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CLAIRAUT ANTI-INVARIANT SUBMERSIONS FROM

COSYMPLECTIC MANIFOLDS

Hakan Mete Tas.tan and Sibel Gerdan Aydın∗

Abstract. We investigate the new Clairaut conditions for anti-
invariant submersions whose total manifolds are cosymplectic. In
particular, we prove the fibers of a proper Clairaut Lagrangian sub-
mersion admitting horizontal Reeb vector field are one dimensional
and classify such submersions. We also check the existence of the
proper Clairaut anti-invariant submersions in the case of the Reeb
vector field is vertical. Moreover, illustrative examples for both
trivial and proper Clairaut anti-invariant submersions are given.

1. Introduction

One of the popular research areas in differential geometry is the the-
ory of Riemannian submersions which was initiated by Gray [11] and
O’Neill [18], independently. Watson [32] considered Riemannian sub-
mersions between almost Hermitian manifolds under the name of al-
most Hermitian submersions. Afterwards, almost Hermitian submer-
sions have been actively studied between different subclasses of almost
Hermitian manifolds. Also, Riemannian submersions were extended to
several subclasses of almost contact manifolds under the name of contact
Riemannian submersions. Most of the studies related to Riemannian,
almost Hermitian or contact Riemannian submersions can be found in
the book [10].

The theory of anti-invariant Riemannian and Lagrangian submer-
sions has been a very active research area since Şahin [23] first defined
such submersions from almost Hermitian manifolds onto Riemannian
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manifolds. Following this study, many new kinds of Riemannian sub-
mersion appeared in the literature such as semi-invariant [24], slant [25],
pointwise slant [15], semi-slant ([2],[20]), pointwise semi-slant [22], hemi-
slant [30] and generic submersions [3]. Most of the studies related to
these types of Riemannian submersions can be found in Şahin’s book
[26]. Also, these kinds of Riemannian submersions have been studying
in several kinds of structures such as Kähler [28], nearly Kähler [27],
para Kähler [1], almost product ([12],[19]), cosymplectic [16], Sasakian
([9],[14]) and Kenmotsu ([4],[31]).

In the previous paper [31], we gave new Clairaut conditions for anti-
invariant submersions whose total manifolds are Sasakian and Kenmotsu
and got many interesting results, for more details, see [31]. In this pa-
per, we consider anti-invariant submersions whose total manifolds are
cosymplectic. After giving some auxiliary results, we focus on investi-
gating new Clairaut conditions for such submersions. Moreover, we in-
troduce the notion of trivial and proper Clairaut submersion. We check
the existence of proper Clairaut submersions when the Reeb vector field
is horizontal or vertical. Especially, we prove that the fibers of a proper
Clairaut Lagrangian submersion admitting horizontal Reeb vector field
must be one dimensional and the total manifolds of such submersions
are locally isometric to warped product manifolds. Illustrative examples
for both trivial and proper Clairaut anti-invariant submersions are also
given.

2. Preliminaries

This section consists of four subsections. In subsection 2.1, we recall
the basic definitions and notions of cosymplectic manifolds. In subsec-
tion 2.2, we give the fundamental background for Riemannian submer-
sions. In subsection 2.3, we present the definition and a characteriza-
tion of Clairaut submersions. The fundamental definitions and notions
of anti-invariant Riemannian and Lagrangian submersions are placed in
the last subsection.

2.1. Cosymplectic manifolds

Let M be a Riemannian manifold of dimension (2m+ 1). Then, it is
said to be M has an almost contact structure or sometimes (ϕ, ξ, η) −
structure [5] if it admits a tensor field ϕ of type (1, 1), a vector field
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ξ which is called the Reeb vector field or the characteristic vector field
and a 1− form η which is the dual 1-form of ξ satisfying

(1) ϕ2 = −I + η ⊗ ξ, and η(ξ) = 1 .

It can be deducible from (1) that

(2) ϕ(ξ) = 0, and η ◦ ϕ = 0 .

A Riemannian manifold with almost contact structure (ϕ, ξ, η) is called
an almost contact manifold. If an almost contact manifold (M,ϕ, ξ, η)
admits a Riemannian metric g satisfying

(3) g(ϕX,ϕY ) = g(X,Y )− η(X)η(Y ) ,

then we say that (M,ϕ, ξ, η) is almost contact metric manifold [5], where
X and Y are arbitrary vector fields on M . By setting Y = ξ in (3), we
have

(4) g(X, ξ) = η(X) .

An almost contact metric manifold (M,ϕ, ξ, η, g) is cosymplectic if and
only if ϕ is parallel [5], in other words, for any vector fields X and Y on
M , we have

(5) (∇Xϕ)Y = 0 ,

where ∇ is the Levi-Civita connection with respect to the metric g. For
a cosymplectic manifold, we have always

(6) ∇Xξ = 0 .

From [5] and [17], we know a standard example of a cosymplectic mani-
fold is M2m ×R, where M2m is Kaehler manifold [33] of real dimension
2m and R is a real line. In view of this fact, we can construct a cosym-
plectic structure on (2m + 1)− dimensional Euclidean space R2m+1 as
follows.

Example 2.1. Let R2m+1 be (2m+1)− dimensional Euclidean space
with natural coordinates (xi, yi, z) for i = 1, 2, ...,m. We choose the Reeb
vector field ξ as ∂

∂z and its dual 1-form η as dz. Let g be Euclidean metric

on R2m+1, that is, it is given by g =
m∑
i=1

(dx2i + dy2i ) + (dz)2. The tensor

field ϕ given by

ϕ =

 0 δij 0
−δij 0 0

0 0 0

 ,
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where the symbol δij is Kronecker delta and i, j = 1, 2, ...,m. Then,
it can be easily shown that (ϕ, ξ, η, g) is a cosymplectic structure on
R2m+1. In this case, {Ei = ∂

∂xi
, Em+i = ∂

∂yi
, ξ} is a ϕ− basis on R2m+1.

Remark 2.2. This example also appeared in [8], and [16].

2.2. Riemannian Submersions

Let (M, g) and (N, gN) be Riemannian manifolds of dimensions m
and n, respectively such that m > n and let φ : (M, g) → (N, gN ) be
a surjective mapping. Then it is called a Riemannian submersion [18] if:

(S1) The rank of the derivative map φ∗ of φ is equal to n.

In that case, for each y ∈ N , φ−1(y) is a k-dimensional submanifold
of M and called fiber, where k = m − n. A vector field on M is called
vertical (resp. horizontal) if it is always tangent (resp. orthogonal) to
fibers (φ−1y = φ−1(y), y ∈ N). A vector field Z on M is called basic if Z is
horizontal and φ-related to a vector field Z∗ on N, i.e., φ∗Zx = Zφ∗(x) for
all x ∈M. The manifold (M, g) is called total manifold and the manifold
(N, gN) is called base manifold of the submersion φ : (M, g)→ (N, gN ).

(S2) φ∗, restricted to kerφ⊥∗ , is a linear isometry.

The geometry of Riemannian submersions is characterized by
O’Neill’s tensors T and A, defined as follows:

(7) TEF = V∇VEHF +H∇VEVF,

(8) AEF = V∇HEHF +H∇HEVF
for any vector fields E and F on M, where ∇ is the Levi-Civita connec-
tion of g and V and H denote the projections on the vertical distribution
kerφ∗ and the horizontal distribution kerφ∗

⊥, respectively. It is easy to
see that TE and AE are skew-symmetric operators on the tangent bun-
dle of M reversing the vertical and the horizontal distributions. Also,
for vertical vector fields U1, U2, the tensor field T has the symmetry
property, i.e.,

(9) TU1U2 = TU2U1,

while for horizontal vector fields Y1, Y2, the tensor field A has alternation
property, that is;

(10) AY1Y2 = −AY2Y1.
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Moreover, T is vertical; that is TE = TVE while A is horizontal; that is
AE = AHE . Furthermore, from (7) and (8), we obtain

(11) ∇U1U2 = TU1U2 + ∇̂U1U2,

(12) ∇U1Y1 = TU1Y1 +H∇U1Y1,

(13) ∇Y1U1 = AY1U1 + V∇Y1Y1,

(14) ∇Y1Y2 = H∇Y1Y2 +AY1Y2,

where ∇̂U1U2 = V∇U1U2. Moreover, if Y1 is basic, then we have

H∇U1Y1 = AY1U1.(15)

It is not difficult to observe that T acts on the fibers as the second
fundamental form while A acts on the horizontal distribution and mea-
sures of the obstruction to the integrability of this distribution.

For more details on this theory, we refer to the papers [11], [18] and
the book [10].

2.3. Clairaut submersions

Let S be a revolution surface in R3 with rotation axis L. For any
p ∈ S, we denote by r(p) the distance from p to L. Given a geodesic
β : I ⊂ R→ S on S, let ω(s) be the angle between β(s) and the meridian
curve through β(s), s ∈ I. A well-known Clairaut’s theorem says that
for any geodesic β on S the product r sinω is constant along β, i.e., it
is independent of s. Motivated by this idea, Bishop [6] introduces the
notion of Clairaut submersion in the following way.

Definition 2.3. ([6]) A Riemannian submersion φ : (M, g)→(N, gN )
is called a Clairaut submersion if there exists a positive function r on M
such that, for any geodesic β on M , the function (r ◦β)sinω is constant,

where, for any s, ω(s) is the angle between β̇(s) and the horizontal space
at β(s).

He also gave the following necessary and sufficient condition for a
Riemannian submersion to be a Clairaut submersion as follows.

Theorem 2.4. ([6]) Let φ : (M, g) → (N, gN) be a Riemannian
submersion with connected fibers. Then, φ is a Clairaut submersion
with r = ef if and only if each fiber is totally umbilical and has the
mean curvature vector field H = −∇f , where ∇f is the gradient of the
function f with respect to g.
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2.4. Anti-invariant Riemannian submersions from almost
contact metric manifolds

The theory of anti-invariant Riemannian submersions was initiated
by Şahin [23] in almost Hermitian geometry, and then, this notion was
extended to some classes of almost contact metric manifolds by Küpeli
Erken and Murathan [8] and Lee [14], independently.

Definition 2.5. ( [14] ) Let M be a (2m + 1)-dimensional almost
contact metric manifold with almost contact metric structure (ϕ, ξ, η, g)
and N be a Riemannian manifold with Riemannian metric gN . Sup-
pose that there exists a Riemannian submersion φ : M → N such that
the vertical distribution kerφ∗ is anti-invariant with respect to ϕ, i.e.,
ϕkerφ∗ ⊆ kerφ⊥∗ . Then, the Riemannian submersion φ is called an anti-
invariant Riemannian submersion. We will briefly call such submersions
as anti-invariant submersions.

In this case, the horizontal distribution kerφ⊥∗ is decomposed as fol-
lows:

(16) kerφ⊥∗ = ϕkerφ∗ ⊕ µ,

where µ is the orthogonal complementary distribution of ϕkerφ∗ in
kerφ⊥∗ and it is invariant with respect to ϕ.

We say that an anti-invariant submersion φ : M → N admits vertical
Reeb vector field if the Reeb vector field ξ is tangent to kerφ∗ and it
admits horizontal Reeb vector field if the Reeb vector field ξ is normal
to kerφ∗. It is easy to see that µ contains the Reeb vector field ξ in the
case of the submersion admits horizontal Reeb vector field ξ. For any
Z ∈ Γ(kerφ⊥∗ ), we write

ϕZ = BZ + CZ,(17)

where BZ ∈ Γ(kerφ∗) and CZ ∈ Γ(kerφ⊥∗ ).

For more details and examples of the anti-invariant submersions from
some classes of almost contact metric manifolds onto Riemannian man-
ifolds, we refer to the papers [4, 9, 14, 31] and to the book [23].

As a special case of the anti-invariant submersions, we have the fol-
lowing definition.
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Definition 2.6. ([29]) Let φ be an anti-invariant submersion from an
almost contact metric manifold (M,ϕ, ξ, η, g) onto a Riemannian man-
ifold (N, gN ). If µ = {0} or µ = span{ξ}, i.e., kerφ⊥∗ = ϕ(kerφ∗) or
kerφ⊥∗ = ϕ(kerφ∗)⊕ < ξ >, respectively, then we call φ a Lagrangian
submersion.

In that case, for any horizontal vector field Z, we have

(18) BZ = ϕZ and CZ = 0 .

For the general properties of such submersions, see [28, 29, 31] .

3. Anti-invariant submersions from cosymplectic manifolds

In this section, we give new Clairaut conditions for anti-invariant sub-
mersions from cosymplectic manifolds admitting horizontal Reeb vector
field after giving some auxiliary results. We also define the notion of
trivial and proper Clairaut submersion. Moreover, we present illustra-
tive examples for such submersions in the rest of this section.

We note that anti-invariant submersions from cosymplectic manifolds
were first studied in [16]. We first examine how the cosymplectic struc-
ture has effects on the tensor fields T and A of an anti-invariant sub-
mersion φ : (M,ϕ, ξ, η, g)→ (N, gN).

Lemma 3.1. Let φ be an anti-invariant submersion from a cosym-
plectic manifold (M,ϕ, ξ, η, g) onto a Riemannian manifold (N, gN) ad-
mitting vertical or horizontal Reeb vector field. Then we have

TUϕV = BTUV ,(19)

H∇UϕV = CTUV + ϕ∇̂UV ,(20)

∇̂UBX + TUCX = BH∇UX ,(21)

TUBX +H∇UCX = CH∇UX + ϕTUX ,(22)

AXϕU = BAXU ,(23)

H∇XϕU = ϕ(U∇XU) + CAXU ,(24)

V∇XBZ +AXCZ = BH∇XZ ,(25)

AXBZ +H∇XCZ = CH∇XZ + ϕAXZ ,(26)



714 Hakan Mete Tas.tan and Sibel Gerdan Aydın

where U, V ∈ Γ(kerφ∗) and X,Z ∈ Γ(kerφ⊥∗ ).

Proof. For any U, V ∈ Γ(kerφ∗), from (5), we have

∇UϕV = ϕ∇UV.
Hence, using (11), (12) and (17), we obtain

H∇UϕV + TUϕV = BTUV + CTUV + ϕ∇̂UV.(27)

Taking the vertical and horizontal parts of (27), we get (19) and (20),
respectively.

For X,Z ∈ Γ(kerφ⊥∗ ), again, from (5), we have

∇XϕZ = ϕ∇XZ.
Hence, using (13), (14) and (17), we obtain

AXBZ + V∇XBZ +H∇XCZ +AXCZ =
BH∇XZ + CH∇XZ + ϕAXZ.

(28)

If we take the vertical and horizontal parts of (28), we easily get (25)
and (26), respectively. The other assertions can be obtained in a similar
way.

Lemma 3.2. Let φ be an anti-invariant submersion from a cosym-
plectic manifold (M,ϕ, ξ, η, g) onto a Riemannian manifold (N, gN) ad-
mitting vertical or horizontal Reeb vector field. Then we have

TV ξ = 0 ,(29)

AXξ = 0 ,(30)

where V ∈ Γ(kerφ∗) and X ∈ Γ(kerφ⊥∗ ).

Proof. Both (29) and (30) follows easily from (6) and (11)∼(14).

Remark 3.3. Equations (29) and (30) were also obtained in Lemma
4.9 and Lemma 4.25 of [16].

Corollary 3.4. Let φ be a Lagrangian submersion from a cosym-
plectic manifold (M,ϕ, ξ, η, g) onto a Riemannian manifold (N, gN) ad-
mitting vertical or horizontal Reeb vector field. Then we have

TV ϕE = ϕTVE ,(31)

AXϕE = ϕAXE(32)

where V ∈ Γ(kerπ∗), X ∈ Γ(kerπ⊥∗ ) and E ∈ Γ(TM).
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Proof. The first assertion follows from (18), (19) and (22), and the
other one follows from (18), (23) and (26).

From now on, we will focus to give new Clairaut conditions for anti-
invariant submersions admitting horizontal Reeb vector field.

Remark 3.5. From Theorem 2.4, we see easily see that a Riemannian
submersion with totally geodesic fibers is clearly a Clairaut submersion
with r = ef for some constant function f . We call this case as trivial.
That’s why, we will say that a Clairaut submersion is proper if its fibers
are not totally geodesic.

As seen from Definition 2.3, the notion of Clairaut submersion is
closely related to geodesics on its total space. That’s why, we first
investigate a necessary condition for a curve on the total space to be
geodesic.

Lemma 3.6. Let φ be an anti-invariant submersion from a cosym-
plectic manifold (M,ϕ, ξ, η, g) onto a Riemannian manifold (N, gN) ad-
mitting horizontal Reeb vector field and let β : I ⊂ R→M be a regular
curve. If β is a geodesic, then the following equations

V∇β̇BZ +AZϕV + TV ϕV + (TV +AZ)CZ = 0 ,(33)

H∇β̇CZ +H∇β̇ϕV + (TV +AZ)BZ = 0(34)

hold along β, where V (s) and Z(s) are the vertical and horizontal com-

ponents of the tangent vector field β̇(s) of β(s).

Proof. Using (5), we have

ϕ∇β̇β̇ = ∇β̇ϕβ̇.

Since β̇ = V + Z, we write

ϕ∇β̇β̇ = ∇V+Zϕ(V + Z).

By direct calculation, we obtain

ϕ∇β̇β̇ = ∇V ϕV +∇V ϕZ +∇ZϕV +∇ZϕZ .

Using (11)∼(14) and (17), we get

ϕ∇β̇β̇ =H(∇β̇ϕV +∇β̇CZ) + (TV +AZ)(BZ + CZ)

+ V∇β̇BZ +AZϕV + TV ϕV.
Taking the vertical and horizontal parts of the last equation, we get

(35) Vϕ∇β̇β̇ = V∇β̇BZ +AZϕV + TV ϕV + (TV +AZ)CZ ,
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(36) Hϕ∇β̇β̇ = H∇β̇CZ +H∇β̇ϕV + (TV +AZ)BZ .

Since β is geodesic, ∇β̇β̇ = 0 and so ϕ(∇β̇β̇) = 0. Thus, the assertions

(33) and (34) follow from (35) and (36), respectively.

Theorem 3.7. Let φ be an anti-invariant submersion from a cosym-
plectic manifold (M,ϕ, ξ, η, g) onto a Riemannian manifold (N, gN) ad-
mitting horizontal Reeb vector field. Then φ is a Clairaut submersion
with r = ef if and only if along β

g(∇f, Z)‖ V ‖2 = g(H∇β̇CZ + (TV +AZ)BZ,ϕV )(37)

holds, where V (s) and Z(s) are the vertical and horizontal components

of the tangent vector field β̇(s) of the geodesic β(s) on M , respectively.

Proof. Let β(s) be a geodesic with unit-speed on M , then we have

1 = ‖ β̇(s) ‖2 .

Since β̇(s) = V (s) + Z(s), from the last equality, we conclude that

(38) g(V (s), V (s)) = sin2ω(s) and g(Z(s), Z(s)) = cos2ω(s) ,

where ω(s) is the angle between β̇(s) and the horizontal space at β(s).
Taking the derivative of first expression in (38) with respect to s, we
obtain

d

ds
g(V (s), V (s)) = 2g(∇β̇V (s), V (s)) = 2cosω(s)sinω(s)

dω

ds
(s) .

Hence, using cosymplectic structure, we get

(39) g(ϕββ̇V (s), ϕV (s)) = cosω(s)sinω(s)
dω

ds
(s) .

Here, we have ϕ∇α̇V = ∇α̇ϕV from (5). Hence, we get g(ϕ∇β̇V, ϕV ) =

g(∇β̇ϕV, ϕV ) = g(H∇β̇ϕV, ϕV ), since ϕV is horizontal. Thus, from

(39), we obtain

(40) g(H∇β̇ϕV, ϕV ) = cosωsinω
dω

ds
.

By (34) and (40), we find along β,

(41) −g(H∇α̇CZ + (TV +AZ)BZ,ϕV ) = cosωsinω
dω

ds
.

From the Definition 2.3, we know that, φ is a Clairaut submersion with
r = ef if and only if

d

ds
(efsinω) = 0⇔ ef (

df

ds
sinω + cosω

dω

ds
) = 0
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Multiplying the last equation with non-zero factor sinω, we get

(42)
df

ds
sin2ω + cosωsinω

dω

ds
= 0 .

From (41) and (42), we obtain

(43)
df

ds
(β(s)).(‖ V ‖)2 = g(H∇β̇CZ + (TV +AZ)BZ,ϕV ) .

Since
df

ds
(β(s)) = β̇[f ] = g(∇f, β̇) = g(∇f, Z), our assertion (37) follows

from (43).

Lemma 3.8. Let φ be a Clairaut anti-invariant submersion admit-
ting horizontal Reeb vector field from a cosymplectic manifold
(M,ϕ, ξ, η, g) onto a Riemannian manifold (N, gN) with r = ef . Then,
we have

(44) AϕV ϕZ = Z(f)V

for Z ∈ Γ(µ) and V ∈ Γ(kerφ∗) such that ϕV is basic.

Proof. Let φ be a Clairaut anti-invariant submersion admitting hori-
zontal Reeb vector field from a cosymplectic manifold (M,ϕ, ξ, η, g) onto
a Riemannian manifold (N, gN) with r = ef . From Theorem 2.4 , we
have

(45) TUW = −g(U,W )∇f .

for U,W ∈ Γ(kerφ∗). Multiplying the equation (45) by ϕV for V ∈
Γ(kerφ∗) such that ϕV is basic and using (11) , we obtain

g(∇UW,ϕV ) = −g(U,W )g(∇f, ϕV ) .

Hence, we get

g(∇UϕV,W ) = g(U,W )g(∇f, ϕV ) ,

since g(W,ϕV ) = 0. By (5) , we arrive get

g(ϕ∇UV,W ) = g(U,W )g(∇f, ϕV ) .

Using the cosymplectic structure, we find

−g(∇UV, ϕW ) = g(U,W )g(∇f, ϕV ) .

Using (11) , we get

−g(TUV, ϕW ) = g(U,W )g(∇f, ϕV ) .

Hence, by (45), we obtain

(46) g(U, V )g(∇f, ϕW ) = g(U,W )g(∇f, ϕV ) .
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Taking U = V and interchanging U with by W in (46) , we derive

(47) ‖W ‖2g(∇f, ϕU) = g(U,W )g(∇f, ϕW ) .

Using (46) with V = U and (47), we have

(48) g(∇f, ϕU) =
g2(U,W )

‖ U ‖2‖W ‖2
g(∇f, ϕU) .

On the other hand, using (19), we have

g(∇WϕV, ϕZ) = g(ϕ∇WV, ϕZ) .

for Z ∈ Γ(µ) and Z 6= ξ. Using (3), we obtain

g(∇WϕV, ϕZ) = g(∇WV,Z) .

Using (11) and (46), we get

(49) g(∇WϕV, ϕZ) = −g(V,W )g(∇f, Z) .

Since ϕV is basic and using the fact that H∇WϕV = AϕVW , we get

(50) g(∇WϕV, ϕZ) = g(AϕVW,ϕZ) .

Using (49),(50) and the skew-symmetricness of A, we find

(51) g(AϕV ϕZ,W ) = g(∇f, Z)g(V,W ) .

Since AϕV ϕZ, V and W are vertical and ∇f is horizontal, we get (44).

The following lemma is Theorem 16 of [8].

Lemma 3.9. ([8]) Let φ be a Lagrangian submersion admitting hori-
zontal Reeb vector field from a cosymplectic manifold (M,ϕ, ξ, η, g) onto
a Riemannian manifold (N, gN). Then the horizontal distribution kerφ⊥∗
is intagrable and totally geodesic. As a result of this, we have AZ = 0
for Z ∈ Γ(kerφ⊥∗ ).

From the equation (44) of Lemma (3.8) and Lemma 3.9, for a Clairaut
Lagrangian submersion admitting horizontal Reeb vector field from a
cosymplectic manifold manifold onto a Riemannian manifold with r =
ef , we have immediately that Z(f) = 0 for Z ∈ Γ(µ). Thus, we get the
following result.

Corollary 3.10. Let φ be a Clairaut Lagrangian submersion admit-
ting horizontal Reeb vector field from a cosymplectic manifold
(M,ϕ, ξ, η, g) onto a Riemannian manifold (N, gN) with r = ef . Then
the function f is constant on the distribuiton µ.
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Suppose that ∇f ∈ ϕkerφ∗, then from the equation (48) in the proof
of Lemma 3.8 and the equality case of Schwarz inequality, we conclude
the following result

Corollary 3.11. Let φ be a Clairaut Lagrangian submersion admit-
ting horizontal Reeb vector field from a cosymplectic manifold
(M,ϕ, ξ, η, g) onto a Riemannian manifold (N, gN) with r = ef . If
∇f ∈ ϕkerφ∗, then either f is constant on ϕkerφ∗ or the fiber of φ
is one dimensional.

Now, let φ be a Clairaut Lagrangian submersion admitting horizontal
Reeb vector field from a cosymplectic manifold (M,ϕ, ξ, η, g) onto a
Riemannian manifold (N, gN) with r = ef . From Corollary 3.10, we
already know that f is constant on µ. If f is also constant on ϕkerφ∗,
then the fibers of φ must be totally geodesic, and by Remark 3.5, the
Clairaut submersion φ is trivial. Thus, have the following result.

Corollary 3.12. Let φ be a Clairaut Lagrangian submersion admit-
ting horizontal Reeb vector field from a cosymplectic manifold
(M,ϕ, ξ, η, g) onto a Riemannian manifold (N, gN) with r = ef . Then φ
is trivial if and only if f is constant on ϕkerφ∗.

Thanks to Corollary 3.11 and Corollary 3.12, we are now ready to
give main result.

Theorem 3.13. Let φ be a Clairaut Lagrangian submersion admit-
ting horizontal Reeb vector field from a cosymplectic manifold
(M,ϕ, ξ, η, g) onto a Riemannian manifold (N, gN) with r = ef . If φ is
proper then its fibers are one dimensional.

Next, we classify proper Clairaut Lagrangian submersions as follows:

Theorem 3.14. Let φ be a proper Clairaut Lagrangian submersion
admitting horizontal Reeb vector field from a cosymplectic manifold
(M,ϕ, ξ, η, g) onto a Riemannian manifold (N, gN) with r = ef . Then,
the total manifold of φ is locally isometric to a warped product B×f F ,
where B is the integral manifold of the horizontal distribution and F
denotes the fiber of φ.

Proof. Let φ be a Clairaut Lagrangian submersion admitting horizon-
tal Reeb vector field from a cosymplectic manifold (M,ϕ, ξ, η, g) onto a
Riemannian manifold with r = ef . Then, by Lemma 3.9, the horizontal
distribution of φ is totally geodesic. On the other hand, by Theorem 2.3,
we know the fibers of φ are totally umbilical with mean curvature vector
field H = −∇f . Thus, by a Hiepko’s result [13], (cf. [7], Remark 2.1)
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or Proposition 3 of [21], the total manifold M turns out to be locally
isometric to a warped product B×f F , where B is the integral manifold
of the horizontal distribution and F denotes the fiber of φ.

Lastly, we give illustrative examples for both trivial and
proper Clairaut anti-invariant submersions from a cosymplectic manifold
admitting horizontal Reeb vector field.

Example 3.15. Let R5 be a cosymplectic manifold with cosymplec-
tic structure (ϕ, ξ, η, g) as in Example 2.1 and let φ : (R5, ϕ, ξ, η, g) →
(R3, g3) be an anti-invariant submersion as in Example 4.5 of [16]. The

submersion φ defined by φ(x1, x2, y1, y2, z) =

(
x1 + y2√

2
,
x2 + y1√

2
, z

)
,

where g3 is the Euclidean metric on R3. Then φ is an anti-invariant
submersion admitting horizontal vector field with

kerφ∗ = span{U = 1√
2
(E1 − E4), V = 1√

2
(E2 − E3)}

and

kerφ⊥∗ = span{X = 1√
2
(E1 + E4), Y = 1√

2
(E2 + E3), Z = ξ} .

Moreover, φ is Lagrangian. Since the Riemannian metric g given in
the cosymplectic structure (ϕ, ξ, η, g) is Euclidean, it is flat. Then, we
have ∇EiEj = 0 for i, j = 1, ..., 4. Hence, it follows that TUU = TUV =
TV V = 0. Since T is a tensor, we get TW = 0 for any W ∈ Γ(kerφ∗).
Which means that the fibers of φ are totally geodesic and so, φ is trivial
Clairaut.

Example 3.16. Let R3
be 3-dimensional Euclidean space given by

R3
= {(x, y, z) ∈ R3 | (x, y) 6= (0, 0) and z 6= 0}.

We consider the map φ : (R3
, ϕ, ξ, η, g)→ (R2, g2) defined by

φ(x, y, z) = (
√
x2 + y2, z)

where (ϕ, ξ, η, g) is the cosymplectic structure on R3
as in Example 2.1

and g2 is the Euclidean metric on R2. Then the Jacobian matrix of φ is(
x/τ y/τ 0

0 0 1

)
.

Here, τ =
√
x2 + y2. Since the rank of this matrix is equal to 2, the

map φ is a submersion. Following some computations, we have

kerφ∗ = span{U =
y

τ
E1 −

x

τ
E2}
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and

kerφ⊥∗ = span{Z =
x

τ
E1 +

y

τ
E2 , E3 = ξ},

where {E1, E2, E3} is a ϕ-basis such that E1 = ∂
∂x and E2 = ∂

∂y .

For this map φ, it is not difficult to satisfy the condition S2). So, φ
is a Riemannian submersion. Also, we have ϕ(U) = −Z. Hence, we see
that φ is an anti-invariant submersion admitting horizontal Reeb vector
field. In particular, φ is Lagrangian. Moreover, since the fibers of φ are
one dimensional, they are clearly totally umbilical. Here, we shall show

that the fibers are not totally geodesic and find that a function on R3

satisfying TUU = −∇f. Indeed, by direct computations, we have

(52) ∇UU = U [
1

τ
]τU +

1

τ
{U [y]E1 − U [x]E2}

since ∇E1E1 = 0, ∇E1E2 = 0, ∇E2E1 = 0, ∇E2E2 = 0. After some
calculation, we find

∇UU = U [
1

τ
]τU − 1

τ
{x
τ
E1 +

y

τ
E2}.

Using (11), we get

TUU = − 1

τ2
(xE1 + yE2)

After some calculation, we arrive

TUU = −
{

x

x2 + y2
∂

∂x
+

y

x2 + y2
∂

∂y

}
For any function f on (R3

, ϕ, ξ, η, g), the gradient of f with respect to
the metric g is:

∇f =
∑
i,j

gij
∂f

∂xi

∂

∂xj
=
∂f

∂x

∂

∂x
+
∂f

∂y

∂

∂y
+
∂f

∂z

∂

∂z
.

Then, for the function f = 1
2 ln(x2 + y2), it is easy to verify that

TUU = −∇f.

Hence, it follows that

TV V = −‖V ‖2∇f

for any vertical vector field V. Under the given conditions, the tensor
T is never zero. So, the fibers of φ are not totally geodesic, but they
are totally umbilical with mean curvature field H = −∇f. Thus, by
Theorem 2.4, we see that this anti-invariant Riemannian submersion is
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proper Clairaut with r = ef , where f = 1
2 ln(x2 + y2).

Now, using Theorem 3.7 , we show that the submersion φ is proper
Clairaut. Indeed, by (18) and Lemma 3.9, we have BZ = ϕZ, CZ = 0
and AZ = 0 for Z ∈ Γ(kerφ⊥∗ ) since φ is Lagrangian. Moreover, for any
V ∈ Γ(kerφ∗), using (31) and the skew symmetricness of T , we have

g(TV ϕZ,ϕV ) =g(ϕTV Z,ϕV )

=g(TV Z, V )

=− g(TV V,Z).

Hence, we obtain

(53) g(TV ϕZ,ϕV ) = g(∇f, Z)‖V ‖2 ,
since TV V = −‖V ‖2∇f. Thus, we verify (37). By Theorem (3.7), the
considered submersion φ is proper Clairaut.

Remark 3.17. The submersion φ given in Example 3.16 satisfies
Theorem 3.14.

4. Anti-invariant submersions admitting vertical Reeb vec-
tor field from cosymplectic manifolds

In this section, we check the existence of proper Clairaut
anti-invariant submersions from cosymplectic manifolds in the case of
the Reeb vector field is vertical. For this purpose, we use Theorem 4.10
of [16].

Theorem 4.1. ([16]) Let φ be an anti-invariant submersion admit-
ting vertical Reeb vector field from a cosymplectic manifold (M,ϕ, ξ, η, g)
onto a Riemannian manifold (N, gN). If the fibers of φ are totally um-
bilical, then they are totally geodesic.

By Theorem 4.1, we easily get the following result.

Theorem 4.2. There is no a proper Clairaut anti-invariant submer-
sion admitting vertical Reeb vector field from a cosymplectic manifold
onto a Riemannian manifold.
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[4] A. Beri, İ., Küpeli Erken, and C. Murathan, Anti-invariant Riemannian submer-
sions from Kenmotsu manifolds onto Riemannian manifolds, Turk. J. Math. 40
(3) (2016), 540-552.

[5] D. E. Blair, Riemannian geometry of contact and symplectic manifolds,
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[16] C. Murathan, İ. Küpeli Erken, Anti-invariant Riemannian submersions from
cosymplectic manifolds, Filomat 29 (7) (2015), 1429-1444.

[17] Z. Olszak, On almost cosymplectic manifolds, Kodai Math. J. 4 (1981) 239-250.
[18] B. O’Neill, The fundamental equations of a submersion, Mich. Math. J. 13

(1966), 458-469.
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