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Design of Space Search-Optimized Polynomial Neural Networks with the 
Aid of Ranking Selection and L2-norm Regularization

Dan Wang*, Sung-Kwun Oh† and Eun-Hu Kim**

Abstract – The conventional polynomial neural network (PNN) is a classical flexible neural structure 
and self-organizing network, however it is not free from the limitation of overfitting problem. In this 
study, we propose a space search-optimized polynomial neural network (ssPNN) structure to alleviate 
this problem. Ranking selection is realized by means of ranking selection-based performance index 
(RS_PI) which is combined with conventional performance index (PI) and coefficients based 
performance index (CPI) (viz. the sum of squared coefficient). Unlike the conventional PNN, L2-norm 
regularization method for estimating the polynomial coefficients is also used when designing the 
ssPNN. Furthermore, space search optimization (SSO) is exploited here to optimize the parameters of 
ssPNN (viz. the number of input variables, which variables will be selected as input variables, and the 
type of polynomial). Experimental results show that the proposed ranking selection-based polynomial 
neural network gives rise to better performance in comparison with the neuron fuzzy models reported 
in the literatures.

Keywords: Space Search-Optimized Polynomial Neural Network (ssPNN), Ranking Selection-Based 
Performance Index (RS_PI), Polynomial Neural Network (PNN), Space Search Optimization (SSO),
L2-norm Regularization.

1. Introduction

Nowadays, computational intelligence techniques 
including neural network, fuzzy models, and evolutionary 
algorithm have been successfully used in many fields [1-6]. 
As one of the classical neural network, Group Method of 
Data Handling (GMDH) initialized by Imasaki [7] have 
been proposed to alleviate highly dimensional problem 
encountered in many application fields such as nonlinear 
model. In the design of GMDH [8-10], each new neuron is 
generated based on two neurons coming from previous 
layer, while the output neuron is calculated in form of 
polynomial. However, GMDH has its own drawbacks: (1)
Unreasonable selection of input variables resulting in 
ineffective dimensionality; (2) Unreasonable parameter 
learning mechanism. To alleviate these problems, Oh et al. 
Proposed polynomial neural networks (PNN) [11]. As an 
artificial neural network model, PNN has more flexible 
selection mechanism in comparison to GMDH. Unlike 
each neuron consists of only two input variables in the 
GMDH, each neuron can consists of three and more input 
variables in the PNN. In the design of PNN, neuron 

contains different polynomial expressions (such as linear 
polynomials, quadratic polynomials, cubic polynomials, 
etc.) and the parameter learning mechanism is achieved by 
the least squares method (LSE). In spite of advantages, 
PNN is not free from limitation: its parameter learning 
mechanism leads to overfitting problem, and its neuron 
selection mechanism is not able to be optimized by self-
organizing limited ability. 

In this paper, we propose a space search-optimized 
polynomial neural network (ssPNN) to overcome these 
aforementioned problems. A ranking selection-based
performance index (RS_PI) that is combination of the 
traditional performance index (PI) and coefficient based 
performance index (CPI) are proposed to select the neurons
of each layer. The stable performance index is realized by 
the sum of squared coefficient which is the coefficient of 
polynomial and calculated by using LSE with L2-norm 
regularization [12]. L2-norm regularization is exploited 
here to estimate the value of coefficient. By adding the 
penalty term to the cost function, L2-norm regularization 
can alleviate the overfitting problem. Moreover, space 
search optimization (SSO) is exploited here to optimize the 
structure parameters of neurons (viz. the number of input 
variables, which variables will be selected as input variables
and the type of polynomial) in the ssPNN.

The structure of this paper is organized as follows.
Section 2 introduces motivation and related works. Section 
3 presents the design of ssPNN. Section 4 proposes ssPNN 
by means of SSO. Section 5 reports the experimental 
results. At last, conclusions are shown in section 6.
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2. Motivation and Related Works

To construct the ssPNN, we first illustrate the motivation 
and contribution of this study, and then recall the classical 
polynomial neural network studied previously and space 
search optimization. The mainly four important parts in the 
design of classic PNN are first introduced, and then the 
overall flowchart of SSO are summarized.

2.1 Motivation and contribution of this study

The motivation of this study is to overcome the 
limitation of overfitting problems encountered in the 
design of conventional Polynomial neural networks. In 
short, the contributions can be summarized as follows:

First, coefficients-based performance index (CPI) and 
L2-norm regularization are invoked in the design of 
polynomial neural networks. Unlike the conventional 
performance index (PI) that is used as selection criteria of 
polynomial neurons for the next layer, CPI can reflect the 
complexity of the polynomial neurons. Furthermore, L2-
norm regularization can alleviated the overfitting problem 
when estimating the coefficients of polynomials by using 
least square method.

Second, a ranking selection-based mechanism for the 
choice of polynomial neurons is proposed. The proposed 
ranking selection-based performance index (RS_PI) is 
realized by combination of PI and CPI. In this case, the 
RS_PI takes into consideration both performance (PI) and 
complexity (CPI), and results in the diversity of the 
polynomial neurons.

Third, the overall architecture of ssPNN by space search 
optimization is proposed. On the one hand, space search 
optimization initialized by our previous study is applied to 
the design of ssPNN. Such new optimization used in the 
ssPNN brings about some novelty. On the other hand, the 
ssPNN can be regarded as the conventional PNNs with novel
ranking selection-based polynomial neurons (RS_PNs). 
That is, in some senses the proposed ssPNN are essentially 
generalized PNNs.

2.2 L2-norm regularization 

Sometimes the polynomial neural networks lead to 
overfitting problem with the increasing the number of
layers [11]. In fact, lots of fuzzy neural models have been 

encountered the overfitting problem. In this case, L2-norm 
regularization is one of effective method to alleviate this 
problem. Assume that 1 2( , ,..., )kx x x and y represent the 
input and output of training data, then the L2-norm 
regularization-based least square error algorithm can be 
summarized as shown in Algorithm 1.

2.3 Ranking-based selection of neurons

In the conventional PNNs, the polynomial neurons with 
the best performance (viz. the smallest error) in each layer. 
Such mechanism can guarantee the rapid convergence of 
the polynomial neural networks. However, the excessive 
rapid convergence also leads to local optimum. That is, 
the polynomial neurons in the same layer have height
similarity. To overcome this limitation, we use the following
selection mechanism: some polynomial neurons are the 
neurons with the best performance, the other polynomial 
neurons are those neurons with the small sum of coefficients
that represent the simplest neurons. 

With this idea, there still exist one problem: how to 
define the selection criteria (function) of neurons. The 
difficulty of selection criteria is that the ranges between 
performance index and the sum of coefficient are great 
difference. In this study, we propose ranking-based selection
mechanism to address this problem. Algorithm 2 describes 
the overall flowchart of ranking-based selection algorithm. 

Algorithm 2. Ranking-based selection algorithm

Input: Polynomial neurons in each layer

Output: Selected polynomial neurons in each layer

1. Set ranking factor %g  and number of selection neurons 
NS

2. Sort all polynomial neurons based on performance index

3. Select the % NSg ´  neurons with the best performance

4. Sort all polynomial neurons based on sum of coefficients

5. Select the (1 %) NSg- ´  neurons with the smallest sum 

of coefficients

2.4 Space search optimization

Space Search optimization (SSO) is an evolutionary 
algorithm that is based on the space search mechanism of 
to get the candidate solution [13-14]. As one of the 
evolutionary algorithms, SSO is also obtained the optimal 
individual by mean of selection mechanism. However, the 
SSO utilize the space search mechanism, which are quite 
different from the evolutionary mechanisms used in the 
conventional evolutionary algorithms. The space search 
mechanism are realized by means of generating a new 
space and searching the new space, in which space search 
operators are mainly two parts, namely local space search 
(part I) and global search (part II). 

The two parts of operator can be summarized as follows:
Part I : Space search is based on the selection of M 

Algorithm 1. L2-norm regularization-based least square 
error algorithm

Input: 1 2( , ,..., )kx x x , Y

Output: Coefficient matrix A
1.Set regularization factor l
2.Set 1 2X (1, , ,..., )kx x x=

3.Estimate the coefficients A  by using the formula
T -1 TA= X X+λI X Y（ ）
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solutions, the new generated space is:
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Where M is the predefined number, newX denotes the new 
generated solution, ia are randomly generated and the 
ranges are from -0.5 to 1.5, S represents the entire solution 
space.

Part II: Space search is based on only one the best 
solution, the new generated space is: 

1 1 2={( , ,..., )| = ( ) [ , ]}new new new new new
i in j j iV x x x x x j i x l u¹ È Î (2)

where 1 2( , ,..., )new new new new
nX x x x= . The value of ix  is 

range from il to iu .

3. Design of Polynomial Neural Network Using 

Ranking Selection and L2 Norm Regularization

This section elaborates on the design of ssPNN. The 
main comparison of the classical PNN and the proposed 
ssPNN are summarized as shown in Table 1.

Table 1. Comparison of constructing methodologies in the 
design of PNN and ssPNN

Constructing 
approaches

PNN ssPNN

Common point Type of neurons Polynomials Polynomials

Learning method LSE
LSE+ L2-norm 
regularizationDifferent 

point Selection criteria of 
neurons

PI *RS_PI

*RS_PI represents ranking selection-based performance index defined in 
section 3.3.

3.1 Architecture of polynomial neural networks

Polynomial neural network is an artificial neural 
network model which can estimate the relationship of 
multivariate high order polynomials between input and 
output. PNN [11] is a dynamic structure of the neural 
network, the network topology layer can also be amended 
by the new layer. 

3.2 Polynomial type of neurons

Like polynomial types used in the classic polynomial 
neural network contains, the polynomial types used in the 
ssPNN are as follows:

1) (Constant): 0j jf a=

2) (Linear Polynomials): 0 1 1j j j jk kf a a x a x= + + +L

3) (Quadratic Polynomial):

2 2
0 1 1 ( 1) 1 (2 )j j j jk k j k j k kf a a x a x a x a x+= + + + + + +L L

(2 1) 1 2 (( 2)( 1)/2) 1j k j k k k ka x x a x x+ + + -+ + +L

4) (ModifiedQuadratic Polynomial) :

0 1 1 ( 1) 1 2

( ( 1)/ 2) 1 0

j j j jk k j k

j k k k k j j

f a a x a x a x x

a x x f a

+

+ -

= + + + +

+ =

L

From the four polynomial type, where 0 1, , ,j ja a L

( 1) ( ( 1)/2), ,jk j k j k ka a a+ + are the coefficients of the polynomial, 
respectively. 

It is apparent that the highest order of four polynomial is 
equal to 2, which is lower in comparison with the 3-order 
polynomial used in the conventional PNN. With the use of 
relative low polynomial order, the proposed ssPNN gives 
rise to flexible structure. 

3.3 Learning method using L2 norm regularization

For convenience, we consider a linear format of 
polynomial in the following way:

0 1 1 2 2y=a a a ... a k kx x x+ + + + (3)

Where y denotes the output data, 1 2, , ..., kx x x  represents 
the input variables, respectively. And 0 1 2a , a , a , ..., a k

denotes the coefficient of polynomial, respectively. For 
convenience, the expression can be described as follows:

Y=AX (4)

where
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According to the LSE method, the coefficient can be 
calculated by the following expression:

T -1 TA=(X X) X Y (5)

To alleviate the overfitting problem, we use L2–norm
regularization method that adds the penalty term to the cost 
function in the following way:

T -1 TA=(X X+ I X Y l ) (6)

where I  is the unit matrix, l  denotes a predetermined 
number. In this study, l  is fixed as 0.01.

The coefficients of polynomial are estimated by the 
L2–norm regularization-based LSE method.
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3.4 Ranking-based selection criteria of neurons

The neuron selection criteria for the next layer in the 
design of ssPNN is realized by a combination of 
performance index and coefficients based performance 
index. The expression of PI is as follows [14-15]:

2
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ˆ( - ) ( )

1
ˆ( - ) ( )

m

i i

i

m

i i

i

y y MSE
m

PI
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=

=

ì
ï
ï

= í
ï
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(7)

Here MSE denotes mean squared error, and RMSE 
stands for the root mean squared error.

The stable performance index is essentially the sum of 
squared coefficient of polynomial. The expression of CPI is 
as follows:

m
2

i=1

= aiCPI å (8)

The expression of RS_PI combined with PI and CPI is in 
the following way:

{1, ( ) / 2,_ =
0, .

if V PI or CPI NRS PI
otherwise

£
(9)

where ( )V PI  represents the ranking number of 
performance index, ( )V CPI  denotes the ranking number 
of stable performance index. N stands for the number of 
selected neurons for the next layer.

For any neurons, If _ =1RS PI  denotes the neuron will 
be selected for the next layer, while _ =0RS PI  represents 
the neuron will not be selected.

4. Space Search Optimization of Ranking 

Selection-based Polynomial Neural Network 

Space search optimization has been optimized fuzzy 
systems. In this study, SSO is explored here to optimize the 
ssPNN. In what follows, we first introduce the design of 
SSO-based polynomial neurons, and then discuss the 
construction of ssPNN by means of SSO.

4.1 Design of space search-optimized polynomial 
neurons

In the process of design ssPNN, the structure of 
polynomial neuron should be optimized. The structure 
parameters of polynomial neuron contains the number of 
input variables, which variables will be selected as input 
variables, and the type of polynomials. Figure 1 describes 
arrangement of solution for the optimization neuron using 

SSO.
1) Number of input variables. The number of input

variables would be selected as the next layer’s input. The 
value is randomly generated from 2 to 5.

2) Input variables to be selected. The one of each input 
variables represents the index of input variables. The 
largest number is set as the maximum column coming from 
data set.

3) Polynomial types. There are four types of polynomial 
can be selected. The polynomial type is randomly selected 
from one to four. 

4.2 Design of space search-optimized polynomial 
neural networks

In this part, we elaborate the details of SSO optimized
ssPNN structures. Fig. 2 describes the overall optimization 
process of ssPNN with the aid of SSO. 

[Step 1] Partition data sets into training data and testing 
data.

Training data and testing data. In this study, the original 
dataset is divided into two parts. The first 60% data is 
considered as training data, while the remaining 40% is 
regarded as testing data.

[Step 2] Initialize structure parameters of ssPNN.
Two structure parameters will be initialized. They are as 

follows: 1) the number of layers; and 2) the number of 
selected neurons for each layer. In this study, the number of 
layers is set as 10, while the number of neurons is fixed as 
30.

[Step 3] Constructing polynomial neurons by space 
search optimization.

Step 3.1. Initialization. The population is initialized by 
randomly generated individuals. The structure of a general 
individual is shown in Figure 3.

Step 3.2. Evaluation. The performance of each 
individual is evaluated by using the aforementioned RS_PI. 
Here an individual is essentially denotes a neuron.

Step 3.3. Selection. The individuals with best 
performance (viz. RS_PI) are selected.

Step 3.4. Space search (Case I). This space search 
operator is realized based on four individuals. 

Type of 
Polynomial

Input 
variable

...
Input 

variable
No. of Inputs

② ③①
(a)Arrangement of solution for the 

optimization of neuron

314 3 24

(b)An example of arrangement of solution 
for the optimization of neuron

①
②
③

The number of input variables: 4

The selected neurons: (3,1,4,2)

Polynomial type: 3

Fig. 1. Arrangement of solution for the optimization of 
polynomial neuron
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ŷ

Fig. 2. Overall flowchart of ssPNN by SSO

Step 3.5. Space search (Case II). This space search 
operator is realized by means of the best individual in the 
current population.

[Step 4] Implement the iterations until the terminal 
condition is satisfied. 

If the terminal condition is not satisfied, go to Step 3, 
otherwise go to Step 5. Here the terminal condition is as 
follows:

(1) If the number of iterations arrives at a predetermined 
number, then the algorithm will be terminated; or

(2) If the performance of the current layer is worse than 
the previous layer, then the algorithm will be terminated.

[Step 5] Report the output
Output the optimal ssPNN.

5. Experimental Studies 

In this study, three well-known datasets (viz. MO, IZ, 
ABA) are utilized to evaluate the performance of the
proposed method. All experiments on datasets are based on 
five-fold cross-validation. The data sets are divided into 
two parts: the 80% of data is used as training data and the 
remaining 20% is considered as testing data. In order to 
compare to other models, RMSE and MSE/2 are viewed as 
the performance index for data sets. SSO are used to 
optimize the ssPNN. According to the values of parameters 
in the literature [13], the values of parameters in SSO are 
selected as shown in Table 2. Here NP denotes the number 
of population, NS represents the number of solutions for 
SSO operators, and NI stands for the number of iterations.

Table 2. Settings of parameters in the SSO algorithm

Parameters NP NS NI

Setting values 100 8 30

Table 3. Experimental results of ssPNN and PNN (MO)

PNN ssPNN
Layers

PI EPI PI EPI

0.018 0.018 0.020 0.021
LF=1

±0.0007 ±0.003 ±0.005 ±0.004

0.014 0.014 0.010 0.010
LF=2

±0.001 ±0.003 ±0.0004 ±0.003

0.013 0.014 0.010 0.010
LF=3

±0.002 ±0.002 ±0.0005 ±0.003

0.013 0.014 0.009 0.010
LF=4

±0.002 ±0.002 ±0.0007 ±0.004

0.013 0.014 0.009 0.010
LF=5

±0.002 ±0.002 ±0.0007 ±0.004

Table 4. Comparative results of ssPNN and some previous 
models (MO) 

Model PI EPI

NSGA-IIRB 0.11±0.06 0.16±0.16

NSGA-IIKB 0.09±0.04 0.13±0.12

PAESRB 0.06±0.03 0.08±0.05

PAESKB 0.05±0.02 0.09±0.10

SOGARB 0.38 0.64

MEA-FIS[18]

SOGAKB 0.28 0.66

WM(3) 0.985±0.129 0.973±0.09

WM(5) 0.128±0.05 0.134±0.012

WM(7) 0.095±0.006 0.137±0.056

GR-MF 0.03±0.002 0.176±0.28

GA-WM 0.02±0.003 0.093±0.147

GLD-WM 0.016±0.002 0.022±0.005

MEA-FIS[18]

FSMOGFS
e 0.033±0.004 0.034±0.007

LF= 1 0.020±0.005 0.021±0.004

LF = 2 0.010±0.0004 0.010±0.003

LF = 3 0.010±0.0005 0.010±0.003

LF = 4 0.009±0.0007 0.010±0.004

ssPNN

LF = 5 0.009±0.0007 0.010±0.004

5.1MO Data

Mortgage (MO) data contains the economic information 
of USA [16-17]. It owns 15 input variables, and 1049 
patterns. Table 3 illustrates the experiment results of 
ssPNN with two types. Table 3 describes the comparative 
analysis of the performance of the other models and the 
proposed ssPNN model. 

Table 3 describes the values of the performance index of 
testing data with the increasing number of layers. It shows 
that both of PNN and ssPNN are stable in case of EPI 
(testing error). These results demonstrate that the overfitting
problem are not happened in this data set.

The comparison result of ssPNN and some other models 
are summarized in Table 4. As shown in Table 4, the 
proposed ssPNN obtains the better performance when 
compared with some conventional models. Fig. 3 depicts 
the optimal architecture of ssPNN as shown in Table 4.
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Fig. 3. Optimal ssPNN architecture for MO data
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Fig. 4. Comparison of test error with the increasing number 
of layers (ABA)

5.2ABA data

Abalone machine learning (ABA) data is concerned with 
the estimate the age of abalone when encounter the 
physical measurements [20]. In this data set, it contains 
4177 input-output pairs and 7 input variables. 

Fig. 4 depicts the relationship between the performance 
index of testing data (viz. EPI) and the number of layers 
for the proposed ssPNN and the conventional PNN. As 
shown in Fig. 4, EPI of ssPNN are almost not changed with 
the increasing number of layers when compared with the 
PNN Such phenomenon illustrates the good stability of the 
structure of the ssPNN. 

The result of our proposed method ssPNN compared to 
other models is further described in Table 5. It is apparent 
that the performance of ssPNN much better in comparison 
with that of the conventional models. Unlike the con-
ventional fuzzy models in reference [25], the proposed 
ssPNN are realized based on the architectures of neural 
networks. Moreover, instead of the conventional evolutionary
algorithms, space search optimization initialized by us [13] 
is used as the optimal algorithm in the ssPNN. These
results demonstrate the outstanding feature of the ssPNN. 

5.3 IZ data

Weather Izmir (IZ) data is the data about the weather 
information [18-19]. It contains 9 input variables and 1461 

patterns. Fig. 5 depicts the results of ssPNN and the 
conventional PNN in five layers. As shown in Fig. 5, it is 
evident that the proposed ssPNN leads to better performance
than the conventional PNN in case of overfitting problem. 

Table 5. Comparative results of ssPNN and some previous 
models (ABA)

Model PI EPI

Linear regression[21] 14.15±0.07 17.22±0.20

Boosting of granular 
model [21]

P=5, C=6 8.39±0.008 8.68±0.014

RBFNN with context-free clustering
[22]

5.52±0.25 6.91±0.45

PSO-based PNN [22] 4.338±0.231 7.997±9.465

RBFPNN[22] 3.605±0.169 4.710±0.224

Without 
optimization

5.21±0.12 6.14±0.28

One-loop
optimization

4.80±0.52 5.22±0.58
Linguistic 

Modeling[23]

Multi-step 
optimization

4.12±0.35 5.32±0.96

Evolutionary Fuzzy Systems [24] 2.41±0.085 2.51±0.186

L2-norm TSK fuzzy models [25] 1.879 2.558

LEL-TSK fuzzy models [25] 2.040 2.412

METSK+HD [25] 2.205 2.392

 LF = 1 2.195±0.024 2.198±0.095

 LF = 2 2.168±0.026 2.172±0.100

 LF = 3 2.167±0.027 2.171±0.101

 LF = 4 2.165±0.025 2.169±0.104

ssPNN

 LF = 5 2.161±0.023 2.166±0.106

Table 6. Comparative results of ssPNN and some previous 
models (IZ)

Model PI EPI

NSGA-IIRB 2.05±0.71 2.38±0.96

NSGA-IIKB 1.64±0.34 1.91±0.48

PAESRB 1.62±0.43 1.89±0.54

PAESKB 1.30±0.27 1.49±0.26

SOGARB 4.17 4.81

MEA-FIS
[18]

SOGAKB 3.65 4.89

WM(3) 6.944±0.72 7.368±0.909

WM(5) 3.107±0.27 5.961±2.498

WM(7) 2.036±0.048 10.56±2.197

GR-MF 1.176±0.077 9.602±8.879

GA-WM 1.233±0.065 3.529±4.023

GLD-WM 0.926±0.041 1.150±0.123

MGA-FIS
[19]

FSMOGFS
e 1.519±0.094 1.571±0.168

CFWN 0.703±0.064 1.285±0.876FWPNN
[26] FFWN 0.667±0.052 0.855±0.133

LF= 1 0.850±0.036 0.858±0.145

LF = 2 0.762±0.019 0.778±0.120

LF = 3 0.751±0.017 0.771±0.116

LF = 4 0.750±0.016 0.779±0.108

SsPNN

LF = 5 0.747±0.016 0.798±0.100
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The tendency of EPI and the number of layers is 
depicted as shown in Fig. 5. It illustrates that the ssPNN 
are relative not dramatically changed in case of EPI. These 
results demonstrate that the overfitting problem in the 
ssPNN are alleviated in comparison with the conventional 
PNN. 

Table 6 summarizes the comparative results between the 
proposed ssPNN and some other previous models. 

6. Conclusions 

This study aims at a design of stable polynomial neural 
networks that can alleviate the overfitting problems, which 
are universal problems in the design of conventional neural 
networks. The main differences between the ssPNN and the 
conventional PNN are summarized as follows:

First, instead of the conventional PI, a concept of RS_PI
is further proposed to be viewed as the selection criteria of 
neurons for the next layer in the design of neural network. 

Second, L2–norm regularization is invoked when 
estimating the polynomial coefficients by least square error 
method. 

Finally, space search optimization is further exploited 
here to realize the structure optimization and parameter 
optimization in the design of ssPNN.

For future study, fuzzy polynomial neurons can be 
included. By constructing different fuzzy neurons, one can 
obtain space search optimized fuzzy polynomial neural 
networks.
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