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SEMI-INVARIANT SUBMANIFOLDS OF (LCS)n-MANIFOLD
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and Mallannara Siddalingappa Siddesha

Abstract. In this paper the decomposition of basic equations of (LCS)n-

manifolds is carried out into horizontal and vertical projections. Further,
we study the integrability of the distributions D, D⊕ [ξ] and D⊥ totally

geodesic of semi-invariant submanifolds of (LCS)n-manifold.

1. Introduction

The notion of semi-invariant submanifold is a generalization of invariant
and anti-variant submanifolds of almost contact metric manifolds. The re-
search work on these is carried out by (see, [1, 2, 4–7, 9–11, 14]). The authors
([1,9,10,15]) have obtained the decomposition of basic equations of Kenmotsu,
LP -Sasakian, (k, µ)-contact, LP -Cosymplectic manifolds into horizontal and
vertical components and also they have studied the integrability of horizontal
and vertical distributions. Further, analysis of totally umbilical and totally
geodesics of submanifolds of (k, µ)-contact manifolds is done by the authors
[1]. Now in this paper we carry out the analysis of the above authors for semi
invariant submanifolds of (LCS)n manifolds. These manifolds are generaliza-
tions of LP -Sasakian manifolds and the study is followed by authors [12] to
[13].

The paper is organized as follows. Section 2 consists of basic definitions
of (LCS)n-manifolds, invariant, anti-invariant and semi-invariant submanifold
of a (LCS)n-manifold. In Section 3, we obtain the decomposition of basic
equations in horizontal and vertical projections. In Section 4, we study the
integrability of horizontal and vertical distributions. In Section 5, we discuss
totally umbilical and totally geodesic submanifolds.

2. Preliminaries

An n-dimensional Lorentzian manifold M̄ is a smooth connected paracom-
pact Hausdorff manifold with a Lorentzian metric g, that is, M̄ admits a
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smooth symmetric tensor field g of type (0,2) such that for each point the
tensor gp : TP M̄ × TP M̄ → R is a non-degenerate bilinear form of signature
(−,+, . . . ,+), where TpM̄ denotes the tangent vector space of M̄ at p and R
is the real number space.

Definition 2.1. In a Lorentzian manifold (M̄, g) a vector field P defined by

g(X,P ) = A(X),

for any X ∈ Γ(TM̄), is said to be a concircular vector field if

(∇̄XA)(Y ) = α[g(X,Y ) + ω(X)A(Y )],

where α is a non- zero scalar function and ω is a closed 1-form and ∇̄ denotes
the operator of covariant differentiation of M̄ with respect to the Lorentzian
metric g.

Let M̄ admit a unit timelike concircular vector field ξ, called the character-
istic vector field of the manifold. Then we have

g(ξ, ξ) = −1,

since ξ is a unit concircular vector field. It follows that there exists a non-zero
1-form η such that for

g(X, ξ) = η(X).

The equation of the following form holds:

(∇̄Xη)(Y ) = α{g(X,Y ) + η(X)η(Y )}, α 6= 0

for all vector field X,Y, and α satisfying

(∇̄Xα) = (Xα) = dα(X) = ρη(X),

with ρ being a certain scalar function given by ρ = −(ξα). Let us take φX =
1
α∇̄Xξ from which it follows that φ is a symmetric (1,1) tensor and called

the structure tensor manifold. Thus the Lorentzian manifold M̄ together with
unit timelike concircular vector field ξ, its associated 1-form η and a (1.1)
tensor field φ is said to be a Lorentzian concircular structure manifold (briefly,
(LCS)n-manifold) [12]. Especially, if we take α = 1, then we can obtain the
LP-sasakian structure of Matsumoto [8]. In a (LCS)n-manifold (n > 2) the
following relations hold.

φ2(X) = X + η(X)ξ, η(ξ) = −1, φξ = 0, η · φ = 0,(2.1)

g(φX, φY ) = g(X,Y ) + η(X)η(Y ); η(X) = g(X, ξ).(2.2)

The following formulas hold (see [3]):

(∇̄Xφ)Y = α{g(X,Y )ξ + 2η(X)η(Y )ξ + η(Y )X},(2.3)

∇̄Xξ = αφX,(2.4)

g(X,φY ) = g(φX, Y ).(2.5)

Let M be an m-dimensional Riemannian manifold isometrically immersed
in M̄ and suppose that the structure vector field ξ of M̄ is tangent to M . We
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denote by TM and T⊥M the tangent bundle and normal bundle to M . Then
the submanifold M of M̄ is called a semi-invariant submanifold if it is endowed
with a pair of distributions (D,D⊥) satisfying the conditions.

(1) TM = D ⊕D⊥ ⊕ [ξ],
(2) The distribution D is invariant by φ, that is, φ(D) = D.
(3) The distribution D⊥ is anti-invariant by φ, that is, φ(D⊥) ⊂ T⊥M.

The distribution D (respectively D⊥) is called the horizontal (respectively ver-
tical) distribution. A semi-invariant submanifold M is said to be an invariant
(respectively an anti-invariant) submanifold if we have D⊥

x = 0 (respectively
Dx = 0) for each (x ∈M). We say that M is a proper semi-invariant subman-
ifold, if it is a semi-invariant submanifold, which is neither an invariant nor an
anti-invariant submanifold. We denote by the same symbol g both metrics on
M̄ and M and the projection morphisms of TM to D and D⊥ are denoted by
P and Q respectively, for X ∈ Γ(TM) and N ∈ Γ(TM⊥), we have

X = PX +QX + η(X)ξ,(2.6)

φN = BN + CN,(2.7)

where BN respectively CN denote the tangential (respectively normal) com-
ponent φN

Definition 2.2. A submanifold M is said to be
(i) totally geodesic in M̄ if σ = 0 or equivalently AN = 0 for each N ∈ T⊥M .

(ii) minimal in M̄ if the curvature vector H satisfies H = Tr(σ)
dimM = 0 and

(iii) totally umbilical if σ(X,Y ) = g(X,Y )H ∀X, Y ∈ TM .

If M is a submanifold of a (LCS)n-manifold M̄ with induced metric g, then
let ∇ and ∇⊥ be the induced connections on the tangent bundle TM and the
normal bundle T⊥M of M respectively. The Gauss and Weingarten formulas
are given by

∇̄X Y = ∇X Y + h(X,Y ),(2.8)

∇̄X N = −AN X + ∇⊥
X N(2.9)

for all X,Y ∈ Γ(TM) and N ∈ Γ(T⊥M), where h and AN are second fun-
damental form and the shape operator (corresponding to the normal field N)
respectively for the immersion of M into M̄ . The second fundamental form h
and the shape operator AN are related by [28]

(2.10) g(h(X, Y ), N) = g(ANX, Y ).

3. Decomposition of basic equations along horizontal and vertical
projections;

For X,Y ∈ Γ(TM), put

(3.1) u(X,Y ) = ∇XφPY −AφQYX.
We begin with the following lemma:
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Lemma 3.1. Let M be a semi-invariant submanifold of (LCS)n manifold M̄ .
Then we have

P (u(X,Y )) = φP∇XY + η(Y )αPX + 2η(X)η(Y )αPξ + g(X,Y )αPξ,(3.2)

Q(u(X,Y )) = Bh(X,Y ) + η(Y )αQX + 2η(X)η(Y )αQξ + g(X,Y )αQξ,(3.3)

h(X,φPY ) +∇⊥
XφQY = φQ∇XY + ch(X,Y ),(3.4)

η(u(X,Y )) = −g(φX, φY )(3.5)

for all X,Y ∈ TM .

Proof. We decompose (2.3) as follows. Using (2.6), (2.7), in RHS of (2.3) we
have

RHS of (2.3) = α{g(X,Y )ξ + 2η(X)η(Y )ξ + η(Y )X}
= g(X,Y )αPξ + g(X,Y )αQξ + 2η(X)η(Y )αPξ

+ 2η(X)η(Y )αQξ + η(Y )αPX + η(Y )αQX + η(Y )η(X)αξ.(3.6)

Using (2.8), (2.9), in LHS of (2.3) we have

LHS of (2.3) = ∇̄XφY − φ∇̄XY
= ∇̄XφPY + ∇̄XφQY − φ∇XY − φh(X,Y )

= ∇XφPY + h(X,φPY )−AφQYX +∇⊥
XφQY

− φP∇XY − φQ∇XY −Bh(X,Y )− Ch(X,Y ).

Using (3.1) in the above

= u(X,Y ) + h(X,φpY ) +∇⊥
XφQY − φP∇XY

− φQ∇XY −Bh(X,Y )− Ch(X,Y )

= P (u(X,Y )) +Q(u(X,Y )) + ηα(u(X,Y ))ξα

+ h(X,φpY ) +∇⊥
XφQY − φP∇XY

− φQ∇XY −Bh(X,Y )− Ch(X,Y ).(3.7)

Comparing equation (3.6) and (3.7) and equating the horizontal and vertical
components, we obtain (3.2), (3.3), (3.4), (3.5) respectively. �

Lemma 3.2. Let M be a semi-invariant submanifold of (LCS)n manifold M̄ .
Then we have

∇Xξ = αφPX, h(X, ξ) = 0 for any X ∈ Γ(D);(3.8)

∇Y ξ = 0, h(Y, ξ) = αφQY for any Y ∈ Γ(D⊥);(3.9)

∇ξξ = 0, h(ξ, ξ) = 0.(3.10)

Proof. In consequence of (2.4) and (2.6), we obtain

∇̄Xξ = ∇Xξ + h(X, ξ).
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Equating tangential and normal components

∇̄Xξ = αφX, h(X, ξ) = 0,

∇Xξ + h(X, ξ) = α(φPX + φQY ).(3.11)

Thus (3.8)-(3.10) follow from (3.11). �

Lemma 3.3. Let M be a semi-invariant submanifold of (LCS)n manifold M̄ .
Then we find

∇ξU ∈ Γ(D); for any U ∈ Γ(D),

∇ξV ∈ Γ(D⊥); for any V ∈ Γ(D⊥).

Proof. The above follow from g(ξ, U) = 0, g(ξ, V ) = 0 and (3.10) and covariant
differentiation. �

Lemma 3.4. Let M be a semi-invariant submanifold of a (LCS)n manifold
M̄ . Then we obtain

[X, ξ] ∈ Γ(D) for any X ∈ Γ(D),(3.12)

[Y, ξ] ∈ Γ(D⊥) for any Y ∈ Γ(D⊥).(3.13)

The proof follows from Lemma 3.3.

4. Integrability of invariant and anti-invariant submanifolds

In this section we study integrability of D, D⊕ [ξ] and D⊥ of semi-invariant
submanifolds of (LCS)n-manifold.

Proposition 4.1. Let M be a semi-invariant submanifold such that ξ is tan-
gent to M̄ . Then the invariant distribution D is integrable.

Proof. We have for X,Y ∈ D and ξ ∈ [ξ]

g([X, Y ], ξ) = g(∇X Y − ∇Y X, ξ).

By virtue of (2.8)

g([X, Y ], ξ) = g(∇̄X Y,+h(X,Y )− ∇̄Y X,−h(Y,X), ξ)

= g(∇̄X Y, ξ) − g(∇̄Y X, ξ).
By definition of covariant differentiation

g([X, Y ], ξ) = ∇̄Xg(Y, ξ)− g(Y, ∇̄Xξ)− ∇̄Y g(X, ξ) + g(X, ∇̄Y ξ).
By definition of semi-invariant submanifold

g([X, Y ], ξ) = −g(Y, ∇̄Xξ) + g(X, ∇̄Y ξ).

Using (2.4) we have

g([X, Y ], ξ) = −g(Y, αφX) + g(X, αφY )

= −α[g(Y, φX) − g(X, φY )].
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Using (2.5) we have

g([X, Y ], ξ) = 0,(4.1)

since dimD 6= 0.
Thus if X,Y ∈ D, then [X,Y ] ∈ D, that is, the invariant distribution D is

integrable. �

Theorem 4.2. Let M be a semi-invariant submanifold such that each ξ of the
distribution spanned by [ξ] isometrically immersed in a (LCS)n-manifold M̄ .
Then show that the distribution D ⊕ [ξ] is completely integrable if and only if
the second fundamental form h of M satisfies

h(X, φY ) = h(φX, Y ) for X,Y ∈ D.

Proof. For X,Y ∈ D ⊕ [ξ] and V ∈ T⊥M then by virtue of (2.8) we have

g(φ([X, Y ]), V ) = g(φ(∇X Y − ∇Y X), V )

= g(φ(∇̄XY − h(X, Y ) − ∇̄YX + h(Y, X)), V )

= g(φ(∇̄XY ), V )− g(φ(∇̄YX,V ).

By definition of covariant differentiation

g(φ([X, Y ]), V ) = g(−(∇̄Xφ)Y + ∇̄XφY + (∇̄Y φ)X − ∇̄Y φX, V ).

Using (2.3) and (2.8) we have

g(φ([X, Y ]), V ) = [g(∇XφY, V ) + g(h(X, φY ), V ))− g(∇Y φX, V )

− g(h(φX, Y ), V )] + α[− g(X, Y )g(ξ, Y )

− 2η(X)η(Y )g(ξ, V ) + η(Y )g(X, V ) + g(Y, X)g(ξ, V )

+ 2η(Y )η(X)g(ξ, V ) + η(Y )g(X, V )].

Again by virtue of (2.1) and (2.5) we have

g(φ([X, Y ]), V ) = g(h(φX, Y ) − h(X, φY ), V ).

Thus φ([X, Y ]) = h(φX, Y ) − h(X, φY ), this shows that φ([X, Y ]) belongs
to the orthogonal complementary distribution of D ⊕ [ξ] in M . Therefore
[X,Y ] ∈ D ⊕ [ξ] if and only if

h(φX, Y ) = h(X, φY ). �

Theorem 4.3. Let M be a semi-invariant submanifold of a (LCS)n-manifold
such that ξ is tangent to M̄ and D⊥ be the anti-invariant subspace of TM.
Then the anti-invariant distribution D⊥ is always integrable.

Proof. By definition of integrability we have to show that if Z,W ∈ D⊥, then
[Z,W ] ∈ D⊥ for this let X ∈ TM then by virtue of (2.8) and by definition of
covariant differentiation

g(φ([Z, W ]), X) = g(φ(∇ZW − ∇WZ), X),

= g(φ(∇̄ZW ) − φh(Z,W )− φ(∇̄WZ) + φh(W,Z), X).
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Using (2.3) and (2.9) in the above we have

g(φ([Z, W ]), X)

= g((∇̄ZφW ) − (∇̄Zφ)W − (∇̄WφZ) + (∇̄Wφ)Z,X)

= g(AφZW − ∇⊥
WφZ + α(η(Z)W + 2η(Z)η(W )ξ + g(W,Z)ξ)

−AφWZ + ∇⊥
ZφW − α(η(W )Z + 2η(Z)η(W )ξ + g(Z,W )ξ), X)

= g(−AφWZ +∇⊥
ZφW +AφZW −∇⊥

WφZ,X).

Since AφZW − AφWZ is tangential to M and ∇⊥
ZφW − ∇⊥

WφZ is normal to
M

g(φ([Z, W ]), X) = g(AφWZ − AφZW ), X).

Therefore φ([Z, W ]) = AφWZ − AφZW.
It follows that [Z,W ] ∈ D⊥ for any Z,W ∈ D⊥ if and only if

(4.2) AφWZ = AφZW for any Z,W ∈ D⊥

and

(4.3) g([Z, W ], ξ) = 0 for any Z,W ∈ D⊥ and ξ ∈ [ξ].

Conversely, using (2.10) and (2.8) for any Z,W ∈ D⊥ and X ∈ TM we have

g(AφZW, X) = g(h(W, X), φZ)

= g(∇̄XW, φZ)

= −g(φ∇̄XW, Z)

= g(−∇̄XφW + (∇̄Xφ)W,Z)

= g(−∇̄XφW + α{g(X,W )ξ + 2η(X)η(W )ξ + η(W )X}, Z)

= g(AφWX, Z)

= g(AφWZ, X).

Thus for any Z,W ∈ D⊥ and X ∈ TM, AφZW = AφWZ holds. Hence D⊥ is
always integrable. Finally using (2.4) and taking into account that D⊥ is an
anti-invariant distribution, we have

g([Z, W ], ξ) = g(∇̄ZW − ∇̄WZ, ξ)
= g(Z, ∇̄W ξ) − g(W, ∇̄Zξ)
= g(Z, αφW ) − g(W, αφZ)

= 0,

where φW and φZ ∈ T⊥M and Z,W ∈ D⊥ ⊂ TM .
Therefore (4.2) and (4.3) hold. �
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5. Totally umbilical and totally geodesic submanifolds

In this section, we consider totally umbilical submanifolds of (LCS)n-contact
manifold. First, we prove a lemma.

Lemma 5.5. Let D be a distribution on a submanifold M of a (LCS)n-contact
manifold such that ξ ∈ D. If M is D-totally umbilical, then M is D-totally
geodesic.

Proof. If M is D-totally, then by definition for all X,Y ∈ D we have

h(X,Y ) = g(X,Y )H,

where H is the mean curvature of the D-space. But in view of (3.8) and (3.10),
we have

H = g(ξ, ξ)H = h(ξ, ξ) = 0.

Hence H = 0. Therefore M is D-totally geodesic. �

Lemma 5.6. Let D⊥ be orthogonal complementary distribution to D of a
submanifold M of a (LCS)n-contact manifold such that ξ ∈ D⊥. If M is
D⊥-totally umbilical, then M is D⊥-totally geodesic provided φQ = Qφ.

Proof. If M is D⊥-totally, then by definition for all X,Y ∈ D we have

h(X,Y ) = g(X,Y )K,

where K is the mean curvature of the D⊥-space. But in view of (3.9) we have

K = g(ξ, ξ)K = h(ξ, ξ) = αφQξ.

Suppose φQ = Qφ. Hence K = αQφξ = 0. Therefore M is D⊥-totally geodesic.
�

The above Lemmas 5.5 and 5.6 imply the following two theorems:

Theorem 5.4. Each totally umbilical submanifold M of a (LCS)n-contact
manifold such that ξ is tangent to M is totally geodesic.

Theorem 5.5. Each totally umbilical semi-invariant submanifold of a (LCS)n-
contact manifold is totally geodesic.
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