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Nonlinear Analysis of RC Structures using Isogeometric RM Shell 
Element
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Abstract Nonlinear analysis of reinforced concrete (RC) structures is performed by using isogeometric Reissner-Mindlin (RM) 
shell element. The elasto-plastic constitutive model is employed to express the nonlinear behavior of concrete material and the 
equivalent smeared steel layer is introduced to represent steel reinforcement. The arc-length control method is used to produce 
the entire load-displacement path of RC structures. Finally, three benchmark tests are carried out to verify the performance of the 
present shell element. From isogeometric analysis, the present results show a good agreement with experimental results and it is 
provided as future benchmark test solutions.
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1. INTRODUCTION

Many types of structures such as building, dam, bridge, 
storage tank and containment building have been constructed 
by using reinforced concrete (RC) material. Therefore, accurate 
prediction of the behavior of RC structures is necessarily 
required. In many years, finite element (FE) analysis has been 
widely used to investigate the nonlinear behaviour of RC 
structures. For RC continuum structures, the Reissner-Mindlin 
(RM) degenerated shell element (Ahmad et al., 1970; Lee & 
Seo, 2000; Lee et al., 2002; Lee, 2014) has been often adopted 
with the layer-wise approach (Lin & Scordelis, 1975). However, 
the degenerated RM shell element can suffer from locking 
phenomena. Various works for eliminating the locking have 
been conducted by many researchers (Zienkiewicz et al., 1971; 
Pawsey et al., 1971; Wilson et al., 1973; Huang et al., 1986; Lee & 
Kanok-Nukulchai, 1998).

In FE analysis, the generation of FE mesh is required and 
it usually needs additional computation time and causes 
numerical analysis errors because of the difference between 
geometric and analysis models. The integration of geometric 
model and analysis model is achieved by using isogeometric 
concept (Cottrell et al., 2009) and the analysis can be carried
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out without the mesh generation procedure. In addition, the 
h-, p- and 农refinement schemes provide a meaningful way 
of alleviating the locking phenomenon without any special 
treatments (Lee & Kim, 2012; Lee & Park, 2013; Park & Lee, 
2014). Therefore, the isogeometric analysis (IGA) has been 
gradually used in the various engineering fields.

In this context, we introduce the isogeometric approach 
(Hughes et al., 2005) into the nonlinear analysis of RC plate and 
shell structures. A brief description of Non-uniform B-spline 
surface (NURBS) and an isogeometric formulation for a RM 
shell element and constitutive material models are provided 
for RC structures. The performance of the isogeometric RM 
shell element is tested throughout the nonlinear analysis of RC 
structures and numerical results are provided as benchmark test 
solutions for RC structures.

2. GEOMETRIC DEFINITION

A knot vector is a set of coordinates in parametric space, 
defined by E = [&思為，・・・Mn+p+打,0 < < fi+1J i = 1,2,
...,n + p + 1 where & is the ith knot, n is the number of basis 
functions and p is the order of the basis function. A knot vector 
is called to be uniform if all knots are uniformly spaced and 
otherwise it is said to be non-uniform. Moreover, a knot vector 
is said to be open if its first and last knots are repeated p + 1 

times. The important characteristics of open knot vectors makes 
the resulting basis functions interpolated at the ends of the 
parametric interval but in general, not interpolated at interior 
knots if interior knots aren’t repeated p times. It should be noted 
that open knot vectors are employed throughout this study.

The B-spline basis functions 시for the order p = 0 are 
defined recursively on the corresponding knot vector as follows：
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N=卩 — K — fi+i
火)— to otherwise (1)

For the order p > 1,

시切 (S) =
^i+p — Si

Ci+p+l — f 

^i+p+1 — fi+1
(2)

With use of the above basis function, the B-spline curve is 
defined as follows:

n

c 传(3)
i=i

where n is the number of B-spline basis functions and is the 
Ith control point associated with M,p(g) which means the Ith 
B-spline basis function of the order p.

The B-spline surface is defined by the tensor product of 
B-spline basis function in two parametric dimensions E =

..-，&+p+i] and H = [^，如,-i^n+p+i] as follows：

n m

S(匕 히) A伽(4)
i=lj=l

where n and m are the number of M,p(g) and M/,q(g) which 
are the univariate B-spline basis function of order p and q 
respectively. X；j is the (i J) 하' control point.

Replacing the index coordinates (ij) of the B-spline surface 
with the notation of a node a such as Na(^, 〃)= N”(f)旳应(〃) 

,(4) can be rewritten as follows：

mn
S(m=£ 시a 任,기)Xa (5)

a=l

where nm is equal to nxm and & (匕 〃)is the basis function 
associated with control point a.

The NURBS surface can be defined as follows：

nm nm
S(切)=郭g (6)

where wa the weight associated with control point a.
In addition, the h-, p- and ^-refinement (Cottrell et al., 2009) 

are generally used in isogeometric approach. The detailed 
description of three refinement techniques refer to the previous 
works (Lee and Kim, 2012)

3. ISOGEOMETRIC FORMULATION

The present isogeometric shell formulation is based on the 
degenerated solid concept (Ahmad et al., 1970). The geometry 
of the present shell is illustrated in Figure 1.

3.1 Kinematics
In three-dimensional space, the geometry of shell element 

can be defined by using (6) as follows：

X(加, C =瓦(負7)g +，히 (7)

a=l

where & 히 is used to define the mid-surface of shell and < is used 
to define the thickness of shell. nei =(p + l)(q +1) is the 
number of control points of an element. Xa is the control points 
in the global coordinate system. ha is the thickness of shell. The 
term 能 is the unit normal vector in thickness direction, which is 
defined in the nodal coordinate.

Equation (7) can be rewritten as follows：

〈知=死（加） #诺 + X 瓦（山）:三으〈 曾 （8）

心 2
3汩a=l

where 诡七馆''■。著 means the 理 components in global 
coordinate system.

Figure 1. Isogeometric RM shell element with coordinates systems.

3.2 Displacement field
The displacement field is defined by using three translational 

degrees of freedom and two rotational degrees of freedom as 
follows：

nei
u(E 가，<)=)： 凡& 1)["a + 으 卩ga] (9) 

a=l

where the transformation matrix is 卩a =伊上一说], the 
translational displacement vector is ua =[帰,據]at control 
point a and the rotation vector is aa =[砍,at control point 
a. Equation (9) can be rewritten as follows：
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此任，기）
100 0.5血曾-0.5以成笑 

010 0.5血暧-0.5以旎V 
001 0.5卩潔z 一 0.泌探.

(10)

where ^iay is the total number of both steel layers and concrete 
layers, is the thickness of each layer and |J| is the Jacobian 
determinant.

4. CONSTITUTIVE EQUATION

where 令g is the direction cosine between the global and local 

coordinate systems.

3.3 Strains
The strains for curved shell structure are generally defined by 

using the local displacement components (叫).With 曷 3 = 0, 

the strains can be therefore written as follows： 

(4) 
= ・・• =<

%

£22

'吃L 、

U2,2

£12

f13

区23丿

> =< 监2，+诞,1 »

诺,3 +吃L 

、电,3 + «3,2>

(11)

where u[j =。说 / dxj.
The displacement field of (10) is defined in the global 

coordinate system. So with the use of direction cosine and 
Jacobian matrices, local strains can be defined as follows： 

緣)芒捋

a=l Eqs

where £p and e； represent the in-plane strain term and the 
transverse shear strain term respectively.

3.4 Smeared layer model
A layer-wise approach is adopted to represent the steel 

reinforcement and concrete layers as shown in Figure 2.

Figure 2. Smeard layer model: stress in equivelent thickness

Therefore, tangent stiffness matrix Kr can be written in the 
following form (Owen & Figueiras, 1984)

=Ko +、
nlay +1 +1

= 2 臨마，마也頤 |J|dW7

+言 m龄 Bwuidw
(13)

4.1 Concrete in compression
The yield condition is defined by using Drucker-Prager model 

(Chen, 1982) in terms of the stress components with assuming 
the zero (J = 0) of normal stress in the shell mid-surface as 
follows：

fW = (a^0(Ox + by) + 所(磋 +一 OxQy)

1 (14)
+ 3(T%y + Txz + = %

where a = 0.379878 and 8 = 1.379878.
The yield condition of (14) is illustrated in Figure 3(a).

(12)

Figure 3. Concrete in compression: (a) two-dimentinal stress space, 
(b) one-dimentinal stress space.

The following stain-hardening model as shown in Figure 3(b) 
is employed.

]E
a = E0£-~ —£2, 。.3危 <fc (覺)

2 s0

where Eo is the initial elasticity modulus, £ is total strain and % is 
total strain at peak stress 乙'.

The crushing criterion for concrete is defined in terms of 
strains as follows：

{a(& + Sy) + 5[仁 + £y- £x£y)

+0.75(吗 + Yxz + 展)]F =印. (16)

where a = 0.379878% and /? = 1.379878. £u is an ultimate 
total strain obtained from uniaxial test results.

4.2 Concrete in tension
For cracking criterion, Niwas model and Drucker-Prager 

model (Lee & Park, 2009) are used for tension-compression 
(T-C) and tension-tension (T-T) stress region respectively 
(See Figure 4). Niwas model uses the parameter k = 3/2 and 
the parameter for Drucker-Prager model are a = 0.492左, 
g = 0.508.



12 Kyoung Sub Park and Sang Jin LEE

In addition, the nonlinear tensile behavior of concrete is 
characterized by relevant material models such as tension 
stiffening model, compressive cracked model and shear transfer 
model. As shown in Figure 5(a), A concrete model (Izumo et 
al., 1992) is adopted to consider tension stiffening effect. The 
cracked concrete subjected to high tensile strains in direction 
perpendicular to the compression is softer and weaker than 
the intact concrete. Thus, Vecchio and Collins model (1986) 
is adopted as compressive cracked model as shown in Figure 
5(b). The considerable amount of shear stress can be transferred 
across cracks in the RC due to aggregate interlock and dowel 
action. In this study, Al-Mahaidi model (1979) is adopted to 
deal with this shear transfer as shown in Figure 5(c).

4.3 Steel in tension and compression
A bilinear idealization model is adopted to represent the 

elasto-plastic stress-strain relationships for steel reinforcement. 
When rebar embedded in concrete yields at crack plane, the 
stresses in the reinforced bars between the cracks will be less 
than the yield stress at the crack plane because the concrete can 
carry part of tensile stress. At this point, the resulting average 
stress will obviously be less than the yield strength of bare steel. 
Thus Belarbi and Hsu model (1994) is adopted as shown in 
Figure 5(d). For simplicity, a perfect bond is assumed between 
steel reinforcement and concrete.

5. NUMERICAL EXAMPELS

Figure 4. Cracking criteria for for T-C and T-T stress space

In this section, three numerical examples are carried out 
to show the performance of the present shell element. For all 
examples, full integration points (p + 1) are employed.

5.1 Vecchio and Collins panels
This RC panels were originally tested by Vecchio & Collins 

(1982) to investigate its shear capacity. The size of panels 
is 890mm x 890、x 70mm and a wire mesh is used as steel 
reinforcement. The Poisson ratio of concrete is v = 0.2 and the 
equation ft = 一333 JR is used for the calculation of tensile 

strength of concrete. The material properties of panels are 
summarized in Table 1.

(a) Tension stiffening model (b) Reduction in fracture parameter

890mm 、70mm

나T- 
50mm

(a) (b)
Figure 6. Vecchio & Collins panel

Average strain Tensile strain normal to crack两 xlO-6

(d) Yield condition ofRC (c) Shear transfer model

Figure 5. The models related to concrete in tension

Table 1. Material properties for Vecchio and Collins panel (Unit: MPa)

Panel 
No.

Loading 
Ratio

T\ax\ay

Longitudinal 
steel

Transverse 
steel

concrete

Px fx Py fy 玲 E

PV10 1:0:0 0.01785 276 0.00999 276 14.5 18011.30

PV11 1:0:0 0.01785 235 0.01306 235 15.6 18682.00

PV12 1:0:0 0.01785 469 0.00446 269 16.0 18920.00

PV19 1:0:0 0.01785 458 0.00713 299 19.0 20617.59

PV20 1:0:0 0.01785 460 0.00885 297 19.6 20940.60

PV21 1:0:0 0.01785 458 0.01296 302 19.5 20887.11

PV22 1:0:0 0.01785 458 0.01524 420 19.6 20940.60

PV23 1:-0.39:-0.39 0.01785 518 0.01785 518 20.5 21415.99

PV25 1:-0.69:-0.69 0.01785 466 0.01785 466 19.2 20725.82

PV27 1:0:0 0.01785 442 0.01785 442 20.5 21415.99

PV28 1:0.32:0.32 0.01785 483 0.01785 483 19.0 20617.59
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Young modulus of steel reinforcement are Es = 200000Mpa 

and the strain hardening is considered as Esh = 0.01E； In 
the analysis, four isogeometric elements with ten layers are 
employed. In specific, six layers and four layers are used for 
concrete and steel reinforcement respectively.

(a) PV10 panel (b) PV11 panel

(c) PV12 panel (d) PV19 panel

(i) PV25 panel (j) PV27 panel

(k) PV28 panel

Figure 7. Shear stress-strain curve for Vecchio and Collins panels

From numerical results in Figure 7, there are three failure 
patterns. First, the panels PV10, PV12, PV19, PV20 and PV21 
show the yielding in vertical shear reinforcements after concrete 
cracks occur in the panel. Second, the panel PV11 show the 
failure of vertical shear reinforcements and then horizontal 
shear reinforcements of the panel are failed. Finally, the panels 
PV22, PV23, PV25, PV27 and PV28 did not show the yielding 
of any shear reinforcements after cracking of concrete because 
these panels have both high steel ratio and high yield strength of 
steel.

From numerical result, it turned out to be that the initial crack 
strength of concrete influences greatly on the numerical results. 
Overall failure patterns obtained from numerical test are very 
similar to experiment result.

It should be noted that the present shell element produces the 
same stress-strain curve regardless of the order of basis function 
since the concrete cracking of the shear RC panels under 
uniform in-plane stress occurs at the same sequence at the same 
loading increment.

5.2 McNeice slab
A square plate subjected to central point load is considered. It 

was tested experimentally by McNeice (1967) and was analyzed 
by other researchers (Hinton et al., 1981; Gilbert & Warner, 
1978). The geometry of the plate and the position of steel 
reinforcement is provided in Figure 8.

Figure 8. Geometry of McNeice slab with FE mesh

The compressive strength of concrete is = 37.92MPa and 
the ratio of tensile strength to compressive strength of concrete 
is assumed as ft/ fc = 8.36 X、10 2. The elastic modulus 
of concrete is Ec = 28.6Gpa. The elastic modulus and the 
yield stress of steel are Es = 200Gpa and= 4128kg/cm2 

=413.7MPa respectively. The rebar is reinforced in both x- 
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and y- directions with the same reinforcement ratios px = Py = 
0.0085.

In this test, a symmetric quarter of the plate is 击scretized by 
3 X 3 elements. Four different orders of basis function are used.

From numerical results illustrated in Figure 9, the present 
solutions have a good agreement with experiment result. In 
specific, the higher order of basis function produces more 
flexible solution compare to experiment result after the value of 
displacement 0.6cm.

Figure 9. Center deflection of McNeice slab

5.3 Parabolic cylindrical shell roof
A parabolic cylindrical shell roof with variable thickness 

(Hedgren & Billington, 1967) is analyzed. The geometry of shell 
roof is illustrated in Figure 10. It is subjected to uniform load 
and its circular edges are supported on rigid diaphragm and 
its straight edges are free. The RC shell has 17 different layer 
patterns as shown in Figure 10 and the detailed information of 
layered patterns refers to the References (Owen & Figueiras, 
1984; Lee, 2014). The material properties of concrete are 
elastic modulus Ec = 20.69GPa and Poisson ratio 나 = 0.145. 

Compressive and tensile strength of concrete are f； — 30.2MPa 

and ft = 4.8MPa respectively. Three different types of steel 
reinforcement are used in the RC shell and the material 
properties of steel are described in Table 2.

Table 2. Material properties of steel reinforcement

Designation Diameter(mm) Es(GPa) 质GPa)

#3 1.22 200 252.9

#4 1.57 200 219.1

#9 3.43 200 306.6

In the analysis, the symmetric quarter of RC shell is used and 
the 6x6 elements are generated by using p-refinement. The 
exponent of tension stiffening model is employed as c = 0.2.

The load factor is normalized by Pr = 0.00358 MPa as 
described in Reference (Owen & Figueiras, 1984). As shown 
in Figure 11, numerical results have a good agreement with 
experimental results expect for the case of the second order 
(P = 2) of basis function. With use of the higher order of basis 
function (p = 3,4,5), we can effectively alleviate the locking 
phenomenon without special treatments such as reduced 
integration, assumed strain or incompatible mode.

Figure 10. Geometry and FE mesh of parabolic cylinderical shell roof

L— 121.92
n

応)= 1.27 +

62.105 1
1_____ 60.96 60.96 J
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Figure 11. Load-deflection for parabolic cylindrical shell roof: 
(top) full integration (bottom) reduced integration

6. CONCLUSIONS

A degenerated RM shell element is formulated by using 
an isogeometric approach and used to analyze the nonlinear 
behavior of RC structures. Three numerical examples are carried 
out to check membrane, bending and coupling behaviour of 
the present shell element. From numerical tests, the present 
shell element shows a good performance in most examples. 
In particular, the present shell element can rectify the locking 
phenomenon by using the higher order basis function. Without 
the changing the geometry of RC structure, present shell 
element elevates the order of basis function and produces a 
reliable solution. Therefore, it is found to be that the present 
shell element is applicable to RC plate and shell structures with 
reasonable accuracy.
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