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Abstract. A. Bejancu [2] was the first who instigated the new concept in differential
geometry, i.e., CR-submanifolds. On the other hand, CR-submanifolds were generalized
by B. Y. Chen [7] as slant submanifolds. Further, he gave the notion of a Kaehlerian slant
submanifold as a proper slant submanifold.

This article has two objectives. For the first objective, we derive Simons′ type formula
for a minimal Kaehlerian slant submanifold in a complex space form. Then, by applying
this formula, we give a complete classification of a minimal Kaehlerian slant submanifold
in a complex space form and also obtain its some immediate consequences. The second
objective is to prove some results about semi-parallel submanifolds.

1. Introduction

In 1990, B. Y. Chen defined the slant submanifolds in complex manifolds as a natural
generalization of holomorphic and totally real submanifolds [7]. Examples of slant subman-
ifolds of C2 and C4 were given by B. Y. Chen and Tazawa [8, 9]. As far as contact geometry
is concerned, this study was extended by A. Lotta [14] in almost contact geometry and
further studied by Cabrerizo et al. in 2000. The theory of slant submanifolds became
very rich area of research for geometers. B. Sahin, S. Maeda, J. L. Cabrerizo, A. Carriazo,
L. M. Fernandez, M. Fernandez and many more geometers studied slant submanifolds in
different ambient spaces [4, 5, 6, 10, 16, 19, 20, 21].

In 1901, the notion of totally geodesic submanifolds was introduced by J. Hadamard.
He defined (totally) geodesic submanifolds of a Riemannian manifold as submanifolds such
that each geodesic of them is a geodesic of the ambient space. This condition is equivalent
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to the vanishing on the second fundamental form on the submanifolds. Totally geodesic
submanifolds are the simplest and the most fundamental submanifolds of Riemannian
manifolds.

In 1981, A. Bejancu, M. Kon and K. Yano derived Simons′ type formula for CR-
submanifolds of a complex space form [3]. Many authors derived Simons′ type formula for
different submanifolds in ambient spaces [11, 12, 26, 27].

Our work is structured as follows : in Section 2, we recall some fundamental formulas for
submanifolds of a Kaehler manifold, and in particular for slant submanifolds of a Kaehler
manifold, and then we give the basic definitions. In Section 3, we first prove a preliminary
lemma and quote some important lemmas for later use. Next, we construct Simons′ type
formula for a minimal Kaehlerian slant submanifold of a complex space form. In Section
4, we classify a minimal Kaehlerian slant submanifold of a complex space form by using
derived formula. Moreover, we give some immediate consequences of the main result of
this article. Section 5 deals with some results of semi-parallel submanifolds in a Kahler
manifold with certian conditions. In Section 6, we construct some examples of slant, semi-
slant, hemi-slant, bi-slant and CR submanifolds in almost complex manifolds.

2. Some Preliminaries on Kaehler Manifolds

In this section we give some notations which shall be used throughout this article. We
recall some necessary facts and formulas from the theory of Kaehler manifolds and their
submanifolds. Furthermore, we give some basic definitions.

Let M be an n-dimensional Riemannian manifold isometrically immersed in a Kaehler
manifold M of real dimension 2n with almost comple structure J . The Riemannian metric
for M and M is denoted by the same symbol g. Let TM and T⊥M denote the Lie algebra of
vector field and set of all normal vector fields on M respectively. The operator of covariant
differentiation with respect to the Levi-Civita connection in M and M is denoted by ∇
and ∇, respectively. The Gauss and Weingarten formulas are, respectively, given as

(2.1) ∇XY = ∇XY + Ω(X,Y ),

and

(2.2) ∇XV = −ΛV (X) +∇⊥XV

for any vector fields X,Y ∈ TM and V ∈ T⊥M. Here Ω is the second fundamental form,
Λ is the shape operator of M and ∇⊥ is the operator of covariant differentiation with
respect to the linear connection induced in the normal bundle T⊥M of M. The second
fundamental form and the shape operator are related by the following equation

(2.3) g(Ω(X,Y ), V ) = g(ΛV (X), Y )

for any vector fields X,Y ∈ TM and V ∈ T⊥M.
Denote by R and R the curvature tensor of M and M, respectively. Then the equation

of Gauss is given by

R(X,Y, Z,W ) = R(X,Y, Z,W )− g(ΛΩ(Y,Z)X,W )(2.4)

+g(ΛΩ(X,Z)Y,W )
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for any vector fields X,Y, Z,W ∈ TM.
Let x ∈ M and {e1, . . . , en} be an orthonormal basis of TxM and {en+1, . . . , e2n} be

an orthonormal basis of T⊥x M. The mean curvature vector H of a submanifold M at x is
given by the following relation

H(x) =
1

n

n∑
i=1

Ω(ei, ei).

Also, we set

~rij = g(Ω(ei, ej), er), i, j ∈ {1, . . . , n}, r ∈ {n+ 1, . . . , 2n}

and

‖Ω‖2 =

n∑
i,j=1

g(Ω(ei, ej),Ω(ei, ej)).

Definition 2.1. A submanifold M of M is said to be [6]

(i) totally umbilical if its second fundamental form satisfies the following relation

Ω(X,Y ) = g(X,Y )H

for any vector fields X,Y ∈ TM.

(ii) totally geodesic if
Ω(X,Y ) = 0

for any vector fields X,Y ∈ TM.

(iii) minimal if H = 0, i.e., trace Ω ≡ 0.

For Kaehler manifolds, we have the following facts [28] :

J2 = −I, g(JX, JY ) = g(X,Y ), and ∇J = 0

for any vector fields X,Y ∈ TM. Furthermore, the covariant derivative of the complex
structure J is defined as

(∇XJ)Y = ∇XJY − J∇XY
for any vector fields X,Y ∈ TM.

Now for any vector field X ∈ TM, we put

(2.5) JX = ρX + zX,

where ρX and zX denote the tangential and normal components of JX, respectively.
Then ρ is an endomorphism of TM, and z is the normal bundle valued 1−form on TM.
In the same way, for any vector field V ∈ T⊥M, we put

(2.6) JV = ιV + ωV,

where ιV and ωV denote tangential and normal components of JV , respectively. It is easy
to see that ρ and ω are skew-symmetric and

(2.7) g(zX,V ) = −g(X, ιV )
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for any vector fields X ∈ TM and V ∈ T⊥M. Moreover, the covariant derivative of
tangential and normal components of (2.5) and (2.6) is given as [28]

(∇Xρ)Y = ∇XρY − ρ∇XY,

(∇Xz)Y = ∇⊥XzY −z∇XY,

(∇Xι)V = ∇XιV − ι∇⊥XV,

(∇Xω)V = ∇⊥XωV − ω∇⊥XV
for any vector fields X,Y ∈ TM and V ∈ T⊥M.

If the ambient manifold M is of constant holomorphic sectional curvature c, then M

is called a complex space form and is denoted by M(c). Thus, the Riemannian curvature
tensor R of M(c) is given as [28]

R(X,Y, Z,W ) =
c

4

[
g(Y,Z)g(X,W )− g(X,Z)g(Y,W )

+g(JY, Z)g(JX,W )− g(JX,Z)g(JY,W )

+2g(X, JY )g(JZ,W )

]
(2.8)

for any vector fields X,Y, Z of M(c). By using (2.4) we can write the Riemannian curvature
tensor R of M as [28]

R(X,Y, Z,W ) =
c

4

[
g(Y,Z)g(X,W )− g(X,Z)g(Y,W )

+g(ρY, Z)g(ρX,W )− g(ρX,Z)g(ρY,W )

+2g(X, ρY )g(ρZ,W )

]
+ g(ΛΩ(Y,Z)X,W )

−g(ΛΩ(X,Z)Y,W )(2.9)

for any vector fields X,Y, Z ∈ TM.
There are certain important classes of submanifolds viz totally real submanifolds,

holomorphic submanifolds and CR-submanifolds (generalization of totally real and holo-
morphic submanifolds). The CR-submanifolds were generalized by B. Y. Chen as slant
submanifolds [7]. The definition of slant submanifold in an almost Hermitian manifold as
follows :

Definition 2.2.([6]) Let M be a Reimannian submanifold of an almost Hermitian manifold
(M, J, g), then M is said to be a slant submanifold if for each x ∈ M and Xx ∈ TM, the
angle θ(Xx) between JXx and the tangent space TxM is constant.

Remark 2.1. If M is a slant submanifold of (M, J, g) and x ∈ M, then for a local
orthonormal frame {e1, . . . , en} of M we should have |g(Jei, ej)| = cos θ = constant.

A slant submanifold is said to be proper if it is neither complex nor totally real. B. Y.
Chen [6] gives the notion of a Kaehlerian slant submanifold as a proper slant submanifold
such that the canonical endomorphism ρ (defined above) is parallel, that is, ∇ρ = 0. In
fact, a Kaehlerian slant submanifold is a Kaehler manifold with respect to the induced
metric and the almost complex structure J̃ = (sec θ)ρ, where θ is the slant angle.
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For slant submanifolds, the following facts are known [6] :

(2.10)


ρ2X = − cos2 θX,
ιzX = − sin2 θX,
ωzX = −zρX,

g(ρX, ρY ) = cos2 θg(X,Y ),
g(zX,zY ) = sin2 θg(X,Y )

for any vector fields X,Y ∈ TM, where θ is the slant angle of M in M.

Definition 2.3. There are some other important classes of submanifolds which are deter-
mined by the behavior of tangent bundle of the submanifold under the action of an almost
complex structure J of M :

(i) A submanifold M of M is called a CR-submanifold [2] of M if there exists a dif-
ferentiable distribution D (holomorphic) on M whose orthogonal complementary
distribution D⊥ is totally real.

(ii) A submanifold M of M is called semi-slant submanifold [18] of M if there exists a
pair of orthogonal distributions D and Dθ such that D is holomorphic and Dθ is
proper slant.

(iii) A submanifold M of M is called hemi-slant submanifold (or pseudo-slant) [22] of M
if there exists a pair of orthogonal distributions D⊥ and Dθ such that D⊥ is totally
real and Dθ is proper slant.

(iv) A submanifold M of M is called bi-slant submanifold [25] of M if there exists a pair
of orthogonal distributions Dθ1 and Dθ2 such that Dθ1 is proper slant with slant
angle θ1 and Dθ2 is proper slant with slant angle θ2.

3. Simons′ Type Formula

This section deals with the construction of Simons′ type formula while the main result
of this article is printed out in the next section. We quote some basic lemmas without
their proofs.

Lemma 3.1.([6], pg - 24) Let M be a proper slant submanifold of a Kaehler manifold M.
Then M is a Kaehlerian slant if and only if

ΛzX(Y ) = ΛzY (X)(3.1)

for any vector fields X,Y ∈ TM.

An immediate consequence of above quoted Lemma 3.1:

Lemma 3.2. Let M be a Kaehlerian slant submanifold of a Kaehler manifold M. Then
we have

ΛNρ+ ρΛN = 0(3.2)

for any vector field N ∈ T⊥M.

Proof. From ∇ρ = 0 and together with ∇J = 0, we can conclude that ∇z = 0. Now by
straightforward computation, we find that

Ω(X, ρY )− ΛzYX = JΩ(X,Y )
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for any vector field X,Y ∈ TM. Similarly, we have

Ω(Y, ρX)− ΛzXY = JΩ(Y,X)

for any vector fields X,Y ∈ TM. Combining these relations and using the fact that
ΛzYX = ΛzXY , we get the following

Ω(Y, ρX) = Ω(X, ρY )

for any vector fields X,Y ∈ TM, from which it follows that ΛNρ+ ρΛN = 0. 2

Lemma 3.3.([6], pg - 23) Let M be a submanifold of a Kaehler manifold M. Then ∇z = 0
if and only if

ΛωN (X) = −ΛN (ρX)(3.3)

for any vector fields N ∈ T⊥M and X ∈ TM.v
For the Laplacian of the second fundamental form Λ of an n-dimensional minimal

submanifold M in an m-dimensional Riemannian manifold M, the following Simons′ type
formula is well known ([23], pg - 81) :

∇2Λ = −Λ ◦ Λ̃− Λ˜ ◦ Λ +R(Λ) +R′,(3.4)

where the operators Λ̃ and Λ˜ are defined as follows

Λ̃ = tΛ ◦ Λ and Λ˜ =

m−n∑
a=1

adΛaadΛa

for a normal frame {ea}, a = 1, . . . ,m− n, and Λa = Λea . Here R(Λ) and R′ are given by
the followings

g(R(Λ)N (X), Y ) =

n∑
i=1

[
2g(R(ei, Y )Ω(X, ei), N) + 2g(R(ei, X)Ω(Y, ei), N)

−g(ΛN (X), R(ei, Y )ei)− g(ΛN (Y ), R(ei, X)ei)

+g(R(ei,Ω(X,Y ))ei, N)− 2g(ΛN (ei), R(ei, X)Y )
]

(3.5)

and

g(R′
N

(X), Y ) =

n∑
i=1

[
g((∇XR)(ei, Y )ei, N)(3.6)

+g((∇eiR)(ei, X)Y,N)
]

for any vector fields X,Y ∈ TM and N ∈ T⊥M.
Using all Lemmas and equations (3.4), (3.5) and (3.6), we prove the following propo-

sition to get the required Simons′ type formula for an n−dimensional minimal Kaehlerian
slant submanifold of a complex space form M(c) which plays an important role in working
out our main result of this paper.

Proposition 3.1. Let M be an n-dimensional minimal Kaehlerian slant submanifold of a
complex space form M(c). Then

g(∇2Λ,Λ) = −g(Λ ◦ Λ̃ + Λ˜ ◦ Λ,Λ) +
c

4

(
n+ 4− 3 sin2 θ

)
||Λ||2.(3.7)
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Proof. Since M(c) is locally symmetric, then (3.6) implies that g(R′
N

(X), Y ) = 0. Now,
we compute g(R(Λ)N (X), Y ) by using (2.8) in (3.5), then a straight forward computation
gives [3]

g(R(Λ)N (X), Y ) =
c

4

[
ng(ΛN (X), Y )− 2g(ΛzY (X), ιN)− 2g(ΛzX(Y ), ιN)

−4g(ΛωN (X), ρY )− 4g(ΛωN (Y ), ρX) + 3g(ρX, ρΛN (Y ))

+3g(ρY, ρΛN (X))− 6g(ΛN (ρX), ρY )

−2

n∑
i=1

{
g(Λzei(ei), X)g(zY,N) + g(Λzei(ei), Y )g(zX,N)

+
3

2
g(Λzei(X), Y )g(zei, N)

}]
.(3.8)

In the light of all above Lemmas and (2.10), the equation (3.8) becomes

g(R(Λ)N (X), Y ) =
c

4

[(
n+ 12 cos2 θ

)
g(ΛN (X), Y )− 4g(ΛzY (X), ιN)

+4g(ΛN (ρX), ρY ) + 4g(ΛN (ρY ), ρX)

−3 sin2 θg(ΛN (X), Y )

]
.

Further calculations reduce the above relation to

g(R(Λ)N (X), Y ) =
c

4

(
n+ 4− 7 sin2 θ

)
g(ΛN (X), Y )(3.9)

−cg(ΛzY (X), ιN).

With the help of (3.9) and (3.4) can be rewritten as

g(∇2Λ(X), Y ) = −g(Λ ◦ Λ̃ + Λ˜ ◦ Λ,Λ) +
c

4

(
n+ 4− 7 sin2 θ

)
g(ΛNX,Y )− cg(ΛzYX, ιN).

Putting X = ei and Y = ΛN (ei) and add for i = 1, . . . , n, we get

g(∇2Λ,Λ) = −g(Λ ◦ Λ̃ + Λ˜ ◦ Λ,Λ) +
c

4

(
n+ 4− 7 sin2 θ

)
||Λ||2 −

n∑
i=1

cg(ΛzeiΛN (ei), ιN).

Again, by considering all above Lemmas and (2.10), we arrive at

g(∇2Λ,Λ) = −g(Λ ◦ Λ̃ + Λ˜ ◦ Λ,Λ) +
c

4

(
n+ 4− 7 sin2 θ

)
||Λ||2(3.10)

+c sin2 θ||Λ||2,

and hence the desired result (3.7) follows immediately from (3.10). This completes the
proof of our Proposition. 2
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4. Kaehlerian Slant Submanifolds in Complex Space Forms

At this stage we are able to classify a Kaehlerian slant submanifold of a complex space
form by using Simons′ type formula for the second fundamental form (3.7), which has been
derived in the last section.

Theorem 4.1. Let M be an n-dimensional compact and minimal Kaehlerian slant sub-
manifold in a complex space form M(c). Then any of the following can hold :

(1) M is totally geodesic,

(2) M is S1 × S1 and n = 2 for θ = π
2

and c = 4,

(3) ||Λ||2 > c

4
(

2− 1
n

)(n+ 4− 3 sin2 θ
)

everywhere on M.

.

Proof. From Lemma 5.3.1 of J. Simons ([23], pg - 93), we get

g(Λ ◦ Λ̃ + Λ˜ ◦ Λ,Λ) ≤
(
2− 1

n

)
||Λ||4.(4.1)

Since M is compact, we have∫
M

g(∇2Λ,Λ) = −
∫
M

g(∇Λ,∇Λ).(4.2)

Thus, from equations (4.1), (4.2) and Proposition , we see that

0 ≤
∫
M

g(∇Λ,∇Λ) ≤
∫
M

{[(
2− 1

n

)
||Λ||2 − c

4

(
n+ 4− 3 sin2 θ

)]
||Λ||2

}
.

This is known as an integral formula of Simons′ type.
Suppose that

||Λ||2 ≤ c

4
(
2− 1

n

)(n+ 4− 3 sin2 θ
)

everywhere on M.
By combining last two inequalities, we find ∇Λ = 0 and hence ∇||Λ||2 is constant, i.e.,

either ||Λ||2 = 0 or

(4.3) ||Λ||2 =
c

4
(
2− 1

n

)(n+ 4− 3 sin2 θ
)
.

From Λ = 0, we conclude the statement (1), M is totally geodesic.
Now if we consider (4.3) and put θ = π

2
, c = 4, the equation reduces to

||Λ||2 =
( n+ 1

2− 1
n

)
which implies the statement (2), M = S1 × S1 and n = 2 [15].

Except for these possibilities,

||Λ||2 > c

4
(
2− 1

n

)(n+ 4− 3 sin2 θ
)

everywhere on M, which is the statement (3).
This completes the proof of our Theorem. 2
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Moreover, we quote some results which are based on Theorem 4.1. As the ambient
manifold is a complex space form M(c), we can take a complex projective space CP 2n

with constant holomorphic sectional curvature 4 of real dimension 2n. Then we have the
following result :

Corollary 4.1. Let M be an n-dimensional complete, compact and minimal Kaehlerian
slant submanifold of CP 2n. If

||Λ||2 <
(
n+ 4− 3 sin2 θ

2− 1
n

)
everywhere on M. Then M is either a

(1) complex projective space, or

(2) real projective space.

The proof of above corollary directly follows from Theorem 4.1 (1) and Lemma 4 of
[1].

Corollary 4.2. Let M be an n-dimensional compact and minimal Kaehlerian slant sub-
manifold of a complex space form M(c). If

||Λ||2 > c

4
(
2− 1

n

)(n+ 4− 3 sin2 θ
)

everywhere on M. Then scalar curvature of M has the lower bound, i.e.,

τ ≤ c n (n+ 1)

2(2− 1
n

)
.

Here we give an example which shows that the statement (2) of Theorem 4.1 holds :

Example 4.1. Consider the flat clifford torus M = S1 × S1 in R4 defined by

r(u, v) =
1√
2

(
cosu, sinu, cos v, sin v

)
.

It is minimal in S3 ⊂ R4 and hence austere. The cone cover M

C(M) =

{
1√
2

(w cosu,w sinu,w cos v, w sin v) : u, v, w ∈ R
}

is easily proved austere in R4.
On the other hand, we have

e1 = (− sinu, cosu, 0, 0),

e2 = (0, 0,− sin v, cos v).

If the almost complex structure J is defined as J(a, b, c, d) = (−b, a,−d, c) on R4, then M

is a totally real surface in R4 as θ = π
2

. Moreover, the length of second fundamental form
of 2−dimensional minimal submanifold M in R4 is ||Λ||2 = 2 ([28], pg - 96). From this we
conclude that the statement (2) of Theorem 4.1 holds.
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5. Semi-parallel Submanifolds in Kaehler Manifolds

In this section, first we give the definition of semi-parallel submanifolds. Second, we
see the role of semi-parallel condition in different submanifolds of a Kaehler manifold with
certain conditions.

The covariant derivative of second fundamental form of M is given by [28]

(∇̃Ω)(Y,Z) = ∇⊥XΩ(Y,Z)− Ω(∇XY,Z)− Ω(Y,∇XZ)

for any vector fields X,Y, Z ∈ TM. Here ∇̃ is the van der Waerden-Bortolotti connection
of M.

We quote the condition of semi-parallel, that is, when a submanifold is called semi-
parallel submanifold.

Definition 5.1.([29]) A submanifold M is called a semi-parallel submanifold for the con-

nection ∇̃ if

R̃(X,Y )Ω = 0,(5.1)

where

(R̃(X,Y )Ω)(Z,W ) = (∇̃X(∇̃Y Ω))(Z,W )− (∇̃Y (∇̃XΩ))(Z,W )

−(∇̃⊥[X,Y ]Ω)(Z,W )(5.2)

for any vector fields X,Y, Z ∈ TM.

Here we prepare some useful lemmas which shall be required in proving the interesting
results of this section.

Lemma 5.1. Let M be a submanifold of a Kaehler manifold M such that ∇z = 0. Then

R⊥(X,Y )zZ = zR(X,Y )Z

for any vector fields X,Y, Z ∈ TM. Here R⊥ is the normal curvature of M.

Proof. For any vector fields X,Y, Z ∈ TM, we have

R⊥(X,Y )zZ = ∇⊥X∇⊥YzZ −∇⊥Y∇⊥XFZ −∇⊥[X,Y ]FZ

= ∇⊥X(z∇Y Z)−∇⊥Y (z∇XZ)−z∇[X,Y ]Z

= z
[
∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z

]
= zR(X,Y )Z.

This completes our assertion. 2

Lemma 5.2. Let M be a submanifold of a Kaehler manifold M. Then ∇ω = 0 if and only
if

Ω(X, ιV ) = −zΛVX

for any vector fields V ∈ T⊥M, X ∈ TM.

Proof. By simple computation, we derive [28]

∇ω = −Ω(X, ιV )−zΛVX
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for any vector fields V ∈ T⊥M, X ∈ TM. From ∇ω = 0, we get our assertion. Converse
also holds. 2

We now first prove the result in the case of Kaehlerian slant submanifolds by using
semi-parallel condition:

Theorem 5.1. Let M be an n-dimensional minimal semi-parallel Kaehlerian slant sub-
manifold of a Kaehler manifold M. If M is of constant curvature k and ∇ω = 0, then M

is

(1) flat, i.e., k = 0, or

(2) totally geodesic.

Proof. Since, ∇ω = 0. Then, from Lemma 5.2, we use Ω(X, ιV ) = −zΛVX for any vector
fields X,Y ∈ TM and V ∈ T⊥M. Let us put

V = zY
ιV = ιzY = −Y − ρ2Y = − sin2 θ Y,

where we have used (2.10). Thus, we get

Ω(X,Y ) = cosec2θ zΛzYX.(5.3)

On the other hand, for any vector fields X,Y, Z ∈ TM, we have

0 = (R̃(X,Y )Ω)(Z,W ) = R⊥(X,Y )Ω(Z,W )

−Ω(R(X,Y )Z,W )− Ω(Z,R(X,Y )W ).

By using (5.3), we get

0 = cosec2θ
{
R⊥(X,Y )zΛzZW −zΛzWR(X,Y )Z −zΛzZR(X,Y )W

}
.

Taking into account Lemma and since M is of constant curvature k, i.e.,

R(X,Y )Z = k
{
g(Y,Z)X − g(X,Z)Y

}
for any vector fields X,Y, Z ∈ TM, we obtain

0 = k cosec2θ z
{
g(Y,ΛzZW )X − g(X,ΛzZW )Y − g(Y,Z)ΛzWX

+g(X,Z)ΛzWY − g(Y,W )ΛzZX + g(X,W )ΛzZY
}
.

Putting X = W = ei into last relation and add for i = 1, 2, . . . , n. Further, we use Lemma
3.1, we find that

k (n+ 1) cosec2θ
{
zΛzZY

}
= 0,

which gives k = 0 or cosec2θ zΛzZY = 0.
Hence, our assertions follow because of (5.3). 2

Using a similar method, we can prove the same result for totally real submanifolds in
Kaehler manifolds :

Theorem 5.2.([13]) Let M be an n-dimensional minimal semi-parallel totally real sub-
manifold of a Kaehler manifold M. If M is of constant curvature k and ∇ω = 0, then M

is
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(1) flat, i.e., k = 0, or

(2) totally geodesic.

Now considering the particular case of totally real submanifolds, that is, a totally real
submanifold of maximum dimension (n = m) is called a Lagrangian submanifold, where
n = dim(M) and m = dim(M):

Theorem 5.3. Let M be an n-dimensional minimal semi-parallel Lagrangian submanifold
of a Kaehler manifold M. If M is of constant curvature k( 6= 0) and ∇ω = 0, then M is

(1) flat, i.e., k = 0, or

(2) totally geodesic.

Next we prove the result in the case of bi-slant submanifolds by using semi-parallel con-
dition. Moreover, we see the same result in the case of hemi-slant, semi-slant and CR sub-
manifolds also. For two distributions D1 and D2 on M, we say that M is (D1, D2)−mixed
totally geodesic if for all X ∈ D1 and Y ∈ D2, we have Ω(X,Y ) = 0.

Theorem 5.4. Let M be an n-dimensional minimal semi-parallel bi-slant submanifold of
a Kaehler manifold M. If M is of constant curvature k,∇ω = 0 and ∇z = 0, then M is

(1) flat, i.e., k = 0, or

(2) (Dθ1 , Dθ2)−mixed totally geodesic.

Moreover, Dθ2 is invariant.

Proof. We put dim(M) = n = 2n1 + 2n2 = dim(Dθ1)+ dim(Dθ2). From Lemma , we find
that

Ω(X,Y ) = cosec2θ1 zΛzYX(5.4)

for any X ∈ TM and Y ∈ Dθ1 .
In the same way, we can say that

Ω(X,Y ) = cosec2θ2 zΛzYX(5.5)

for any X ∈ TM and Y ∈ Dθ2 .
On the other hand, for any X,W ∈ Dθ1 and Y,Z ∈ Dθ2 , we have

0 = (R̃(X,Y )Ω)(Z,W ) = R⊥(X,Y )Ω(Z,W )

−Ω(R(X,Y )Z,W )− Ω(Z,R(X,Y )W ).

By using (5.4) and (5.5), we get

0 = cosec2θ2R
⊥(X,Y )zΛzZW − cosec2θ1zΛzWR(X,Y )Z

−cosec2θ2zΛzZR(X,Y )W.

Taking into account Lemma and since M is of constant curvature k, i.e.,

R(X,Y )Z = k
{
g(Y,Z)X − g(X,Z)Y

}
for any vector fields X,Y, Z ∈ TM, we derive

0 = k cosec2θ2 z
{
g(Y,ΛzZW )X − g(X,ΛzZW )Y − g(Y,W )ΛzZX

+g(X,W )ΛzZY
}
− k cosec2θ1 z

{
g(Y,Z)ΛzWX − g(X,Z)ΛzWY

}
.
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Putting X = W = ei and add for i = 1, 2, . . . , 2n1, we arrive at

0 =

2n1∑
i=1

{
k cosec2θ2 z

{
g(Y,ΛzZei)ei − g(ei,ΛzZei)Y + 2n1ΛzZY

}
−k cosec2θ1 z

{
g(Y,Z)Λzeiei

}}
.

Taking inner product with zU for U ∈ Dθ1 on both sides of above equation, we obtain

k
{
g(U,ΛzZY ) + 2n1g(ΛzZY,U)− g(Y,Z)

2n1∑
i=1

g(Λzeiei, U)
}

= 0.

Let us use Y is orthogonal to Z in the last equation, which gives

k (1 + 2n1)g(ΛzZY,U) = 0.

for any Z, Y ∈ Dθ2 and U ∈ Dθ1 . From this, we conclude that either M is (Dθ1 , Dθ2)-
mixed totally geodesic or Dθ2 is invariant. Moreover, M is flat. Hence, our assertions
follow. 2

The proofs of following theorems directly follow from the above Theorem 5.4:

Theorem 5.5. Let M be an n-dimensional minimal semi-parallel hemi-slant submanifold
of a Kaehler manifold M. If M is of constant curvature k,∇ω = 0 and ∇z = 0, then M

is

(1) flat, i.e., k = 0, or

(2) (D⊥, Dθ)−mixed totally geodesic.

Moreover, Dθ is invariant.

Theorem 5.6. Let M be an n-dimensional minimal semi-parallel semi-slant submanifold
of a Kaehler manifold M. If M is of constant curvature k,∇ω = 0 and ∇z = 0, then M

is

(1) flat, i.e., k = 0, or

(2) (D,Dθ)−mixed totally geodesic.

Theorem 5.7. Let M be an n-dimensional minimal semi-parallel CR submanifold of a
Kaehler manifold M. If M is of constant curvature k,∇ω = 0 and ∇z = 0, then M is

(1) flat, i.e., k = 0, or

(2) (D,D⊥)−mixed totally geodesic.

6. Some examples

In this section we construct some examples of slant submanifolds in an almost complex
manifold inspirited by B. Y. Chen [6]. Let (R2m, J) be the Euclidean 2m−space and
endowed with the Euclidean metric g, where J is an almost complex structure on R2m.
The Euclidean metric g is defined by

g
(
(x1, . . . , xm, y1, . . . , ym), (z1, . . . , zm, w1, . . . , wm)

)
= x1z1 + · · ·+ xmzm + y1w1 + · · ·+ ymwm.
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Example 6.1. Consider a 2−dimensional submanifold M in (R4, J) given by

r(u, s) = (−s sinu, sin s, s cosu, cos s).

Then at any point p ∈M , we have

drp =


−s cosu − sinu

0 cos s
−s sinu cosu

0 − sin s


Let {e1, e2} be a local orthonormal frame on M .

e1 = (− cosu, 0,− sinu, 0),

e2 =
(− sinu, cos s, cosu,− sin s)√

2
.

Since J(a, b, c, d) = (−c,−d, a, b) satisfies J2 = −I, then we have

Je1 = (sinu, 0,− cosu, 0),

Je2 =
(− cosu, sin s,− sinu, cos s)√

2
.

Here we see that ∣∣g(Jei, ej)
∣∣ =

1√
2
, i, j = 1, 2.

Hence, M is a proper slant surface in R4 with the slant angle θ = π
4

.

On the other hand, given metric g satisfies g(Je1, Je2) = g(e1, e2), then R4 is an almost
Hermitian manifold.

In the same manner, we can quote more examples of slant submanifolds.

Example 6.2. Consider a 2−dimensional submanifold M in (R4, J) given by

r(u, v) = (u sinα, v cosβ, u cosα, v sinβ),

where α and β are constant. Then M is a slant surface with the slant angle θ =
cos−1

(∣∣ sin(α+ β)
∣∣), where J(a, b, c, d) = (−b, a,−d, c).

Example 6.3. Consider a 2-dimensional submanifold M in (R4, J) given by

r(u, v) = (u+ v, u+ v, u, v).

Then M is a proper slant surface with the slant angle θ = cos−1
(

1√
3

)
, where J(a, b, c, d) =

(−b, a,−d, c).

If the almost complex structure J is defined as J(a, b, c, d) = (−c,−d, a, b) on R4, then M
is a totally real surface in R4 as θ = π

2
.

Example 6.4. Consider a 2−dimensional submanifold M in (R4, J) given by

r(u, v) = (u, u, v cos t, v sin t),
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where t is any constant. Then M is a slant surface with the slant angle θ =
cos−1

(∣∣ cos t+sin t√√
2

∣∣), where J(a, b, c, d) = (c, d,−a,−b).

Example 6.5. Consider a 2−dimensional submanifold M in (R8, J) given by

r(u, v, w, z) = (u, v, k sinw, k sin z, kw, kz, k cosw, k cos z).

Then M is a Kaehlerian slant submanifold with the slant angle θ = cos−1(k) for any
positive number k. It is the well-known example of Kaehlerian slant submanifolds given
by B. Y. Chen.

Example 6.6. If M is a slant submanifold in an almost Hermitian manifold M , then
M ×R is a slant submanifold in the almost contact metric manifold M ×R with the usual
product structure [7].

Remark 6.1. It is known that in complex geometry, proper slant submanifolds are always
even dimensional, while in contact geometry, proper slant submanifolds are always odd
dimensional.

Now, let us quote some examples of CR, semi-slant, hemi-slant and bi-slant subman-
ifolds of almost complex manifold.

Example 6.7. Let f : M → R8 defined by

f(t, s, u, v) = (t cosu, s cosu, t cos v, s cos v, t sinu, s sinu, t sin v, s sin v).

Then we have

e1 = (cosu, 0, cos v, 0, sinu, 0, sin v, 0),

e2 = (0, cosu, 0, cos v, 0, sinu, 0, sin v),

e3 = (−t sinu,−s sinu, 0, 0, t cosu, s cosu, 0, 0),

e4 = (0, 0,−t sin v, s sin v, 0, 0, t cos v, s cos v).

Thus, M is a CR-submanifold of R8 such that D⊥ = span{e3, e4} and D = span{e1, e2},
where J(a, b, c, d, e, f, g, h) = (b,−a, d,−c, f,−e, h,−g).

Example 6.8. Let f : M → R10 defined by

f(u, v, s, t) = (t cosu, s cosu, t cos v, s cos v, t sinu, s sinu, t sin v, s sin v, u, v).

Then we have

e1 = (cosu, 0, cos v, 0, sinu, 0, sin v, 0, 0, 0),

e2 = (0, cosu, 0, cos v, 0, sinu, 0, sin v, 0, 0),

e3 = (−t sinu,−s sinu, 0, 0, t cosu, s cosu, 0, 0, 1, 0),

e4 = (0, 0,−t sin v, s sin v, 0, 0, t cos v, s cos v, 0, 1).

Thus, M is a semi-slant submanifold of R10 such that Dθ = span{e3, e4} with
slant angle cos−1

(
1

s2+t2+1

)
and D = span{e1, e2}, where J(a, b, c, d, e, f, g, h, i, j) =

(b,−a, d,−c, f,−e, h,−g, j,−i).
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Example 6.9. Let f : M → R6 defined by

f(u, v, t) = (u cos v, u sin v, u, 0, t, t).

Then we have

e1 = (cos v, sin v, 1, 0, 0, 0),

e2 = (−u sin v, u cos v, 0, 0, 0, 0),

e3 = (0, 0, 0, 0, 1, 1).

Thus, M is a proper hemi-slant submanifold of R6 such that Dθ = span{e1, e2} with slant
angle π

4
and D⊥ = span{e3}, where J(a, b, c, d, e, f) = (b,−a, c,−d, f,−e).

Example 6.10. Let f : M → R8 defined by

f(u, v, t, s) = (u cosα, v, u sinα, 0, s, t cosβ, t sinβ),

where α and β are constant. Then we have

e1 = (cosα, 0, sinα, 0, 0, 0, 0, 0),

e2 = (0, 1, 0, 0, 0, 0, 0, 0),

e3 = (0, 0, 0, 0, 1, 0, 0, 0),

e4 = (0, 0, 0, 0, 0, cosβ, sinβ).

Thus, M is a bi-slant submanifold of R8 such that Dθ1 = span{e1, e2} with slant an-
gle α and Dθ2 = span{e3, e4} with slant angle β, where J(a, b, c, d, e, f, g, h, i, j) =
(b,−a, d,−c, f,−e, h,−g, j,−i).
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