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GROUPS HAVING MANY 2-GENERATED SUBGROUPS IN

A GIVEN CLASS

Fares Gherbi and Nadir Trabelsi

Abstract. If X is a class of groups, denote by FX the class of groups G

such that for every x ∈ G, there exists a normal subgroup of finite index
H(x) such that 〈x, h〉 ∈ X for every h ∈ H(x). In this paper, we consider

the class FX, when X is the class of nilpotent-by-finite, finite-by-nilpotent
and periodic-by-nilpotent groups. We will prove that for the above classes

X we have that a finitely generated hyper-(Abelian-by-finite) group in FX

belongs to X. As a consequence of these results, we prove that when the
nilpotency class of the subgroups (or quotients) of the subgroups 〈x, h〉
are bounded by a given positive integer k, then the nilpotency class of

the corresponding subgroup (or quotient) of G is bounded by a positive
integer c depending only on k.

1. Introduction

In [2], the authors considered the class FEk of groups G such that for each
element x ∈ G there exists a normal subgroup of finite index H(x) such that
〈x, h〉 is nilpotent of class at most k for all h ∈ H(x), k being a given posi-
tive integer. Clearly, the class FE1 coincides with the class of FC-groups and
the aim of that paper was to extend some properties of FC-groups to FEk-
groups. In particular, it was proved, among many results, that if G is a finitely
generated soluble-by-finite group in the class FEk, then G/Zm(G) is finite for
some positive integer m depending only on k [2, Theorem 3.2(a)]. Inspired by
this result, we will consider the following general problem. If X is a class of
groups, how different from X is FX, the class of groups G such that for every
x ∈ G, there exists a normal subgroup of finite index H(x) such that 〈x, h〉 ∈ X
for every h ∈ H(x). Clearly, if X is a subgroup closed class, then each X-
group belongs to the class FX. Here we will consider the class FX, when X
is the class of nilpotent-by-finite, finite-by-nilpotent and periodic-by-nilpotent
groups. We will prove that for the above classes X we have that a finitely gen-
erated hyper-(Abelian-by-finite) group in FX belongs to X. We will give some

Received March 20, 2018; Accepted June 21, 2018.
2010 Mathematics Subject Classification. 20F18, 20F45.
Key words and phrases. nilpotent-by-finite groups, finite-by-nilpotent groups, periodic-

by-nilpotent groups, Engel elements, hyper-(Abelian-by-finite) groups.

c©2019 Korean Mathematical Society

365



366 F. GHERBI AND N. TRABELSI

known examples which show that the finite generation of the group cannot be
removed from the statements of some of our theorems and that our results
are not true for all finitely generated groups. Our results can also be viewed
as a generalization of those in [7] in which are considered finitely generated
hyper-(Abelian-by-finite) groups all of whose 2-generated subgroups are in X.
As a consequence of our theorems, we prove that when X is the class of (nilpo-
tent of class at most k)-by-finite, finite-by-(nilpotent of class at most k) and
periodic-by-(nilpotent of class at most k) groups for some positive integer k,
then a finitely generated hyper-(Abelian-by-finite) group in FX is respectively
a (nilpotent of class at most c)-by-finite, finite-by-(nilpotent of class at most c)
and periodic-by-(nilpotent of class at most c) group for some positive integer
c depending only on k. Note that FX is a subgroup closed class for every class
X, and FX is a quotient closed class if X is a quotient closed class. We will
use these facts without further reference. Our notation and terminology are
standard and follow [10]. In particular, F, A, N, T, Nc will denote respectively
the class of finite, Abelian, nilpotent, periodic and nilpotent of class at most c
groups.

2. The classes F(NF) and F(NkF)

The main result of this section states that a finitely generated hyper-(Abel-
ian-by-finite) group in the class F(NF) is nilpotent-by-finite.

Lemma 2.1. A finitely generated Abelian-by-nilpotent group in the class F(NF)
is nilpotent-by-finite.

Proof. Let G be a finitely generated Abelian-by-nilpotent group in the class
F(NF), so G satisfies the maximal condition on normal subgroups [10, Theorem
5.34]. Since the class of finitely generated Abelian-by-nilpotent groups and
F(NF) are quotient closed classes, we may assume that G /∈ NF but every
proper quotient of G is nilpotent-by-finite. Let A be a normal Abelian subgroup
such that G/A is nilpotent.

First suppose that A is torsion-free and let 1 6= a ∈ A and let h ∈ H(a).
Then 〈a, h〉 ∈ NF, so there are two positive integers n = n(a, h) and c = c(a, h)
such that [an,c h

n] = 1. But [an,c h
n] = [a,c h

n]
n

and A is torsion-free, hence
[a,c h

n] = 1. Since G is a finitely generated Abelian-by-nilpotent group, there
exists by [8, Theorem B] an integer d > 0, depending only on G, such that for all
x ∈ G and for all positive integer k we have CG(xk) ≤ CG(xd). It follows that[
[a,c−1 h

n] , hd
]

= 1. It is easy to see that
[
b, hi, hj

]
=
[
b, hj , hi

]
for all b ∈ A

and all integers i, j, thus
[[
a, hd

]
,c−1 h

n
]

= 1. Therefore an induction on c gives

that
[
a,c h

d
]

= 1. Moreover, since AH(a)/A is a finitely generated nilpotent

group, then by [9], the set
{
hdA | h ∈ H(a)

}
contains a normal subgroup of

finite index in AH(a)/A, say K/A. Clearly, K may be assumed normal in G,
since it has finite index in G. Let y ∈ K, so y = hdb for some h ∈ H(a) and
b ∈ A. Since there is an integer c = c(a, h) > 0 such that

[
a,c h

d
]

= 1, we have
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[a,c y] =
[
a,c h

db
]

=
[
[a, hd],c−1 h

db
]

=
[
a,c h

d
]

= 1 using the fact that A is
normal and Abelian and an induction on c. Hence a ∈ R(K), the set of right
Engel elements of K. Since K has finite index in G, it is finitely generated, so
by [1] we have R(K) = Zm (K) for some integer m > 0 because G satisfies the
maximal condition on normal subgroups. We deduce that a ∈ Zm (K), so that
G/Zm (K), and hence K/Zm (K), is nilpotent-by-finite, which gives that K is
nilpotent-by-finite. Therefore G is nilpotent-by-finite, a contradiction.

Now suppose that TA, the torsion subgroup of A, is not trivial. Therefore
G/TA ∈ NF, so that G is (periodic-by-nilpotent)-by-finite. Clearly, there is
no loss of generality if we assume that G is periodic-by-nilpotent. Let x ∈ G,
then 〈x, h〉 ∈ NF for every h ∈ H(x). Since 〈x, h〉 ∈ NF, it satisfies the
maximal condition on subgroups; but we have 〈x, h〉 ∈ TN, so 〈x, h〉 ∈ FN.
It follows that G ∈ F(FN). Let b ∈ TA and h ∈ H(b), then 〈b, h〉 ∈ FN,
so the torsion subgroup T of 〈b, h〉 is finite. Since b ∈ T , 〈b, h〉 /T is cyclic
and 〈b, h〉 ∈ FA. Therefore 〈b, h〉 /Z(〈b, h〉) is finite. Hence there exists a
positive integer m = m(b, h) such that hm ∈ CG(b). Since G/H(b) is finite, we
deduce that for any element g ∈ G, there is a positive integer n = n(b, g) > 0
such that gn ∈ CG(b), that is G is periodic over CG(b), a terminology which
has been introduced in [3]. Since G/A is nilpotent and A ≤ CG(b), CG(b) is
subnormal in G, say of defect r. Now by induction on r, we can show that
|G : CG(b)| <∞. Indeed, if r = 1, then CG(b) C G and hence G/CG(b), being
a finitely generated periodic soluble group, is finite. Assume that r > 1 and
let the series CG(b) = G0 C G1 C · · · C Gr = G. Since G is periodic over G1

which is subnormal of defect r − 1, we deduce that |G : G1| < ∞. Hence G1

is finitely generated, so that G1/G0 is finite. Consequently |G : CG(b)| < ∞
and hence b is an FC-element of G. It follows that bG = 〈bg | g ∈ G〉 is finite.
But TA is the normal closure of finitely many elements and hence is finite.
Therefore G ∈ NF, our final contradiction. �

Theorem 2.2. A finitely generated hyper-(Abelian-by-finite) group in the class
F(NF) is nilpotent-by-finite.

Proof. Let G be a finitely generated hyper-(Abelian-by-finite) group in the
class F(NF). Since finitely generated nilpotent-by-finite groups are finitely
presented and F(NF) is a quotient closed class, by [10, Lemma 6.17] we may
assume that G /∈ NF, but every proper quotient of G is nilpotent-by-finite.
Since G is hyper-(Abelian-by-finite), it contains a non-trivial normal subgroup
A such that A is finite or Abelian, so G/A ∈ NF. It follows that if A is finite,
then G ∈ NF, which is a contradiction. So A is Abelian and hence G ∈ (AN)F,
which gives the contradiction, by Lemma 2.1, that G ∈ NF and the Theorem
is proved. �

Let G be the example of Heineken and Mohamed [6] of a metabelian p-
group with trivial centre such that G/G′ ' Cp∞ and whose proper subgroups
are nilpotent and subnormal for some prime p. Since G is locally nilpotent, it
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belongs to FN. But G has no proper subgroups of finite index, so G /∈ NF.
This shows that we cannot remove the finite generation from Theorem 2.2.

Let G be an example of Golod [4] of an infinite 3-generated group all of whose
2-generated subgroups are finite p-groups for the same prime p. So G ∈ FN,
but G, being infinite, is neither in NF (and à fortiori) nor in FN. Therefore
Theorem 2.2 and Theorem 3.1 below are not true for all finitely generated
(residually finite) groups.

Corollary 2.3. Let k be a positive integer and let G be a finitely generated
hyper-(Abelian-by-finite) group in the class F(NkF). Then there exists a positive
integer c = c(k), depending only on k, such that G ∈ NcF.

Proof. By Theorem 2.2, G ∈ NF. Let K be a normal nilpotent subgroup of
G such that G/K is finite. Since K is a finitely generated nilpotent group,
it has a torsion-free normal subgroup of finite index. Thus, G has a normal
torsion-free nilpotent subgroup N of finite index. But N ∈ F(NkF), so N ∈
FNk by [10, Lemma 6.33]. It follows, by [2, Theorem 3.2(a)], that there exists
an integer c = c(k), depending only on k, such that N ∈ FNc; that is N ∈ Nc,
thus G ∈ NcF. �

3. The classes F(FN) and F(FNk)

The main result of this section is an easy consequence of Theorem 2.2.

Theorem 3.1. A finitely generated hyper-(Abelian-by-finite) group in the class
F(FN) is finite-by-nilpotent.

Proof. Let G be a finitely generated hyper-(Abelian-by-finite) group in the
class F(FN). By Theorem 2.2, G ∈ NF. Let N be a normal nilpotent subgroup
of G such that G/N is finite.

Suppose first that N is torsion-free and let x ∈ G. Put K = H(x) ∩N , so
K is a normal subgroup of finite index in G such that 〈x, y〉 ∈ FN for every
y ∈ K. Let y ∈ K and let T be the torsion subgroup of 〈x, y〉. Hence T is
finite and 〈x, y〉 /T is a torsion-free nilpotent group in the class NcF, where c is
the nilpotency class of N , so it is in Nc by [10, Lemma 6.33]. We deduce that
〈x, y〉 ∈ FNc, that is γc+1(〈x, y〉) is finite. Since K is normal in G, we have that
γc+1(〈x, y〉) ≤ γc+1(〈x〉K) ≤ K. But K is torsion-free, so γc+1(〈x, y〉) = 1,
and hence 〈x, y〉 ∈ Nc. It follows that G ∈ FNc so that G ∈ FN by [2, Theorem
3.2(a)].

Now assume that P , the torsion subgroup of N , is not trivial. Then P is
finite and as the hypotheses on G are closed by quotients, G/P ∈ FN by the
first part of the proof. Hence G ∈ FN, as claimed. �

Let the locally dihedral group G = A o 〈x〉, where A ' C2∞ , x2 = 1 and
ax = a−1 for all a ∈ A. Clearly, G′ = A and G is locally nilpotent, so that
G ∈ FN. If G ∈ FN, then G ∈ FA by [10, Lemma 3.13] which gives the
contradiction that G′ is finite. Therefore G /∈ FN and we cannot remove the
condition of finite generation from Theorem 3.1.
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Corollary 3.2. Let k be a positive integer and let G be a finitely generated
hyper-(Abelian-by-finite) group in the class F(FNk). Then there exists a positive
integer c = c(k), depending only on k, such that G ∈ FNc.

Proof. Let G be a finitely generated hyper-(Abelian-by-finite) group in the
class F(FNk). By Theorem 3.1, G ∈ FN. Let T be the torsion subgroup of
G, so T is finite and G/T is a finitely generated nilpotent group in the class
FNk. It follows, by [2, Theorem 3.2(a)], that there exists an integer c = c(k),
depending only on k, such that G/T is in FNc; so that G ∈ FNc. �

4. The classes F(TN) and F(TNk)

The main result of this section states that a finitely generated hyper-(Abel-
ian-by-finite) group in the class F(TN) is periodic-by-nilpotent.

Lemma 4.1. A finitely generated Abelian-by-nilpotent group in the class F(TN)
is periodic-by-nilpotent.

Proof. Let G be a finitely generated Abelian-by-nilpotent group in the class
F(TN). Let A be a normal Abelian subgroup of G such that G/A is nilpotent
and assume that A is torsion-free. Since G satisfies the maximal condition on
normal subgroups [10, Theorem 5.34], A = aG1 · · · aGr for some a1, . . . , ar ∈ A.
Put H = ∩1≤i≤rH(ai), so H is a normal subgroup of finite index in G and
for every 1 ≤ i ≤ r and for all h ∈ H we have 〈ai, h〉 ∈ TN. Let i with
1 ≤ i ≤ r and let h ∈ H, there is therefore a positive integer n = n(ai, h) such
that γn+1(〈ai, h〉) is periodic. But γn+1(〈ai, h〉) ≤ γn+1(〈h〉A) ≤ A which is
torsion-free, hence γn+1(〈ai, h〉) = 1, so that 〈ai, h〉 is nilpotent. Let a ∈ A, so
a = b1 · · · bs where bj = a

gj
ij

for some gj ∈ G, 1 ≤ ij ≤ r and 1 ≤ j ≤ s. There

is a positive integer cij = cij (aij , h
g−1
j ) such that

〈
aij , h

g−1
j

〉
∈ Ncij , thus[

aij ,cij h
g−1
j

]
= 1. By letting c = max

{
cij | 1 ≤ ij ≤ r, 1 ≤ j ≤ s

}
= c(a, h),

we obtain

[a,c h] = [b1 · · · bs,c h] = [b1,c h] · · · [bs,c h] =
[
ag1i1 ,c h

]
· · ·
[
agsis ,c h

]
=
[
ai1 ,c h

g−1
1

]g1
· · ·
[
ais ,c h

g−1
s

]gs
= 1.

Since [a,c bh] = [a,c h] = 1 for every b ∈ A, we deduce that for all a ∈ A
and x ∈ AH, there is an integer c = c(a, x) > 0 such that [a,c x] = 1 and
hence A ≤ R(AH) the set of right Engel elements of AH. Moreover, since
G/AH is finite, AH is a finitely generated Abelian-by-nilpotent group and
hence R(AH) = Zk(AH) for some positive integer k by [1] and as AH satisfies
the maximal condition on normal subgroups. It follows that AH/Zk(AH) is
nilpotent, which gives that AH is nilpotent. Consequently, G ∈ NF. We
deduce that G satisfies the maximal condition on subgroups and hence it is in
F(FN). Now, Theorem 3.1 gives that G ∈ FN.

Assume now that TA, the torsion subgroup of A, is not trivial. By the first
part of the proof, we have that G/TA ∈ FN and hence G ∈ TN. �
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Lemma 4.2. An Abelian-by-periodic soluble group in the class F (TN) is period-
ic-by-Abelian.

Proof. Let G be an Abelian-by-periodic soluble group in the class F(TN). We
will show that G′ is periodic. Indeed, let g ∈ G′, so there is a finitely generated
subgroup H of G such that g ∈ H ′. It follows that H is in F(TN) and satisfies
the maximal condition on subgroups, hence H ∈ F(FN). So that, by Theorem
3.1, H ∈ FN. Let T be the torsion subgroup of H. Then T is finite and H/T
is a torsion-free nilpotent group in the class AF, whence H/T is Abelian by
[10, Lemma 6.33], that is H ∈ FA. Therefore H ′ is finite and hence g has finite
order. This means that G′ is periodic, so G ∈ TA; as claimed. �

Lemma 4.3. A finitely generated soluble group in the class F(TN) is periodic-
by-nilpotent.

Proof. Let G be a finitely generated soluble group in the class F(TN). We
will show by induction on the derived length d of G that G is periodic-by-
nilpotent. If d = 1, then G is Abelian and so the result is true. Now suppose
that d > 1 and let A = G(d−1), so A is a normal Abelian subgroup of G. By
the inductive hypothesis, we obtain that G/A ∈ TN. Hence G ∈ (AT)N. It
follows, by Lemma 4.2, that G ∈ T(AN) and Lemma 4.1 gives that G ∈ TN;
as required. �

Theorem 4.4. A finitely generated hyper-(Abelian-by-finite) group in the class
F(TN) is periodic-by-nilpotent.

Proof. Let G be a finitely generated hyper-(Abelian-by-finite) group in the
class F(TN) and let 1 = G0 C G1 C · · · C Gτ C Gτ+1 C · · · C Gα = G be an
ascending series of normal subgroups of G such that Gτ+1/Gτ ∈ AF for every
ordinal τ , and if λ is a limit ordinal, then Gλ = ∪τ<λGτ . We proceed by a
transfinite induction on α. If α ≤ 1, then G is a finitely generated abelian-
by-finite group. Therefore G satisfies the maximal condition on subgroups and
hence it is in F(FN). Thus by Theorem 3.1, G ∈ FN. Now suppose that
α > 1 and that the theorem is true for all ordinals less than α. If α is a limit
ordinal, then G = ∪τ<αGτ . But G = 〈x1, . . . , xn〉 for some x1, . . . , xn ∈ G,
so G = Gτ for some ordinal τ < α and hence G ∈ TN. Now suppose that α
is not a limit ordinal, so that Gα−1 ∈ TN. Since G/Gα−1 = Gα/Gα−1 ∈ AF,
G ∈ (T(NA))F. Let N C G such that N ∈ T(NA) and G/N is finite. Since
G is finitely generated, then N is a finitely generated torsion-by-soluble group
in the class F(TN); whence by Lemma 4.3, N ∈ TN. So we have G ∈ T(NF).
Let T be a normal subgroup of G such that T ∈ T and G/T ∈ NF. Since
finitely generated nilpotent-by-finite groups satisfy the maximal condition on
subgroups, G/T ∈ F(FN) and hence G/T ∈ FN by Theorem 3.1, so that
G ∈ TN and the Theorem is proved. �

In [5, Corollary 4.2], the existence of a torsion-free Golod like example has
been proved, namely a non-nilpotent residually nilpotent 3-generated group G
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in which every pair of elements generates a nilpotent group. So G ∈ FN, but
G /∈ TN; which shows that Theorem 4.4 is not true for all finitely generated
(residually nilpotent) groups.

Corollary 4.5. Let k be a positive integer and let G be a finitely generated
hyper-(Abelian-by-finite) group in the class F(TNk). Then there exists a posi-
tive integer c = c(k), depending only on k, such that G ∈ TNc.

Proof. Let G be a finitely generated hyper-(Abelian-by-finite) group in the class
F(TNk). By Theorem 4.4, G ∈ TN. Let T the torsion subgroup of G, so G/T
is a torsion-free nilpotent group in the class F(Nk). It follows, by [2, Theorem
3.2(a)], that there exists an integer c = c(k), depending only on k, such that
G/T ∈ FNc, thus G ∈ TNc. �

References

[1] C. J. B. Brookes, Engel elements of soluble groups, Bull. London Math. Soc. 18 (1986),

no. 1, 7–10.
[2] M. De Falco, F. de Giovanni, C. Musella, and N. Trabelsi, A nilpotency-like condition

for infinite groups, J. Austral. Math. Soc.; doi:10.1017/S1446788717000416.

[3] S. Franciosi, F. de Giovanni, and Y. P. Sysak, Groups with many polycyclic-by-nilpotent
subgroups, Ricerche Mat. 48 (1999), no. 2, 361–378 (2000).

[4] E. S. Golod, Some problems of Burnside type, Amer. Math. Soc. Transl. Ser. 2 84 (1969),

83–88.
[5] L. Hammoudi, Burnside and Kurosh problems, Internat. J. Algebra Comput. 14 (2004),

no. 2, 197–211.

[6] H. Heineken and I. J. Mohamed, A group with trivial centre satisfying the normalizer
condition, J. Algebra 10 (1968), 368–376.

[7] J. C. Lennox, Bigenetic properties of finitely generated hyper-(abelian-by-finite) groups,

J. Austral. Math. Soc. 16 (1973), 309–315.
[8] J. C. Lennox and J. E. Roseblade, Centrality in finitely generated soluble groups, J.

Algebra 16 (1970), 399–435.
[9] A. I. Maltsev, Homomorphisms onto finite groups, Ivanov Gos. Ped. Inst. Uchen Zap.

Fiz-Mat. Nauki 8 (1958), 49–60.

[10] D. J. S. Robinson, Finiteness Conditions and Generalized Soluble Groups. Part 2,
Springer-Verlag, New York, 1972.

Fares Gherbi

Laboratory of Fundamental and Numerical Mathematics

Department of Mathematics
University Ferhat Abbas Setif 1

Setif 19000, Algeria

Email address: fares.gherbi@univ-setif.dz

Nadir Trabelsi

Laboratory of Fundamental and Numerical Mathematics
Department of Mathematics

University Ferhat Abbas Setif 1

Setif 19000, Algeria
Email address: ntrabelsi@univ-setif.dz


