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THE SPECTRAL DETERMINATIONS OF THE JOIN OF

TWO FRIENDSHIP GRAPHS

Ali Zeydi Abdian∗ and Amirhossein Morovati Moez

Abstract. The main aim of this study is to characterize new classes
of multicone graphs which are determined by their adjacency spec-
tra, their Laplacian spectra, their complement with respect to sign-
less Laplacian spectra and their complement with respect to their
adjacency spectra. A multicone graph is defined to be the join of
a clique and a regular graph. If n is a positive integer, a friendship
graph Fn consists of n edge-disjoint triangles that all of them meet
in one vertex. It is proved that any connected graph cospectral to
a multicone graph Fn5Fn = K25nK25nK2 is determined by its
adjacency spectra as well as its Laplacian spectra. In addition, we
show that if n 6= 2, the complement of these graphs are determined
by their adjacency spectra. At the end of the paper, it is proved
that multicone graphs Fn5Fn = K25nK25nK2 are determined
by their signless Laplacian spectra and also we prove that any graph
cospectral to one of multicone graphs Fn 5 Fn is perfect.

1. Introduction

Let Γ be a simple graph with edge set E, vertex set V = {v1, v2, . . . , vn}
and corresponding degrees d1, d2, . . . , dn. Throughout the paper we al-
ways suppose that graphs are connected, unless the contrary is speci-
fied (for answering to this question why we consider connected graphs,
one can see the paragrah before Theorem 2.3 and also Theorem 2.3 of
the paper). Since A(Γ)(the adjacency matrix of Γ) is a real symmet-
ric nonnegative matrix, its eigenvalues are all real. We call the largest
eigenvalue of A(Γ) the spectral radius of Γ, is denoted by %(G). Readers
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are referred to [12, 13, 20, 26, 42] for undefined terms and terminol-
ogy. Let Jm×n denote the m × n all-one matrix. The complement of a
graph Γ, denoted by Γ, is the graph on the vertex set of Γ such that
two vertices of Γ, are adjacent if and only if they are not adjacent in Γ.
The union of (disjoint) graphs Γ1 and Γ2 is denoted by Γ1 ∪ Γ2, is the
graph whose vertices (respectively, edges ) set is the union of vertices
(respectively, edges) set of Γ1 and Γ2. A graph consisting of k disjoint
copies of an arbitrary graph Γ will be denoted by kΓ. The join of two
vertex disjoint graphs Γ1 and Γ2 is the graph obtained from Γ1 ∪ Γ2

by joining each vertex in Γ1 with every vertex in Γ2. It is denoted by
Γ1 5 Γ2. Let Γ be a graph with adjacency matrix A(Γ). The charac-
teristic polynomial of Γ is det(λI − A(Γ)), and denoted by PΓ(λ). The
roots of PΓ(λ) are called the adjaceny eigenvalues of A(Γ). The eigen-
values and the spectrum of A(Γ) are also called the eigenvalues and the
spectrum of Γ, respectively. If we consider a matrix L = D −A instead
of A, where D is the diagonal matrix of degree of vertices (in Γ), we get
the Laplacian eigenvalues and the Laplacian spectrum, while in the case
of matrix SL(Γ) = D(Γ) + A(Γ), we get the signless Laplacian eigen-
values and the signless Laplacian spectrum, respectively. Since both
matrices A(Γ) and L(Γ) are real symmetric matrices, their eigenvalues
are all real numbers. Let λ1, λ2, . . . , λn be the distinct eigenvalues
of Γ with multiplicities m1, m2, . . . , mn, respectively. We denote the
adjacency spectrum of Γ by SpecA(Γ) = {[λ1]m1 , [λ2]m2 , . . . , [λn]mn}.
The adjacency spectrum and the Laplacian spectrum of a graph Γ is
denoted by SpecA(Γ) and SpecL(Γ), respectively. Two graphs with the
same adjacency (Laplacian) or signless Laplacian spectrum are called A-
cospectral(L-cospectral) or Q-cospectral. A graph Γ is said to be DAS-
graph (DLS-graph) or DSLS-graph if there is no other non-isomorphic
graph A-cospectral (L-cospectral) or Q-cospectral to it, respectively. For
DSLS-graph (determined by signless Laplacian spectrum) the definition
is analogous. In the past decades, graphs that are determined by their
spectrum have received much more and more attention, since they have
been applied to several fields, such as randomized algorithms, combina-
torial optimization problems and machine learning.

Suppose χ(Γ) and ω(Γ) are chromatic number and clique number of
graph Γ, respectively. A graph is perfect if χ(H) = ω(H) for every
induced subgraph H of Γ. It is proved that a graph Γ is perfect if and
only if Γ is Berge; that is, it contains no odd hole or antihole as induced
subgraph, where odd hole and antihole are odd cycle, Cm for m ≥ 5,
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and its complement, respectively. Also, in 1972 Lovász proved that, a
graph is perfect if and only if its complement is perfect([16]).

So far numerous examples of cospectral but non-isomorphic graphs
have been constructed by interesting techniques such as Seidel switching,
Godsil-McKay switching, Sunada or Schwenk method. For more infor-
mation, one may see [14, 34, 35] and the references cited in them. Only a
few graphs with very special structures have been reported to be deter-
mined by their spectra(DS, for short) (see [15, 19, 22, 23, 27, 39, 40]
and the references cited in them). Recently Wei Wang and Cheng-Xian
Xu have developed a new method in [39] to show that many graphs are
determined by their spectrum and the spectrum of their complement.
The characterization of DS graphs goes back about half of a century
and it is originated in Chemistry [25, 32]. About the background of
the question ”Which graphs are determined by their spectrum?”, we re-
fer to [34]. A spectral characterization of multicone graphs is studied in
[38, 40]. Wang, Belardo, Huang and Borovićanin [40] proposed a conjec-
ture about the adjacency spectra of friendship graphs and claimed that
friendship graph Fn(that are special classes of multicone graphs) are
DAS-graphs. In addition, In [38], Wang, Zhao and Huang investigated
about the connected multicone graphs and they also such conjecture on
the adjacency spectrum of Fn. This conjecture caused some activity on
the spectral characterization of Fn. Finally, Cioabä, Haemers, Vermette
and Wong [19] shown that if n 6= 16, then friendship graphs Fn are DAS-
graphs. For further information about multicone graphs which have been
characterized so far see [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 29, 30, 31]. Figure
1(page 5), denotes examples of friendship graphs.

This paper is organized as follows. In Section 2, we review some basic
information and preliminaries. In Section 3, we show that multicone
graphs Fn5Fn are DAS-graphs. In Section 4, we prove that multicone
graphs Fn5Fn are DLS-graphs. In Section 5, we show that complement
of multicone graphs Fn5 Fn are DAS-graphs, where n 6= 2. In Section
6 we show that multicone graphs Fn5Fn are DSLS-graphs. In Section
7, we show that any graph A-cospectral (L-cospectral ) or Q-cospectral
to a multicone graph Fn5Fn or a complement of these graphs must be
perfect.
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2. Preliminaries

In this section we present some results which will play an important
role throughout this paper.

Lemma 2.1. [1, 2, 3, 4, 10, 13, 29, 34] Let G be a graph. For the
adjacency matrix and Laplacian matrix, the following can be obtained
from the spectrum:

(i) The number of vertices,

(ii) The number of edges.

For the adjacency matrix, the following follows from the spectrum:

(iii) The number of closed walks of any length,

(iv) Being regular or not and the degree of regularity,

(v) Being bipartite or not.

For the Laplacian matrix, the following follows from the spectrum:

(vi) The number of spanning trees,

(vii) The number of components,

(viii) The sum of squares of degrees of vertices.

Theorem 2.2. [1, 2, 3, 4, 20, 29] If G1 is r1-regular with n1 vertices,
and G2 is r2-regular with n2 vertices, then the characteristic polynomial
of the join G1 5G2 is given by:

PG15G2(y) =
PG1

(y)PG2
(y)

(y−r1)(y−r2) ((y − r1)(y − r2)− n1n2).

The following result, [1, 2, 3, 4, 24, 38] gives a bound on the spectral
radius. For further information about this inequality we refer the reader
to [38] (see the first paragraph after Corollary 2.2 and also Theorem
2.2 of [38]). It is stated [38] if G is disconnected the equality in the
following can be happened. However, in this paper we only consider
connected case and we state the equality in this case(see also Remark 1
of the paper).

Theorem 2.3. [1, 2, 3, 4, 29, 38] Let G be a simple graph with n
vertices and m edges. Let δ = δ(nK25nK2) be the minimum degree of
vertices of G and %(G) be the spectral radius of the adjacency matrix of
G. Then

%(G) ≤ δ−1
2 +

√
2m− nδ + (δ+1)2

4 .

Equality holds if and only if G is either a regular graph or a bidegreed
graph in which each vertex is of degree either δ or n− 1.
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Theorem 2.4. [1, 2, 3, 4, 29] Let G and H be two graphs with
Laplacian spectrum λ1 ≥ λ2 ≥ · · · ≥ λn and µ1 ≥ µ2 ≥ · · · ≥ µm,
respectively. Then Laplacian spectra of G and G5H are n − λ1, n −
λ2, . . . , n−λn−1, 0 and n+m,m+λ1, . . . ,m+λn−1, n+µ1, . . . , n+µm−1, 0,
respectively.

Theorem 2.5. [1, 2, 3, 4, 29] Let G be a graph on n vertices. Then
n is one of the Laplacian eigenvalue of G if and only if G is the join of
two graphs.

Theorem 2.6. [1, 2, 3, 4, 26, 29] For a graph G, the following state-
ments are equivalent:

(i) G is d-regular.
(ii) %(G) = dG, the average vertex degree.

(iii) G has v = (1, 1, . . . , 1)T as an eigenvector for %(G).

Proposition 2.7. [1, 2, 3, 4, 29, 20, 33] Let G− j be the graph ob-
tained from G by deleting the vertex j and all edges containing j. Then

PG−j(y) = PG(y)
m∑
i=1

α2
ij

y−µi , where m and αij are the number of distinct

eigenvalues and the main angles (see [33]) of graph G, respectively.

Theorem 2.8. [1, 18, 36] Let G be a connected graph. If G is not
regular and has exactly three eigenvalues θ1 > θ2 > θ3, then
(a) G has diameter 2;
(b) if θ1 is not an integer, then G is complete bipartite;
(c) θ2 ≥ 0 with equality if and only if G is complete bipartite; and
(d) θ3 < −2.

Theorem 2.9. [1, 29, 41] A graph has exactly one positive eigenvalue
if and only if it is a complete multipartite graph with possibly some
isolated vertices.

Theorem 2.10. [12] If Γ is an r-regular graph with eigenvalues
λ1(= r), λ2, . . . , λn, then n− 1− λ1,−1− λ2, . . . ,−1− λn are the eigen-
values of the complement Γ of Γ, i.e.,

PA(Γ)(λ) = (−1)n λ−n+r−1
λ+r+1 PA(Γ)(−λ− 1).

Lemma 2.11. [17] Let G be a graph with n vertices, m edges and t

triangles and vertex degrees d1, d2, . . . , dn. Let Tk =
n∑
i=1

(qi(G))k, then
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T0 = n, T1 =
n∑
i=1

di = 2m, T2 = 2m+
n∑
i=1

d2
i and T3 = 6t+ 3

n∑
i=1

d2
i +

n∑
i=1

d3
i .

Lemma 2.12. [21] In any graph the multiplicity of the eigenvalue 0
of the signless Laplacian is equal to the number of bipartite components.

Lemma 2.13. [21] In bipartite graphs the Q-polynomial (the char-
acteristic polynomial of the signless Laplacian matrix) is equal to the
characteristic polynomial of the Laplacian matrix.

Lemma 2.14. [37] A connected bipartite graph G has three distinct
eigenvalues if and only if it is a complete regular bipartite graph or a
star. In this case G is Laplacian integral. In other words, the Laplacian
eigenvalues of G are integral.

Remark 2.15. It is well-known that the friendship graph F16 =
K1 5 16K2 is not DAS-graph(see the first paragraph after Corollary 2
of [19]). Therefore, when SpecA(G) = SpecA(Fn 5 Fn) or SpecA(G) =
SpecA(Fn), we always suppose that G is connected.

3. Connected graphs A-cospectral to a multicone graph Fn5
Fn.

The main aim of this section is to show that any graph A-cospectral to
a multicone graph Fn 5 Fn is DAS-graph.

Proposition 3.1. The adjacency spectrum of multicone graphs Fn5
Fn is:
[

Ω +
√

Ω2 + 4α

2

]1

, [1]2n−2, [−1]2n+1, [−2n+ 1]1,

[
Ω−
√

Ω2 + 4α

2

]1
,

where Ω = 2n+ 2 and α = 6n− 1.

Proof. It is clear that Fn = K1 5 nK2. Therefore, Fn 5 Fn =
K2 5 nK2 5 nK2. Let SpecA(Γ) = SpecA(nK2 5 nK2). Therefore,

by Theorem 2.3, SpecA(Γ) =
{

[1]2n−2, [−1]2n, [−2n+ 1]1, [2n+ 1]1
}

.

Now, by using again of Theorem 2.3 the proof is completed.

Lemma 3.2. Let Γ be a graph A-cospectral to a multicone graph
Fn 5 Fn. Then δ(Γ) = 2n+ 3.
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Proof. Obviously, Γ is a complete graph if and only if δ(Γ) = 5. Let
δ(Γ) = 2n+3+x, where x is an integer number. First, it is clear that in
this case the equality in Theorem 2.3 happens if and only if x = 0. We
claim that x = 0. By contradiction, we suppose that x 6= 0. It follows
from Theorem 2.3 and Proposition 3.1 that

%(Γ) =
2n+ 2 +

√
8k − 4l(2n+ 3) + (2n+ 4)2

2
�

2n+2+x+
√

8k − 4l(2n+ 3) + (2n+ 4)2 + x2 + (2(2n+ 4)− 4l)x

2
,

where the integer numbers k and l are the number of edges and the
number of vertices of the graph Γ, respectively.

For convenience, we let Y = 8k − 4l(2n + 3) + (2n + 4)2 ≥ 0 and
C = 2n+ 4− 2l, and also let f(x) = x2 + 2(2n+ 4− 2l)x = x2 + 2Cx.

Then clearly

(1)
√
Y −

√
Y + f(x) < x.

We consider two cases:

Case 1. x < 0. In this case for any non-complete graph Γ we have
δ(Γ) < 2n+ 3 (1).

It is easy and straightforward to see that |
√
Y −

√
Y + f(x)| > |x|,

since x < 0.
Transposing and squaring yields

2Y + f(x)− 2
√
Y (Y + f(x)) > x2.

Replacing f(x) by x2 + 2Cx, we get

Y + Cx >
√
Y (Y + x2 + 2Cx).

Obviously Cx ≥ 0. Squaring again and simplifying yields

(2) C2 > Y.

Thus,

(3) k <
l(l − 1)

2
.
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Therefore, if x � 0, then Γ cannot be a complete graph (2). By (1)
and (2) we get Γ is a complete graph if and only if δ(Γ) > 2n + 3 or
n < 1, a contradiction.

Case 2. x 	 0. In the same way of Case 1, we can conclude that
for any complete graph Γ we get: Γ is a complete graph if and only
if δ(Γ) < 2n + 3 or Γ is a complete graph if and only if δ(Γ) < 5, a
contradiction. So, we must have x = 0. Therefore, the claim holds.

Lemma 3.3. If Γ is a graph A-cospectral to a multicone graph Fn5
Fn, then Γ is either regular or bidegreed, in which each vertex of Γ is of
degree 2n+ 3 or 4n+ 1.

Proof. By Theorem 2.3 and Lemma 3.2 the proof is straightforward.

Figure 1. Friendship graphs F1, F2, F3 and Fn.

Lemma 3.4. Any graph A-cospectral to one of graphs nK2 5 nK2

is DAS-graph.

Proof. Let SpecA(Γ) = SpecA(nK2 5 nK2). By Theorem 2.2,

SpecA(Γ) =
{

[1]2n−2, [−1]2n, [2n+ 1]1, [−2n+ 1]1
}
.

It is obvious that Γ is regular, since regularity of a graph can be deter-
mined by its adjacency spectra(see Theorem 2.6). Now, it follows from

Theorem 2.10 that SpecA(Γ) =
{

[−2]2n−2, [0]2n, [2n− 2]2
}

. It is clear

that Γ is a regular and degree of its regularity is 2n − 2 and also it is
easy to see that Γ is not connected and it has two connected compo-
nents, since the multiplicity of 2n − 2 is 2. Hence Γ = Γ1 ∪ Γ2, where
Γi (1 ≤ i ≤ 2) is a connected component of the Γ. Now, we show that
there exists Γi that has three distinct eigenvalues. By contradiction
we suppose that none of the Γ1 and Γ2 have three distinct eigenval-
ues. This means that any of Γi (i = 1, 2) has one or two eigenvalue(s).
In other words, any connected component of Γ is K1 or a complement
graph on at least 2 vertices, acontradiction. Therefore, there exists Γj
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(1 ≤ j ≤ 2) that has three distinct eigenvalues. Without loss of gener-
ality we suppose that Γ1 has three distinct eigenvalues. Therefore, by
Theorem 2.9 Γ1

∼= K2, 2, . . . , 2︸ ︷︷ ︸
n times

∼= CP (n), where CP (n) is a Cocktail-

Party graph. By a similar argument, it is easy to see that Γ2
∼= CP (n).

Hence Γ ∼= 2CP (n) = CP (n) ∪ CP (n) and so Γ ∼= nK2 5 nK2. This
follows the result.

Lemma 3.5. Any graph A-cospectral to the multicone graph K1 5
nK2 5 nK2 is DAS-graph.

Proof. Let Γ be A-cospectral to a multicone graph K15nK25nK2.
By Theorem 2.2, PΓ(t) = (t− 1)2n−2(t+ 1)2n(t− (−2n+ 1))(t2 − (2n+
1)t− 4n), where PΓ(t) denotes the characteristic polynomial of Γ. By a
similar argument of Lemma 3.3, we can prove that Γ has one vertex of
degree 4n, say s, and also it has 4n vertices of degree 2n+ 2. It follows
from Proposition 2.7 that PΓ−s(t) = (t − µ1)2n−3(t − µ2)2n−1[α2

1jB1 +

α2
2jB2 +α2

3jB3 +α2
4jB4 +α2

5jB5], where µ1 = 1, µ2 = −1, µ3 = −2n+ 1,

µ4 =
2n+ 1 +

√
4n2 + 20n+ 1

2
, µ5 =

2n+ 1−
√

4n2 + 20n+ 1

2
, and

B1 = (t− µ2)(t− µ3)(t− µ4)(t− µ5),
B2 = (t− µ1)(t− µ3)(t− µ4)(t− µ5),
B3 = (t− µ1)(t− µ2)(t− µ4)(t− µ5),
B4 = (t− µ1)(t− µ2)(t− µ3)(t− µ5),
B5 = (t− µ1)(t− µ2)(t− µ3)(t− µ4).

It is clear that Γ − s has 4n eigenvalues. Also, it is obvious that by
removing the vertex s, the number of edges and triangles which are
removed from graph Γ are |V (Γ− s)| = 4n and |E(Γ− s)| = 2n(2n+ 1),
respectively. On the other hand, by what were said in the beginning
of this lemma Γ has one vertex of degree 4n and 4n vertices of degree
2n+ 2. This means that Γ− s has 4n vertices of degree 2n+ 1.

Now, by computing the number of the closed walks of lengths 1, 2
and 3 belonging to Γ− s we have:
π + σ + ε+ 2n+ 1 = −[(2n− 3)µ1 + (2n− 1)µ2],
π2 + σ2 + ε2 + (2n+ 1)2 = 4n(2n+ 1)− [(2n− 3)µ2

1 + (2n− 1)µ2
2],

π3 + σ3 + ε3 + (2n+ 1)3 = 24n2 − [(2n− 3)µ3
1 + (2n− 1)µ3

2],
where π, σ and ε are the eigenvalues of PΓ−s(t). By solving the

above equations π = 1, σ = −1 and ε = −2n + 1. So, SpecA(Γ −
s) =

{
[1]2n−2 , [−1]2n, [−2n+ 1]1, [2n+ 1]1

}
= SpecA(nK2 5 nK2). By
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Lemma 3.4 Γ − s ∼= nK2 5 nK2 and so (Γ − s)5 s ∼= nK2 5 nK2 5 s.
This means that Γ ∼= K15nK25nK2. Therefore the result follows.

Theorem 3.6. Any graph A-cospectral to a multicone graph Fn5Fn
is DAS-graph.

Proof. Let Γ be a graph A-cospectral to a multicone graph Fn5Fn. It
is obvious that Fn5Fn = K25(nK25nK2) = K15(K15nK25nK2).
By a similar argument of Lemma 3.3, it is easy and straightforward
to see that Γ has two vertices of degree 4n + 1, say e and r. Now,
PΓ(x) = (x−1)2n−2(x+1)2n+1(x−(−2n+1))(x2−(2n+2)x+(−6n+1)).
On the other hand, it follows from Proposition 2.7 PΓ−e(x) = (x −
µ2)2n−3(x− µ3)2n[α2

1jC1 + α2
2jC2 + α2

3jC3 + α2
4jC4 + α2

5jC5].

C1 = (x− µ2)(x− µ3)(x− µ4)(x− µ5),
C2 = (x− µ1)(x− µ3)(x− µ4)(x− µ5),
C3 = (x− µ1)(x− µ2)(x− µ3)(x− µ5),
C4 = (x− µ1)(x− µ2)(x− µ3)(x− µ5),
C5 = (x− µ1)(x− µ2)(x− µ3)(x− µ4),

where µ1 = n+1+
√
n2 + 8n, µ2 = 1, µ3 = −1 and µ4 = n+1−

√
n2 + 8n

and µ5 = −2n+ 1.
We know that PΓ−e(x) has 4n + 1 roots(graph Γ − e has 4n + 1

eigenvalues). By what were said in the beginning of this lemma, one can
easily conclude that Γ− e has one vertex of degree 4n and 4n vertices of
degree 2n+2. Therefore, Γ−e ∼= K15H, where H is a (2n+1)-regular
graph with 4n vertices. Now, by Theorem 2.3 we can deduce that the

eigenvalues
2n+ 1 +

√
4n2 + 20n+ 1

2
and

2n+ 1−
√

4n2 + 20n+ 1

2
are

belong to SpecA(Γ− e). Finally, by computing the number of the closed
walks of lengths 1 and 2 belonging to Γ− e, we have:

ι+ ν +
2n+ 1 +

√
4n2 + 20n+ 1

2
+

2n+ 1−
√

4n2 + 20n+ 1

2
=− [(2n− 3)µ2 + 2nµ3],

ι2 + ν2 + (
2n+ 1 +

√
4n2 + 20n+ 1

2
)2 + (

2n+ 1−
√

4n2 + 20n+ 1

2
)2

=4n(2n+ 2) + 4n− [(2n− 3)µ2
2 + 2nµ2

3]

=4n(2n+ 3)− [(2n− 3)µ2
2 + 2nµ2

3],
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where ν and ι are the eigenvalues of PΓ−e(x). By solving the above
equations ι = 1 and ν = −2n+ 1. So,

SpecA(Γ− e) =
[

2n+ 1 +
√

4n2 + 20n+ 1

2

]1

, [1]2n−2, [−1]2n,

[−2n+ 1]1,

[
2n+ 1−

√
4n2 + 20n+ 1

2

]2


= SpecA(K1 5 nK2 5 nK2).

Therefore, by Lemma 3.5 Γ− e ∼= K15nK25nK2. This completes the
proof.

In the following, we present an alternate proof of Theorem 3.6.

Proof. (the second proof of Theorem 3.6) Let SpecA(Γ) = SpecA(Fn5
Fn) = SpecA(K25nK25nK2). It follows from Lemma 3.3 that Γ has 2
vertices of degree 1+4n and 4n vertices of degree 2n+3. Also, it is clear
that Γ has 4n+2 vertices. Hence Γ has graph G as its subgraph in which
degree of any vertex ofG is 4n+1. In other words, Γ ∼= K25L, where L is
a subgraph of Γ on 4n vertices. Now, we remove vertices of K2 and con-
sider 4n other vertices. Degree of graph consists of these vertices is 2n+1.

By Theorem 2.2, SpecA(L) =
{

[1]2n−2, [−1]2n, [−2n+ 1]1, [2n+ 1]1
}

=

SpecA(nK2 5 nK2). Therefore, by Lemma 3.4 L ∼= nK2 5 nK2. This
completes the proof.

Up to now, we have shown that multicone graphs Fn 5 Fn are
DAS-graphs. In the next section, we prove that these graphs are
DLS-graphs, too.

4. Connected graphs L-cospectral to a multicone graph Fn5
Fn

Lemma 4.1. Any graph L-cospectral to a multicone graph nK2 5
nK2 is DLS-graph.

Proof. By Proposition 3 of [34] and Lemma 3.4 the proof is straight-
forward.
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Lemma 4.2. Multicone graphs K15 (nK25nK2) are DLS-graphs.

Proof. By Theorem 2.2,

SpecA(nK2 5 nK2) =
{

[1 + 2n]1, [1− 2n]1, [1]2n−2, [−1]2n
}
.

It is clear that if Γ is k-regular, then λ is a eigenvalue of adjacency
matrix of Γ if and only if k−λ is a eigenvalue of Laplacian matrix of Γ.
Therefore,

SpecL(nK2 5 nK2) = SpecL(G1) =
{

[0]1, [4n]1, [2n]2n−2, [2n+ 2]2n
}
,

where G1 is an arbitrary graph L-cospectral to one of graphs nK2 5
nK2. Also, it is clear that SpecL(K1 5 (nK2 5 nK2)) = SpecL(G) ={

[0]1, [4n+ 1]2, [1 + 2n]2n−2, [1 + 2n+ 2]2n
}

. Now, It follows from The-

orem 2.5 that G and G1 are the join of two graphs. On the other hand,
G has one vertex and 4n + 1 edges more than G1. So, we must have
G ∼= K1 5 G1. But, SpecL(G1) = SpecL(nK2 5 nK2). So, by Lemma
4.1 G1

∼= nK2 5 nK2. This means that G ∼= K1 5 nK2 5 nK2. Hence
the result follows.

Theorem 4.3. Multicone graphs Fn 5 Fn are DLS-graphs.

Proof. By a similar argument of Lemma 4.2 the proof follows.

It is well-known that the minimal non-isomorphic A-cospectral graphs
are F2 = C4 ∪K1 and K1,4([34]). So, F2 is not DAS-graph. The
natural question is; what happen for the complement multicone graphs
Fn 5 Fn? we answer this question in the next theorem.

5. Graphs A-cospectral to a complement of multicone graph
Fn 5 Fn

Proposition 5.1. Let Γ be A-cospectral to a complement of multi-
cone graph Fn 5 Fn. Then

SpecA(Γ) =
{

[0]2n+2, [−2]2(n−1), [2n− 2]2
}

.

Proof. It is clear that Fn 5 Fn = 2K1∪2CP (n). By SpecA(CP (n)) ={
[0]2n, [−2]n−1, [2n− 2]1

}
(see [13]) and then the proof is straightfor-

ward.

Theorem 5.2. Let Γ be a graph. If SpecA(Γ) = SpecA(Fn 5 Fn),
then Γ ∼= Fn 5 Fn, where n 6= 2.



The spectral determinations of the join of two friendship graphs 79

Proof. If n = 1 the proof is clear. If n = 2, then Γ is either isomorphic
to 2K1 ∪K2,2 or K1 ∪K1,4. Hence we suppose that n > 3. It is obvious
that Γ cannot be regular, since regularity of a graph can be determined
by its spectrum(see Theorem 2.6). First, we prove that Γ is disconnected.
By contrary, we suppose that Γ be connected. Therefore, by Theorem
2.8 Γ is a complete bipartite graph, a contradiction, since there is at least
one triangle in Γ. Therefore, we can suppose that Γ = Γ1∪Γ2∪ · · ·∪Γj ,
where Γi is a connected component of Γ and 1 ≤ i ≤ j. It is clear that
there exists Γi that has three distinct eigenvalues. Otherwise, any Γi is
a complete graph and this is contradcits to the spectrum of the Γ. By
Theorem 2.8 we can conclude that Γi is regular and %(Γi) = 2n − 2.
Now, it follows from Theorem 2.9 that Γi = K2, 2, . . . , 2︸ ︷︷ ︸

ntimes

. In a similar

manner of the above argument we can conclude that there exists Γk =
K2, 2, . . . , 2︸ ︷︷ ︸

ntimes

, where 1 ≤ k ≤ j. Hence Γ ∼= 2(K2, 2, . . . , 2︸ ︷︷ ︸
ntimes

) ∪ 2K1 =

2CP (n) ∪ 2K1 = 2(K1 ∪ CP (n)) = (K1 ∪ CP (n)) ∪ (K1 ∪ CP (n)) =
Fn ∪ Fn. This completes the proof.

6. Graphs Q-cospectral to a multicone graph Fn 5 Fn

We show that any graph Q-cospectral to a multicone graph Fn 5 Fn is
DSLS-graph.

Lemma 6.1. The signless Laplacian spectrum of multicone graph
K2 5 nK2 5 nK2 is:{

[4n]1,
n⋃
i=2

[λi + 2n+ 3]1,
[
−d+

√
d2−4e

2

]1
,
[
−d−

√
d2−4e

2

]1
}

, where

d = −(8n+ 6), e = 16n2 + 16n+ 8 = 8(2n2 + 2n+ 1) and λi denote the
eigenvalues of the adjacency matrix of nK2 5 nK2.

Proposition 6.2. Let G be an r-regular graph on n vertices. If
q1 ≥ q1 ≥ · · · ≥ qn be the signless Laplacian eigenvalues of Q(G). Then
q1 = 2(n− r − 1) and qi = n− 2− qn−i+2 for i = 2, 3, . . . , n.

Proof. It is easy and straightforward to check that if G is an r-regular
graph, then PQ(G)(µ) = PA(G)(µ− r). It is clear that Q(G) = (n−2)I+

J −Q(G). So, Q(G) = (n − 2)I + J −Q(G) = (n − 2)I + (−r + 1)I +
(J − I −A) = (n− 2− r)I + J −A. But, PQ(G)(µ) = Det(µI −Q(G) =

|(µ − (n − 2 − r)I − (J − A)| = PA(J−A)(µ − (n − 2 − r). Now, we

consider PA(J−A)(µ). We have |µI−J+A| = |µI− (A(G)+A(G)+I)+



80 Ali Zeydi Abdian and Amirhossein Morovati Moez

A(G)| = |(µ + 1)I − A(G)| = PA(G)(µ − 1). So, the signless Laplacian

eigenvalues of PA(J−A) are λ1 = n − r, λi = −µi, where µi denote the
eigenvalue of the adjacency matrix of A(G). Consequently, we conclude
that PQ(G)(µ) = PA(G)(λi)(µ− (n− 2− r). This means that the signless

Laplacian eigenvalues of Q(G) are qi = λi + n − 2 − r. Therefore,
q1 = 2(n− r − 1) and qi = n− 2− qn−i+2 for i = 2, 3, . . . , n.

Theorem 6.3. Let SpecQ(Fn 5 Fn) = SpecQ(Γ). Then Γ∼=Fn 5 Fn.

Proof. It is clear that

SpecQ(Γ) = SpecQ(K2 5 nK2 5 nK2) = SpecQ(K2 ∪ nK2 5 nK2)

= SpecQ(2K1 ∪ 2CP (n)),

where CP (n) denotes a Cocktail-Party graph. It is easy and straightfor-
ward to check that if G is an r-regular graph, then PQ(G)(x) = PA(G)(x−
r). So, SpecQ(nK25nK2) =

{
[4n+ 2]1, [2]1, [2n+ 2]2n−2, [2n]2n

}
. By

Proposition 6.2 we can deduce that

SpecQ(nK2 5 nK2) =
{

[4n− 4]2, [2n− 2]
2n
, [2n− 4]2n−2

}
.

Therefore,

SpecQ(Γ) = SpecQ(K2 5 nK2 5 nK2)

=
{

[4n− 4]2, [2]1, [2n− 4]2n−2, [0]2, [2n− 2]2n
}
.

It follows from Lemma 2.12 that Γ has two bipartite components. This
means that Γ is disconnected and so Γ is connected and it is the join of
two graphs. It is easy to see that Γ is not a bipartite graph. Otherwise,
by Lemma 2.13 SpecQ(Γ) = SpecL(Γ). In other words,

SpecQ(K2 5 nK2 5 nK2) = SpecL(K2 5 nK2 5 nK2).

But, SpecL(K2 5 nK2 5 nK2) =
{

[2n− 2]2n, [0]
4
, [2n]2(n−1)

}
(see The-

orems 4.3 and and 2.4).

But, SpecL(K2 5 nK2 5 nK2) = SpecQ(K2 5 nK2 5 nK2) if and
only if n = 1, 2.

If n = 1, then Γ ∼= 6K1 and so Γ ∼= K6
∼= K2 5 K2 5 K2 and the

problem is solved. Hence we suppose n = 2. Therefore, SpecQ(Γ) =

SpecQ(K2 5 2K2 5 2K2) =
{

[4]2, [2]4, [0]4
}

. By Lemma 2.12 Γ has

four bipartite components, say Ui (i = 1, 2, 3, 4). We show that two bi-
partite of the Gamma have two distinct Laplacian eigenvalues(i.e, two
bipartite components of Γ are isomorphic K2) and any of the two other
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bipartite components of Γ is isomorphic to C4, where C4 is the cycle of
order 4. We consider the following cases(it is clear that maximum of the
number of the bipartite components of Γ that can have three distinct
signless Lalacian eigenvalues is 2):

Case 1. Any of the bipartite components of the Γ has two distinct
Laplacian eigenvalues.

In this case, SpecQ(Ui)=
{

[2]1, [0]1
}

, since any of Ui is connected, bi-

partite and a complete graph. Therefore, Γ = 4K2∪H, where SpecQ(H)

=
{

[4]2
}

, a contradiction, because if a graph G has one distinct (sign-

less) Laplacian eigenvalues, then G is the union of the complete graphs
on one vertex. So, the signless Laplacian eigenvalues of G is only zero.

Case 2. One of the bipartite components of the Γ has three distinct
Laplacian eigenvalus and the other have two distinct Laplacian eigen-
values.

Let U1 has three distinct Laplacian eigenvalus and Uj has two dis-
tinct Laplacian eigenvalus, where j = 2, 3, 4. Therefore, SpecQ(U1) ={

[4]2, [2]1, [0]1
}

. By Lemma 2.11 U1 has 4 vertices and 5 edges, a con-

tradiction to U1 is a bipartite graph(It is well-known that G is bipartite
if and only if it contains no odd cycles).

Case 3. Two of the bipartite components of the Γ have three dis-
tinct Laplacian eigenvalus and the two other have two distinct Laplacian
eigenvalues.

Let U1 and U2 have three distinct Laplacian eigenvalus and U3 and
U4 have two distinct Laplacian eigenvalus. Therefore, SpecQ(K2) =

SpecQ(U3) = SpecQ(U4) =
{

[2]1, [0]1
}

. and SpecQ(U1) = SpecQ(U2) ={
[2]1, [0]1, [4]1

}
. By Lemma 2.11 U1 and U2 have three vertices and

three edges. This means that U1
∼= U2

∼= K3, a contradiction.

By what has been proved hitherto, we can conclude that none of the
bipartite components of the Γ can two distinct signless Laplacian eigen-
values. This means that any of the bipartite components of Γ has one
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or three distinct signless Laplacian eigenvalues.

Therefore, we conclude that two of the bipartite components of the
Γ have three distinct Laplacian eigenvalues, say U1 and U2 and the
two other have one distinct Laplacian eigenvalues. So, SpecQ(K1) =

SpecQ(U3) = SpecQ(U4) =
{

[0]1
}

, and SpecQ(C4) = SpecQ(U1) =

SpecQ(U2) =
{

[2]2, [0]1, [4]1
}

. Therefore, Gamma = 2K1 ∪ 2C4. This

follows the result.

Hereafter, we suppose that n 6= 2 (n 	 2).

We show that in this case Γ ∼= K2 5 nK2 5 nK2. By what was said
in the first paragraph, in this case Γ is not bipartite and so it is discon-
nected, since it has at least one bipartite component (see Lemma 2.12).
Therefore, we deduce that Γ is connected and it is the join of two graphs.

Case 1. Bipartite graphs U1 and U2 have two distinct Laplacian
eigenvalues.

In this case, Ui are bipartite graphs and also they are complete graphs
(It is known that G has exactly 2 distinct Laplacian eigenvalues if and
only if G is a complete graph). Therefore, Ui ∼= K2. It is clear that
Ui ∼= K2 if and only if n = 2, a contradiction.

Case 2. Bipartite graphs U1 and U2 have three distinct Laplacian
eigenvalues.

In this case, by Lemma 2.14 U is a regular complete bipartite graph
or a star. In other words, U is either isomorphic to Km,m or K1,m, where
m is an arbitrary natural number. But,

SpecL(Km,m) = SpecL(mK1 5mK1) =
{

[0]1, [m]2(m−1), [2m]1
}

and

SpecL(K1,m) = SpecL(K1 5mK1) =
{

[m+ 1]1, [0]1, [1]m−1
}
.

It is clear none of the bipartite graph U1 and U2 can be a star graph.
We consider the following subcases.
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Subcases 2.1.

SpecQ(U1) = SpecQ(K2n−2,2n−2)

=

{
[4n− 4 = 2(2n− 2)]1, [2n− 2]

2n−2
, [0]

1
}

and

SpecQ(U2) =
{

[4n− 4]1, [2n− 4]
ι
, [0]

1
}

or

SpecQ(U2) =
{

[4n− 4]1, [2n− 2]
υ
, [0]

1
}
.

By Lemma 2.14, U2
∼= K1,m or U2

∼= Kp,p, where m and p are natu-
ral numbers, a contradiction to the SpecQ(K1,m) = SpecL(K1,m) and
SpecQ(Kp,q) = SpecL(Kp,q), where 1 ≤ ι ≤ 2n − 2 and υ = 1, 2. Also,
we conclude that none of the bipartite components U1 and U2 contain
the eigenvalues 4n− 4 and 2n− 4 at the same time. By a similar argu-
ment we can conclude that none of the bipartite components U1 and U2

can contain the eigenvalues 2n− 4 and 2n− 2 at the same time.

Subcase 2.2.

SpecQ(U1) = SpecQ(K2n−2,2n−2)

=

{
[4n− 4 = 2(2n− 2)]1, [2n− 2]

2n−2
, [0]

1
}
,

SpecQ(U2) =
{

[4n− 4]1, [2n− 2]
ς
, [0]

1
}

and

SpecQ(K) =
{

[2n− 4]2n−2, [2n− 2]
π
}
,

where ς, π = 0, 1.

We consider two cases:

Subcase 2.2.1. Let π = 0.
We know that a connected graph G has one distinct (signless) Lapla-

cian eigenvalue if and only if G ∼= K1. This means that K ∼= K1 and so
n is either 1 or 2, a contradiction.

Subcase 2.2.2. Let π = 1.
We know that a connected graph G has two distinct (signless) Lapla-

cian eigenvalue if and only if G is a complete graph. This means that
K ∼= K2 and so n = 2, a contradiction.
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Case 3. Bipartite graph U1 and U2 has four distinct Laplacian eigen-
values.

In this case

SpecQ(U1) = SpecL(U1) =
{

[2n− 4]η, [2n− 2]χ, [4n− 4]1, [0]1
}
,

SpecQ(U2) = SpecL(U2) =
{

[2n− 4]σ, [2n− 2]ψ, [4n− 4]1, [0]1
}

and

SpecQ(Y ) =
{

[2n− 2]Ψ, [2n− 4]Ω
}

, where χ, η, ψ, σ are natural num-

bers and Ψ and Ω are whole numbers. We consider the following cases:

Subcase 3.1 Let Ψ = Ω = 0.

In this case SpecQ(Γ) = SpecQ(U1 ∪ U2) = SpecQ(2K1 ∪ 2CP (n)).
By Theorem 5.2 and Proposition 3 of [34], for n 6= 2, we can conclude
that Γ = U1 ∪ U2

∼= 2K1 ∪ 2CP (n) and so U1 ∪ U2
∼= 2K1 ∪ 2CP (n), a

contradiction, since U1 ∪ U2 is a bipartite graph but 2K1 ∪ 2CP (n) is
not(we know that a graph G is a bipartite graph if and only if it contains
no odd cycles).

Subcase 3.2 Let Ψ 6= 0 or Ω 6= 0.
By a similar argument of Subcase 2.2 , we will have a contradiction.

So, we conclude that the bipartite components of Γ, U1 and U2,
can only be K1. In other words, Ui (i = 1, 2) must have one dis-
tinct signless Laplacian eigenvalue. Now, since Γ has 2 bipartite com-
ponents, so Γ = 2K1 ∪ H, where SpecQ(H) = SpecQ(nK2 5 nK2) ={

[4n− 4]2, [2n− 2]
2n
, [2n− 4]2n−2

}
. By what was proved in Theorem

5.2 we can conclude that nK2 5 nK2 is DAS-graph. Now, by Propo-
sition 3 of [34] we can deduce that H ∼= nK2 5 nK2. Therefore, Γ =
2K1 ∪H ∼= 2K1 ∪ nK2 5 nK2. This completes the proof.

7. Some graphical properties about multicone graphs Fn 5
Fn.

Theorem 7.1. Let Γ be a graph A-cospectral to a multicone graph
Fn 5 Fn. Then Γ and Γ are perfect.

Proof. By Theorem 3.6, we have Γ ∼= Fn 5 Fn. Hence Γ = 2K1 ∪
2CP (n), where CP (n) denotes a Cocktail-Party graph. Now, we show
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that Γ contains no odd hole or antihole as induced subgraph. It is
sufficient that we prove that 2CP (n) = CP (n) ∪ CP (n) contains no
odd hole or antihole as induced subgraph. Or one can say that we must
show that 2CP (n) = nK2 5 nK2 contains no odd hole or antihole as

induced subgraph. But, it is clear that 2CP (n) contains no odd hole as

induced subgraph. We show that 2CP (n) consists of no antihole. By

contrary, we suppose that 2CP (n) contains Ck as an induced subgraph,
where k is an odd natural number greater than or equal to five. Hence

2CP (n) = 2CP (n) must consists of Ck as an induced subgraph. This is
obviously a contradiction. This follows the result.

Theorem 7.2. Let Γ be L-cospectral to a multicone graph Fn5Fn.
Then Γ and Γ are perfect.

Proof. The proof is in a similar manner of Theorem 7.1.

Theorem 7.3. Let graph Γ be A-cospectral to a graph Fn 5 Fn.
Then Γ and Γ are perfect.

Proof. Straightforward.

Theorem 7.4. Let graph Γ be Q-cospectral to a graph Fn 5 Fn.
Then Γ and Γ are perfect.

Proof. It is clear.
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[16] A; Brandstädt, V. B. Leand J. P. Spinrad, Graph classes: a survey, SIAM Mono-

graphs on Discrete Math. Appl., 1999.
[17] C. Bu, and J. Zhou, Signless Laplacian spectral characterization of the cones over

some regular graphs, Linear Algebra Appl., 9 (2012), 3634-3641.
[18] X. M. Cheng, G. R. W. Greaves, J. H. Koolen, Graphs with three eigenvalues

and second largest eigenvalue at most 1, http://de.arxiv.org/abs/1506.02435v1.
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of graphs, Discrete Math., 310 (2010), 2858–2866.

[41] J. Wang and Q. Huang, Spectral characterization of generalized cocktail-party
graphs, J. Math. Res. Appl., 32 (2012), 666–672.

[42] D. B. West,Introduction to Graph Theory, Upper Saddle River: Prentice hall,
2001.

Ali Zeydi Abdian
Department of the Mathematical science, Lorestan University
College of Science, Lorestan, Khoramabad, Iran.
E-mail: aabdian67@gmail.com; azeydiabdi@gmail.com; abdian.al@fs.lu.ac.ir

Amirhossein Morovati Moez
Department of Mathematics, Payame Noor University, PO BOX 19395-
3697
Tehran, Iran.
E-mail:morovatimoez@yahoo.com; morovatimoez@gmail.com


