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Abstract. A bounded linear operator T on a Hilbert space H is convex, if for each

x ∈ H, ‖T 2x‖2 − 2‖Tx‖2 + ‖x‖2 ≥ 0. In this paper, it is shown that if T is convex

and supercyclic then it is a contraction or an expansion. We then present some examples

of convex supercyclic operators. Also, it is proved that no convex composition operator

induced by an automorphism of the disc on a weighted Hardy space is supercyclic.

1. Introduction

Let H be a separable infinite dimensional Hilbert space, and let B(H) be the
space of all bounded linear operators on H. An operator T ∈ B(H) is said to be
convex, if for all x ∈ H

‖T 2x‖2 − 2‖Tx‖2 + ‖x‖2 ≥ 0.(1.1)

For instance, every isometry is a convex operator. We recall that the sequence (an)n
of real numbers is convex, if for all n, an+1 ≤ 1

2 (an + an+2). Thus, an operator T is
convex if and only if the sequence (‖Tnx‖2)∞n=0 forms a convex sequence for every
x ∈ H. Taking ∆T = T ∗T − I, it is easily seen that T is a convex operator if and
only if T ∗∆TT ≥ ∆T . A convex operator T is called a 2-hypercontraction operator
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if ∆T ≤ 0. Such operators were introduced and studied by Agler in [1]. Also in [18]
the authors have studied the convexity of composition and multiplication operators,
and their adjoints on a weighted Hardy space. We also mention that if for every
x ∈ H equality holds in (1.1), then the operator T is called a 2-isometric operator.
Moreover, if the inequality in (1.1) is reversed then the operator T is called a concave
or 2-hyperexpansive operator. For some information on such operators one can see
[20].

An operator T ∈ B(H) is called hypercyclic if there exists an x ∈ H such that
orb(T, x) = {Tn(x) : n = 0, 1, 2, ...} is dense in H; such an x is called a hypercyclic
vector for T . Similarly, if there exists a vector x ∈ H such that C.orb(T, x) is
dense in H, then T is said to be a supercyclic operator and x is called a supercyclic
vector for T . The notion of hypercyclicity is related to the famous invariant subset
problem that asks whether an operator T ∈ B(H) has a non-trivial closed invariant
subset. On the other hand, since C.orb(T, x) is the cone generated by orb(T, x) the
notion of supercyclicity is related to the invariant closed cone problem; that states
that for an operator T ∈ B(H), is it possible to find a non-trivial closed cone which
is invariant under T . Since the closure of orb(T, x) is invariant for T , an operator
T lacks non-trivial closed invariant subsets if and only if every non-zero vector is a
hypercyclic vector for T . Similarly, an operator T lacks non-trivial closed invariant
cones if and only if every non-zero vector is a supercyclic vector for T .

Hilden and Wallen in 1972 have introduced the notion of supercyclicity of op-
erators [19]. They proved that every backward unilateral weighted shift opera-
tor is supercyclic. Moreover, they showed that no normal operator on a complex
Hilbert space can be supercyclic. This result is generalized for hyponormal op-
erators by Bourdon [8]. See also [5]. Furthermore, Ansari and Bourdon [2] ex-
tended this to the class of all isometries on a Banach space. Later, supercyclicity
of 2-isometric operators and more generally m-isometric operators have been in-
vestigated in [3, 7, 12, 13]. In addition, supercyclicity of concave and co-concave
operators have been discussed in [21]. In recent years, the supercyclicity of opera-
tors has received substantial attention. Some good sources on this topic of operators
include [4] and [17]. We mention in particular [6, 15, 16, 23].

In this paper, we discuss supercyclicity of convex operators. Section 2 is devoted
to some elementary properties and examples of convex operators. In Section 3, we
give necessary conditions for supercyclicity of convex operators and present some
examples of supercyclic convex operators. Moreover, in Section 4, it is shown that no
convex composition operator induced by an automorphism of the disc on a weighted
Hardy space is supercyclic.

2. Some Properties of Convex Operators

We begin with some elementary facts about convex operators.

Lemma 2.1. If T is an invertible convex operator then so is T−1.

Proof. Replace x by T−2x in (1.1). 2
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Proposition 2.1. Suppose that T is a convex operator on a Hilbert space H. If
x ∈ H and an = ‖Tnx‖, then the sequence (an)n is decreasing or eventually strictly
increasing. Moreover, if ‖Tm+1x‖ > ‖Tmx‖ for some m, then lim

n−→∞
‖Tnx‖ = +∞.

Proof. If (an)n is not decreasing then there exists a positive integer i such that
ai < ai+1; hence, the convexity of (a2n)n implies that the sequence (an)n≥i is strictly
increasing. Furthermore, the sequence of differences (a2n+1−a2n)n is increasing; thus,

‖Tn+mx‖2 ≥ ‖Tmx‖2 + n(‖Tm+1x‖2 − ‖Tmx‖2)

for all n ≥ 0. Hence, if ‖Tm+1x‖ > ‖Tmx‖ then lim
n−→∞

‖Tnx‖ = +∞. 2

Some direct consequences of the preceding proposition run as follows.

Corollary 2.1. No convex operator can be hypercyclic.

Corollary 2.2. If T is convex, ∆T ≥ 0 and the set {‖Tnx‖ : n = 0, 1, 2, . . .}
contains more than one element, then lim

n−→∞
‖Tnx‖ = +∞.

Corollary 2.3. Suppose that T ∈ B(H) is a convex operator and x ∈ H. If for a
strictly increasing sequence (ni)i of positive integers there exists a constant M such
that ||Tnix|| ≤M ||x|| for n = 1, 2, · · · , then ||Tx|| ≤ ||x||.

Recall that an operator T ∈ B(H) is power bounded if there is M > 0 such
that ‖Tn‖ ≤M for every n ≥ 0.

Corollary 2.4. Suppose that T ∈ B(H) is a convex operator and a subsequence
of (‖Tn‖)n is bounded. Then T is a contraction. In particular, any power bounded
convex operator is a contraction.

Recall that for an operator T in B(H), σ(T ) and σap(T ) denote, respectively,
the spectrum and the approximate point spectrum of T . Also, D represents the
open unit disc {z : |z| < 1}.

Theorem 2.1. If T is a convex operator such that ∆T ≥ 0 then

σap(T ) ⊆ {z : |z| ≥ 1}.

Moreover, if T is non-invertible then D ⊆ σ(T ) and if T is invertible then σ(T ) ⊆
{z : |z| ≥ 1}.
Proof. Suppose that λ ∈ D and x ∈ H. Then

‖(T − λ)x‖ ≥ ‖Tx‖ − |λ|‖x‖ ≥ (1− |λ|)‖x‖,

and so λ /∈ σap(T ). Also, if T is not invertible then 0 ∈ σ(T ); but since 0 /∈
σap(T ), it is an interior point of σ(T ). Let r be the largest positive number such
that {z : |z| ≤ r} ⊆ σ(T ). Then there is a number z0 such that |z0| = r and
z0 ∈ ∂σ(T ) ⊆ σap(T ) (Page 210 of [9]). This shows that r ≥ 1, and consequently,
D ⊆ σ(T ).
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Now, suppose that T is invertible and let r be the largest positive number such
that {z : |z| < r} ⊆ C\σ(T ). Since ∂σ(T ) ⊆ σap(T ) ⊆ {z : |z| ≥ 1}, r ≥ 1.
Therefore, σ(T ) ⊆ {z : |z| ≥ 1}. 2

Corollary 2.5. If T is a convex operator such that ∆T ≥ 0, then T is not a compact
operator.

Proof. If T is a compact operator then 0 ∈ σ(T ). Thus D ⊆ σ(T ) which contradicts
the fact that the spectrum of a compact operator is at most countable. 2

Proposition 2.2. Suppose that T ∈ B(H) is represented as T = A + Q in which
Q2 = 0, AQ = QA and A is an isometry. Then T is a convex operator.

Proof. Since A is an isometry, A∗A = I and so

T ∗∆TT −∆T = 2Q∗Q ≥ 0.

Hence, T is a convex operator. 2

An operator J ∈ B(H) is called a Jordan operator if J = U +Q where Q2 = 0,
UQ = QU and U is a unitary operator. From the above result we conclude that
Jordan operators are convex.

Another class of convex operators consists of paranormal operators. Recall that
an operator T in B(H) is paranormal, if ‖Tx‖2 ≤ ‖T 2x‖‖x‖ for every x ∈ H.

Proposition 2.3. Every paranormal operator is convex.

Proof. For each x ∈ H, let px(t) = ‖T 2x‖t2 − 2‖Tx‖t+ ‖x‖. Since the operator T
is paranormal px(t) ≥ 0 for all t ∈ R. Put t = 1 we get the result. 2

Note that every quasinormal operator is subnormal (see Page 29 of [10]), every
subnormal operator is hyponormal (see Page 46 of [10]) and every hyponormal
operator is paranormal (see Page 153 of [17]). So normal, quasinormal, subnormal
and hyponormal operators are all convex.

An operator T in B(H) is called a forward unilateral (bilateral) weighted shift
if there is an orthonormal basis {en : n ≥ 0} ({en : n ∈ Z}) and a sequence of
bounded complex numbers {wn : n ≥ 0} ({wn : n ∈ Z}) such that Ten = wnen+1

for all n ≥ 0 (n ∈ Z). It is known that a weighted shift operator T is unitarily
equivalent to a weighted shift operator with a non-negative weight sequence. So we
can assume that wn ≥ 0 for every n (see Page 52 of [24]). We know that T is an
isometry if and only if wn = 1 for all n, and T is hyponormal if and only if its weight
sequence is increasing (see Page 83 of [24]). In the following, we give necessary and
sufficient conditions for the convexity of a weighted shift operator.

Theorem 2.2. Let T be a forward unilateral (bilateral) weighted shift with weight
sequence {wn : n ≥ 0} ({wn : n ∈ Z}). Then the following statements are equiva-
lent:

(a) T is a convex operator;

(b) w2
n+1w

2
n − 2w2

n + 1 ≥ 0 for all n;
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(c) if γn,k = (wnwn+1...wn+k−1)2 then (γn,k)k forms a convex sequence for every
n.

Proof. Since Ten = wnen+1, the definition of a convex operator shows that (a)
implies (b). Also, if (b) holds then

‖T 2en‖2 − 2‖Ten‖2 + ‖en‖2 ≥ 0

for all n. Since the en form an orthonormal basis for H we get

‖T 2x‖2 − 2‖Tx‖2 + ‖x‖2 ≥ 0

for all x ∈ H and so (a) holds. Now, suppose that (a) holds. Then the sequence
(‖T ken‖2)k forms a convex sequence for every n. But the iterates of T are given by
T 0 = I, and for k > 0,

T ken = (

k−1∏
i=0

wn+i)en+k(2.1)

thus, (c) is valid. On the other hand, if (c) holds then by (2.1) the sequence
(‖T ken‖2)k≥0 is convex for every n, and so

‖Ten‖2 ≤
1

2
(‖en‖2 + ‖T 2en‖2)

for all n. Consequently, (b) holds. 2

3. Supercylicity of Convex Operators

In this section, we investigate the supercyclicity of convex operators. It is worthy
of attention to note that convex operators need not be supercyclic. For instance,
the identity operator I is convex but not supercyclic. However, the following result
holds.

Theorem 3.1. Suppose that T is a convex, supercyclic operator. Then only one of
the following conditions holds:

(i) ∆T ≥ 0 and lim
n−→∞

‖Tnx‖ = +∞ for every supercyclic vector x for T .

(ii) ∆T ≤ 0 and lim
n−→∞

‖Tnx‖ = 0 for all x ∈ H.

Proof. Suppose that x is a supercyclic vector for T . By Proposition 2.1, orb(T, x) is
norm decreasing or eventually strictly norm increasing. First, assume that orb(T, x)
is eventually strictly norm increasing. Take y ∈ H. Then there exist a sequence
(ki)i of integer numbers and a sequence (λi)i of scalars so that y = lim

i→∞
λiT

kix.

Thus,
‖y‖ = lim

i→∞
|λi|‖T kix‖ ≤ lim

i→∞
|λi|‖T ki+1x‖ = ‖Ty‖,
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which implies that ∆T ≥ 0. Also, applying Proposition 2.1, we see that
lim
n→∞

‖Tnx‖ = +∞.

Now, suppose that orb(T, x) is norm decreasing. Similar to the above discussion,
we can show that ∆T ≤ 0. Moreover, if lim

n→∞
‖Tnx‖ = a is positive then lim

i→∞
|λi| =

‖y‖
a . Therefore, ‖Ty‖ = lim

i→∞
|λi|‖T ki+1x‖ = ‖y‖ for every y ∈ H. But this is

impossible, thanks to the fact that isometries are not supercyclic ( see [2] or [22]).
It follows that ‖Tnx‖ → 0 as n → ∞ for every supercyclic vector x. Since the set
of all supercyclic vectors for T is dense in H (Theorem 1.12 of [4]), for every y ∈ H

and every ε > 0 we can choose a supercyclic vector x and an integer N such that
‖y − x‖ < ε

2 and ‖Tnx‖ < ε
2 for all n > N . Therefore,

‖Tny‖ ≤ ‖Tny − Tnx‖+ ‖Tnx‖ ≤ ‖y − x‖+
ε

2
< ε,

for all n ≥ N . Hence, lim
n→∞

‖Tny‖ = 0. 2

Note that the conditions (i) and (ii) of the preceding theorem are not sufficient
for the supercyclicity of a convex operator. For example the operator T = 2I is

convex and satisfies (i) and the operators T = 0 and T =
1

2
I are convex and satisfy

(ii) but are not supercyclic.

Proposition 3.1. Let T ∈ B(H) be a convex operator. If there is an invariant
subspace M of T with dimension more than one such that T |M is unitary then T is
not supercyclic.

Proof. Suppose that PM is the orthogonal projection from H onto M. Let h ∈ M

and 〈., .〉 denote the inner product on H. Then

〈PMT
∗Th, h〉 = 〈T ∗Th, PMh〉 = 〈T ∗Th, h〉,

and so

〈∆Th, h〉 = 〈PMT
∗Th− h, h〉 = 0,(3.1)

thanks to the fact that T |M is an isometry. Now, suppose that T is supercyclic. By
Theorem 3.1, ∆T ≥ 0 and so (3.1) implies that ∆Th = 0 for every h ∈ M. On the
other hand, since T |M is a unitary operator TM = M; so for every h ∈M there is a
vector g ∈M; so that Tg = h which implies that T ∗h = T ∗Tg = g. Thus T ∗M ⊆M.
Consequently, M is a reducing subspace of T . Now, if x = h⊕g ∈M⊕M⊥ = H is a
supercyclic vector for T then h is a supercyclic vector for T |M, which is impossible
since T |M is unitary. 2

Now, we present two examples of supercyclic convex operators. The first one is
invertible and the second one is non-invertible.

Example 3.1. Take wn = 3 for n ≤ 0, and wn = 2 for n ≥ 1. Since the condition
(b) in Theorem 2.2 only involves consecutive n, and since the condition is trivial if
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wn = wn+1 one only needs to check the condition for n = 0, where it holds indeed.
Thus, the corresponding forward bilateral shift T is convex, invertible, and one has
that ∆T ≥ 0. Furthermore, since

lim
n→∞

n∏
j=1

wjw
−1
−j = 0

in light of [14] the operator T is supercyclic.

Example 3.2. Take wn = 1
2 for n ≤ 1 and wn = 1

n for n ≥ 2. Again, condition
(b) in Theorem 2.2 need only be checked for n ≥ 2, where it does hold. Thus,
the corresponding forward bilateral shift T is convex and one has that ∆T ≤ 0.
Moreover, the operator T is unitarily equvalent to the backward shift S defined by
Sen = vnen−1 where vn = w−n, n ∈ Z. Thus, it is sufficient to show that the
operator S is supercyclic. To observe this note that for any positive integer q,

lim inf
n→∞

v0 . . . v−n+q+1

v1 . . . vn+q
= lim inf

n→∞

2n+q−2

(n− q − 1)!
= 0.

Thus, applying Corollary 1.39 of [4], which is originally due to Salas [23], we see
that T is supercyclic.

4. Supercyclicity of Convex Composition Operators

Now, we discuss the supercyclicity of convex composition operators on a
weighted Hardy space. At first, some definitions and preliminaries are presented.

A weighted Hardy space is a Hilbert space of analytic functions on the unit disc
for which the functions {zj}∞j=0 form a complete orthogonal set. Put ||zj || = β(j)

and let β = (β(j))∞j=0. Then the weighted Hardy space is denoted by H2(β) and
its norm is given by

‖
∞∑
j=0

ajz
j‖2 =

∞∑
j=0

|aj |2β(j)2.

The classical Hardy space, the Bergman space and the Dirichlet space are weighted
Hardy spaces with β(j) = 1, β(j) = (j + 1)−

1
2 and β(j) = (j + 1)

1
2 , respectively.

Weighted Bergman and Dirichlet spaces are also weighted Hardy spaces. For further
information on these spaces see [11]. Let ϕ be an analytic self-map of the unit disc
D and define the composition operator Cϕ by Cϕ(f) = f ◦ϕ whenever f is analytic
on D. The function ϕ is called the symbol of the composition operator Cϕ. The
nth iterate of ϕ, denoted by ϕn, is the function obtained by composing ϕ with itself
n times; also, ϕ0 is defined by ϕ0(z) ≡ z. The function Kz ∈ H2(β) will denote
the reproducing kernel function at z ∈ D. So 〈f,Kz〉 = f(z) for f ∈ H2(β). It is
known that for a composition operator Cϕ acting on H2(β), C∗ϕ(Kz) = Kϕ(z) for
all z in D.
Proposition 2.3 shows that every hyponormal composition operator is convex; in
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particular, subnormal composition operators are convex. Also, by Proposition 2.2
every Jordan composition operator will be convex. Now, the question of classifying
all convex composition operators will be posed.

It is known that hyponormal operators are not supercyclic [8]; in particular,
hyponormal composition operators are not supercyclic. Also, it is proved in [18]
that on a large class of weighted Hardy spaces if T is a convex composition operator
such that ∆T ≥ 0 then T is an isometry and so cannot be supercyclic. We are going
to show that no convex composition operator induced by an automorphism of the
disc can be supercyclic. To continue the discussion, we need the following result
from [18].

Proposition 4.1.([18], Proposition 2.2) Let T : H2(β) → H2(β) be a bounded
linear operator, T1 = 1 and T ∗∆TT ≥ ∆T ≥ 0. Then

M = {f ∈ H2(β) : f(0) = 0}

is a nontrivial invariant subspace of T .

Let ϕ be an automorphism of the disc. Recall that ϕ is elliptic if it has one fixed
point in the disc and the other in the complement of the closed disc.

Theorem 4.1. No convex composition operator on H2(β) induced by an automor-
phism of the disc is supercyclic.

Proof. Let Cϕ be a composition operator on H2(β) where ϕ is an automorphism
of the disc. For simplicity of notation, ∆Cϕ

is denoted by ∆ϕ. Assume that Cϕ is
convex and supercyclic. By Theorem 3.1, either ∆ϕ ≥ 0 or ∆ϕ ≤ 0. Suppose that
∆ϕ ≥ 0 and put f(z) = z in Proposition 4.1. We conclude that ϕ(0) = 0. Also,
if ∆ϕ ≤ 0 then by Theorem 3.1, ‖Cnϕf‖ → 0 as n → ∞ for every f ∈ H2(β). Put
f(z) = z. Therefore,

‖Cnϕf‖H2(β) = ‖ϕn‖H2(β) → 0,

which implies that lim
n→∞

ϕn(0) = 0, and so ϕ(0) = lim
n→∞

ϕn+1(0) = 0. Consequently,

in any case ϕ(0) = 0. But this implies that ϕ is either the identity or an elliptic
automorphism, (see Proposition 4.47 of [17]).

Now, assume that ϕ is an elliptic automorphism. Then there is a scalar λ with

|λ| = 1 such that ϕ(z) = λz. For f(z) =
∞∑
n=0

f̂(n)zn ∈ H2(β) we have

(Cϕf)(z) =

∞∑
n=0

f̂(n)λnzn.

Thus,

‖Cϕf‖2H2(β) =

∞∑
n=0

|f̂(n)|2β(n)2 = ‖f‖2H2(β);

i.e., Cϕ is an isometry and cannot be supercyclic. 2
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