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ON THE UNIQUENESS OF MEROMORPHIC FUNCTION

AND ITS SHIFT SHARING VALUES WITH TRUNCATED

MULTIPLICITIES

Hai Nam Nguyen, Vangty Noulorvang, and Duc Thoan Pham

Abstract. In this paper, we deal with unicity of a nonconstant zero-
order meromorphic function f(z) and its shift f(qz) when they share

four distinct values IM or share three distinct values with multiplicities

truncated to level 4 in the extended complex plane, where q ∈ C \ {0}.
We also give an uniqueness result for f(z) sharing sets with its shift.

1. Introduction

For each ν be a divisor on C, we denote its counting function and reduced
counting function by N(r, ν) and N(r, ν), respectively. For each integer k, we
set

ν≤k(z) =

{
ν(z) if ν(z) ≤ k,
0 for otherwise,

and write N≤k(r, ν) for N(r, ν≤k) and N≤k(r, ν) for N(r, ν≤k). Similarly, we

define N=k(r, ν), N=k(r, ν) and N≥k(r, ν), N≥k(r, ν).
Let ϕ be a nonzero holomorphic function on C. For each z0 ∈ C, extending

ϕ as ϕ(z) =
∑∞
n=0 cn(z − z0)n around z0. We define divisor ν0ϕ(z0) := min{n :

cn 6= 0}.
Let f be a nonzero meromorphic function on C and two holomorphic func-

tions ϕ1, ϕ2 with common zeros such that f = ϕ1

ϕ2
. We define ν0f = ν0ϕ1

and ν∞f = ν0ϕ2
. We use notation N(r, 1

f−a ) with a ∈ C and N(r, f) in-

stead of N(r, ν0f−a) and N(r, ν∞f ) respectively. By the same way, we also use

notation N(r, 1
f−a ), N(r, f) and N≤k(r, 1

f−a ), N≤k(r, 1
f−a ) and N≥k(r, 1

f−a ),

N≥k(r, 1
f−a ).
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Denote proximity function of f by m(r, f), then the Nevanlinna character-
istic function of f is defined by

T (r, f) := m(r, f) +N(r, f).

The order ρ(f) and the hyper-order γ(f) of a meromorphic function f are
defined respectively by

ρ(f) = lim sup
r→∞

log+ T (r, f)

log r
, γ(f) = lim sup

r→∞

log+(log+ T (r, f))

log r
.

We denote by S(r, f) a quantity equal to o(T (r, f)) for all r ∈ (1,∞) outside
a finite Borel measure set. In particular, we denote by S1(r, f) any quantity
satisfying S1(r, f) = o(T (r, f)) for all r on a set of logarithmic density 1.

Let f and g be two meromorphic functions on C and a point a ∈ C ∪ {∞}.
We say that f and g share a with multiplicities truncated to level k, or share
a CMk in another word, if for each z ∈ C

min{k, ν0f−a(z)} = min{k, ν0g−a(z)}.
We will say that f and g share a IM if k = 1, and f and g share a CM if

k =∞.
For a set S of complex numbers and a integer number k (maybe k+∞), we

define the set Ek(S, f) = ∪a∈S{f(z)− a = 0}, where a zero z0 of f − a counts
min{k, ν0f−a(z0)} times in Ek(S, f). We will omit character k if k = +∞.

If Ek(S, f) = Ek(S, g), we will say that f and g share the set S CMk.
In recent years, uniqueness questions the meromorphic functions sharing

values or sets have been treated as well (see in [4–6, 8, 9, 13]). In this article,
we will investigate further uniqueness problem of a zero order meromorphic
function and its shifts sharing four values or the three values or sets with
multiplicities truncated to level 1 or 4.

Firstly, we recall the previous result in [6].

Theorem A ([6, Theorem 2.3]). Let f be a nonconstant zero order meromor-
phic function, and q ∈ C\{0}. Suppose that f(z) and f(qz) share 0, 1, c IM and
share ∞ CM , where c is a finite value such that c 6= 0, 1. Then f(z) = f(qz)
for all z ∈ C.

In the case, f(z) and f(qz) share three values, X. Qi, K. Liu and L. Yang
have the following.

Theorem B ([8, Theorem 1.1]). Let f be a zero order meromorphic function,
and q ∈ C \ {0}, and let a1, a2, a3 ∈ C ∪ {∞} be three distinct values. If f(z)
and f(qz) share a1, a2 CM and a3 IM , then f(z) = f(qz) for all z ∈ C.

In our opinion, Theorem A is still weak. As we known, [1, Theorem 3]
showed that if f and g are rational functions sharing four distinct values IM ,
then f = g. Obviously, we also have this result when f is a rational function
and g is its shift. Our first aim in this paper is to generalize this result for a zero
order meromorphic function and its shift as well as to improve Theorem A by
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replacing condition “sharing ∞ CM” by condition “sharing ∞ IM”. Namely,
we have the following.

Theorem 1.1. Let f be a nonconstant zero order meromorphic function, and
q ∈ C \ {0} and let a1, a2, a3, a4 ∈ C ∪ {∞} be four distinct values. Suppose
that f(z) and f(qz) share four values a1, a2, a3, a4 IM . Then f(z) = f(qz) for
all z ∈ C.

Similar to the situation in Theorem B, we consider the case, in which f(z)
and f(qz) share three values with multiplicities truncated to level 4. Our second
aim is to prove the following theorem.

Theorem 1.2. Let f be a nonconstant zero order meromorphic function, and
q ∈ C \ {0}, and let a1, a2, a3 ∈ C ∪ {∞} be three distinct values. If f(z) and
f(qz) share a1, a2, a3 CM

4, then f(z) = f(qz) for all z ∈ C.

Let S = {1, ω, ω2, . . . , ωn−1}, where ω = cos(2π/n) + i sin(2π/n) with some
integer n. In the case, f(z) and f(qz) share the sets S and {∞}, X. Qi, K. Liu
and L. Yang [6, 8] have the following result.

Theorem C ([6, Theorem 1.1] or [8, Theorem 1.3]). Let f be a noncon-
stant zero order meromorphic function such that E(S, f(z)) = E(S, f(qz)) and
E(∞, f(z)) = E(∞, f(qz)) with q ∈ C \ {0}. If n ≥ 4, then f(z) = tf(qz),
tn = 1 and |q| = 1.

Remark 3 in [8] showed that Theorem C does not hold if the condition
E(S, f(z)) = E(S, f(qz)) is replaced by condition E(0, f(z)) = E(0, f(qz)).
However, if adding condition E(0, f(z)) = E(0, f(qz)) and considering the
truncated multiplicity case, then is Theorem C true? Finally, in answering this
question, we will prove the following.

Theorem 1.3. Let f be a nonconstant zero order meromorphic function such
that f(z) and f(qz) share two values 0,∞ IM and share the set S CMn. If
n ≥ 4, then f(z) = tf(qz) for all z ∈ C, where tn = 1.

2. Some lemmas

Lemma 2.1 ([3, Lemma 3]). Let f and g be two distinct non-constant mero-
morphic functions that share four values a1, a2, a3 and a4 IM , where a4 =∞.
Then the following statements hold:

i) N1(r, 0, f ′) = O(log(rT (r, f))) and N1(r, 0, g′) = O(log(rT (r, f))), where
N1(r, 0, f ′) and N1(r, 0, g′) “count” respectively only those points in N1(r, 0, f ′)
and N1(r, 0, g′) which do not occur when f(z) = g(z) = aj for some j =
1, 2, 3, 4.

ii) For j = 1, 2, 3, 4, let N2(r, aj) refer to those aj-points that are multiple
for both f and g and “count” each such point the number of times of smaller of
the two multiplicities. Then

∑4
j=1N2 (r, aj) = O(log(rT (r, f))) as r 6∈ E and

r →∞.
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Lemma 2.2 ([11, Corollary 1]). Let f be a nonconstant meromorphic func-
tion on C. Let a1, a2, . . . , aq (q ≥ 3) be q distinct small (with respect to f)
meromorphic functions on C. Then for each ε > 0, the following holds:

(q − 2− ε)T (r, f) ≤
q∑
i=1

N

(
r,

1

f − ai

)
+ S(r, f).

Here, a meromorphic function a is small with respect to a meromorphic
function f , we mean that T (r, a) = o(T (r, f)) as r →∞.

The following logarithmic derivative lemma plays an important role in
Nevanlinna theory.

Lemma 2.3 ([10]). Let f be a nonconstant meromorphic function on C. Then

m

(
r,
f ′

f

)
= S(r, f)

as r →∞ outside a subset of finite measure.

The below lemma was established by D. C. Barnett, R. G. Halburd, P. L.
Korhonen and W. Morgan, which is analogue to the logarithmic derivative
lemma.

Lemma 2.4 ([2, Theorem 1.1]). Let f be a zero order meromorphic function,
and q ∈ C \ {0}. Then

m

(
r,
f(qz)

f(z)

)
= S1(r, f).

Lemma 2.5 ([14, Theorem 1.1 and Theorem 1.3]). Let f be a zero order
meromorphic function, and q ∈ C \ {0}. Then

T (r, f(qz)) = (1 + o(1))T (r, f(z))

and
N (r, f(qz)) = (1 + o(1))N(r, f(z))

on a set of lower logarithmic density 1.

Lemma 2.6 ([12, Theorem 2.17]). Let f and g be meromorphic functions, and
the order of f and g is less than 1. If f and g share 0 and∞ CM , then f ≡ kg,
where k is a non-zero constant.

3. Proof of Theorem 1.1

The first, if a1, a2, a3, a4 are finite, we consider meromorphic function
(f(z)−a1)(a3−a2)
(f(z)−a2)(a3−a1) instead of f and put c = (a4−a1)(a3−a2)

(a4−a2)(a3−a1) . In the case, there

exists one of four values which is infinite, say a4 then we consider meromorphic

function f(z)−a1
a2−a1 instead of f and put c = a3−a1

a2−a1 .
In the both cases, we have c 6= 0, 1 and the meromorphic function and its

shift share 0, 1, c,∞ IM . Hence, we can suppose that a1 = 0, a2 = 1, a3 = c
and a4 =∞.
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By Theorem A and through a suitable Möbius transformation, we can sup-
pose that 0, 1, c,∞ are not exceptional picard values of f(z) and f(qz).

Suppose that f(z) 6= f(qz). Put

ψi(z) =
φi(z)

φi(qz)
(1 ≤ i ≤ 3)

for all z ∈ C, where

φi(z) =
f ′(z)

f(z)− ai
for all z ∈ C. Then ∀z ∈ C, we have

(3.1) ψi(z) =
(f(qz)− ai)f ′(z)
(f(z)− ai)f ′(qz)

.

By Lemma 2.1(i), we have N1(r, 0, f ′(z)) = S(r, f(z)) and N1(r, 0, f ′(qz)) =
S(r, f(qz)). Since Lemma 2.5, we have S1(r, f(z)) = S1(r, f(qz)). Then we
denote S1(r, f(z)) and S1(r, f(qz)) by S(r). This follows from assumptions
and Lemma 2.1(i), (ii) that

(3.2) N(r, ψi) +N

(
r,

1

ψi

)
= S(r).

We known that ρ(f) = ρ(f ′) = 0. This implies that ρ(φ1) = 0. Applying
Lemma 2.4 to φ1, we get

(3.3) m(r, ψi) = S(r).

By (3.2) and (3.3), we obtain

(3.4) T (r, ψi) = S(r).

Since (3.1), we get

(3.5)
f ′(z)

f(z)− ai
= ψi(z)

f ′(qz)

f(qz)− ai
for all z ∈ C. By Lemma 2.1(ii), for each ai we have

(3.6)
∑

m≥2,n≥2

N (n,m)(r, ai) = S(r),

where N (n,m)(r, ai) denotes the reduced counting functions of those zeros of
f(z)− ai with multiplicity n and of f(qz)− ai with multiplicity m in |z| < r.

We separate into two cases.
Case 1: Suppose that there exists some ai (1 ≤ i ≤ 3) such that

(3.7) N (1,1)(r, ai) 6= S(r),

say N (1,1)(r, a1) 6= S(r). Let z0 be a common simple a1-point of f(z) and
f(qz). By Laurent expansions of the right side and the left side of (3.5) in the
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disk around z0, we deduce that ψ1(z0) = 1. This follows from (3.4) and (3.7)
that ψ1 ≡ 1. Therefore, we can rewrite (3.5) as follows

f ′(z)

f(z)− a1
=

f ′(qz)

f(qz)− a1
for all z ∈ C. From the assumption that f(z) and f(qz) share a1,∞ IM ,
we deduce that f(z) and f(qz) share a1,∞ CM . By Theorem B, we get
f(z) = f(qz) for all z ∈ C. This is a contradiction. Then, we have

(3.8) N (1,1)(r, ai) = S(r)

for all i = 1, 2, 3.
Case 2: Suppose that exists some aj (1 ≤ j ≤ 3) such that

N (1,m)(r, aj) 6= S(r),

where m ≥ 2 is a positive integer. By the same argument as in Case 1, we can
see ψj = 1

m . Therefore, (3.5) became

mf ′(z)

f(z)− aj
=

f ′(qz)

f(qz)aj

for all z ∈ C.
It is easy to see that if an ai-point of f(z) has multiplicity l, then that point

of f(qz) has multiplicity ml, for some l ∈ N, and i = j, 4. By considering an
other Möbius transformation, we can see that the above property is also true
for all i (1 ≤ i ≤ 3).

Put

(3.9) F (z) =
fm(z)

(f(z)− c)m
and G(z) =

f(qz)

f(qz)− c
.

Then F (z) and G(z) are zero-order meromorphic functions sharing 0,∞ CM .
By Lemma 2.6, we get

(3.10) F (z) = kG(z)

with some non-zero constant k. Let z0 be a a2-point of f(z) and f(qz). Since
(3.10), we have k = 1

(1−c)m−1 .

Similarly, put

(3.11) F1(z) =
fm(z)

(f(z)− 1)m
and G1(z) =

f(qz)

f(qz)− 1
,

we also have

(3.12) F1(z) = tG1(z)

with constant t = cm−1

(c−1)m−1 = (−c)m−1

(1−c)m−1 . From (3.9)–(3.12), we obtain

(3.13)
fm(z)

(f(z)− c)m
=

1

(1− c)m−1
· f(qz)

f(qz)− c
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and

(3.14)
fm(z)

(f(z)− 1)m
=

(−c)m−1

(1− c)m−1
· f(qz)

f(qz)− 1
.

Now, (3.13) and (3.14) yield two following equations

f(qz) =
c(1− c)m−1fm(z)

(1− c)m−1fm(z)− (f(z)− c)m

and

f(qz) =
(1− c)m−1fm(z)

(1− c)m−1fm(z)− (−c)m−1(f(z)− 1)m
.

It follows that

(3.15) (1− c)mfm(z)− (f(z)− c)m − (−c)m(f(z)− 1)m = 0

for all z ∈ C. By Newton expansion of (3.15), we get

(1− c)m − 1− (−c)m = 0

and (
m
k

)
(−c)k + (−c)m

(
m
k

)
(−1)k = 0

for all k = 1, 2, . . . ,m. This means that

ck + (−c)m = 0,

which is impossible for all k = 1, 2, . . . ,m. Hence, Case 2 does not happen, i.e.,

(3.16) N (1,m)(r, aj) = S(r)

for all j = 1, 2, 3 and m ≥ 2. Similarly, we also have

(3.17) N (m,1)(r, aj) = S(r), j = 1, 2, 3.

for all m ≥ 2.
We now estimate for N(r, 1

f(z)−ai ). By (3.6), (3.8) and (3.16)–(3.17), we

obtain

N

(
r,

1

f(z)− ai

)
=
∑
n≥1

∑
m≥1

Nn,m (r, ai)

=
∑
n≥10

∑
m≥1

Nn,m (r, ai) +
∑
n≤9

∑
m≥1

Nn,m (r, ai)

=
∑
n≥10

∑
m≥1

Nn,m (r, ai) +
∑
n≤9

∑
m≥10

Nn,m (r, ai)

+
∑
n≤9

∑
m≤9

Nn,m (r, ai)

≤ 1

10

(
N

(
r,

1

f(z)− ai

)
+N

(
r,

1

f(qz)− ai

))
+ S(r)

for all ai, i = 1, 2, 3.
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Applying second main theorem, we have

T (r, f(z)) ≤ N
(
r,

1

f(z)− a1

)
+N

(
r,

1

f(z)− a2

)
+N

(
r,

1

f(z)− a3

)
+S(r).

Together this with above inequality, we deduce

(3.18) 7T (r, f(z)) ≤ 3T (r, f(qz)) + S(r).

Similarly,

(3.19) 7T (r, f(qz)) ≤ 3T (r, f(z)) + S(r).

Combining (3.18) with (3.19), we can see that

4(T (r, f(z)) + T (r, f(qz))) ≤ S(r),

which is impossible. Hence, f(z) = f(qz) for all z ∈ C. Theorem 1.1 is proved.

4. Proof of Theorem 1.2

By the same argument as in [7, Proposition 3.5], we have the following.

Lemma 4.1. Let F and G be non-constant meromorphic functions. Assume
that F

G is not constant. Then we have the following inequality

N(r, ν) ≤ N(r, |ν0F − ν0G|) +N(r, |ν∞F − ν∞G |) + S(r),

where S(r) = o(T (r, F )+T (r,G)) outside a finite Borel measure set of [1; +∞)
and ν is the divisor defined by ν(z) = max{0,min{ν0F−1(z), ν0G−1(z)} − 1}.

Proof. Put

H =
F ′

F
− G′

G
=

(F/G)′

(F/G)
.

Since F
G is not constant, we have H 6≡ 0. Applying Lemma 2.3, we get

(4.2) m(r,H) ≤ m
(
r,
F ′

F

)
+m

(
r,
G′

G

)
= S(r).

It is easy to see that H has only simple poles and if z is a pole of H, then it
must be either ν0F (z) 6= ν0G(z) or ν∞F (z) 6= ν∞G (z). This implies that

(4.3) N(r, ν∞H ) ≤ N(r, |ν0F − ν0G|) +N(r, |ν∞F − ν∞G |).
On the other hand, if z is a common zero of (F−1) and (G−1), then z must be a

zero of H =
(
F−G
G

)′
/
(
F
G

)
with multiplicity at least (min{ν0F−1(z), ν0G−1(z)}−

1). It follows that

N(r, ν) ≤ N(r, ν0H),

and therefore, since (4.2) and (4.3), we obtain

N(r, ν) ≤ T (r,H) = m(r,H) +N(r, ν∞H )

≤ N(r, |ν0F − ν0G|) +N(r, |ν∞F − ν∞G |) + S(r).

The proof of Lemma 4.1 is complete. �
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We now prove Theorem 1.2. By considering a suitable Möbius transforma-
tion as in the proof of Theorem 1.1, we can suppose that a1 = 0, a2 = 1 and
a3 =∞.

Assume that three functions f(z)
f(qz) ,

f(z)−1
f(qz)−1 and f(z)−1

f(z) / f(qz)−1f(qz) are not con-

stant. Applying Lemma 4.1 to three pairs of meromorphic functions (F1(z),
G1(z)) = (f(z), f(qz)) and (F2(z), G2(z)) = (1 − f(z), 1 − f(qz)) and (F3(z),

G3(z)) =
(
f(z)−1
f(z) , f(qz)−1f(qz)

)
, we can show that for each permutation (i, j, s) of

(1, 2, 3) then

(4.4) N(r, νs) ≤ N(r, |ν0f(z)−ai−ν
0
f(qz)−ai |)+N(r, |ν0f(z)−aj−ν

0
f(qz)−aj |)+S(r),

where νs(z) := max{0,min{ν0f(z)−as , ν
0
f(qz)−as} − 1}. Here, ν0f(z)−aj means

ν∞f(z) if aj =∞.

Since (4.4), we have following estimates

N=2(r, ν0f(z)−as) + 2N=3(r, ν0f(z)−as) + 3N>3(r, ν0f(z)−as)

≤ N(r, νs) + S(r)

≤ N(r, |ν0f(z)−ai − ν
0
f(qz)−ai |) +N(r, |ν0f(z)−aj − ν

0
f(qz)−aj |) + S(r)

≤ N>3(r, ν0f(z)−ai) +N>3(r, ν0f(z)−aj ) + S(r).

It follows from these inequalities that

N=2(r, ν0f(z)−ai) = N=3(r, ν0f(z)−ai) + S(r)

= N>3(r, ν0f(z)−ai) + S(r) = S(r)

for all i = 1, 2, 3. This implies that

(4.5) N≥2

(
r,

1

f(z)− ai

)
= S(r), i = 1, 2, 3.

Similarly,

(4.6) N≥2

(
r,

1

f(qz)− ai

)
= S(r), i = 1, 2, 3.

Noting that by Lemma 2.5, we can take S(r) = S1(r, f(z)) = S1(r, f(qz)).
For each i = 1, 2, we put

(4.7) ψi(z) =
f(qz)− ai
f(z)− ai

.

By (4.5)–(4.6) and the assumption, it is easy to see from the logarithmic de-
rivative lemma and the first main theorem that

N

(
r,

1

ψi(z)

)
+N(r, ψi(z)) = S(r), i = 1, 2.

Applying Lemma 2.4, we have

m(r, ψi(z)) = S(r), i = 1, 2.
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From these equations, we obtain

(4.8) T (r, ψi(z)) = S(r), i = 1, 2.

Suppose that N=1

(
r, 1
f(z)−aj

)
is not equal to S(r) with some j ∈ {1, 2}.

Rewrite (4.7) as follows

(4.9) ψi(z)(f(z)− ai) = f(qz)− ai,
where i ∈ {1, 2} \ {j}.

Take z0 be a simple aj-point of f(z) and f(qz). Then by Laurent expansion
of the both sides of (4.9) in the disk around z0, we obtain ψi(z0) = 1. It follows

from (4.8) and N=1

(
r, 1
f(z)−aj

)
6= S(r) that ψi ≡ 1. This contrasts to our

assumption that ψi is not constant.
We now suppose that

N=1

(
r,

1

f(z)− aj

)
= S(r), j = 1, 2.(4.10)

By Lemmas 2.2, 2.5 and from (4.5)–(4.6), (4.9)–(4.10), for 0 < ε < 1, we get

(2− ε)T (r, f(z)) ≤ N (r, f(z)) +N

(
r,

1

f(z)

)
+N

(
r,

1

f(z)− 1

)
+N

(
r,

1

f(z)− 1
ψ1(z)

)
+ S(r)

≤ N (r, f(z)) + S(r)

≤ T (r, f(z)) + S(r).

This is impossible. Hence, one of three functions f(z)
f(qz) ,

f(z)−1
f(qz)−1 and

f(z)−1
f(z) / f(qz)−1f(qz) must be constant.

If f(z)
f(qz) or f(z)−1

f(qz)−1 is constant, then since f(z) and f(qz) share 0, 1,∞ CM4,

we deduce that f(z) and f(qz) share 0,∞ or share 1,∞ CM . It follows from
Theorem B that f(z) = f(qz) for all z ∈ C.

If f(z)−1
f(z) / f(qz)−1f(qz) is constant, then f(z) and f(qz) share 0, 1 CM . By The-

orem B again, we also obtain f(z) = f(qz) for all z ∈ C. Theorem 1.2 is
proved.

5. Proof of Theorem 1.3

Put F (z) = fn(z). Then we have F (z) and F (qz) share 0,∞ and 1 CMn.
Applying Theorem 1.2, we get F (z) = F (qz), i.e., fn(z) = fn(qz) for all z ∈ C.
It follows that f(z) = tf(qz) for all z ∈ C, where t satisfies tn = 1.
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