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이미지 기울기에서 선별된 포아송 모델을 이용한

이미지 재구성

Image Reconstruction Using Poisson Model Screened from Image Gradient

김용길*

Yong-Gil Kim*

요  약  본 연구에서는 이미지 기울기 역에서 포아송 방정식을 이용한 빠른 이미지 재구성 기법을 제안한다. 포아송 

방정식을 사용하는 이 근법에서, 유도된 벡터 필드는 제 1 단계에서 선택된 역 내에서 원본과 상 이미지를 사용

함으로써 생성된다. 다음으로, 유도된 벡터는 결과 이미지를 생성하는데 사용된다. 우리는 원하는 기울기 집합과 데이터 

항을 근사화하는 2차원 함수를 재구성하는 문제를 분석했다. 결합된 데이터와 기울기는 원본 이미지에 가깝게 머무르는 

동안 이미지 기울기를 수정하는 것처럼 작동 할 수 있다. 이 공식으로부터 우리는 물리학에서 알려진 포아송 방정식을 

찾아냈다. 이 방정식은 FFT 도메인의 문제에 한 효율 인 해결책을 제시한다. 이것은 2차원으로 알려진 포아송 모델

을 해결하고 기울기 비례축소는 라 라스를 확실하게 일반화하는 잘 정의된 선명한 필터임을 공간 필터에 잘 나타냅니

다. 포아송 모델을 기반으로 이산 코사인 변환을 사용하여 결과를 확인할 수 있었다.

Abstract  In this study, we suggest a fast image reconstruction scheme using Poisson equation from image gradient 
domain. In this approach, using the Poisson equation, a guided vector field is created by employing source and 
target images within a selected region at the first step. Next, the guided vector is used in generating the result 
image. We analyze the problem of reconstructing a two-dimensional function that approximates a set of desired 
gradients and a data term. The joined data and gradients are able to work like modifying the image gradients while 
staying close to the original image. Starting with this formulation, we have a screened Poisson equation known in 
physics. This equation leads to an efficient solution to the problem in FFT domain. It represents the spatial filters 
that solve the two-dimensional screened Poisson model and shows gradient scaling to be a well-defined sharpen 
filter that generalizes Laplace sharpening. We demonstrate the results using a discrete cosine transformation based 
this Poisson model. 

Key Words : Image reconstruction, Poisson equation, Image gradient, FFT, DCT

Ⅰ. Introduction

Image processing has developed as an autonomous 

science in the past 40 years. Its goal is to define the 

structure of digital image, to acquire it, to improve its 

quality, to compare, and to extract information from the 

image. Unsurprisingly, calculus plays a prominent role 



Image Reconstruction Using Poisson Model Screened from Image Gradient

- 118 -

in these operations. The most basic operations on 

image rely on variants of the simple partial differential 

equations that also appear in continuum mechanics. 

While the equations are simple, their use is both subtle 

and funny in the realm of image processing. Fourier 

analysis and the fundamentals of its application to the 

digital images are sampling theory. Retinex theory 

discusses from color perception theory to the 

restoration of photographs with backlight. Heat 

equation, sampling and scale invariance are related to 

simulating image zooms
[15]. The SIFT method 

compares any two images and decides if they see the 

same objects. The ASIFT method represents affine 

invariant image recognition. Image editing based on 

Poisson equation presents how to perform seamless 

copy-paste on images and other applications[6]. In 

particular, using generic interpolation method based on 

solving Poisson equations, a variety of novel techniques 

are discussed for seamless editing of image regions[2]. 

The first technique permits the seamless importation of 

both opaque and transparent source image regions into 

a destination region. The second one is based on 

similar mathematical ideas and allows the user to 

modify the appearance of the image seamlessly within 

a selected region. These structures can be arranged to 

affect the texture, the illumination, and the color of 

objects in the region, or to make usable a rectangular 

selection[13].

Poisson partial differential equation has frequently 

been discussed in imaging editing studies. Typical 

image editing approach is based on the Poisson 

equation with Dirichlet boundary conditions[9][10]. 

However, this method may show some inconsistencies 

of figures in edited area of the image. An image 

matching method can be used with the Poisson 

equation[11]. However, it is not practically usable 

because of long processing times. Various improved 

methods have been proposed to solve the figure 

inconsistency problem. But, the experiments are still 

too complex. An interpolation method can be used to 

remove the figure consistency by mixing seamless 

image cloning in the edited images
[3]. Drag-and-drop 

pasting technique computes automatically optimal 

boundary condition by applying a new objective 

function
[8]. However, it is not compared with mixed 

seamless image cloning, and also not compared with 

the seamless image cloning approach through the 

Dirichlet boundary conditions. New invariant method 

can be used to handle seamlessly illumination change
[5]. 

It shows the image by using texture contrast. But, this 

method does not get a good result with adaptation and 

perceptual correctness
[7]. Besides these methods, it is 

possible to process high dynamic range images using 

the Poisson model [4], and the gradient maps can be 

generate by applying the Poisson model[12]. There are 

also some variation models using distance enhanced 

random walks and a multi-resolution framework based 

on the Poisson editing method[14]. Although many 

algorithms would be summarized related with the 

research area, most methods are complex or may cause 

some inconsistencies.

The fast use of Poisson partial differential equation 

(PPDE) solver based on the Fast Fourier Transform 

has been overlooked. This reason is due to the fact that 

fast PPDEs are restricted in the set of problems 

handled. For example, weight updates are not spatially 

supported. Further, more complex approaches such as 

multi-grid methods are perceived to be much faster. In 

this study, we improved the set of gradient domain 

problems that may be solved directly and exactly in the 

Fourier domain by including a data term that the 

reconstructed function must also approximate. This 

work modifies the gradients of an image while staying 

close to the original image or combining independently 

measured depth maps and normal vectors. Thus, we 

have a modified Poisson model as a result that 

corresponds to the screened Poisson equation in 

physics[4]. Additional task is the spatial filtering to 

solve the modified Poisson equation. Sine transform of 

the gradient image corresponds to a linear sharpen 

filter. This filter generalizes the standard Laplace filter. 

The test results show that the proposed method 



The Journal of The Institute of Internet, Broadcasting and Communication (IIBC)

Vol. 18, No. 2, pp.117-123, Apr. 30, 2018. pISSN 2289-0238, eISSN 2289-0246

- 119 -

generates output images in a seamless manner with no 

blurring artifacts.

Ⅱ. Gradient integration and Poisson 

solution

Computing an image I(x, y) whose gradient image 

ÑI is as close as possible to a given gradient field g 

(= (gx, gy)) is solved by minimizing the following.

dxdygI
2

∫∫ −∇ (1)

Here g is a vector-valued image that is generally not 

a gradient derived from another image. If g were 

derived from another image, then the optimal I would 

be that other image, up to an unknown constant offset. 

Applying the Euler-Lagrange equation, the optimal I 

satisfies the following Poisson equation.

y
y

x
xyyxx ggII +=+ (2)

Here subscripts in x and y correspond to partial 

derivatives with respect to those variables. 

Superscripts gx and gy denote the elements of g. Thus, 

the objective function to minimize becomes the 

following

dxdygIuIc
22)(min ∫∫ −∇+− (3)

Here u(x, y) is a data function as close as possible to 

I(x, y), and c is a constant that provide the trade-off 

between the fidelity of the image to the data function 

against the input gradient field.

To solve for the image I that minimize the above 

integral, we first evaluate the integrand:
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y

x
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The image I that minimizes the above equation 

satisfies the Euler-Lagrange equation as the following.
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Substituting and differentiating, we then have:

0)()()( =−−−−− y
yyy

x
xxx gIgIuIc (6)

Rearranging gives us:

gcuIcI ⋅∇−=∇− 2
(7)

In the equation 7, The left-hand side is a screened 

Poisson equation, typically studied in three dimensions 

in physics. Setting c = 0 nullifies the data term and 

gives us the Poisson equation.

When II, U, Gx, and Gy are the Fourier transforms 

of I, u, gx, and gyrespectively, Fourier transformation is 

the following.

))(2())(4( 222 y
y
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xyx GsGsicUIIssc +−=++ ππ   

   (8)

Solving for II,

)(4
))(2(
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II
++
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π

π

(9)

In the equation 9, the numerator can be interpreted as 

combining the data function with image sharpness 

(after taking derivatives) of the gradient field 

components, and the denominator is corresponding to 

low-pass filter, which tends to dampen high 

frequencies. Note that when c = 0, the equation 9 is the 

same as Poisson solver. But, this solution is undefined 

at sx = sy = 0, corresponding to the constant offset. 
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Thus, there exists a null space of solutions, and the 

operation is not strictly invertible. When c is greater 

than zero, this situation does not arise.

Ⅲ. Discrete version in gradient 

domain

The denominator in Equation 9 is radially 

symmetric, and so we can compute its Fourier 

transform using the Hankel transform, with radial 

frequency r and spatial radius r. We consider the 

following transform.

{ }
222222

0
122

,

)2(2)(

yxrss

krKkF

yx +=+=

=+ −

ρ

ππρρ

(10)

Here Fr is the Hankel transform from the frequency to 

the spatial domain, and K0isthezerothordermodified 

Besselfunctionofthesecondkind.Ithastheapproximateshap

eofarotationallysymmetricexponentialfunctionovertherad

iuse-r/r. With simple algebraic manipulations, we arrive 

at the following convolution.

( ) ( )yyxx IIcurcKI −−= *2
2
1

0 π
π (11)

We see that I can be obtained by subtracting the 

divergence of the gradient field from the input image u, 

and then blurring the result with the K0filter.Asc 

increases, the support of this filter becomes smaller, 

say, a stronger data term shrinks the support of the 

blurring filter.

Consider taking an image u and sharpening it by 

boosting its gradients Ñu by a constant cs. Clearly, if 

one simply required an output image with scaled 

gradients, a simple solution would be to scale the 

image intensities by cs. But, in addition to possibly 

pushing the intensities out of displayable range, this 

output image has drifted substantially from the 

intensities of the input image. The Fourier domain of 

gradient functions is

UsiGUsiG y
y

x
x )2(,)2( ππ == (12)

Substituting into Equation 9, 
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Then, we can decompose the frequency filter as 

follows:
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The inverse Fourier transform of the first term is a 

scaled Dirac delta function, and the second term follows 

from Equation 10. Thus, the image I can be obtained 

by subtracting the divergence of the gradient field from 

the input u, and then blurring the result with the 

K0filter.Asc increases, the support of this filter shrinks 

the support of the blurring filter.

urcKccucI s
s *

2
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In fact, we work on the discrete data and solve the 

problem with discrete derivatives and DFT. Let dxand 

dy be discrete derivative filters in the x and y directions, 

respectively. Also, let Is, us and gd be discrete ones of 

their continous parts. Then, we can first represent 

Equation 6 as the following convolutions.

)**(

)****(
y
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x
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Typical choices for these discrete derivatives are finite 
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differences. Taking the DFT of this equation is:

y
dy

x
dxssyx GDGDcUFDDc −−≈−− )( 22

(17)

Here, Fs, Dx, Dy and Gd denote the DFT of the above 

discrete functions, respectively. We can rearrange as 

the following.
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The DFT supposes implicitly that the input 

sequence is periodic, putting the left boundary next to 

the right, and top next to bottom before filtering. 

Instead, we apply the discrete cosine transform, which 

implicitly executes reflections across boundaries before 

processing the plane periodically. Transforming to a 

cosine basis corresponds to Neumann boundary 

conditions. We can compute the input gradients in gx  

and gy using backward difference, while the derivative 

filters dx and dy are implemented as forward difference. 

Using backward then forward differences for 

derivatives also presents that the derivative correspond 

to the discrete cosine transform of standard discrete 

two-dimensional Laplacian. Because this filter has 

extremely local support in the spatial domain, we can 

compute its transform efficiently using the brute force 

DCT and without explicitly storing it.

Ⅳ. Applications

In this section, we demonstrate the Poisson image 

reconstruction from the suggested image gradient 

domain. We start with CT scan example in image 

processing and then compare performance to several 

state-of-the-art methods. Fig 1 shows the image 

reconstruction (having the noise variance and adding 

Gaussian noise) by using the hard and soft thresholded 

wavelet coefficients. Fig 1(c) is a result of 

reconstructing the image from the hard-thresholded 

wavelet coefficient, and Fig 1(d) a result of 

reconstructing the image from the soft-thresholded 

wavelet coefficient. Comparing the mean square error 

between two methods, Hard-thresholded wavelet gives 

better result than soft-thresholded one.

(a)Original Image (b) Noise image (MSE 
=5.1188e+003)

(c) Reconstructing from hard 
threshold wavelet (MSE = 

271.3213)

(d) Reconstructing from soft 
threshold wavelet (MSE = 

977.2151)

그림 1. 웨이블릿 변환에 의한 이미지 재구성

Fig. 1. Image reconstruction by Wavelet transform

The deblocking filter removes the block-like 

artifacts from low-quality, highly compressed images. 

It greatly increases overall image quality. In particular, 

the deblocking filter suppresses blocking figures seen 

in highly compressed images by selectively attenuating 

gradients that lie across macro-block boundaries[1]. The 

proposed gradients are integrated to obtain a deblocked 

image, while a data term ensures the result does not 

drift too far from the compressed image. The saliency 

sharpening filter works on the gradient sharpening 

filter to sharpen large scale features without extending 

the noise. This filter builds on an edge detector to 
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detect large scale edges and then selectively extending 

only those gradients that lie across large edges. 

Gradient scaling result by saliency sharpening is very 

similar to Fig 2(a). The image abstraction filter works 

on suppressing small scale textures in an image. 

Similar to the saliency sharpening filtering, this filter 

uses an edge detector to determine which gradients 

give rise to salient features. Then it selectively 

attenuates the non-salient gradients, thus abstracting 

away fine texture and noise from the input image. The 

result is similar to Fig 2(b). In gradient compositing 

applications, one combines the gradients of multiple 

images and then solves for the underlying image most 

compatible with those gradients. When no data function 

is used these applications can also be solved using 

regular Poisson solvers. Our method supports both 

types of gradient domain compositing applications.

(a) Reconstruction by 
deblocking   filter (MSE 

= 182.2315)

(b) Reconstruction image by 
PPDE (MSE =80.0895)

 

(c) Absolute error

그림 2. 디블로킹 필터와 PPED 모델에 의한 이미지 재구성

Fig. 2. Image reconstruction by deblocking filter and 

PPDE model

Ⅴ. Conclusions

In this study, we presented a fast Poisson image 

reconstruction technique from the image gradient 

domain. This approach can be discussed in both the 

Fourier and spatial domain. It gives insights into how 

gradient extension corresponds to a sharpen filter and 

can be related to a standard Laplace subtraction filter. 

Moreover, we showed that this Poisson model can be 

solved directly by using the discrete cosine transform. 

Also, we showed that this transformation is very fast 

to implement with standard FFT libraries. Such weight 

insertion into the transformation form becomes 

convolutions in the frequency domain. Many 

applications operate with constant weights over regular 

domains. They may be initialized with an unweight 

solution over a regular domain using the suggested 

solver to speed convergence of some general solvers. 

The primary limitation of this approach is the inability 

to handle spatially varying weights on the gradient and 

noise constraints. 
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