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Wavelet packet modulation (WPM) is a multicarrier modulation (MCM) technique

that has emerged as a potential alternative to the widely used orthogonal frequency‐
division multiplexing (OFDM) method. Because WPM has overlapped symbols,

equalization cannot rely on the use of the cyclic prefix (CP), which is used in

OFDM. This study applies linear minimum mean‐square error (MMSE) equalization

in the time domain instead of in the frequency domain to achieve low computational

complexity. With a modest equalizer filter length, the imperfection of MMSE equal-

ization results in subcarrier attenuation and noise amplification, which are consid-

ered in the development of a bit‐loading algorithm. Analytical expressions for the

bit error rate (BER) performance are derived and validated using simulation results.

A performance evaluation is carried out in different test scenarios as per Recommen-

dation ITU‐R M.1225. Numerical results show that WPM with equalization‐aware
bit loading outperforms OFDM with bit loading. Because previous comparisons

between WPM and OFDM did not include bit loading, the results obtained provide

additional evidence of the benefits of WPM over OFDM.
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1 | INTRODUCTION

Multicarrier modulation (MCM) has been extensively used
to support the ever‐growing demands of large data rates
using limited bandwidth. While orthogonal frequency‐
division multiplexing (OFDM) is a widely adopted MCM
technique, it has some limitations, such as high signal
peak‐to‐average power ratios (PAPRs), high spectral side-
lobes due to the use of rectangular time windows, and the
need for complex multiplications, even for applications
using real signals. Owing to these limitations, several alter-
natives to OFDM have been proposed, among which wave-
let packet modulation (WPM) is considered as an attractive
candidate [1–5]. OFDM is based on the Fourier transform,
and uses the inverse fast Fourier transform (IFFT) at the

transmitter and the fast Fourier transform (FFT) at the
receiver. Meanwhile, WPM is based on a multirate filter
tree structure that computes the inverse discrete wavelet
packet transform (IDWPT) at the transmitter and the dis-
crete WPT (DWPT) at the receiver. In OFDM, the symbols
to be transmitted on subcarriers are generated by the IFFT,
which has a fixed computational structure. Unlike OFDM,
WPM uses IDWPT, which has a flexible filter tree struc-
ture that can easily be modified by changing the filter coef-
ficients [6]. In addition, the iterative tree structure allows
the simple reconfiguration of the transform size according
to the channel characteristics [7].

The PAPR for WPM has been investigated in [6,8,9]. In
[6], statistics of WPM signals and their power distributions
are analyzed along with the impact on the PAPR owing to
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different wavelet families and wavelet filter lengths. The
results show that orthogonal wavelets from different wave-
let families have similar PAPR distributions that are also
independent of the wavelet filter length. This work is fur-
ther extended to reduce the PAPR by generating a set of
WPM frames with random phase shifts on subcarriers, and
by selecting a set that has the lowest PAPR [8]. In [9], it is
shown that WPM reduces the PAPR significantly when
compared to OFDM for a small number of subcarriers,
while for a large number of subcarriers, both modulations
have similar PAPR performances.

With MCM, we can perform equalization and bit loading
to improve transmission performances. In OFDM, equaliza-
tion can be achieved using cyclic prefixes (CPs) and one‐tap
equalization. However, the use of the CP is not practical for
WPM as the output length of IDWPT is longer than the input
length (number of subcarriers), resulting in overlaps between
successive WPM symbols in the time domain. Equalization
for WPM can be performed in the time domain before pass-
ing the equalized signal through DWPT to recover data sym-
bols on subcarriers in the frequency domain. Instead of such
a time‐domain equalization, equalization can also be done
after DWPT in the frequency domain. The time‐domain
equalization for WPM is explored in [10–14], while the fre-
quency‐domain equalization is studied in [7,14].

In [10], a nonideal channel is considered with multiple
subcarriers, each of which is characterized by attenuation
and delay. These subbands are represented by narrowband
orthonormal wavelets, which encounter delay and attenua-
tion. Equalization is thus reduced to estimating the delay
and attenuation for each subcarrier. An algorithm called the
minimum square variance (MSV) is applied to reduce
the intersymbol interference (ISI) using the variance of the
demodulated output. This approach suffers from high com-
putational complexity when the number of subcarriers
increases. The use of time‐domain equalization for WPM
using the peak distortion criterion to reduce the maximum
ISI is proposed in [11], which also explores the impact of
different wavelet families, wavelet filter lengths, and the
number of equalizer taps on the equalization performance.
This method is limited to the removal of ISI, and does not
include the removal of intercarrier interference (ICI). In
[12,13], a frequency‐domain zero‐forcing (ZF) equalizer
and a time‐domain MMSE equalizer are proposed for
WPM. The results show that WPM with time‐domain
MMSE equalization is better than WPM with frequency‐
domain ZF equalization, and it is also better than OFDM
employing a CP with one‐tap equalization. In [7], fre-
quency‐domain equalization for WPM is introduced, but
requires a combined time‐frequency equalization structure
that is much more complex than time‐domain equalization.
In [14], frequency‐domain equalization is performed using
the channel estimates based on least‐square (LS) and linear

MMSE criteria. Training sequences are transmitted as pilot
signals for channel estimation. The results showed that
equalization using channel estimates from linear MMSE
performs better than that obtained with the LS method.

Bit loading is a technique that allocates fewer bits to sub-
carriers that are more affected by channel distortions, result-
ing in an enhanced bit error rate (BER) performance. Bit
loading for OFDM has been widely studied, but few studies
have explored bit loading for WPM [15,16]. In [15], bit
loading is done adaptively based on the channel variation
across subcarriers to achieve the minimum total transmit
power according to the desirable quality of service (QOS)
and BER. However, the proposed bit loading does not con-
sider equalization or any other signal processing to over-
come ISI caused by channel dispersion. In [16], bit loading
is performed along with a unitary mapping filter that is used
to remove ICI. In order to eliminate ISI, guard chips are
inserted between successive WPM symbols. The technique
is equivalent to zero padding at the end of each WPM sym-
bol, and becomes inefficient when WPM symbols are long
owing to the large overhead from zero padding.

Recent studies for WPM include PAPR reduction [17–
19], as well as spectrum sensing (SS) for cognitive radio
(CR) [20]. PAPR reduction for WPM using adaptive wavelet
packet modulation (AWPM) is proposed in [17], and relies
on the trade‐off between PAPR and BER. The proposed
algorithm identifies the frequency range over which the
channel is frequency selective, and performs bandwidth divi-
sion to help reduce the BER. A PAPR reduction method for
WPM with partial transmit sequences (PTSs) and a tree‐
pruning approach are presented in [18]. In [19], the PTS
approach is considered with embedded side information
(ESI) in the transmit frame. In [20], the SS approaches for
CR are proposed based on the accumulated time‐domain
symbol cross‐correlation (ATDSC) and accumulated wave-
let‐domain symbol cross‐correlation (AWDSC). Because
these approaches require a significant number of pilot sig-
nals, another method that is based on approximated covari-
ance matrices is proposed to reduce the requirements.

To the best of the authors’ knowledge, studies that
have been performed to date have not reported a concrete
procedure for the bit‐loading algorithm in the case of
WPM with equalization. The main contribution of this
paper is to present a bit‐loading algorithm for WPM that
incorporates noise amplification and signal attenuation
owing to the imperfection of MMSE equalization. In addi-
tion, a mathematical expression for the BER performance
is derived and verified using simulation results. The
derived BER expression is used to quantify the advantage
of bit loading and for comparison with OFDM. The rest
of the paper is organized as follows. The system model is
given in Section 2, and the bit‐loading algorithm is pre-
sented in Section 3. A mathematical analysis of the BER
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performance is given in Section 4, after which simulation
results are presented in Section 5. The system perfor-
mance analysis is presented in Section 6. Finally, the
paper is concluded in Section 7.

2 | SYSTEM MODEL

Figure 1A shows the overall block diagram for a WPM sys-
tem with bit loading and time‐domain equalization. Bit allo-
cation to each subcarrier is done using a bit‐loading
algorithm, in the absence of which all of the subcarriers will
have the same number of bits per symbol. Bit loading is fol-
lowed by a serial‐to‐parallel converter whose output is fed to
quadrature amplitude modulation (QAM) mapping in order
to generate QAM symbols. The IDWPT unit takes QAM
symbols as inputs, and generates time‐domain WPM symbols
that are transmitted through the channel. The transmitted signal
is convolved with the channel impulse response (CIR), and is
then added to the additive white Gaussian noise (AWGN). The
received signal is first passed through a time‐domain MMSE
equalizer to undo the channel distortion, and then to the DWPT
to obtain the received QAM symbols. After QAM demapping
and a parallel‐to‐serial converter, received data bits are
obtained. The difference between the transmitted data bits and
received data bits will give the BER.

In Figure 1A, IDWPT is employed to generate the
transmit complex data sequence sn from QAM symbols Sk,

where n is the time index and k is the subcarrier index.
The signal for each WPM symbol is given by an orthonor-
mal expansion [21]:

sn ¼ ∑N�1
k¼0 Sk ϕ

k
n; (1)

where ϕk
n is the basis function of subcarrier k, which is the

IDWPT output in Figure 1B when the only nonzero input
is Sk = 1. Denote the CIR of length C by hn. Let wn be a
complex AWGN sequence with mean zero and variance
N0. The received signal rn can be written as:

rn ¼ sn � hn þ wn; (2)

where the notation * represents the convolution operation.
The received signal rn is passed through a time‐domain lin-
ear MMSE equalizer having equalizer coefficients fn, yield-
ing the output signal:

yn ¼ rn � fn: (3)

Then, yn is passed through the DWPT unit to recover
QAM symbols.

2.1 | Wavelet packet modulation

The basic building blocks of WPM are low‐pass filters
(LPFs) and high‐pass filters (HPFs), which form quadra-
ture mirror filter (QMF) pairs. The outputs of both LPFs
and HPFs are symmetrically decomposed, resulting in an
equal bandwidth distribution over the frequency range.
The decomposition process is known as the analysis
process. The inverse operation, which is a reconstruction
process, is known as the synthesis process. Let gdn and
hdn be the analysis (or decomposition) LPF and HPF,
respectively. Similarly, let grn and hrn be the synthesis (or
reconstruction) LPF and HPF, respectively. Let F be the
filter length. These filter pairs are related to each other
by [21]:

hdn ¼ �1ð ÞngdF�1�n; (4)

hrn ¼ hdF�1�n; grn ¼ gdF�1�n: (5)

The inverse transform IDWPT is used at the transmitter,
while the forward transform DWPT is used at the receiver.
The number of inputs for IDWPT is the same as the num-
ber of subcarriers, which depends on the number of recon-
struction stages. IDWPT is illustrated in Figure 1B, where
the number of reconstruction stages is 2, yielding four sub-
carriers. At each stage, an input signal is passed through
upsampling, which is followed by LPF or HPF, after which
each output pair is combined. The reverse operation is car-
ried out in DWPT, where an input signal is first passed
through LPF and HPF, whose outputs are followed by
downsampling. The length of the WPM symbol generated
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FIGURE 1 (A) WPM system block diagram, (B) IDWPT and
DWPT with two stages
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by IDWPT is generally larger than the number of subcarri-
ers, resulting in overlapping WPM symbols in the time
domain. With filter length F and N subcarriers, the length
of a WPM symbol is [21]

L ¼ N � 1ð Þ F � 1ð Þ þ 1: (6)

2.2 | Linear MMSE equalization

Equalization was performed to eliminate or reduce the
impact of interference and distortion introduced by the
channel. We used a linear MMSE equalizer that operates in
the time domain [22]. When the CIR is unknown, a known
training sequence is used, with equalizer coefficients
chosen such that the mean‐square error (MSE) between the
equalizer output and the known signal is minimized. The
equalizer filter is given by [22]:

f ¼ RTR
� ��1RTs: (7)

In (7), s is a column vector that contains a delayed
transmitted training sequence of symbols, and R is a Toe-
plitz matrix containing the received signals before equaliza-
tion. The column vector f contains E equalizer coefficients,
which form a tapped delay line finite‐impulse response
(FIR) filter.

However, if the CIR is known, equalizer filter coeffi-
cients can be derived based on [23], as given by (8). This
eliminates the need for a training sequence.

f ¼ Γ�1ξ: (8)

In (8), f is the column vector containing E = 2K + 1
coefficients of the equalizer. Here, for convenience, E is
expressed in terms of K, where K indicates the number of
signal values around the symbol of interest. Γ is a
2K þ 1ð Þ � 2K þ 1ð Þ matrix with element gl,m, as given by
(9), where �K ≤ l; m≤K, l is the row index of Γ, and m
is the column index of Γ. ξ is a column vector containing
the CIR, as given by (10). In ξ, the first K � C � 1ð Þ ele-
ments and the last K elements are equal to zero.

gl;m ¼Δ ∑C�1
k¼0 hkþm�lh�k þ N0δm�l; (9)

ξ ¼Δ h�K h�K�1 � � � h��K½ �T

¼ 0 � � � 0 h�C�1 � � � h�0 0 � � � 0½ �T:
(10)

In (9), the superscript * indicates the complex conjugate
operation, and δ represents the impulse function. The
equalization MSE can be evaluated using [23] as:

MSE ¼Δ 1� ξyΓ�1ξ; (11)

where the notation y represents the conjugate transpose.

3 | EQUALIZATION‐AWARE
BIT‐LOADING ALGORITHM

This section proposes a bit‐loading algorithm that considers
the equalization error, and which is based on the conven-
tional water‐filling technique [24]. However, it also
accounts for noise amplification and signal attenuation
owing to equalization error. This equalization‐aware feature
allows the use of a low‐complexity equalizer, while main-
taining good BER performances.

3.1 | Noise power gain

The noise power gain on each subcarrier can be numerically
evaluated by generating AWGN and passing it through the
equalizer filter, as shown in Figure 2A. The signal value is
set equal to zero so that the output of DWPT is due to noise
only. Therefore, the variance of each output signal will give
the noise power gain on each subcarrier. Note that this
AWGN generation process is only used for the simulation to
validate the analytical expression in the following para-
graphs. This process is not required in the actual receiver.

The noise power gain on each subcarrier can also be
derived analytically using the equivalent signal processing
block diagram, as shown in Figure 2B. At the receiver,
after the equalizer filter, the QAM symbol on subcarrier k
is obtained by passing the WPM symbol through the
matched filter ϕk

�n, followed by sampling, which is the
standard procedure employed to retrieve the coefficient of
an orthonormal expansion in (1) [23]. In addition, Wk

denotes the output after sampling on subcarrier k.
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FIGURE 2 Block diagram for computation of noise power gains
on subcarriers for WPM (A) using simulations, (B) using analysis,
(C) using analysis based on an equivalent filter
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The equalizer filter fn and the matched filter ϕk
�n can be

combined to form an equivalent filter given by (12). The
equivalent block diagram is shown in Figure 2C.

qkn ¼ fn � ϕk
�n: (12)

When any random process is passed through a linear
time invariant (LTI) filter, the power spectral density (PSD)
of the output will be equal to the PSD of the input multi-
plied by the squared norm of a vector containing filter coef-
ficients [25]. Therefore, the noise power gain on subcarrier
k, which is denoted by γk and which is equivalent to the
variance of Wk divided by N0, can be evaluated using:

γk ¼ var½Wk�=N0 ¼ jjqknjj2: (13)

In the case of OFDM with the CP, the noise power
on each subcarrier can be obtained by passing AWGN
through the process shown in Figure 3. The variance of
each output of one‐tap equalization will give the noise
power on each subcarrier. The use of the CP enables
OFDM to implement one‐tap equalization, which is
accomplished by multiplying a received data symbol on
subcarrier k by the inverse of the subcarrier gain 1=Hk

where Hk is the FFT of CIR hn. Therefore, the noise
power amplification factor is 1=jHkj2 [24]. In light of
this fact, for OFDM, the noise power gain on subcarrier
k is:

γk ¼ var½Wk�=N0 ¼ 1=jHkj2: (14)

3.2 | Signal power gain

The signal power gains for WPM can be evaluated using
the transmission path, as shown in Figure 4A. The trans-
mit signal is passed through the channel and the MMSE
equalizer filter, which is followed by DWPT. Here, noise
is assumed equal to zero so that the output is only due to
signal values.

An equivalent block diagram that is used to obtain sig-
nal power gains analytically is shown in Figure 4B. For
subcarrier k, there are channel filter hn, equalizer filter fn,
and matched filter ϕk

�n, followed by a sampler. The expres-
sion for the signal power gain on subcarrier k, which is
denoted by ηk, is given by:

ηk ¼ fn � hn � ϕk
n;ϕ

k
n

� ��� ��2; (15)

where : ; :h i denotes the inner product operation between
two signals. For OFDM, one‐tap equalization yields a sig-
nal power gain value of 1 for all subcarriers.

3.3 | Signal power computation

In the bit‐loading algorithm, two bits are added to one sub-
carrier in each iteration because we consider square QAM
constellations. Let E0

b be the received energy per bit. The
values of E0

b=N0 that are required for M × M QAM to
obtain a BER of 10−5 are listed in Table 1. These E0

b=N0

values can be obtained using (16), which is derived based
on the union bound estimate for uncoded transmissions
[26].

BER ≈
2 M � 1ð Þ
M log2 M

Q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6 log2 M
M2 � 1

� 	
� E0

b

N0

s !
: (16)

In (16),

QðxÞ ¼ 1ffiffiffiffiffi
2π

p
Z 1

x
e� z2ð Þ
2
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FIGURE 3 Block diagram for computation of noise power gains on subcarriers for OFDM using simulation
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TABLE 1 E0
b=N0 for M × M QAM with BER = 10−5

M No. of bits per QAM symbol Required E0
b=N0 (dB)

2 2 9.6

4 4 13.4

8 6 17.8

16 8 22.5
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3.4 | Bit loading

Bit loading on subcarriers is achieved using an iterative
algorithm that is based on signal and noise power gains
across the subcarriers. In addition to noise amplification
and signal attenuation, the equalization error introduces
ICI. However, it is not straightforward to consider ICI
for bit loading because the ICI induced on each subcar-
rier depends on the signal powers on all the subcarriers,
which in turn depends on the number of bits allocated
to all of the subcarriers. In short, the ICI and bit alloca-
tion are interrelated. In addition, as will be shown in a
later section, the ICI values are negligible when com-
pared to the noise powers. Therefore, the ICI is not con-
sidered in the bit‐allocation process. The numerical
results that are presented in a later section show that
WPM still performs better than OFDM, even when ICI
is not considered for bit allocation.

The flowchart for the bit‐loading algorithm is shown in
Figure 5. First, the ratio γk=ηk is calculated for each sub-
carrier k and corresponds to the normalized noise power
ðγkN0=ηkÞ, with the constant N0 omitted (to be explained
shortly). It serves as the initial water level denoted by Zk .
At the beginning of each iteration, two bits are added to
each subcarrier, and the water level Zk is updated with
respect to the additional two bits using:

Zk ¼ E0
b

N0

� 	
Bk

� Bk

 !
� γk
ηk

þ γk
ηk

; (17)

where Bk indicates the number of bits on subcarrier k and
ðE0

b=N0ÞBK
is the value of E0

b=N0 that is required for sub-
carrier k to transmit Bk bits per symbol, as listed in
Table 1. Because E0

b=N0 is considered as the SNR per bit
[23], the term ðE0

b=N0ÞBK
� Bk in (17) corresponds to the

SNR, yielding a signal power value that is equal to the first
term on the right‐hand side of (17), with the constant N0

omitted. Therefore, Zk in (17) can be viewed as the sum of
signal and noise powers. Because the water level values of
Zk are used for comparison only, it is possible to omit the
common multiplicative factor N0 from both the signal and
noise powers. Then, the subcarrier j with the minimum
water level and Bj ≤ Bmax is selected. At the end of each
iteration, Bk is reduced by 2 for each subcarrier k ≠ j. This
is equivalent to assigning two bits to subcarrier j which
minimizes the maximum water level after the assignment.
The process is repeated until the total number of allocated
bits is equal to the desired number of bits B which is
assumed to be twice the number of subcarriers, that is,
2� 2 QAM on each subcarrier without bit loading.

The value of Bmax is set to 8, resulting in possible
constellations being 2� 2 QAM; 4� 4 QAM; 8�8 QAM;

and 16� 16 QAM. The process can be extended beyond
16� 16 QAM, but numerical results indicate that larger
constellations are not needed.

4 | MATHEMATICAL ANALYSIS
FOR BER COMPUTATION

4.1 | BER analysis for WPM

The BER expression for WPM can be derived in terms of
Eb=N0, where Eb is the transmit energy per bit. Here, let Ec

denote the energy per channel use, let Mk denote the con-
stellation size of Mk �Mk QAM for subcarrier k, and let N
denote the number of subcarriers. Finally, let dmin denote
the minimum distance between the signal points, which is
assumed to be the same for all of the signal sets. Because
the average symbol energy of Mk �Mk QAM is
d2min M2

k � 1
� �

=6 [26], the energy per channel use can be
written as [26]:

Ec ¼ 1
N

∑N�1
k¼0

M2
k � 1
6

� 	� 	
d2min: (18)

For each WPM symbol period, the energy per WPM
symbol can be written as the product of the number of
channel uses (i.e., the number of transmitted values) and
the energy per channel use, or equivalently, the product of
the number of information bits transmitted and the energy
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per information bit. It follows that:

N � Ec ¼ ∑N�1
k¼0 2 log2 Mk

� �
� Eb; (19)

yielding

Eb ¼ N

∑N�1
k¼0 2 log2Mk

 !
� Ec: (20)

The constellation size Mk for subcarrier k depends on
the bit allocation obtained from the bit‐loading algorithm.
By substituting Ec from (18), dmin can be obtained as:

dmin ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
∑N�1

k¼0 2 log2Mk

∑N�1
l¼0

M2
l �1
6

� � � Eb

vuut : (21)

At the receiver, Eb is scaled by the signal power gain ηk
on subcarrier k. The expression for dmin at the receiver
becomes

d0min ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
∑N�1

k¼0 2 log2Mk

∑N�1
l¼0

M2
l �1
6

� � � ηkEb

vuut : (22)

The BER for subcarrier k considering Mk �Mk QAM
can be obtained using the union bound estimate [26]:

BERk ≈
2 Mk � 1ð Þ
Mk log2Mk

Q
d0minffiffiffiffiffiffiffiffi
2NI

k

p
 !

; (23)

where NI
k is the equivalent interference‐plus‐noise power on

subcarrier k, which includes noise power as well as ICI. The
ICI on subcarrier k from subcarrier j can be calculated as:

βk;j ¼ hn � fn � ϕj
n; ϕ

k
n

� ��� ��2: (24)

Accordingly, the total ICI on subcarrier k from all other
subcarriers j such that j ≠ k is given by:

βtotalk ¼ ∑N�1
j¼0;j≠kβk;j: (25)

Hence, NI
k can be expressed as:

NI
k ¼ γkN0 þ βtotalk : (26)

Substituting d0min from (22) and NI
k from (26) in (23), BERk

can be expressed as:

BERk ≈
2 Mk � 1ð Þ
Mk log2Mk

� Q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
∑N�1

i¼0 2 log2Mi

∑N�1
l¼0

M2
l �1
6

� �
0
@

1
A� 1

2
� ηkEb

γkN0 þ βtotalk

vuuut
0
B@

1
CA:

(27)

The overall BER can be calculated using the weighted
average of the BERs on all subcarriers, as given by:

BER≈∑N�1
k¼0

2 log2Mk

∑N�1
l¼0 2 log2Ml

� BERk: (28)

4.2 | BER analysis for OFDM

The BER expression can be derived for OFDM with the
CP in a similar fashion. The CP length is denoted by Nc.
For OFDM, the energy per OFDM symbol can be written
as:

N þ Ncð Þ � Ec ¼ ∑N�1
k¼0 2 log2Mk

� �
� Eb: (29)

yielding

Eb ¼ N þ Nc

∑N�1
k¼0 2 log2Mk

 !
� Ec: (30)

Substituting Ec from (18), the expression for dmin can
be obtained as:

dmin ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

N
N þ Nc

∑N�1
k¼0 2 log2Mk

∑N�1
l¼0

Ml�1
6

� �
 !

� Eb

vuut : (31)

Using (23), the BER expression for subcarrier k can be
derived with NI

k equal to N0=jHkj2, with Hk being the FFT
of the CIR.

BERk ≈
2 Mk � 1ð Þ
Mk log2Mk

� Q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N

N þ Nc

∑N�1
i¼0 2 log2Mi

∑N�1
l¼0

M2
l �1
6

� �
0
@

1
A� Hkj j2

2
� Eb

N0

vuuut
0
B@

1
CA:

(32)

The overall BER can be calculated using (28), as in the
case for WPM.

The BER on each subcarrier for WPM is given by (27),
while the BER on each subcarrier for OFDM is given by
(32). The overall BER is given by (28). These analytical
expressions are validated by performing simulations, and
the results are shown in Section 5. After the validation,
they are used to compare the performances of WPM and
OFDM in Section 6.

4.3 | Computational complexity

The computation complexity of N‐point IDWPT/DWPT is
of the order of O N log2Nð Þ [21], which is similar to the
complexity of IFFT/FFT. In addition, for linear MMSE
equalization, the number of operations required per signal
value is of the order of the equalizer filter length, that is,
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constant E, yielding a complexity of the order of O Nð Þ per
WPM symbol. Therefore, the overall computational com-
plexity of WPM is of the order of O N log2Nð Þ, which is
the same as for OFDM.

5 | SIMULATION RESULTS

The analytical BER expressions derived in previous sec-
tions were verified using numerical results obtained from a
simulation program that was written using MATLAB
according to the block diagram in Figure 1A. The simula-
tions were carried out for three different test environments
as per Rec. ITU‐R M.1225 [27]. The three test environ-
ments are: (i) indoor office test environment, (ii) outdoor to
indoor and pedestrian test environment, and (iii) vehicular
test environment. Each test environment has two channels,
that is, channel A and channel B. The other simulation
parameters are listed in Table 2.

The MMSE equalizer coefficients that were obtained
using the analytical expression in (8) were compared with
the equalizer coefficients obtained by (7) using a randomly
generated but known training sequence of 10 WPM symbols.
Channel A was used for the indoor office test environment,
and the equalizer filter with 41 taps was obtained. The results
in Figure 6A-B show that the equalizer filter coefficients
generated by the expression in (8) are close to the equalizer
filter coefficients that were obtained using (7) with a known
training sequence. Hence, the filter coefficients in (8) can

also be used to evaluate the transmission performances under
quasistatic channels when training is done occasionally to
adapt to channel changes, for example, owing to slow fading.
In addition, for further investigation, the equalizer filter coef-
ficients in (8) were used. Figure 6C shows the histogram plot
of equalization errors from QAM symbols obtained from
simulation results of 500 transmitted WPM symbols. The
plot shows that the equalization error has a Gaussian distri-
bution. Unlike in the case of single-carrier modulation where
the equalization error is generally not Gaussian [23], the
equalization error in our case is passed through DWPT at the
receiver, resulting in a Gaussian distribution. This equaliza-
tion error could not be added directly to the noise variance,
but it is incorporated as noise power amplification, signal
power attenuation, and ICI.

Noise power gains on WPM subcarriers are calculated
using (13). Considering channel A for the indoor office
environment, the values obtained from (13) are compared
with those from the simulation based on Figure 2A. From
Figure 7, it can be seen that the noise power gains obtained
from the analytical expression are close to the simulation
results. Hence, for further performance analysis, the analyt-
ical expression is considered.

Based on the noise power gain distribution obtained
from Figure 7, it can be observed that noise power gains
are not sorted in increasing order. This is because in

TABLE 2 Simulation parameters for WPM and OFDM
transmissions

Parameter Value

MCM technique WPM, OFDM

No. of subcarriers 64

No. of MCM symbols 500

QAM signal sets 2 × 2, 4 × 4, 8 × 8

Wavelet function db4 [18]
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FIGURE 7 Noise power gains across all subcarriers for channel
A of indoor office test environment (A) using simulation, (B) using
the expression in (13)
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FIGURE 6 Equalizer filter coefficients for channel A of indoor
office test environment (A) using training sequence, (B) using the
expression in (8), (C) distribution of equalization error for equalizer
coefficient in (B)
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DWPT, as shown in Figure 1B, the outputs of each LPF‐
and‐HPF pair are further passed through LPF and HPF, fol-
lowed by a downsampling of rate 2. The frequency order
at the LPF output after decimation remains intact. How-
ever, at the HPF output after decimation, high‐ and low‐fre-
quency components are swapped, which is also known as
band‐shuffling [28]. As WPM has a symmetric tree struc-
ture and this swapping of frequency components occurs
only at the HPF outputs, the frequency components are
reordered according to the gray code sequence [1,28]. The
noise power gains across subcarriers rearranged from low‐
to high‐frequency components are shown in Figure 8A.
Similarly, the signal power gains across subcarriers
obtained using (15) and rearranged from low‐ to high‐fre-
quency components are shown in Figure 8B. In the plot,
signal power gains for subcarriers at high frequencies are
less than unity, demonstrating that for high frequencies,
equalization is not perfect. However, the impact on the
BER owing to this imperfection is overcome by the pro-
posed bit‐loading algorithm.

Next, bit allocation is performed using the proposed bit‐
loading algorithm in Section 3. The plot for the ratios of
noise and signal power gains is shown in Figure 9A, with
the corresponding bit allocation shown in Figure 9B. From
the figure, it can be seen that more bits are allocated to
subcarriers with lower initial water levels. Assuming
N0 = 1 without loss of generality, the ICI for each subcar-
rier is computed using (25) according to the bit allocation
in Figure 9B. The ICI values are within the range of 10−3,
as shown in Figure 10. These ICI values are quite low
compared to noise powers (equal to noise power gains
because N0 = 1), as shown in Figure 8A. Therefore, it is
reasonable to ignore ICI values in the bit‐loading algorithm
as the contribution from ICI is insignificant compared to
noise powers.

The BER plots are obtained from the BER expressions
derived in Section 4, and are compared with simulation
results. For the case of equalization without bit loading, the
same QAM constellation is used in all subcarriers, and is
chosen to be 2� 2 QAM. When equalization with bit
loading is considered, the constellation sizes depend on the
bit allocation obtained from the bit‐loading algorithm.
However, we maintain the same number of transmitted
bits per WPM symbol for both cases without and with bit
loading.
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components for channel A of indoor office test environment
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The BER plots for WPM with equalization, but without
bit loading, are shown in Figure 11. BER plots are drawn
using analytical expressions in (27) and (28), and are com-
pared with simulation results for channel A and channel B
of the indoor office test environment. Numerical results
show that analytical BER values are close to simulation
results. Similarly, BER plots for WPM considering equal-
ization with bit loading for channel A and channel B for
the indoor office test environment are drawn using analyti-
cal expressions, and are compared with simulation results,
as shown in Figure 12. The BER plots show that analytical
expressions can yield BER plots that are close to those
obtained from the simulation.

Furthermore, BERs are plotted for OFDM in order to
compare the analytical results from (32) and (28) with
simulation results. The BER plots obtained for OFDM
with one‐tap equalization and with bit loading for channel
A and channel B for the indoor office test environment
are shown in Figure 13. The BER plots show that the
results obtained from analytical expressions agree with the
simulation results. Because the BER plots shown in

Figures 11–13 show that analytical BER expressions for
WPM and OFDM comply with the simulation results, fur-
ther performance evaluations are based on these analytical
BER expressions.
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6 | PERFORMANCE ANALYSIS

The analytical BER expression for WPM is used to investi-
gate the benefits of equalization‐aware bit loading for

WPM. BER plots were obtained for channel A and channel
B for the indoor office test environment, outdoor to indoor
and pedestrian test environments, and the vehicular test
environment considering equalization, with and without bit
loading, as shown in Figure 14. From the plots, it can be
seen that for each of the test environments, the case of
channel A has higher BER reductions when compared to
the case of channel B as a result of bit loading. At the
BER target of 10−5, for equalization with bit loading, chan-
nel A of the vehicular test environment has a maximum
reduction in the required Eb=N0 of more than 10 dB, while
channel B of the vehicular test environment has the mini-
mum reduction of the required Eb=N0 of 1 dB. Overall, for
both channel A and channel B for all three test environ-
ments, the BER is reduced as a result of bit loading,
reflecting the benefits of bit loading.

Furthermore, the BERs with bit loading for WPM are
compared with those for OFDM. For WPM, MMSE
equalization with equalization‐aware bit loading is con-
sidered, while for OFDM, one‐tap equalization with bit
loading is considered. The BERs are plotted for channel
A and channel B for all three test environments, and are
shown in Figure 15. In most of the cases, the required
Eb=N0 for the BER target of 10−5 can be reduced by 1
dB–2 dB for WPM when compared to OFDM. Overall,
the numerical results indicate that WPM performs better
than OFDM when bit loading is employed by each
scheme.

7 | CONCLUSIONS

This paper presents a bit‐loading algorithm that is to be
used with time‐domain linear MMSE equalization. By
considering noise amplification and signal attenuation due
to equalization error, the bit‐loading algorithm can over-
come the imperfection of MMSE equalization. While
equalization error also introduces ICI, numerical results
show that ICI levels are negligible compared to noise
powers. Hence, ICI is not considered in the bit‐loading
algorithm. Numerical results for the BER performances
show that even with the equalization error, WPM with
bit loading still outperforms OFDM. In particular, analyt-
ical expressions were derived to compute the BER, and
were verified with results obtained from computer simu-
lations. The BER expressions are then used to investigate
the BER performances of WPM and OFDM in different
test environments as per Rec. ITU‐R M.1225. Numerical
results show that in all test scenarios, WPM with a mod-
erate equalizer filter length performs better than OFDM.
In addition, in most of the cases, WPM can reduce the
required Eb=N0 by 1 dB–2 dB compared with OFDM at
the target BER of 10−5.
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