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Abstract
  The optical force on a perfectly reflecting sphere in a ray-optics regime is considered. With the assumption of 
geometric optics and a sphere smaller than the minimum waist of the illuminating beam, closed-form analytic 
expressions of the optical force are derived. Both axial and radial forces are expressed by a modified Bessel function 
of the first kind. The derived analytic expressions are compared to precise numerical computations of the exact optical 
force equations derived previously. In addition the error due to the small sphere assumption is estimated analytically.
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1. Introduction

The existence of the radiation pressure force, or 
optical force, from the Sun was predicted by Kepler 
based on his observation of comet tails in the early 
17th century. Due to the lack of a proper light source, 
however, the optical force was not able to be verified 
experimentally until the development of the laser. 
Ashkin’s demonstration of the acceleration and 
levitation of micron-sized objects using a laser beam in 
the early 1970s initiated the use of optical force in 
diverse fields of research including physics (Ashkin, 
1970; Chu et al., 1986; Ozornek et al., 1998), biology 
(Ashkin and Dziedzic, 1989; Finer et al., 1994; Hebert 
et al., 2011; Paik and Perkins, 2012; Zhong et al., 
2013), and engineering (Gauthier, 1997; Koehler, 1997; 
Kovac and Voldman, 2007). 

Numerous theoretical approaches to optical force 
have been developed. Principally, it can be computed 
using the generalized Lorenz-Mie theory for any size 
of object but it is computationally expensive (Lock, 2004). 
For two extreme cases, however, computationally 
efficient methods are available. One is an object much 
larger than the wavelength of the illuminating beam. In 
this case the optical force can be obtained in an 
analytic form using a ray-optics model. The other is an 
object much smaller than the wavelength of the 
illuminating beam. In this case dipole approximation 
can be used. Most of the theoretical studies regarding 
optical force have focused on transparent dielectric 
materials including biological cells and polymer 
spheres. More recently, studies of the optical trapping 
of absorbing objects have also been reported (Lin and 
Li, 2014; Pan et al., 2012). In addition, the optical 
force on a perfectly reflecting sphere has been studied 
(Kim and Kim, 2006).

Compared to a dielectric object, the optical force on 
a perfectly reflecting object can take a simpler form 
because it is not required to account for the infinite 
paths of rays passing through objects. In a previous 
study (Kim and Kim, 2006), numerical calculations of 
optical force on a perfectly reflecting sphere were 

performed using an approximated expression of the 
force. An analytic expression of optical force on a 
perfectly reflecting sphere was also derived but was 
restricted to a specific spatial coordinate, i.e., the axial 
force equation was derived for the sphere located along 
the beam axis (zero radial offset) and the radial force 
equation was derived for the sphere placed at zero 
axial distance. 

In this study, we derived closed-form expressions of 
both axial and radial forces on a perfectly reflecting 
sphere placed at an arbitrary position in the Gaussian 
beam. We considered a sphere much larger than the 
wavelength of the illuminating beam, and therefore 
adopted the ray-optics approach to derive an analytic 
expression for optical force. Furthermore, we assumed 
the sphere was smaller than the minimum beam waist 
that is commonly adopted in optical sorting (Hart et 
al., 2007; Kaneta et al., 1997; Kim et al., 2006; Kim 
et al., 2008; Terray et al., 2005; Terray et al., 2009; 
Terray et al., 2014).

2. Theory

On the assumption of ray-optics, light can be 
thought of as bundles of rays with zero thickness. The 
rays change their paths at the interface of the object 
and surrounding medium due to Snell’s law. Because 
each ray carries momentum, the optical force can be 
calculated by considering the trajectories of rays 
passing through an object. Gauthier and Wallace 
derived the photon stream method to include the 
effects of the intensity distribution and thereby obtain a 
closure form of optical force equation (Gauthier and 
Wallace, 1995). The photon stream path is identical to 
the trajectory of the ray, and the number of photons in 
the stream can be calculated from the intensity profile. 
Therefore, the optical force can be evaluated accurately 
by considering the change in momentum of all photons 
passing through an object. Gauthier and Wallace 
considered only a finite number of photon stream 
paths, however the photon stream is divided infinitely 
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whenever it intersects the surface of a sphere. Kim and 
Kim considered infinite paths of the photon stream and 
derived an expression for the optical force on a 
transparent sphere in a loosely focused Gaussian beam 
(Kim and Kim, 2006),
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where Fa and Fr represent the optical force in the axial 
and negative radial directions, respectively; n0 is the 
refractive index of the medium; c is the speed of light 
in a vacuum; P is the power of the beam; θ and θr 
are the incident and refracted angles of the photon 
stream at the surface of the sphere; and φ is the polar 
angle. I(ρ,z) is the Gaussian intensity profile (Saleh 
and Teich, 2007), 


 exp

 ,                    (3)

where ω(z) is the radius of the beam at an axial 
distance z and can be expressed as a function of the 
minimum beam waist radius, ω0, and the wavelength 
of the beam (Saleh and Teich, 2007),
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and ρ is the radial distance between the ray striking 
the sphere and the beam center axis and can be 
expressed as a function of the incident angle and the 
radial offset of the sphere (Fig. 1), 

Fig. 1. Geometry considered in this study. The perfectly 
reflecting sphere is located in the illuminating beam 
at an arbitrary position.

  p sin  psincos. (5)

A loosely focused Gaussian beam was assumed in 
the derivation of Eqs. (1) and (2), i.e., the minimum 
beam waist is larger than the wavelength of the 
illuminating beam. Thus, the photo stream can be 
thought of as traveling parallel to the direction of 
propagation and therefore the wavefront radius of 
curvature can be ignored. 

For a perfectly reflecting sphere we can set R = 1 
and T = 0 and Eqs. (1) and (2) can be rewritten as, 
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With a small sphere assumption, rp / ω0 << 1, and 
the integral representation of the modified Bessel 
function of the first kind (Watson, 1995),



4  Sang Bok Kim⋅Dong Keun Song

Particle and Aerosol Research 제 14 권 제 1 호

I  
 



expcoscosd . (8)

Eqs. (6) and (7) can be reduced to single integral 
forms,
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To calculate the above integral equation, Sonine’s 
integral formula can be applied. The original 
formulation of Sonine’s integral involves a Bessel 
function of the first kind, Jν(z), but it can be modified 
as the following (Watson, 1995),




Isinsin  cos   d
   I     z

,   (11)

with the definition of the modified Bessel function

I   exp J zexp. (12)

Here, Γ denotes the gamma function. Finally, the 
integral form of the axial and radial optical forces can 
be solved by imposing μ = 0, ν = 1 and μ = 1, ν 
= 1/2, respectively, 
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When the sphere is located at the beam center axis, 
a = 0, Eqs. (13) and (14) become,

lim
→ 

aan alyti c



p , (15)

lim
→ 

r an alyti c , (16)

which are identical to equations that can be derived via 
the direct integration of Eqs. (1) and (2) with R = 1 
and T = 0. 

3. Numerical results

To analyze optical force on a perfectly reflecting 
sphere, numerical calculations were performed and the 
analytical approximations were compared to the results 
of the numerical integrations. All length parameters 
and the optical force were non-dimensionalized by the 
minimum beam waist radius, ω0, and momentum flux, 
n0P/c, respectively. For all calculations, ω0 = 20λ, rp/
ω0 = 0.1 and a Gaussian intensity distribution were 
assumed. 

3.1 Axial force

The analytical approximation of the axial force is 
compared with the exact numerical integration as 
shown in Fig. 2. Fig. 2(a) shows the optical force in 
the axial direction as a function of the axial distance 
for various radial offsets. The maximum axial force 
occurs along the beam center axis when the radial 
offset is smaller than ω0 while it is located off the 
beam center axis when the radial offset is larger than 
ω0. This is due to the number of photons that strike 
the sphere. The number of photons is proportional to 
the intensity, i.e., the number of photons hitting the 
sphere is proportional to the intensity of the beam at 
the point where the sphere is located (Saleh and Teich 
2007). Therefore, for a radial offset smaller than ω0, 
the number of photons striking the sphere decreases as 
the sphere moves along the axial direction because the 
intensity decreases due to the broadening of the beam 
according to Eq. (4). On the contrary, for a radial 
offset larger than ω0, the number of photons that hit 
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the sphere increases until the maximum value is 
reached, with the number then decreasing because the 
sphere or part of the sphere is located outside the 
beam (1/e2 width) at z = 0 and enters the beam as the 
sphere moves along the axial direction. In the similar 
reason, the axial force monotonically decreases as 
shown in Fig. 2(b). 

As indicated in Fig. 2 the derived analytic 
approximation agrees well with the exact numerical 
computation. The maximum error occurs at the 
minimum waist of the beam, i.e., z = 0 and a = 0. 
The maximum error due to the small sphere 
assumption on the axial force can be estimated by 
evaluating Eq. (6) at the minimum waist of the beam 
as follows, 
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Therefore, the maximum error due to the small 
sphere assumption is ~ (rp/ω0)4 for rp < ω0. 

3.2 Radial force

Figure 3 shows the comparison between analytical 
approximation and exact numerical integration of the 
optical force in the radial direction. Fig. 3(a) shows the 
radial force as a function of the axial distance for 
various radial offsets. Similar to the axial force, the 
maximum radial force occurs at the center axis of the 
beam for a < ω0, however, for a > ω0, the maximum 
radial force is located off the center axis of the beam. 
This is again due to the broadening of the beam width 
as the sphere moves along the axial direction. The 
radial force as a function of the radial offset for 
various axial distances is plotted in Fig. 3(b). Because 
the radial force originates from the variation in the 
intensity across the sphere, it is zero along the center 
axis of the beam. For a dielectric sphere, the radial 
force pulls the sphere to the center axis of the beam; 
however the radial force pushes away the perfectly 
reflecting sphere from the center axis of the beam. The 
location of the maximum radial force for a given axial 
distance can be determined by differentiating Eq. (14) 
with respect to the radial offset, i.e., 



r an aytic
 (18)

Fig. 2. Comparison between the analytical approximation and the exact numerical integration of the optical 
force in the axial direction: Axial force as a function of z-directional distance for various radial offsets (a) 
and axial force as a function of radial offset for various z-directional distance (b).
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To evaluate Eq. (18), an asymptotic representation of 
the modified Bessel function of the first kind can be 
used (Watson, 1995),

I ∼

 
 



    ≪ . (19)

From Eqs. (18) and (19), the location of the 
maximum radial force for the given axial distance can 
be obtained,




 


. (20)

Equation (20) shows that the maximum radial force 
occurs when half of the sphere is located inside the 
beam (1/e2 width). The location of the maximum 
variation in the intensity of the Gaussian beam 
coincides with Eq. (20).

According to Eq. (20), the maximum radial force 
can be written as,

 ranalytic  


 



p
 I

r p  (21)

The maximum error due to the small sphere 
assumption on the radial force can be estimated by 
evaluating Eq. (7) at a/ω(z) = 1/2 as follows,
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In the second line, a Taylor series expansion of the 
exponential function is used. The first term in the 
second line can be evaluated exactly using Eq. (11), 
and other terms can be approximated using (19) as 
follows, 

r exact  
r an alytic  
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where B is the beta function. Thus, the maximum 
error due to the small sphere assumption is ~ (rp/ω
(z))5. 

Fig. 3. Comparison between the analytical approximation and the exact numerical integration of the optical 
force in the radial direction: Radial force as a function of z-directional distance for various radial offsets (a) 
and radial force as a function of radial offset for various z-directional distance (b).
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3.3 Optical forces at an arbitrary position

Compared to previous studies, one of the advantages 
of the analytic expression of the optical force derived 
in this study is that it can calculate both the axial and 
radial forces at an arbitrary position on the perfectly 
reflecting sphere. Figure 4 shows a three-dimensional 
optical force map of the perfectly reflecting sphere in 
the Gaussian intensity distribution. The radial force is 
two orders of magnitude smaller than the axial force. 
Based on Fig. 4, the perfectly reflecting sphere in the 
Gaussian beam moves parallel to the direction of beam 
propagation and tends to escape from the beam. These 
behaviors are similar to those of a dielectric sphere 
with a refractive index smaller than that of the 
surrounding medium. 

Fig. 4. Three-dimensional plotting of optical forces 
on a perfectly reflecting sphere in the Gaussian 
beam using the derived analytical expression: Axial 
force (a) and radial force (b). The optical forces are 
normalized by n0P/c. 

4. Conclusion

Closed-form analytic expressions of the optical force 
on a perfectly reflecting sphere in a ray-optics regime 
were derived and then compared to exact numerical 
calculations. The analytic expressions agreed well with 
the numerical calculations. The derived expressions 
provided a three-dimensional optical force map at an 
arbitrary position of the perfectly reflecting sphere. We 
also derived an analytical expression for the location of 
the maximum radial force and estimated the error due 

to the small sphere assumption by comparing with the 
exact numerical computation. The behavior of a 
perfectly reflecting sphere can be expected to be similar 
to a dielectric sphere with a refractive index smaller 
than that of the medium because the radial force pushes 
the sphere away from the center axis of the beam. 
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