
the buffer is amplified using the differential amplifier. If
the output of the differential amplifier has negative value, it
is changed to positive value using the inverting amplifier.
The output is limited to a required limit by the span
adjustment circuit. The final output obtained is fed to the
decoder circuit mentioned in Fig. 5.

4.2.Process of the data acquisition of the encoder
system
The final output from the decoder is analyzed using
948 │ J Electr Eng Technol.2018; 13(2): 943-952

LabVIEW. The flowchart shown in the Fig. 9 describes the
steps involved in the data acquisition system. The flow
chart is designed for the optical encoder systems with the
two different disks shown in Fig. 4. For 3 digit 3 ary coded
disk encoder system, the three different voltage outputs
from the LDR assemblies is converted into 0, 1 or 2 before
fed to the decoder circuit. As the decoder circuit consists
of adders, for a 3 digit 3 ary system the minimum and
maximum outputs of the decoder circuit are 0 and 6. But
a 3 digit 3 ary system can only accommodate 0, 1 and 2.
Therefore, the higher terms except {0, 1, 2} are converted
to {0, 1, 2} as shown in Fig. 9. In the case of 2 digit 5
ary coded disk encoder system similar principle is
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Table 3. Resolution of the n-digit N-ary gray code with the
variation of n and N
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4
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N4
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2n
3n
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4.4. Discussion

Fig 10. Experiment setup
followed, as shown in Fig. 9. In general, for n-digit N-ary
gray code, if the output bit is greater than the bits present
within the string {0, 1, 2… n} of the N-ary system, from
the n+1 bit onwards, the bits are transformed into {0, 1,
2…n}. Similarly, if the bits patterns of the decoder output
are negative, {-1, -2, … -n} bits are transformed as {n, n-1,
…, 0}.

4.3. Experimental analysis
To check the effectiveness of the proposed method, the
encoder system prototype shown in Fig. 6(b) is connected
to the supply and the data acquisition circuit as shown in
Fig. 10. The variation of the bit pattern of the photodetector
systems for both the coded disks are shown in Fig. 11. In
Fig. 11(a), the output of the three photodetectors with
respect to the movement of the 3 digit 3 ary gray scale
coded disk are plotted. The plots show the variation of the
voltage levels with respect to the change of the patterns of
the grayscale coded disk. The equivalent 3 digit 3 ary code
and the respective angular distances corresponding to the
different photodetector voltage levels are shown in the Fig.
11(a). Similarly, Fig. 11(b) shows the voltage output of the
two photodetectors used with the 2 digit 5 ary gray scale
coded disk. The final codes and the angular distances are
also mentioned in Fig. 11(b). This data can further be
modified using the LabVIEW platform shown in Fig. 8 and
the output can directly be shown in terms of absolute
angles in real time. For an example, in Fig. 8, the
equivalent absolute angle of the code word “012” is shown
directly on the front panel as 39.9°.

As shown above, the encoder system designed using the
n-digit N-ary code can effectively detect the absolute angular
position. Table 3 shows the change of the resolution of the
encoder system with the variation of n and N. The designed
3 digit 3 ary and 2 digit 5 ary grayscale coded disks have
resolutions of 13.3° and 14.4° respectively, whereas, to
achieve approximately the same resolution using a binary
gray coded encoder system, 5 bit binary gray coded disk is
needed. Thus, the same resolution as that of a 5-bit binary
encoder system is achieved using smaller encoder disks
with fewer number of tracks. Further, if we compare a 5
digit 5 ary gray coded encoder with a traditional binary
gray coded encoder of 5 bit, the resolution can be improved
approximately 100 times by using the 5 digit 5 ary gray
coded encoder system. From Table 3, a 5 digit 5 ary
encoder system has a resolution of 0.11°. To achieve the
same amount of resolution using a traditional binary gray
coded encoder system, 6 extra binary gray coded tracks
are needed. Simultaneously the size and weight of the
overall system will increase. Also, the number of sensor
heads will increase to achieve the same resolution. In
general, Under the condition of an equal number of n
digit, the proposed N-ary gray coded disk gives (N/2)n
times better resolution compared with the traditional gray
coded disk. Similarly, compared with the single track and
array encoder systems shown in Fig. 1, to achieve same
resolution, the proposed encoder system uses smaller disk
size and less number of sensor heads to encode and
decode the code word. Thus it is evident that using the
proposed encoder system high resolution and miniaturization can be achieved simultaneously.
Finally, as the prototype in Fig. 6(b) is designed for the
laboratory experiment purpose, the photodetectors have a
delay in response time with the variation of illumination.
It can be seen in Fig. 11. This problem can be eliminated
by using a more advanced fast response decoder circuit.
Also, the experimental prototype uses LDRs in the
decoder circuit. However, without proper shielding, LDR
output can vary due to the inference of the ambient light
conditions. Therefore, during the experiment, the LEDs
http://www.jeet.or.kr │ 949
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(a)

(b)
Fig. 11. Output of the photo detector system in terms of voltage level for (a) 3 digit 3 ary and (b) 2 digit 5 ary grayscale
coded disk encoder systems
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and the LDRs are surrounded using cylindrical opaque
covers colored in black. Added, the problem of the
inference of the ambient light can also be eliminated by
putting the whole encoder system within an outer
protective casing. The above mentioned issues associated
with the present decoding systems opens an advanced
design prospective of a CCD (Charge couple Device)
camera based decoding system, which will be presented
in the future extension of the present work.

[5]
[6]

[7]

5. Conclusion
In this paper, a new type of encoder system is presented
based on n-digit N-ary cyclic code. The proposed coded
disk design results in miniaturization of the coded track
with improved resolution compared to the conventional
gray code tracks. Using the proposed method, the base
and the power term of the denominator in the encoder
resolution expression can be varied. In addition to that,
the coded disk can easily be encoded and decoded by using
cheap sensory systems and electronic circuits. In future
research, a more developed photodetector system with fast
response time will be designed. Also, a commercial model
of the proposed system with upgraded photodetector
assembly will be tested and analyzed with the motor servo
control system.
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