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Abstract

One of the major disadvantages of isogeometric analysis(IGA) is that local refinement is nearly impossible in a conventional 

manner because of the tensor product nature in NURBS. In this research, we investigate a local refinement scheme for isogeometric 

analysis, named multi-resolution approach where different resolutions are employed at each subdomain, using h-refinement relation to 

endow displacement compatibility on an interface of subdomains. Then, we develop shape sensitivity analysis possessing same 

compatibility condition as in the analysis. Numerical examples are shown to demonstrate the computational efficiency of the method 

in analysis especially stress concentration problem and accurate sensitivity results which is also compatible on the interface.
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1. Introduction

Ever since the framework of isogeometric analysis 

method is established(Hughes et al., 2005), the 

isogeometric method that employs the same basis 

functions as used in a CAD model has shown many 

advantages over standard finite element methods. 

The geometric approximation which is inherent in the 

mesh could lead to accuracy problems in response 

analysis and more adversely in design sensitivity 

analysis.

The isogeometric method has a major feature such 

as the CAD based parameterization of field variables 

in an isoparametric manner and thus requires no 

further communication with the CAD systems during 

refinement processes. Refinement schemes are exten-

sively discussed(Cottrell et al., 2007) as the analo-

gues of -, -, and - refinements in standard finite 

element methods. Even though a mesh is constructed, 

further refinement requires communication with the 

CAD system during design iterations, which has been 

one of major reasons that prevent the active industrial 

application of the shape optimization method. To 

apply the isogeometric analysis to shape design optimi-

zation problems, accurate design sensitivity analysis 

(DSA) is essential. Based on the shape design sensi-



1358(구본용)-155.hwp

다  조 도를 이용한 탄성 구조의 -세분화 아이소-지오메트릭 설계민감도 해석

156 한국 산구조공학회 논문집 제31권 제3호(2018.6)

tivity theory, the applicability and accuracy of the 

isogeometric shape DSA method for the displacement 

and stress measures are shown(Cho and Ha, 2000).

When using the conventional finite element method, 

the inter-element continuity of design space is not 

guaranteed so that the normal vector and curvature 

information are not accurate enough. On the other 

hand, in the isogeometric sensitivity analysis, these 

are continuous over the whole design space so that 

accurate shape sensitivity can be obtained. Despite 

these several advantages, there is a critical drawback 

that local refinements are not possible in the conven-

tional isogeometric method due to the tensor product 

nature of NURBS basis functions. To overcome the 

drawback, a local refinement scheme using multiple 

patches and -refinement relation is proposed (Cottrell 

et al., 2007), an adaptive local refinement technique 

based on hierarchical B-splines is presented(Vuong 

AV et al., 2011) and the interface continuity of 

multi- patch shell is studied(Ha and Noh, 2018). 

The local refinement scheme using multiple patches 

and -refinement is extended to a continuum-based 

adjoint isogeometric DSA for plane elasticity problems 

in this paper. Since locally refined in the region of 

interest, more accurate sensitivity results are expected 

when compared with those of the conventional isogeo-

metric model having the same number of degrees of 

freedom. Across the interface between NURBS patches, 

the   continuity is also imposed on the displace-

ment sensitivity through the same stiffness matrix as 

used in the isogeometric analysis.

2. Isogeometric Analysis and DSA

In this chapter, isogeometric analysis framework 

based on the NURBS is explained. A local refinement 

scheme using multiple patches, named multi resolution 

approach are introduced. It is shown that the NURBS 

functions of higher continuity offer much more compact 

representation of the shape sensitivity expressions 

and have profound effects on the shape sensitivity. 

And some numerical examples are presented to 

demonstrate the accuracy of isogeometric analysis 

and sensitivity results by comparing with the analytic 

and the finite difference solutions.

2.1 NURBS basis function

In the isogeometric analysis, the solution space is 

represented in terms of the same basis functions as 

used to represent the geometry. Consider a knot 

vector in one dimensional space, which is the set of 

knots in a parametric space.

⋯  (1)

where  is the number of control points and  is the 

order of basis function. The B-spline basis functions 

are defined, recursively, as

      ≤ ≤ 
 

   (2)

and

  


 

 


  

(3)

Using the B-spline basis function  and 

weight , the NURBS basis function,  is also 

defined by











(4)

For a given pairs  of th order NURBS basis 

function and the corresponding control point, the 

NURBS curve is obtained by






 (5)

In the same way of constructing the NURBS curve, 

taking a tensor product of coordinates, multi- 

dimensional NURBS is defined as
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where the rational basis function is defined as
















(7)

2.2 Knot refinement

For the knot refinement of NURBS model, two 

schemes are available; Boehm algorithm and Oslo 

algorithm. Oslo algorithms is explained only in this 

paper. But resultant curves are identical to each 

other regardless of the choice of algorithm.

Given a knot vector ⋯ , let 

  ⋯    be a new knot 

vector where multiple new knots are inserted. From 

the original control points …, the 

 control points … are formed 

by

  (8)

where the transformation components are given 

recursively as, 


      ∈

 
(9)

and


  

 



  

 (10)

This procedure is only applicable to the B-spline 

model where all the weights are identical. For the 

NURBS basis functions, the refinement matrix   

should be modified considering the different weights 

for the NURBS basis functions,









 




(11)

2.3 Local refinement scheme

Consider the local refinement shown in Fig. 1. The 

bottom left corner is the region of interest to be 

locally refined as shown in Fig. 1(a).

Fig. 1 Local refinement

During the knot refinement procedure, unwanted 

degrees of freedom could be made as shown in Fig. 

1(b) due to the tensor product property of NURBS. 

Fig. 1(c) shows the schematic of multi-resolution 

analysis using multiple patches. The whole domain is 

divided into two regions; the fine region(f: red lines) 

and the coarse region(c: green lines). Along the 

interface between patches in single region, the 

number of control points is equal and the control 

points are naturally shared in both patches. In the 

multi-resolution analysis, however, the number of 

control points along the interface between the regions 

is generally not equal as shown Fig. 2.

Fig. 2 Mismatch of control points on interface

To impose a displacement compatibility conditions 

on the interface, -refinement relation is utilized. At 

the interface, the following geometric relation for the 

control points should hold.

   (12)

where  is the refinement matrix of Eq. (12). In 
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the same manner, the refinement relation should 

hold for the nodal displacement coefficients at the 

interface.

   (13)

where ∙ and ∙ represent the quantities in the 

fine region  and the coarse region , respectively. A 

displacement field is constructed is in isoparametric 

manner,



 (14)

where   are called the nodal response coeffi-

cients at control points and  are the NURBS 

basis functions given in Eq. (7).  is the parametric 

position corresponding to the control point in Eq. 

(12). Note that the Eq. (13) implicitly represents the 

displacement compatibility condition on the interface, 

  , expressed using NURBS basis functions,

  

  


  (15)

2.4 Isogeometric discretization

Consider the total potential energy(TPE) functional 

for a linear elasticity problem combining the compati-

bility condition of Eq. (15),

 










 (16)




 

where ,,,,λ, are the strain tensor, elastic 

material tensor, body force intensity, the prescribed 

traction, the Lagrange multiplier, and points on the 

interface respectively.

Using a set of boundary functions , the Lagrange 

multiplier λ is interpolated as



 





 (17)

where  is a set of parametric points along the 

boundary and  is the Dirac delta function for the 

point collocation method.

A generalized displacement coefficient vector  and 

the corresponding generalized force vector  are 

defined as

≡     (18)

≡      (19)

Taking the first order variation of the total 

potential energy and applying isogeometric discreti-

zation lead to 

 ,∀

 ∈  (20)

of which matrix form is expressed as

  (21)

where the modified stiffness matrix is given by

 (22)









 



  

 

 

and the modified force vector by

 


















 (23)

The , CP, and  denote the order of basis 

function, the number of control points, and the 

modified NURBS basis function for the boundary 

integral, respectively. Eq. (21) is explicitly rewritten 

as







 

   


 

   

  
 

 

  
 

 

    



































































(24)

The upper left terms in the partitioned stiffness 
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Fig. 3 Variation of domain

matrix are easily constructed from the assembly 

procedure of multiple patches in the conventional 

isogeometric method. The other terms are obtained 

from the aforementioned Lagrange multiplier method.

Even though the additional DOFs corresponding to 

the Lagrange multipliers is required to relate the 

locally refined and the original coarse patches, the 

computational costs are comparable since the proposed 

method could successfully suppress the unwanted DOFs 

produced from the conventional global refinement

Since only   continuity is enforced at the interface, 

the performance of solution maybe deteriorated around 

interfaces. However, the global behavior of solution 

sufficiently away from the interfaces could be improved, 

which will be demonstrated through numerical 

examples. The numerical solution of interest far away 

from the interfaces rapidly converges to the analytic 

solution.

2.5 Multi-resolution isogeometric shape DSA

Consider the variation of domain from an original 

domain to a perturbed one as shown in Fig. 3.

Suppose that only one parameter  defines a 

transformation . The mapping   → ∈ is 

given by ≡  and ≡ . A design velocity 

field that is equivalent to a mapping rate can be 

defined as










(25)

The point-wise material derivative of response  at 

∈ is expressed as

≡


  ′∇ (26)

where ′  and ∇ are the partial derivative and the 

gradient of ,respectively.

Taking the material derivative of the governing 

equilibrium equation, Eq. (20) with respect to the 

shape design parameter  , the design sensitivity 

equation is obtained as

 ′′ (27)

∀



∈
where

 (28)










 



′ (29)







 

and

′ (30)







For the accurate evaluation of shape design 

sensitivity, it is very important to determine an 

appropriate design velocity field. To maintain the 

geometric exactness of perturbed NURBS surface, the 

design velocity field can be obtained directly from the 

NURBS basis function as

≡


  

 




  (31)





where  is the perturbation amount of control 

points between the original and the perturbed 

designs. The velocity field due to the perturbation of 

single control point  is computed by

 




  (32)
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(a) Model description

   

(b) Multi-resolution         (c) Uniformly refined

Fig. 4 Quarter model for infinite plate with a circular 

hole

  

   (a) -displacement           (b) -displacement

Fig. 5 Displacement contours

Therefore, for a unit perturbation of control point 

, the design velocity field is the NURBS basis 

function itself, which has moreover non-local chara-

cteristics depending on the order of the NURBS. Note 

that the NURBS basis function in this paper is 

independent of design variables since it is const-

ructed in the parametric domain.

After the isogeometric discretization, the matrix 

form of the design sensitivity equation, Eq. (27), is 

expressed as

 (33)

where  is identical to the modified stiffness matrix 

and the modified force vector is given by








   (34)




















 

 
 

 
 




 

 
 

Eq. (33) is explicitly rewritten as







 

   


 

    

  
 

 

  
 

 

     



































































(35)

Note that the obtained displacement sensitivity 

coefficients in Eq. (35) are also   continuous.

2.6 Numerical examples

Consider the infinite plate with a circular hole 

shown in Fig. 4(a). Taking advantage of the symmetry 

of problem in - and -axes, one quadrant of the 

domain is considered. The multi-resolution model 

consists of two patches; fine scale patch(blue) and 

coarse scale patch(red) in Fig. 4(b). Only the fine 

scale control points are refined to compare the 

convergence of multi - resolution model with that of 

uniformly refined model in Fig. 4(c).

To represent the assumption of infinite plate, the 

length of plate(=100) is taken relatively long enough 

compared with the radius of hole(=1). In Fig. 5, 

notice that the - and -directional displacements 

are continuous across the interface in the multi- 

resolution model for a given traction(=10). This 

implies that the displacement compatibility condition 

of Eq. (15) is successfully enforced.

The analytic solution of maximum stress is known 

to occur at the red spot as shown in Fig. 4(a). 

Convergence to the analytic solution (=30) can be 

achieved if the sufficient number of - refinements is 

performed. In Fig. 6, as increasing the number of 

elements, a convergence test is carried out for the 

numerical solutions by the uniformly refined IGA 
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Fig. 6 Convergence test

(a) 1:3 multi-resolution

(b) 1:150 multi-resolution

(c) 1:150 multi-resolution(fine region)

Fig. 7 Stress( ) discontinuity across interface

          (a) Division of patches              (b) Interface

Fig. 8 Cantilever model

DOF
Finite difference

sensitivity

Multi-resolution 

sensitivity

Agreement

(%)

M1_x -2.062960E-10 -2.062989E-10 100.0014

M1_y 8.251841E-11 8.254112E-11 100.0275

M2_x 7.172086E-11 7.176567E-11 100.0625

M2_y 1.185875E-10 1.186113E-10 100.0201

M3_x -1.341617E-10 -1.342009E-10 100.0292

M3_y 1.628659E-10 1.629055E-10 100.0243

Table 1 Sensitivity of displacement in master patch

(red), the multi-resolution IGA(blue), and the finite 

element(green) models. Quadratic splines are used as 

the basis function for the isogeometric methods and 

linear functions for the finite element method. The 

multi-resolution result converges to the analytic 

solution faster than any other ones.

The stress contour is discontinuous across the 

interface as shown in Fig. 7(a), which is a drawback 

of the proposed multi-resolution method under the 

displacement compatibility condition. Even if the fine 

region is sufficiently refined(1:150 resolution) as 

shown in Fig. 7(b) and (c), the discontinuity is still 

persisting. Higher order continuity could be achieved 

if stronger compatibility requirements are enforced.

To assess the derived isogeometric DSA on the 

multipatch interface, the cantilever(length of  8, 

height of  2) is considered subject to the traction 

of on the upper right tip(red dot) as shown in Fig. 8. 

Material properties are the Young’s modulus of 

1.0×10
10
 and Poisson’s ratio of 0.3.

The cantilever model is composed of two patches; 

the master patch of original coarse resolution and the 

slave patch of refined resolution using -refinement. 

To generate the design velocity field, a design pertur-

bation is made at the middle of bottom(blue point) in 

Fig. 8(a).

The objective of this example is to verify the accuracy 

of shape sensitivities along the interface. As shown 

in Tables 1 and 2, the isogeometric sensitivity in 

multi-resolution approach shows an excellent agreement 

with the finite difference sensitivity in each patch.

Along the interface, the number of control points in 

each patch is different in the multi-resolution model. 
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DOF
Finite difference

sensitivity

Multi-resolution 

sensitivity

Agreement

(%)

S1_x -2.062960E-10 -2.062989E-10 100.0014

S1_y 8.251841E-11 8.254112E-11 100.0275

S2_x -1.136237E-10 -1.136107E-10 99.9885

S2_y 9.454144E-11 9.456452E-11 100.0244

S3_x -3.581235E-11 -3.579679E-11 99.9566

S3_y 1.204118E-10 1.204389E-10 100.0225

S4_x -6.553418E-11 -6.554537E-11 100.0171

S4_y 1.481064E-10 1.481408E-10 100.0232

S5_x -1.341617E-10 -1.342009E-10 100.0292

S5_y 1.628659E-10 1.629055E-10 100.0243

Table 2 Sensitivity of displacement in slave patch

Displacement
Parametric 

position 

Sensitivity

(Master patch)

Sensitivity

(Slave patch)

Agreement

(%)

X-displacement 

sensitivity

0 -2.062989E-10 -2.062989E-10 100.0000

0.25 -9.751854E-11 -9.751854E-11 100.0000

0.5 -4.924210E-11 -4.924210E-11 100.0000

0.75 -6.146955E-11 -6.146955E-11 100.0000

1 -1.342009E-10 -1.342009E-10 100.0000

Y-displacement 

sensitivity

0 8.254112E-11 8.254112E-11 100.0000

0.25 1.010902E-10 1.010902E-10 100.0000

0.5 1.206673E-10 1.206673E-10 100.0000

0.75 1.412724E-10 1.412724E-10 100.0000

1 1.629055E-10 1.629055E-10 100.0000

Table 3 Compatibility of displacement response 

sensitivity on interface

Consequently, the design sensitivity results should 

be verified by not the displacement coefficient but the 

displacement response in contrast to the existing 

isogeometric DSA method(Cho and Ha, 2000). This 

comes mainly from the lack of Kronecker delta 

property in the NURBS basis functions. At the same 

parametric position on the interface of original and 

-refined patches, the control points in each patch 

have different values even though the response at 

that position is identical. For instance, in Table 1 

and in Table 2 are located at the same parametric 

position but their sensitivities of displacement 

coefficients are not identical. However, the sensiti-

vities of displacement responses in Table 3 show that 

they are exactly identical.

3. Conclusion

We study the local refinement scheme in isogeo-

metric analysis, named multi-resolution approach using 

multiple patches, and develop shape design sensitivity 

analysis for the method. Because the method directly 

uses NURBS data without altering T-mesh, it is well 

suited to original intent of isogeometric analysis. 

Through some numerical examples, efficiency and 

accuracy of proposed method in terms of analysis and 

sensitivity are shown. Also, the proposed sensitivity 

analysis possesses the same compatibility along the 

interface as in the analysis, even though derivative 

quantities, stress or strain, are discontinuous on the 

interface. Though solution quality is a little deteriorated 

due to the constraints, they are fairly acceptable 

considering the improved results on the region of 

interest.
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요  지

본 논문은 아이소-지오메트릭 해석에서 h-세분화를 이용한 국부 세분화법과 이에 따른 설계 민감도 해석의 방법론을 연

구하 다. 다  조 도 방식을 이용하여 경계면에서 변  합조건을 만족하 고, 기존의 아이소-지오메트릭 해석의 텐서곱

으로 인해 발생하는 원치 않는 자유도 증가의 문제를 극복하 다. 해석에서의 변  합조건과 마찬가지로, 설계 민감도 해

석에서도 변  결과와 마찬가지로 같은 합조건을 만족하도록 하는 방법론을 제시하 다. 

수치 제를 통하여 본 방법론의 효율성을 입증하 고, 특별히 응력 집  문제에서의 결과와 민감도 값을 비교하며 경계

면에서의 합조건을 확인하 다.

핵심용어 : 아이소-지오메트릭 해석, -세분화, 다  조 도, 형상 설계민감도


