
KYUNGPOOK Math. J. 58(2018), 427-432

https://doi.org/10.5666/KMJ.2018.58.3.427

pISSN 1225-6951 eISSN 0454-8124

c⃝ Kyungpook Mathematical Journal

Examples of Central Semicommutative Rings

Yingying Wang
School of Mathematics and Information Science, Shandong Institute of Business
and Technology, Yantai 264005, China
e-mail : yywang1978@163.com

Abstract. An example of a strongly central semicommutative ring which is not semi-

commutative is constructed. This answers a question of Bhattachafjee and Chakraborty

negatively.

1. Introduction

Throughout this paper all rings are associative with identity unless otherwise
stated. For a ring R, the symbol N(R) denotes the set of nilpotent elements of
R, Z(R) its center, N∗(R) its prime radical, J(R) its Jacobson radical, and R[x]
the polynomial ring over R. The symbol Eij stands for the usual n × n matrix
units, and In the n× n identity matrix over R. For any n× n matrix A, we write
RA = {rA|r ∈ R}, V =

∑n−1
i=1 Ei,i+1, and Vn(R) = RIn + RV + · · · + RV n−1

whenever n ≥ 2. The symbol Zn denotes the ring of integers modulo a positive
integer n, and Sn the permutation group on {1, 2, · · ·, n}.

Let R be a ring and a, b, c ∈ R. Usually R is called reduced if it has no nonzero
nilpotent elements. According to Lambek [9], R is called symmetric if abc = 0
implies acb = 0, Cohn [3] called R reversible if ab = 0 implies ba = 0, and Narbonne
[12] named R semicommutative if ab = 0 implies aRb = 0. It is known that
reduced ⇒ symmetric ⇒ reversible ⇒ semicommutative, and no reversal holds (see
[11]). Recently years, various generalized conditions of symmetric rings, reversible
rings and semicommutative rings have been studied by many authors, and the
results obtained are applied to many sorts of problems in noncommutative ring
theory. Ungor et al. [14] called R central reduced if N(R) ⊆ Z(R), Kose et al.
[7] called R central reversible if ab = 0 implies ba ∈ Z(R), and Kafkas et al. [6]
called R central symmetric if abc = 0 implies bac ∈ Z(R). As noted by Jung et
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al. [5], this notion is not left-right symmetric. Thus they called such a ring left
central symmetric, and defined a right central symmetric ring similarly. Özen et
al. [13] called R central semicommutative if ab = 0 implies aRb ⊆ Z(R). By
the existing literature, central reduced ⇒ left and right central symmetric, left
or right central symmetric ⇒ central reversible and central semicommutative, and
each converse implication does not hold. But whether a central reversible ring is
central semicommutative is an open question in [5]. Recently, Bhattachafjee and
Chakraborty [2] defined a ringR to be strongly central semicommutative (reversible)
if R[x] is central semicommutative (reversible). However, they do not know whether
a strongly central semicommutative rings R is strongly semicommutative, i.e., R[x]
is semicommutative (see Yang and Du [15]). The main objective of this paper is to
answer the question in the negative. Moreover, some new results of central reduced
rings and central symmetric rings are included.

2. Main Results

We start this section with the observation.

Lemma 2.1. A ring R is a strongly central semicommutative ring if and only if
f(x)g(x) = 0 implies f(x)Rg(x) ⊆ Z(R[x]) for any f(x), g(x) ∈ R[x].

Proof. Clearly, a strongly central semicommutative ring R satisfies the condition
stated in the lemma. Conversely, let f(x), g(x) ∈ R[x] with f(x)g(x) = 0. For any
h(x) = c0 + c1x + · · · + clx

l ∈ R[x], then we have f(x)h(x)g(x) = f(x)c0g(x) +
f(x)c1g(x)x + · · · + f(x)clg(x)x

l. By hypothesis, f(x)ckg(x) ∈ Z(R[x]) for all
k = 0, 1, · · ·, l. It follows that f(x)h(x)g(x) ∈ Z(R[x]). 2

Theorem 2.2. There exists a strongly central semicommutative ring which is not
strongly semicommutative.

Proof. Let A = F [a, b, c] be the free algebra of polynomials with zero constant
terms in noncommuting identerminates a, b, c over Z2. Let I be an ideal of Z2 +
A, generated by ab, r1r2r3r4 where r1, r2, r3, r4 ∈ A, and let R = (Z2 + A)/I.
Clearly, R is a local ring with J(R) = A/I nilpotent. We show that R is a strongly
central semicommutative ring but not a semicommutative ring. For simplicity, we
identify elements of Z2 + A with their images in R. Let f(x) =

∑m
i=0 aix

i, g(x) =∑n
j=0 bjx

j ∈ R[x] satisfying f(x)g(x) = 0. With the help of Lemma 2.1, it suffices
to prove f(x)Rg(x) ∈ Z(R[x]). For convenience of the calculation, we rewrite
f(x) =

∑m+n
i=0 aix

i and g(x) =
∑m+n
j=0 bjx

j where am+1 = ··· = am+n = bn+1 = ··· =
bm+n = 0. In what follows the assumption f(x)g(x) = 0 should be remembered.

Claim 1. Either f(x) ∈ A[x] or g(x) ∈ A[x].

Assume on the contrary, there exist the least coefficients ai, bj of f(x), g(x),
respectively such that ai and bj are units in R, since R is a local ring. Considering
the coefficient of xi+j in f(x)g(x) = 0, we have a0bi+j + · · · + ai−1bj+1 + aibj +
ai+1bj−1 + · · · + ai+jb0 = 0. Observing a0, · · ·, ai−1, b0, · · ·, bj−1 ∈ A, aibj ∈ A is
not a unit. This is a contradiction.
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Claim 2. If f(x) /∈ A[x] and g(x) ∈ A[x], then g(x) ∈ A2[x].

Since f(x) /∈ A, there exists the least coefficient ai of f(x) such that ai is a unit
in R. Hence f(x)g(x) = 0 implies a0bi+a1bi−1+ · · ·+ai−1b1+aib0 = 0. This gives
aib0 ∈ A2, and so b0 ∈ A2. Similarly a0bi+1+a1bi+ · · ·+aib1+ai+1b0 = 0 will give
b1 ∈ A2. Continuing this process, finally we have all bj ∈ A2 and thus g(x) ∈ A2[x].

The validity of the next claim can be checked similarly to the proof of Claim 2.

Claim 3. If f(x) ∈ A[x] and g(x) /∈ A[x], then f(x) ∈ A2[x].

Now we show f(x)Rg(x) ⊆ Z(R[x]). For any r ∈ R, then r = k + c for some
k ∈ Z2 and c ∈ A. This means f(x)rg(x) = kf(x)g(x) + f(x)cg(x) = f(x)cg(x)
since f(x)g(x) = 0.

Case (1). If f(x) ∈ A[x] and g(x) ∈ A[x], then we have f(x)rg(x) = f(x)cg(x) ∈
A3[x] ⊆ Z(R)[x] ⊆ Z(R[x]) by Claim 1 and the fact A3 ⊆ Z(R).

Case (2). If f(x) /∈ A[x] and g(x) ∈ A[x], then all bj ∈ A2 by Claim 2. It follows
that f(x)rg(x) = f(x)cg(x) ∈ A3[x] ⊆ Z(R)[x] ⊆ Z(R[x]) since A3 ⊆ Z(R).

Case (3). If f(x) ∈ A[x] and g(x) /∈ A[x], then all ai ∈ A2 by Claim 3. Similarly to
the proof of Case 2, we also have f(x)rg(x) = f(x)cg(x) ⊆ Z(R[x]).

From the above argument, we conclude that R[x] is a strongly central semicom-
mutative ring by Lemma 2.1. On the other hand, since ab = 0 but acb ̸= 0, R is
not a semicommutative ring and so R is not a strongly semicommutative ring. 2

Theorem 2.2 gives a negative answer to [2, Question 3.4].

3. Related Results

Let R be a ring, a1, a2, · · ·, an ∈ R, and σ ∈ Sn where n ≥ 2 is any positive
integer. Following Anderson and Camillo [1], a ring R is said to satisfy ZCn if
a1a2 · · · an = 0 implies aσ(1)aσ(2) · · · aσ(n) = 0. A reduced ring satisfies ZCn by [8,
Lemma 2.1], and a ring is symmetric if and only if it satisfies ZCn for all n ≥ 3 by
[9, Proposition 1]. Analogically, we call R to satisfy GZCn if a1a2 · · ·an = 0 implies
aσ(1)aσ(2) · · · aσ(n) ∈ Z(R) for any n ≥ 2.

Theorem 3.1. If R is a central reduced ring, then Vn(R) satisfies GZCn for all
n ≥ 2.

Proof. Combining Theorems 2.15 and 2.16 in [14], we conclude that R is a central
reduced ring if and only if N∗(R) ⊆ Z(R), and R is 2-primal (i.e., a ring with
N∗(R) = N(R)). Now since R is a central reduced ring, R is a 2-primal ring and so
R = R/N∗(R) is a reduced ring. For any n × n matrix M = (mij) over R, denote
M = (mij). If A1, A2, · · ·, An ∈ Vn(R) with A1A2 · · ·An = 0, then A1 A2 · · ·An = 0̄
in Vn(R). Since R is a reduced ring, Vn(R) is a symmetric ring by [4, Theorem
2.1]. Applying [9, Proposition 1], we have Aσ(1) Aσ(2) · · ·Aσ(n) = 0̄. It follows that
Aσ(1)Aσ(2) · · ·Aσ(n) ∈ Vn(N∗(R)) ⊆ Vn(Z(R)) ⊆ Z(Vn(R)). 2

Corollary 3.2. A central reduced ring R satisfies GZCn for any n ≥ 2.

Proof. It follows by the ring isomorphism R ∼= RIn which is a subring of Vn(R). 2
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It can be inferred from [14, Theorem 2.24] that a ring R is central reduced if
and only if R[x] is central reduced, thus the following corollary is immediately.

Corollary 3.3. If R is a central reduced ring, then Vn(R)[x] satisfies GZCn for all
n ≥ 2. In particular, Vn(R)[x] is a central symmetric ring.

Proof. This is a direct consequence of Theorem 3.1 and the ring isomorphism
Vn(R)[x] ∼= Vn(R[x]). 2

Since a left or right central symmetric ring is central reversible and central
semicommutative, the next two corollaries are direct consequences of Corollary 3.3.

Corollary 3.4.([2, Proposition 2.13]) If R is a central reduced ring, then V2(R) is
a strongly central reversible ring.

Corollary 3.5.([2, Proposition 3.14]) If R is a central reduced ring, then V2(R) is
a strongly central semicommutative ring.

In view of the fact that a ring R is symmetric if and only if R satisfies ZCn for
any n ≥ 3. One may naturally ask whether the parallel conclusion is true for a left
and right central symmetric ring. The answer to this question is negative.

Example 3.6. A left and right central symmetric ring R need not satisfy GZC3.

Proof. Let A = F [a, b, c] be the free algebra of polynomials with zero constant
terms in noncommuting identerminates a, b, c over Z2. Then Z2+A =

⊕∞
i=0Ai is a

graded ring where Ai consists of homogeneous polynomials of degree i. Let I be the
ideal of Z2 +A generated by abc, cabr1 + r1cab, bcar2 + r2bca, bacr3 + r3bac, acbr4 +
r4acb, r5r6r7r8r9 where ri ∈ A, and let R = (Z2 + A)/I. It is easy to check that I
is a homogeneous ideal, and R =

⊕∞
i=0(Ai + I)/I is a graded ring with its natural

grading. Clearly, we have R =
⊕4

i=0(Ai + I)/I since A5 ⊆ I. We identify the
elements of Z2 + A with their images for simplicity. Thus, R is a local ring with
J(R) = A nilpotent. To complete the proof, we need the following claims.

Claim 4. If f1, g1, h1 ∈ A1 with f1g1h1 = 0, then g1f1h1, f1h1g1 ∈ Z(R).

To see this, let f1 = k1a+ k2b+ k3c, g1 = l1a+ l2b+ l3c, h1 = m1a+m2b+m3c
where ki, li,mi ∈ Z2. The condition f1g1h1 = 0 implies kiljms = 0 in case (i, j, s) ̸=
(1, 2, 3). Thus we have g1f1h1 = l2k1m3bac ∈ Z(R), and f1h1g1 = k1m3l2acb ∈
Z(R) by the definition of I.

Claim 5. If f1 ∈ A1, g2 ∈ A2 with f1g2 = 0, then g2f1 ∈ Z(R).

In fact, let f1 = k1a+ k2b+ k3c, and g2 = l11a
2 + l12ab+ l13ac+ l21ba+ l22b

2 +
l23bc + l31ca + l32cb + l33c

2 where ki, ljs ∈ Z2. Now f1g2 = 0 implies kiljs = 0 in
case (i, j, s) ̸= (1, 2, 3). This means g2f1 = l23k1bca ∈ Z(R) by the definition of I.

Claim 6. If g1 ∈ A1, f2 ∈ A2 with f2g1 = 0, then g1f2 ∈ Z(R).

The validity of this claim can be easily checked as the proof of Claim 5.

Now we show that R is a left and right central symmetric ring. Let α, β, γ ∈ R
with αβγ = 0. If one of α, β, γ equals zero, then clearly βαγ ∈ Z(R) and αγβ ∈
Z(R). Therefore we may assume that α ̸= 0, β ̸= 0, γ ̸= 0.
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Case (1). If α, β, γ ∈ A, then α = f1 + f2 + f3 + f4, β = g1 + g2 + g3 + g4 and
γ = h1 + h2 + h3 + h4 where fi, gi, hi ∈ Ai. This means αβγ = f1g1h1 + ξ for some
ξ ∈ A4, and so f1g1h1 = 0. Thus we have g1f1h1 ∈ Z(R) and f1h1g1 ∈ Z(R) by
Claim 4. It follows that βαγ = g1f1h1+η for some η ∈ A4, and hence βαγ ∈ Z(R).
Similarly, we have αγβ ∈ Z(R).
Case (2). If α, γ ∈ A and β /∈ A, then β = 1 + β′ for some β′ ∈ A. Let α, γ
be the same as in Case (1), and β′ = g1 + g2 + g3 + g4. Then we have αβγ =
αγ+αβ′γ = f1h1+(f1h2+f2h1+f1g1h1)+ζ for some ζ ∈ A4. This gives f1g1 = 0
and f1h2 + f2h1 + f1g1h1 = 0, and so f1 = 0 or h1 = 0. If f1 = 0, then f2h1 = 0
by the above argument. This means αγ = f2h1 + ρ = ρ for some ρ ∈ A4, and so
αγ ∈ Z(R). It is easy to see βαγ = αγ + β′αγ ∈ Z(R) +A4 = Z(R), and similarly
αγβ ∈ Z(R). If h1 = 0, then f1h2 = 0. Now αγ = f1h2 + ϱ = ϱ for some ϱ ∈ A4,
clearly we have αγβ, βαγ ∈ Z(R).
Case (3). If α, β ∈ A and γ /∈ A, then αβ = 0 since R is a local ring. Let α, β be the
same as in Case (1), and γ = 1+γ′ for some γ′ ∈ A. Since αβ = 0, we have f1g1 = 0
and f1g2 + f2g1 = 0. If f1 = 0, then f2g1 = 0, and so g1f2 ∈ Z(R) by Claim 6.
This means βα = g1f2 + υ for some υ ∈ A4. Thus βαγ = βα + βαγ′ = βα + υ′

for some υ′ ∈ A4, this gives βαγ ∈ Z(R). Also, we have αγβ = αβ + αγ′β =
αγ′β ∈ A4 ⊆ Z(R). If g1 = 0, then f1g2 = 0, and so g2f1 ∈ Z(R) by Claim 5. This
means βα = g2f1 + τ for some τ ∈ A4. Now it is easy to check βαγ ∈ Z(R), and
αγβ = αβ + αγ′β = αγ′β ∈ Z(R).
Case (4). If α /∈ A and β, γ ∈ A, then we also have βαγ, αγβ ∈ Z(R). We omit the
proof, since it is very similarly to that of Case (3).

From the above argument, we conclude that R is a left and right central sym-
metric ring. On the other hand, since abc = 0 but cba /∈ Z(R), R does not satisfy
GZC3. 2

We emphasize that a ring R satisfying GZCn need not be central reduced.

Example 3.7. Let A = Z2[a, b, c] be the same as in Example 3.6, I be the ideal
of Z2 + A generated by r1r2r3r4 for any r1, r2, r3, r4 ∈ A, i.e., I = A4, and R =
(Z2 +A)/I. Then R =

⊕3
i=0(Ai + I)/I where the meaning of Ai is similar to that

in Example 3.6. We identify the elements of Z2+A with their images for simplicity.
Thus, R is a local ring with J(R) = A nilpotent. Similarly to the proof of Example
3.6, there is no difficulty to check that R satisfies GZCn, but R is not a central
reduced ring since a4 = 0 and ab ̸= ba.

We conclude this paper with a remarkable example.

Example 3.8. A symmetric ring R without identity need not be central reversible.

Proof. We show this with the help of [10, Example 1]. Let S = {a, b} be a semi-
group with multiplication a2 = ab = a, b2 = ba = b, then R = Z2S = {0, a, b, a+ b}
is a four-element semigroup ring without identity. It is well known that R is a
symmetric ring and not reversible. Observing that a(a+ b)a = 0, (a+ b)aa = a+ b,
and a(a + b) = 0, (a + b)a = a + b, R is not central reversible. Moreover, this
example shows that the notion of symmetric rings is not left-right symmetric for
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rings without identity. Thus R does not satisfy ZC3. 2
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