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THE PROPERTIES OF RIEMANNIAN FOLIATIONS

ADMITTING TRANSVERSAL CONFORMAL FIELDS

Seoung Dal Jung and Keum Ran Lee

Abstract. Let (M,F) be a closed, oriented Riemannian manifold of a
foliation F with a nonisometric transversal conformal field. Then (M,F)

is transversally isometric to the sphere under some transversal concircular

curvature conditions.

1. Introduction

Let (M, gM ,F) be a closed, connected Riemannian manifold with a foliation
F of codimension q and a bundle-like metric gM . Then Lee and Richardson
[8] generalized the Lichnerowicz inequality, which states that if the transversal

Ricci curvature RicQ satisfies that RicQ(X) ≥ (q − 1)c2X for some c and for
every normal vector field X, then the smallest nonzero eigenvalue λB of the
basic Laplacian satisfies λB ≥ qc2. In addition, the equality holds if and only
if (M,F) is transversally isometric to (Sq(1/c), G), where G is the discrete
subgroup of O(q) acting by isometries on the last q coordinates of the standard
q-sphere Sq(1/c) of radius 1

c in Euclidean space Rq+1. A Riemannian foliation
(M,F) is transversally isometric to (W,G), where G is a discrete group acting
by isometries on a Riemannian manifold (W, gW ), if there exists a homeomor-
phism η : W/G→M/F that is locally covered by isometries [8]. In particular,
if F is transversally Einsteinian with constant transversal scalar curvature σQ

and the basic mean curvature form is coclosed, then the following conditions
are equivalent to each other:

(F1) (M,F) is transversally isometric to (Sq(1/c), G), where G is a discrete
subgroup of O(q).

(F2) M admits a transversal nonisometric conformal field.
(F3) M admits a non constant basic function f such that ∆Bf = qc2f .
(F4) M admits a non constant basic function f such that ∇X∇f = −c2fX

for any normal vector field X.
Precisely, see [8] for (F1)⇔ (F3), [4] for (F1)⇔ (F4), [2] for (F2)⇒ (F1)

and [9] for (F4)⇒ (F2).
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Actually, the equivalence between (F1) and (F4) is called the generalized
Obata theorem for foliations [4]. By using the generalized Obata theorem, S.
D. Jung [3] characterized the Riemannian foliation admitting the transversal
conformal fields under some conditions of the tensor EQ (see Section 4 for
details), which is defined by

EQ(s) = RicQ(s)− σQ

q
s(1.1)

for any vector s ∈ Q, where Q = TM/TF is the normal bundle of F . Note
that if EQ vanishes, then F is transversally Einsteinian. In fact,

Theorem 1.1 ([3]). Let (M, gM ,F) be a closed, oriented Riemannian manifold
with a minimal foliation F of codimension q ≥ 2 and a bundle-like metric gM .
Assume that the transversal scalar curvature σQ(6= 0) is constant. If M admits
a transversal nonisometric conformal field Ȳ such that

θ(Y )|EQ|2 = 0,(1.2)

then (M,F) is transversally isometric to (Sq(1/c), G), where c2 = σQ

q(q−1) .

Remark. Theorem 1.1 yields (F2)⇒ (F1) when F is transversally Einsteinian
(cf. [2]).

Now we define the transversal concircular curvature tensor ZQ by

ZQ(X,Y ) = RQ(X,Y )−RQσ (X,Y )(1.3)

for any X,Y ∈ TF⊥, where RQ is the transversal curvature tensor and

RQσ (X,Y )s =
σQ

q(q − 1)
{gQ(π(Y ), s)π(X)− gQ(π(X), s)π(Y )}

for any X,Y ∈ TM and s ∈ Q. Here π : TM → Q is a natural projection
and gQ is a holonomy invariant metric on Q. Trivially, if ZQ = 0, then F is
a foliation of transversally constant sectional curvature. In a Riemannian ge-
ometry, the concircular curvature tensor is invariant under a concirclar trans-
formation [14]. A concircular transformation is a conformal transformation
preserving geodesic circles. We observe immediately that Riemannian man-
ifolds with vanishing concircular curvature tensor are of constant curvature.
Thus the concircular curvature tensor estimates a measure of the failure of a
Riemannian manifold to be of constant curvature.

In this paper, we study the Riemannian foliations admitting the transversal
nonisometric conformal fields under some conditions of the transversal concir-
cular curvature tensor ZQ. Namely,

Theorem 1.2 (Cf. Corollary 4.6). Let (M, gM ,F) be as in Theorem 1.1. As-
sume that the transversal scalar curvature σQ(6= 0) is constant. If M admits a
transversal nonisometric conformal field Ȳ = π(Y ) such that

θ(Y )|ZQ|2 = 0 (or θ(Y )|RQ|2 = 0),
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then (M,F) is transversally isometric to (Sq(1/c), G), where c2 = σQ

q(q−1) .

When F is a point foliation, Theorem 1.2 was found in [16] by K. Yano for
an ordinary manifold.

2. The basic facts on Riemannian foliations

Let (M, gM ,F) be a (p + q)-dimensional Riemannian manifold with a foli-
ation F of codimension q and a bundle-like metric gM with respect to F [16].
Let TM be the tangent bundle of M , TF its integrable subbundle given by
F , and Q = TM/TF the corresponding normal bundle. Then there exists an
exact sequence of vector bundles

0 −→ TF −→ TM
π−→
←−
σ
Q −→ 0,

where σ : Q → TF⊥ is a bundle map satisfying π ◦ σ = id. Let gQ be the
holonomy invariant metric on Q induced by gM = gTF + gTF⊥ . This means
that θ(X)gQ = 0 for any X ∈ TF , where θ(X) is the transversal Lie derivative,
which is defined by θ(X)s = π[X,σ(s)] for any s ∈ ΓQ. Let ∇ be the transverse
Levi-Civita connection in Q, which is defined [5] by

∇Xs =

{
π([X,σ(s)]) ∀X ∈ TF ,

π(∇MX σ(s)) ∀X ∈ TF⊥

for any s ∈ ΓQ, where ∇M is the Levi-Civita connection of gM . The transversal
curvature tensor RQ of ∇ is defined by RQ(X,Y ) = [∇X ,∇Y ]−∇[X,Y ] for any

vector fields X,Y ∈ ΓTM . Let RicQ and σQ be the transversal Ricci operator
and the transversal scalar curvature of F , respectively. The foliation F is said
to be (transversally) Einsteinian if RicQ = 1

qσ
Q · id with constant transversal

scalar curvature σQ. The foliation F is said to be minimal if the mean curvature
vector field τ vanishes. Here the mean curvature vector field τ is defined by
τ =

∑
i π(∇MEiEi), where {Ei}(i = 1, . . . , p) is a local orthonormal frame field

on TF .
Let V (F) be the space of all infinitesimal automorphisms Y of (M,F), that

is, [Y,Z] ∈ ΓTF for all Z ∈ ΓTF [13]. Let V̄ (F) = {Ȳ = π(Y ) |Y ∈ V (F)} ⊂
Q. It is trivial that an element s of V̄ (F) satisfies ∇Xs = 0 for all X ∈ TF
[6]. For the later use, we recall the transversal divergence theorem [17] on a
foliated Riemannian manifold.

Theorem 2.1 ([17]). Let (M, gM ,F) be a closed, oriented Riemannian mani-
fold with a transversally oriented foliation F and a bundle-like metric gM with
respect to F . Then ∫

M

div∇(s) =

∫
M

gQ(s, τ)

for all s ∈ ΓQ, where div∇ s denotes the transversal divergence of s with respect
to the connection ∇.
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A differential form ω ∈ Ωr(M) is basic if i(X)ω = 0 and i(X)dω = 0
for all X ∈ TF . Let ΩrB(F) be the set of all basic r-forms on M . Then
Ω∗(M) = Ω∗B(F) ⊕ Ω∗B(F)⊥ [1] and Ω1

B(F) ∼= V̄ (F). Let κ be the mean
curvature form of F , which is given by κ(s) = gQ(τ, s) for any s ∈ Q. Then
the basic part κB of the mean curvature form is closed, i.e., dκB = 0 [1]. Let
dB be the restriction of d on ΩB(F) and δB its formal adjoint operator of dB
with respect to the global inner product � ·, · �, which is given by

� φ, ψ �=

∫
M

φ ∧ ∗̄ψ ∧ χF ,

where ∗̄ is the star operator on Ω∗B(F) and χF is the characteristic form of F
[12]. The basic Laplacian ∆B acting on Ω∗B(F) is defined by

∆B = dBδB + δBdB .

Now we define the connection ∇ on Ω∗B(F), which is induced from the con-
nection ∇ on Q and Riemannian connection ∇M of gM . This connection ∇
extends the partial Bott connection, which satisfies ∇Xω = θ(X)ω for any
X ∈ TF [7].

Lastly, we recall the generalized Obata theorem for foliations for later use.

Theorem 2.2 ([4]). Let (M, gM ,F) be a connected, complete Riemannian
manifold with a foliation F of codimension q ≥ 2 and a bundle-like metric
gM , and let c be a positive real number. Then the following are equivalent:

(1) There exists a non constant basic function f such that ∇X∇f = −c2fX
for all vectors X ∈ TF⊥.

(2) (M,F) is transversally isometric to (Sq(1/c), G), where G is the discrete
subgroup of O(q) acting by isometries on the last q coordinates of the q-sphere
Sq(1/c) of radius 1/c in Euclidean space Rq+1.

3. Transversal concircular curvature tensor

Let (M, gM ,F) be a (p + q)-dimensional Riemannian manifold with a foli-
ation F of codimension q and a bundle-like metric gM . If Y ∈ V (F) satisfies
θ(Y )gQ = 2fY gQ for a basic function fY depending on Y , then Ȳ is said to be
a transversal conformal field of F [2, 10,11]; in this case, we have

(3.1) fY =
1

q
div∇(Ȳ ).

And a transversal conformal field with fY = 0 is called a transversal Killing
field. Let {Ea} (a = 1, . . . , q) be the local orthonormal frame on TF⊥.

Lemma 3.1 ([2]). If Ȳ is a transversal conformal field, i.e., θ(Y )gQ = 2fY gQ,
then

gQ((θ(Y )RQ)(Ea, Eb)Ec, Ed) = δdb∇afc − δcb∇afd − δda∇bfc + δca∇bfd,(3.2)

θ(Y )σQ = 2(q − 1)(∆BfY − κ]B(fY ))− 2fY σ
Q,(3.3)

where ∇a = ∇Ea and fa = ∇afY .
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Now, we recall two tensors EQ and ZQ from (1.1) and (1.3): for any s ∈ ΓQ,

EQ(s) = RicQ(s)− σQ

q
s,(3.4)

ZQ(X,Y )s = RQ(X,Y )s−RQσ (X,Y )s(3.5)

for any vector fields X and Y . It is well-known that for any s ∈ ΓQ,∑
a

ZQ(σ(s), Ea)Ea = EQ(s).(3.6)

Then the following identities hold [3];

trQE
Q = 0, div∇(EQ) =

q − 2

2q
∇σQ, |EQ|2 = |RicQ|2 − (σQ)2

q
,(3.7)

where trQE
Q =

∑q
a=1 gQ(EQ(Ea), Ea). If σ∇ is constant, then div∇(EQ) = 0.

For more properties of EQ, see [3] precisely.

Lemma 3.2. Let (M, gM ,F) be a Riemannian manifold with a foliation F of
codimension q ≥ 2 and a bundle-like metric gM . Then

|ZQ|2 = |RQ|2 − 2(σQ)2

q(q − 1)
.

Proof. From (3.5), a direct calculation gives

|ZQ|2 =
∑
a,b,c

gQ(ZQ(Ea, Eb)Ec, Z
Q(Ea, Eb)Ec)

= |RQ|2 − 4σQ

q(q − 1)

∑
a,b

(gQ(RQ(Ea, Eb)Eb, Ea)

+
2(σQ)2

q2(q − 1)2

∑
a,b

(δaaδ
b
b − δbaδba)

= |RQ|2 − 2(σQ)2

q(q − 1)
.

�

Lemma 3.3. Let (M, gM ,F) be as in Lemma 3.2. If Ȳ is a transversal con-
formal field with θ(Y )gQ = 2fY gQ, then

θ(Y )|ZQ|2 = −8gQ(∇∇fY , EQ)− 4fY |ZQ|2.

Proof. From (3.5), we have

(θ(Y )ZQ)(Ea, Eb)Ec = (θ(Y )RQ)(Ea, Eb)Ec−
1

q(q − 1)
(θ(Y )σQ)(δcbEa−δcaEb)

− 2fY σ
Q

q(q − 1)
(δcbEa − δcaEb).

Hence from Lemma 3.1, we have

gQ((θ(Y )ZQ)(Ea, Eb)Ec, Ed) = δdb∇afc − δcb∇afd − δda∇bfc + δca∇bfd(3.8)
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− 2

q
(∆BfY − κ]B(fY ))(δdaδ

c
b − δdb δca).

On the other hand, a direct calculation with θ(Y )gQ = 2fY gQ gives∑
a,b,c

gQ(ZQ(θ(Y )Ea, Eb)Ec, Z
Q(Ea, Eb)Ec)

=
∑
a,b,c,d

gQ(θ(Y )Ea, Ed)gQ(ZQ(Ed, Eb)Ec, Z
Q(Ea, Eb)Ec)

= −
∑
a,b,c,d

{(θ(Y )gQ)(Ea, Ed) + gQ(Ea, θ(Y )Ed)}gQ(ZQ(Ed, Eb)Ec, Z
Q(Ea, Eb)Ec)

= − 2fY |ZQ|2 −
∑
a,b,c

gQ(ZQ(θ(Y )Ea, Eb)Ec, Z
Q(Ea, Eb)Ec).

Hence we have∑
a,b,c

gQ(ZQ(θ(Y )Ea, Eb)Ec, Z
Q(Ea, Eb)Ec) = −fY |ZQ|2.(3.9)

Similarly, we have∑
a,b,c

gQ(ZQ(Ea, Eb)θ(Y )Ec, Z
Q(Ea, Eb)Ec) = −fY |ZQ|2.(3.10)

From (3.6) and trQE
Q = 0, we have∑

a,b,c

gQ((θ(Y )ZQ)(Ea, Eb)Ec, Z
Q(Ea, Eb)Ec)

= − 4
∑
a,b,c

(∇afc)gQ(ZQ(Ea, Eb)Eb, Ec)

− 4

q

(
∆BfY − κ]B(fY )

)∑
a,b

gQ(ZQ(Ea, Eb)Eb, Ea)

= − 4
∑
a,b

(∇afb)gQ(EQ(Ea), Eb)−
4

q

(
∆BfY − κ]B(fY )

)
trQE

Q

= − 4gQ(∇∇fY , EQ).(3.11)

Therefore, from (3.9), (3.10) and (3.11), we have

θ(Y )|ZQ|2 =
∑
a,b,c

θ(Y )gQ(ZQ(Ea, Eb)Ec, Z
Q(Ea, Eb)Ec)

= −8gQ(∇∇fY , EQ)− 4fY |ZQ|2,

which completes the proof. �

Proposition 3.4. Let (M, gM ,F) be a closed, oriented Riemannian manifold
with a foliation F of codimension q ≥ 2 and a bundle-like metric gM . Assume
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that the transversal scalar curvature σQ is constant. If Ȳ is a transversal
conformal field with θ(Y )gQ = 2fY gQ, fY 6= 0, then∫

M

gQ(EQ(∇fY ),∇fY ) =
1

2

∫
M

{fY 2|ZQ|2 +
1

4
fY θ(Y )|ZQ|2}

+

∫
M

gQ(RicQ(fY∇fY ), κ]B).

Proof. By a direct calculation, we have

div∇(EQ(fY∇fY )) = gQ(div∇(EQ), fY∇fY ) + gQ(EQ(∇fY ),∇fY )

+ gQ(fY E
Q,∇∇fY )

= gQ(EQ(∇fY ),∇fY ) + gQ(fY E
Q,∇∇fY ).(3.12)

Since σQ is constant, div∇(EQ) = 0 from (3.7). Hence the last equality of (3.12)
holds. By integrating (3.12) and using the transversal divergence theorem
(Theorem 2.1), we have∫

M

gQ(EQ(∇fY ),∇fY ) =

∫
M

gQ(EQ(fY∇fY ), κ]B)−
∫
M

gQ(fY E
Q,∇∇fY ).(3.13)

Now, we calculate the first term of the right hand side in (3.13). By definition
of EQ,

gQ(EQ(fY∇fY ), κ]B) = gQ(RicQ(fY∇fY ), κ]B)− σQ

q
gQ(fY∇fY , κ]B).

Since δBκB = 0, we have
∫
M
gQ(κ]B , fY∇fY ) = 1

2

∫
M
κ]B(f2Y ) = 0. Hence∫

M

gQ(EQ(fY∇fY ), κ]B) =

∫
M

gQ(RicQ(fY∇fY ), κ]B).(3.14)

From Lemma 3.3 and (3.14), the proof is completed. �

4. Riemannian foliations admitting transversal conformal fields

In this section, we characterize the Riemannian foliations admitting transver-
sal nonisometric conformal fields. First, we review the known facts.

Theorem 4.1 ([2]). Let (M, gM ,F) be a closed, connected Riemannian mani-
fold with a foliation F of codimension q ≥ 2 and a bundle-like metric gM such
that δBκB = 0. Assume that the transversal scalar curvature σQ is constant.
If Ȳ is a transversal conformal field with θ(Y )gQ = 2fY gQ, fY 6= 0, then∫

M

|∇fY |2 =
σQ

q − 1

∫
M

f2Y

and the scalar curvature σQ is non-negative.
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Theorem 4.2 ([3]). Let (M, gM ,F) be as in Theorem 4.1. Assume that the
transversal scalar curvature σQ is constant. If Ȳ is a transversal conformal
field with θ(Y )gQ = 2fY gQ, fY 6= 0, then∫

M

{gQ(EQ(∇fY ),∇fY ) + |∇∇fY +
σQ

q(q − 1)
fY gQ|2} = 0.

Theorem 4.3 ([3]). Let (M, gM ,F) be as in Theorem 4.1. Assume that the
transversal scalar curvature σQ is non-zero constant. If M admits a transversal
conformal field Ȳ with θ(Y )gQ = 2fY gQ, fY 6= 0, such that∫

M

gQ(EQ(∇fY ),∇fY ) ≥ 0,

then (M,F) is transversally isometric to the sphere (Sq(1/c), G), where c2 =
σQ

q(q−1) and G is a discrete subgroup of O(q).

Remark. Theorem 4.3 yields the result in [2] when F is transversally Ein-
steinian. Also, Riemannian version of Theorem 4.3 can be found in [15].

Theorem 4.4. Let (M, gM ,F) be as in Theorem 4.1. Assume that the trans-
versal scalar curvature σQ is non-zero constant. If Ȳ is a transversal conformal
field with θ(Y )gQ = 2fY gQ, fY 6= 0, then

q(q − 1)

∫
M

gQ(RicQ(∇fY ),∇fY ) ≤ (σQ)2
∫
M

f2Y .(4.1)

Equality holds if and only if (M,F) is transversally isometric to the sphere

(Sq(1/c), G), where c2 = σQ

q(q−1) and G is a discrete subgroup of O(q).

Proof. Let Ȳ be a transversal conformal field such that θ(Y )gQ = 2fY gQ (fY 6=
0). Then from Theorem 4.2,∫

M

gQ(EQ(∇fY ),∇fY ) ≤ 0.(4.2)

Equivalently, from (3.5) and (4.2) we have∫
M

gQ(RicQ(∇fY ),∇fY )− σQ

q

∫
M

|∇fY |2 ≤ 0.(4.3)

From (4.3) and Theorem 4.1, the proof of (4.1) follows. Equality holds if and
only if

∫
M
gQ(EQ(∇fY ),∇fY ) = 0. From Theorem 4.3, the proof is completed.

�

Theorem 4.5. Let (M, gM ,F) be as in Theorem 4.1, and suppose that F is
minimal. Assume that the transversal scalar curvature σQ is constant. If M
admits a transversal conformal field Ȳ with θ(Y )gQ = 2fY gQ, fY 6= 0 such that

θ(Y )|ZQ|2 = λfY |ZQ|2 (λ ≥ −4),(4.4)

then (M,F) is transversally isometric to the sphere (Sq(1/c), G), where c2 =
σQ

q(q−1) and G is a discrete subgroup of O(q).
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Proof. From Proposition 3.4, if we use (4.4) and the minimality of F , then∫
M

gQ(EQ(∇fY ),∇fY ) =
4 + λ

8

∫
M

fY
2|ZQ|2.

Since λ ≥ −4, the proof follows from Theorem 4.3. �

From Lemma 3.2, if the transversal scalar curvature is constant, then

θ(Y )|ZQ|2 = θ(Y )|RQ|2.

Hence we have the following corollary.

Corollary 4.6. Let (M, gM ,F) be as in Theorem 4.1, and suppose that F is
minimal. Assume that the transversal scalar curvature σQ is constant. If M
admits a transversal nonisometric conformal field Ȳ such that

θ(Y )|ZQ|2 = 0 (or θ(Y )|RQ|2 = 0),

then (M,F) is transversally isometric to the sphere (Sq(1/c), G), where c2 =
σQ

q(q−1) and G is a discrete subgroup of O(q).

Corollary 4.7. Let (M, gM ,F) be as in Theorem 4.1. If |RQ| or |ZQ| is
constant, then (M,F) is transversally isometric to the sphere (Sq(1/c), G),

where c2 = σQ

q(q−1) and G is a discrete subgroup of O(q).

Lastly, we give some property of the Riemannian foliation on complete Rie-
mannian manifolds admitting the transversal conformal field.

Theorem 4.8. Let (M, gM ,F) be a complete Riemannian manifold with a
foliation F of codimension q ≥ 2 and a bundle-like metric gM . Assume that
the transversal scalar curvature σQ is positive constant. If Ȳ is a transversal
conformal field with θ(Y )gQ = 2fY gQ, fY 6= 0, then

|∇∇fY |2 ≥
(σQ)2

q(q − 1)2
fY

2.

Equality holds if and only if (M,F) is transversally isometric to the sphere

(Sq(1/c), G), where c2 = σQ

q(q−1) and G is a discrete subgroup of O(q).

Proof. Since σQ is constant, from (3.3) we have∑
a

∇a∇afY = −(∆B − κ]B)fY = − σQ

q − 1
fY .(4.5)

Hence, we have from (3.4)

0 ≤ |∇∇fY +
σQ

q(q − 1)
fY gQ|2

= |∇∇fY |2 +
2σQ

q(q − 1)
fY
∑
a

∇a∇afY +
(σQ)2

q(q − 1)2
fY

2
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= |∇∇fY |2 −
(σQ)2

q(q − 1)2
fY

2,

which complete the proof. Equality holds if and only if

∇∇fY = − σQ

q(q − 1)
fY gQ.

Hence if we put c2 = σQ

q(q−1) , then by the generalized Obata theorem (Theorem

2.2) [4], the proof is completed. �
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[1] J. A. Alvarez López, The basic component of the mean curvature of Riemannian folia-

tions, Ann. Global Anal. Geom. 10 (1992), no. 2, 179–194.
[2] M. J. Jung and S. D. Jung, Riemannian foliations admitting transversal conformal

fields, Geom. Dedicata 133 (2008), 155–168.

[3] S. D. Jung, Riemannian foliations admitting transversal conformal fields II, Geom.
Dedicata 175 (2015), 257–266.

[4] S. D. Jung, K. R. Lee, and K. Richardson, Generalized Obata theorem and its applica-
tions on foliations, J. Math. Anal. Appl. 376 (2011), no. 1, 129–135.

[5] F. W. Kamber and P. Tondeur, Harmonic foliations, in Harmonic maps (New Orleans,

La., 1980), 87–121, Lecture Notes in Math., 949, Springer, Berlin, 1982.
[6] , Infinitesimal automorphisms and second variation of the energy for harmonic
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