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ROUGH TRIPLE SEQUENCES IN GRADUAL NORMED

SPACES

Arulmani Indumathi, Ayhan Esi∗,
and Nagarajan Subramanian

Abstract. In this paper, we investigate general topological prop-
erties of rough triple sequences in a gradual normed space. We
define some new notions such as rough gradual convergent of triple
sequences, rough triple gradual Cauchy sequences, etc.

1. Introduction

The term ”fuzzy numbers” are often applied instead of ”fuzzy inter-
vals”, especially if the core of fuzzy interval is a point (like; triangular
fuzzy number). But such fuzzy numbers also generalize intervals not
numbers. Also fuzzy arithmetics inherit algebraic properties of interval
arithmetic, not of numbers. Hence the name ”fuzzy number”, used by
many authors is debatable. To avoid this confusion, the authors intro-
duce a new concept in fuzzy set theory as ”gradual real numbers”. A
gradual number in general cannot be considered as a fuzzy set of real
numbers because the mapping from the unit interval to the real line is
not necessarily one to one. However gradual real numbers are equipped
with the same algebraic structures as real numbers.

Aytar [1] studied of rough statistical convergence and defined the set
of rough statistical limit points of a sequence and obtained two statistical
convergence criteria associated with this set and prove that this set is
closed and convex. Also, Aytar [2] studied that the r-limit set of the
sequence is equal to intersection of these sets and that r-core of the
sequence is equal to the union of these sets. Dündar and Cakan [11]
investigated of rough ideal convergence and defined the set of rough
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ideal limit points of a sequence The notion of I-convergence of a triple
sequence spaces which is based on the structure of the ideal I of subsets
of N × N × N, where N is the set of all natural numbers, is a natural
generalization of the notion of convergence and statistical convergence.

Let K be a subset of the set of positive integers N3, and let us denote
the set {(m,n, k) ∈ K : m ≤ u, n ≤ v, k ≤ w} by Kuvw. Then the nat-

ural density of K is given by δ (K) = limu,v,w→∞
|Kuvw|
uvw , where |Kuvw|

denotes the number of elements in Kuvw. Clearly, a finite subset has
natural density zero, and we have δ (Kc) = 1− δ (K) where Kc = N\K
is the complement of K. If K1 ⊆ K2, then δ (K1) ≤ δ (K2). Consider a
triple sequence x = (xmnk) such that xmnk ∈ R, m,n, k ∈ N. A triple
sequence spaces x = (xmnk) is said to be statistically convergent to 0̄,
written as st− lim x = 0̄, provided that the set{

(m,n, k) ∈ N3 : |xmnk| ≥ ε
}

has natural density zero for any ε > 0. This means that if a triple se-
quence spaces is statistically convergent, then for every ε > 0, infinitely
many terms of the sequence may remain outside the ε-neighbourhood
of the statistical limit, provided that the natural density of the set con-
sisting of the indices of these terms is zero. In this case, 0̄ is called the
statistical limit of the triple sequence spaces x. This is an important
property that distinguishes statistical convergence from ordinary con-
vergence. Because the natural density of a finite set is zero, we can say
that every ordinary convergent sequence is statistically convergent.

Let
(
xminjk`

)
be a sub-sequence of x = (xmnk). If the natural density

of the set K =
{

(mi, nj,k`) ∈ N3 : (i, j, `) ∈ N3
}

is different from zero,

then
(
xminjk`

)
is called a non thin sub sequence of a triple sequence

spaces x.
c ∈ R is called a statistical cluster point of a triple sequence spaces

x = (xmnk) provided that the natural density of the set{
(m,n, k) ∈ N3 : |xmnk − c| < ε

}
is different from zero for every ε > 0. We denote the set of all statistical
cluster points of the sub sequence x by Γx.

A triple sequence spaces x = (xmnk) is said to be statistically analytic
if there exists a positive number M such that

δ
({

(m,n, k) ∈ N3 : |xmnk|1/m+n+k ≥M
})

= 0.

A triple sequence (real or complex) can be defined as a function X :
N3 → R (C), where N, R and C denote the set of natural numbers,
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real numbers and complex numbers respectively. The different types of
notions of triple sequence was introduced and investigated at the initial
by Sahiner et al. [12, 13], Esi et al. [3, 4, 5, 6, 7, 8], Dutta et al. [9],
Subramanian et al. [14, 15, 16, 17, 18, 19, 20, 21, 22, 23], Debnath et al.
[10] and many others.

In this paper, we introduce and study the general topological prop-
erties of rough triple sequences in a gradual normed space. We define
some new notions such as rough gradual convergent of triple sequences,
rough triple gradual Cauchy sequences.

2. Definitions and preliminaries

Definition 2.1. Let X be a real vector space and x, y ∈ X. The
mapping ‖·‖G from X → G∗

(
R3
)

is called a rough gradul normed on X
if for each λ ∈ (0, 1], we have

(G1): A‖x‖G (λ) = A0̃ (λ) iff x = 0;

(G2): A‖αx‖G (λ) = |α|A‖x‖G (λ); (α ∈ R)

(G3): A‖x+y‖G (λ) ≤ A‖x‖G (λ) +A‖y‖G (λ).

Then the pair (X, ‖·‖G) is called a gradual normed space.

Definition 2.2. Let {xmnk} be a rough triple sequence in gradual
normed space (X, ‖·‖G). We say that {xmnk} is a rough gradul con-

vergent triple sequence to x ∈ X and we denote by xmnk
‖·‖G→ x if

for each λ ∈ (0, 1] such that for all m,n, k with m,n, k ≥ M (λ) we

have A‖xmnk−x‖G (λ) < r + ε. In other words, when (xmnk)
‖·‖G→ x, we

can write limm,n,k→∞ ‖xmnk − x‖G = 0 or for each λ ∈ (0, 1], we have
limm,n,k→∞A‖xmnk−x‖G (λ) = A0̃ (λ).

Definition 2.3. A rough triple sequence {xmnk} is called gradual
Cauchy in a gradual normed space (X, ‖·‖G) if for each λ ∈ (0, 1]
and r, ε > 0 there exists M (λ) > 0 such that for all m,n, k with
m,n, k ≥M (λ) we have A‖xmnk−x‖G (λ) < r + ε. In other words, when

rough triple sequence {xmnk} is a gradual Cauchy sequence, we can
write limm,n,k→∞ ‖xmnk − xuvw‖G = 0 or for each λ ∈ (0, 1], we have
limm,n,k→∞A‖xmnk−xuvw‖G (λ) = A0̃ (λ).

Definition 2.4. The rough triple sequence {xmnk} ∈ X is gradual
bounded if for each λ ∈ (0, 1] there exists M = M (λ) > 0 such that
A‖xmnk‖G (λ) ≤M for all m,n, k ∈ N.
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Definition 2.5. Let X be a rough triple gradual normed space. A
rough gradual neighborhood of x000 ∈ X with radius of r, ε > 0 is defined
by

x000 +N (λ, r, ε) =
{
x : A‖x−x000‖G (λ) < r + ε

}
, λ ∈ (0, 1] .

In particular, if x000 = (0, 0, 0) thenN (λ, r, ε)=
{
x : A‖x‖G (λ) < r + ε

}
.

Lemma 2.6. Let X be a rough triple gradul normed space and λ ∈
(0, 1] and r, ε > 0. We have

(N1): N (λ, r, ε) = (r + ε)N (λ, 3);
(N2): If (r + ε1) ≤ (r + ε2), then N (λ, r, ε1) ⊆ N (λ, r, ε2);
(N3): If for every x ∈ X, the assignment function A‖x‖G (λ) be de-

creasing and λ1 ≤ λ2, then N (λ1, r, ε) ⊆ N (λ2, r, ε).

Definition 2.7. Let X be a rough triple gradual normed space and
A ⊆ X. Then the point x000 ∈ X is called a closure point of A if for
each λ ∈ (0, 1], we have

(x000 +N (λ, λ))
⋂
A 6= φ.

The set of all closure points of A is denoted by Ā.

3. Main Results

Theorem 3.1. The limit of every rough triple sequence in the grad-

ual normed space
(
X,A‖x‖G

)
is unique.

Proof. Let (xmnk) be a rough triple sequence in X which gradually
converges to x1 and x2 with x1 6= x2. Then for each λ ∈ (0, 1] and
r, ε > 0, there exists N1 (λ) > 0 such that for each m,n, k with m,n, k ≥
N1 (λ), we have

A‖xmnk−x111‖G (λ) ≤ r + ε

2
.

Similarly, there exists N2 (λ) > 0 such that for each m,n, k with
m,n, k ≥ N2 (λ), we have

A‖xmnk−x222‖G (λ) ≤ r + ε

2
.
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Assuming N (λ) = max {N1 (λ) , N2 (λ)}, for each m,n, k ≥ N (λ), we
can write

A‖x111−x222‖G (λ) ≤ A‖x111−xmnk‖G (λ) +A‖xmnk−x222‖G (λ)

<

(
r + ε

2

)
+

(
r + ε

2

)
= r + ε.

Since r, ε > 0 is arbitrary, so

A‖x111−x222‖G (λ) = A0̃ (λ)⇒ A‖x111−x222‖G (λ) = 0̃.

Hence x111 = x222.

Theorem 3.2. Let
(
X,A‖x‖G

)
be a gradual normed space

and (xmnk) be an arbitrary rough triple sequence in X. The rough
triple sequence (xmnk) gradually converges to µ ∈ X if and only if every
neighbourhood of µ contains xmnk for all but finitely many m,n, k.

Proof. Let the rough triple sequence (xmnk) converges to µ ∈ X with
respect to the gradual norm ‖·‖G and µ + N (r + ε, λ) be an arbitrary
neighbourhood of µ with r, ε > 0 and λ ∈ (0, 1]. Then, there exists
N (r + ε) > 0 such that for all m,n, k with m,n, k ≥ N (r + ε), we have

A‖xmnk−µ‖G (λ) ≤ r + ε.

This shows that for all m,n, k ≥ N (r + ε) , xmnk ∈ (µ+N (r + ε, λ));
that is every neighbourhood of µ contains xmnk for all but finitely many
m,n, k.

Conversely, assume that an arbitrary neighbourhood µ+N (r + ε, λ)
of µ contains xmnk for all but finitely many m,n, k. Hence there exists
N (r + ε) > 0 such that for all m,n, k with m,n, k ≥ N (r + ε) we have

µ ∈ (µ+N (r + ε, λ)) .

In other words, for all m,n, k with m,n, k ≥ N (λ), we get

A‖xmnk−µ‖G (λ) ≤ r + ε.

This shows that xmnk
‖·‖G→ µ.

Theorem 3.3. Let E be a non empty subset of the gradual normed

space
(
X,A‖x‖G

)
. Then

(i): If (xmnk) be a rough triple sequence in E such that xmnk
‖·‖G→ µ,

then µ ∈ ĒG.
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(ii): If for all x ∈ X, A‖x‖G is a decreasing function and µ ∈ ĒG,

then there exists a rough triple sequence (xmnk) ∈ E such that

xmnk
‖·‖G→ µ.

Proof. (i) It is follows from theorem 3.2.
(ii) Since µ is a closure point of E, then for each m,n, k ∈ N, we have(

µ+N

(
1

mnk
,

1

mnk

))⋂
E 6= θ.

Let xmnk ∈
(
µ+N

(
1

mnk ,
1

mnk

))⋂
E for m,n, k = 1, 2, 3, . . . .

Now we consider the arbitrary neighbourhood µ + N (r + ε, λ) of µ
with r, ε > 0 and λ ∈ (0, 1]. There exists m0, n0, k0 ∈ N such that

1
m0n0k0

< min {r + ε, λ}. Now for each m ≥ m0, n ≥ n0, k ≥ k0 we have
1

mnk ≤
1

m0n0k0
< r + ε and also 1

mnk ≤
1

m0n0k0
< λ. Since each A‖x‖G

is decreasing function, we conclude that for m ≥ m0, n ≥ n0, k ≥ k0,
xmnk ∈

(
µ+N

(
1

mnk ,
1

mnk

))
⊂ (µ+N (r + ε, λ)), and it is hold.

Theorem 3.4. Let
(
X,A‖x‖G

)
be a gradual normed space and the

rough triple sequence (xmnk) gradually converges in X. Then (xmnk) is
a gradul rough triple bounded sequence.

Proof. Suppose that (xmnk) is a rough triple sequence such that

xmnk
‖·‖G→ µ. Then, for r, ε = 1 and for each λ ∈ (0, 1], there exists

N (λ) > 0 such that for all m,n, k with m,n, k ≥ N (λ), we have

A‖xmnk−µ‖G (λ) ≤ 2;

or xmnk ∈ (µ+N (2, λ)). This proves that for all m,n, k ≥ N (λ), all
xmnk but finitely many of them belong to the neighbourhood
(µ+N (2, λ)) of µ.

Now, we put

η =η (λ)

:= max
{

2, A‖x111−µ‖G (λ) , A‖x222−µ‖G (λ) , . . . , A‖xN(λ)−2−µ‖G
(λ)
}
.

Thus for each λ ∈ (0, 1] and for each m,n, k we have

A‖xmnk−µ‖G (λ) ≤ η (λ) .

Hence the rough triple sequence (xmnk) is gradual bounded.

Theorem 3.5. Let (xmnk) and (ymnk) be two rough triple sequences

in gradual normed space
(
X,A‖x‖G

)
such that xmnk

‖·‖G→ x and
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ymnk
‖·‖G→ y. Then xmnk + ymnk

‖·‖G→ x+ y and also for each real number

c, c xmnk
‖·‖G→ cx.

Proof. For r, ε > 0 and λ ∈ (0, 1], there exist N1 (λ) > 0 and N2 (λ) >
0 such that for each m,n, k > max {N1 (λ) , N2 (λ)} we have

A‖xmnk−x‖G (λ) <
r + ε

2
, A‖ymnk−y‖G (λ) <

r + ε

2
.

Then for m,n, k > max {N1 (λ) , N2 (λ)}, we can write

A‖(xmnk+ymnk)−(x+y)‖G (λ) ≤ A‖xmnk−x‖G (λ) +A‖ymnk−y‖G (λ)

<

(
r + ε

2

)
+

(
r + ε

2

)
= r + ε

and this shows that xmnk +ymnk
‖·‖G→ x+y. On the other hand, for each

r, ε > 0 and λ ∈ (0, 1] there exists N (λ) such that for each m,n, k >
N (λ) we have

A‖xmnk−x‖G (λ) <
r + ε

|c|
,

then we can write

A‖c xmnk−c x‖G (λ) = |c|A‖xmnk−x‖G (λ) < |c| r + ε

|c|
= r + ε,

and this shows that

c xmnk
‖·‖G→ c x.

Theorem 3.6. Let
(
X,A‖x‖G

)
be a gradual normed space and E

be an three dimensional infinite subset of the gradual compact set K.
Then E has a closure point in K.

Theorem 3.7. Let K be a gradual compact subset in a gradual

normed space
(
X,A‖x‖G

)
and suppose that for each x ∈ X, A‖·‖G is a

decreasing function. Then each rough triple sequence in K has a gradual
convergent rough triple subsequence.

Proof. Let (xmnk) be a rough triple sequence in K. If this rough
triple sequence has an element that is repeated infinitely, then this rough
triple sequence will have a constant convergent rough triple subsequence.
Otherwise the set E is an three dimensional infinite subset of K, and it
has a closure point µ ∈ K by theorem 3.6. Now by (ii) of theorem 3.3)
there exists a convergent sequence in E.
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Definition 3.8. Let E be a subset of the gradual normed space
(X, ‖·‖G). Then the rough triple sequence of gradul diameter G−diamE
of the set E is a gradual number and is defined by AG−diamE (λ) =

sup
{
A‖xmnk−ymnk‖G (λ) : x, y ∈ E

}
, λ ∈ (0, 1].

Theorem 3.9. Let (xmnk) be a rough triple sequence in the gradual
normed space (X, ‖·‖G) and for each λ ∈ (0, 1], put EN be a three di-
mensional infinite set. Then rough triple sequence (xmnk) is a gradual
Cauchy sequence in X if and only if for each λ ∈ (0, 1],
limN→∞AG−diamEN (λ) = A0̃ (λ).

Proof. We assume that rough triple sequence (xmnk) is a gradual
Cauchy sequence in X. Let r, ε > 0 be arbitrary. Then for each λ ∈
(0, 1], there exists N (λ) > 0 such that for all m,n, k, u, v, w ∈ N with
m,n, k, u, v, w ≥ N (λ), we have

A‖xmnk−xuvw‖G (λ) < r + ε.

Now, for each λ ∈ (0, 1] and m,n, k ≥ N (λ), choose xabc, xefg ∈ Emnk,
arbitrary. Then we get

A‖xabc−xefg‖G
(λ) < r + ε.

So,

AG−diamEmnk (λ) < r + ε.

This shows that for each λ ∈ (0, 1],

lim
N→∞

AG−diamEN (λ) = A0̃ (λ) .

Conversely, if limN→∞AG−diamEN (λ) = A0̃ (λ) for each λ ∈ (0, 1], then
we prove that rough triple sequence (xmnk) is a gradul Cauchy sequence
in X. Since limN→∞AG−diamEN (λ) = A0̃ (λ), so for each λ ∈ (0, 1]
and r, ε > 0, there exists N0 (λ) > 0 such that for all m,n, k with
m,n, k ≥ N0 (λ), we have

AG−diamEmnk (λ) < r + ε.

Now, let m,n, k, u, v, w ∈ N such that m,n, k, u, v, w ≥ N0 (λ). Then
xmnkxuvw ∈ EN0 (λ). Hence by definition 3.8, we have

A‖xmnk−xuvw‖G (λ) ≤ AG−diamEmnk (λ) < r + ε, (m,n, k ≥ N0 (λ)) .

Thus rough triple sequence (xmnk) is a gradual Cauchy sequence.
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Example 3.10. Let (X, ‖·‖G) be a real normed space and let f :
(0, 1] → R+ be a non zero function, and A‖x‖G : (0, 1] → R+ by

A‖x‖G (λ) = f (λ) ‖x‖ (x ∈ X) defines a gradual norm on X. Now for a

rough triple sequence (xmnk) ∈ X.

(i): If rough triple sequence xmnk
‖·‖→ x, then xmnk

‖·‖G→ x.

(ii): If rough triple sequence xmnk
‖·‖G→ x and there is λ0 ∈ (0, 1] such

that f (λ0) = 1, then xmnk
‖·‖G→ x.

(iii): If rough triple sequence (xmnk) is a Cauchy sequence in (X, ‖·‖),
then it is a gradual Cauchy sequence in (X, ‖·‖G).

(iv): If rough triple sequence (xmnk) is a gradual Cauchy sequence
in (X, ‖·‖G) and there is λ0 ∈ (0, 1] such that f (λ0) = 1, then
rough triple sequence (xmnk) is a Cauchy sequence in (X, ‖·‖).

(v): Rough triple sequence (xmnk) is bounded in (X, ‖·‖) if and only
if it is gradual bounded in (X, ‖·‖G). Also for E ⊆ X we have

(vi): AG−diamE (λ) = f (λ) diamE, (λ0 ∈ (0, 1]).

Proof. (i) Let r, ε > 0 and λ0 ∈ (0, 1] be arbitrary. Since rough

triple sequence xmnk
‖·‖→ x, there exists N (λ0) > 0 such that for each

m,n, k ≥ N (λ0), we have

‖xmnk − x‖G (λ0) <
r + ε

f (λ0)
or f (λ0) ‖xmnk − x‖G (λ0) < r + ε.

Thus for m,n, k ≥ N (λ0),

A‖xmnk−x‖G (λ0) < r + ε

and hence xmnk
‖·‖G→ x.

(ii) Let r, ε > 0 be arbitrary. Since xmnk
‖·‖G→ x, there exists N (λ0) >

0 such that for each m,n, k ≥ N (λ0) we have

A‖xmnk−x‖G (λ0) < r + ε or f (λ0) ‖xmnk − x‖ < r + ε,

and this shows that xmnk
‖·‖G→ x.

(iii) Proof is similar to the proof of (i).
(iv) Proof is similar to the proof of (ii).
(v) Suppose that the triple sequence (xmnk) is bounded in (X, ‖·‖).

Then there is M > 0 such that for each m,n, k ≥ 1, we have ‖xmnk‖G <
M . Then for each λ ∈ (0, 1] and for each m,n, k ≥ 1 we have

A‖xmnk‖G (λ) = f (λ) ‖xmnk‖G < f (λ)M
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and this shows that the rough triple sequence (xmnk) is gradual bounded
in (X, ‖·‖G). Conversely, if rough triple sequence (xmnk) be gradual
bounded in (X, ‖·‖G), then for λ0 ∈ (0, 1], there is M (λ0) > 0 such that
for each m,n, k ≥ 1,

f (λ0) ‖xmnk‖G = A‖xmnk‖G (λ0) < M (λ0) .

We conclude that for each m,n, k ≥ 1,

‖xmnk‖ <
M (λ0)

f (λ0)

and so rough triple sequence (xmnk) is bounded in (X, ‖·‖).
(vi) It is easy. Therefore omit the proof.
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