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1 |  INTRODUCTION

New communication systems require features including high 
spectral efficiency, large system throughput, and enhanced 
energy efficiency to satisfy the demand for future wireless 
services. Orthogonal multiple access (OMA) schemes are 
used to serve multiple users in previous wireless genera-
tion cellular networks. However, the number of users who 
can share the same channel is limited in OMA because users 
should be orthogonal either in time (for time division multi-
ple access), code (for code division multiple access), or fre-
quency (for orthogonal frequency division multiple access). 

In order to overcome the aforementioned limitation, NOMA 
is proposed for 5G networks where users can share the same 
time, code, and frequency [1]. Specifically, NOMA is a supe-
rior alternative for OMA due to its enhanced system capacity 
and better spectral and power efficiencies [1,2]. Power do-
main multiplexing is used in NOMA. Superposition coding 
(SC) transmission and successive interference cancellation 
(SIC) reception are used in NOMA systems to exceed the ca-
pacity of OMA systems [3].

Users are multiplexed in the same power domain, and thus 
an important task to maximize the advantage of NOMA cor-
responds to controlling interference among multiple users via 

Received: 5 September 2018 | Revised: 22 December 2018 | Accepted: 22 January 2019

DOI: 10.4218/etrij.2018-0496  

O R I G I N A L  A R T I C L E

Optimal user selection and power allocation for revenue 
maximization in non‐orthogonal multiple access systems

Sindhu Pazhayakandathil1  |   Deepak Kayiparambil Sukumaran1 |    
Abdul Hameed Koodamannu2

This is an Open Access article distributed under the term of Korea Open Government License (KOGL) Type 4: Source Indication + Commercial Use Prohibition + Change 
Prohibition (http://www.kogl.or.kr/info/licen seTyp eEn.do).
1225-6463/$ © 2019 ETRI

1Department of Electronics 
Engineering, Government Engineering 
College Kozhikode, Kozhikode, Kerala, 
India
2Department of Electronics and 
Communication Engineering, Government 
Engineering College Wayanad, Wayanad, 
Kerala, India

Correspondence
Sindhu Pazhayakandathil, Department 
of Electronics Engineering, Government 
Engineering College Kozhikode, 
Kozhikode, Kerala, India.
Email: sindhu.p@gmail.com

Funding information
This study was supported by Centre for 
Engineering Research and Development, 
APJ Abdul Kalam Technological University, 
Kerala, India (D‐KKE16JUL001).

A novel algorithm for joint user selection and optimal power allocation for Stackelberg 
game‐based revenue maximization in a downlink non‐orthogonal multiple access 
(NOMA) network is proposed in this study. The condition for the existence of op-
timal solution is derived by assuming perfect channel state information (CSI) at the 
transmitter. The Lagrange multiplier method is used to convert the revenue maximi-
zation problem into a set of quadratic equations that are reduced to a regular chain of 
expressions. The optimal solution is obtained via a univariate iterative procedure. A 
simple algorithm for joint optimal user selection and power calculation is presented 
and exhibits extremely low complexity. Furthermore, an outage analysis is presented 
to evaluate the performance degradation when perfect CSI is not available. The simu-
lation results indicate that at 5‐dB signal‐to‐noise ratio (SNR), revenue of the base 
station improves by at least 15.2% for the proposed algorithm when compared to 
suboptimal schemes. Other performance metrics of NOMA, such as individual user‐
rates, fairness index, and outage probability, approach near‐optimal values at moder-
ate to high SNRs.

K E Y W O R D S
downlink, NOMA, power allocation, revenue maximization, user selection

www.wileyonlinelibrary.com/journal/etrij
mailto:
https://orcid.org/0000-0001-7082-2489
http://www.kogl.or.kr/info/licenseTypeEn.do
mailto:sindhu.p@gmail.com


   | 627PAZHAYAKANDATHIL eT AL.

the proper allocation of resources [4‒21]. Power allocation 
and user scheduling strategies in NOMA are broadly clas-
sified into different categories. Power allocation to achieve 
user fairness was discussed in [4] and [5]. Conversely, in 
[6‒13], the objective of power allocation involved sum rate 
maximization. Energy efficient power allocation strategies 
are investigated in [14] and [15], and outage‐based power 
allocation is detailed in [16‒18]. Price‐based power distribu-
tion is examined in [19‒21].

Game theory provides a set of mathematical tools to de-
sign future wireless communications where distinct sets of 
users compete with each other for selfish benefits or coop-
erate with each other to achieve an optimal solution. The use 
of game theory includes a rich background in cognitive radio 
networks [22‒24]. It was recently extended to model the in-
teraction between base station (BS) and user equipment (UE) 
in a cellular NOMA network [19‒21]. In the Stackelberg 
game model, BS denotes the leader that chooses a differ-
ent price per unit power for each user to maximize its own 
revenue. Each user acts as a follower and selects an optimal 
quantity of power to maximize its utility value after the base 
station determines prices. Based on the model, the optimal 
power allocation problem is proposed as a revenue maximi-
zation problem for the base station.

An extant study [19] proposed a suboptimal power allo-
cation scheme via decoupling the revenue of BS into three 
optimization subproblems. However, the convergence of the 
scheme is slow, and two auxiliary variables should be up-
dated in the inner loop maximization problem. An improved 
power allocation algorithm that exhibits a faster convergence 
was proposed in [20]. Nevertheless, closed form solutions 
are only derived for a two‐user case and for a higher num-
ber of users, the authors proposed a suboptimal algorithm. 
Power allocation with rate proportional fairness is proposed 
in [21] and improves user fairness when compared with other 
price‐based power allocation algorithms in [19,20]. However, 
at lower SNRs, the proposed algorithm is suboptimal, and 
revenue and sum rates are inferior when compared to [19,20].

In the present study, an algorithm to determine optimal 
solution to the Stackelberg game‐based power allocation 
problem for a multiuser case is presented. Our contributions 
are summarized as follows.

• The Lagrange multiplier method is used to initially convert 
the revenue optimization equations in conjunction with the 
constraints to a system of quadratic equations. The equa-
tions are reduced to a regular chain of expressions that are 
readily solved via the substitution method. A fast algorithm 
is also proposed to solve the set of equations iteratively 
based on the univariate bisection method. The proposed 
algorithm outperforms the schemes [19‒21] in terms of 
revenue of the BS and sum rate of users, and it converges 
to the optimal solution.

• To the best of the author's knowledge, there is a paucity 
of a comprehensive study of price‐based NOMA systems. 
The problem of optimal user selection is not addressed in 
[19‒21]. Thus, in addition to optimal power allocation al-
gorithm, we propose an efficient method for user selection.

• A novel and simple albeit efficient low complexity algo-
rithm for combined user selection and power allocation is 
presented in this study.

• We investigate the effect of the optimal solution on the 
sum rate and user fairness. If the objective of the optimi-
zation problem involves increasing the sum rate of the sys-
tem, then weaker users are penalized and stronger users 
are allocated more power. The overall sum rate improve-
ment occurs at the expense of degenerating performance 
by weaker users [6‒13]. Thus, from a fairness viewpoint, 
sum rate maximization does not yield the optimal solu-
tion. Conversely, the algorithm proposed in this study pro-
vides near‐optimal fairness at moderate to high SNRs.

• Outage probability of the proposed algorithm is analytically 
and experimentally evaluated to determine the efficiency 
of the proposed power allocation solution under imperfect 
CSI. Outage probabilities for both weaker and stronger 
users approach optimal values at medium to high SNRs.

The rest of the paper is organized as follows. Section 2 details 
the system model of the power optimization problem. Section 3 ex-
plains the optimal power allocation algorithm. Section 4 discusses 
the simulation results, and Section 5 presents the conclusions.

2 |  SYSTEM MODEL

We consider a cellular downlink NOMA system in which the 
BS transmits a superposition coded signal to M users on a 
sub‐band. The BS and users are equipped with a single an-
tenna. The received signal ym at the mth user is expressed 
as (1) where si denotes the message signal and pi denotes 
the power allocated to the ith user. Channel gain from BS to 
the mth user corresponds to hm, and vm denotes the complex 
additive white Gaussian noise (AWGN) with zero mean and 
variance σ2. This is expressed as follows:

As shown from (1), the received signal at the mth user con-
tains interference from all the other users. Throughout the 
analysis, it is assumed that ||h1

|| ≤ ||h2
|| ≤ … ≤ ||hM

|| without 
loss of generality. Additionally, a user is termed weaker when 
compared to another user if its channel gain is less than the 
latter. Thus, users are arranged from the weakest to the stron-
gest in our model.

(1)ym = hm

M�

i=1

√
pisi + vm.
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In the receiver, perfect CSI is assumed. Furthermore, each 
user is equipped with SIC decoding. Given the SIC principle, 
a user decodes a stronger signal and subtracts it from the re-
ceived signal prior to decoding a weaker signal. In our model, 
the SIC decoding order is fixed and ranges from the weakest 
to the strongest user. A user m can decode all the i weaker 
users’ signals for i < m prior to decoding its own message. 
Thus, interference only exists from the stronger j users where 
j > m. The signal to interference plus noise ratio (SINR) of 
the mth user is given as follows:

Furthermore, achievable rate per bandwidth after successful 
SIC decoding is given as follows:

2.1 | Stackelberg game model
Stackelberg model is a strategic game in which the first move 
is made by the leader, and the follower moves sequentially. 
Both the leader and the follower compete on utility and attempt 
to maximize it. The leader is aware that the follower is observ-
ing its moves. The follower should never possess the means of 
committing to the future action of a non‐Stackelberg follower, 
and the leader should be aware of the same. Additionally, if the 
follower commits to the action of a Stackelberg leader, then the 
leader's optimal response is to act as a Stackelberg follower.

Based on the model, the revenue‐based power alloca-
tion problem is formulated as a Stackelberg game where BS 
denotes the leader and M users correspond to the followers 
[19‒21]. The leader charges the mth user a price of �m per 
unit allocated power. Thus, the aim is to maximize the reve-
nue. The total power of the BS is fixed as Ptot. Thus, the reve-
nue maximization problem of the BS is expressed as follows:

where Ptot denotes the total power available at the transmitter 
and pi denotes the power that is bought by the ith user.

Thus, the user attempts to maximize its rate after buying 
power pm with unit price �m that is fixed by the BS. Thus, the 
profit maximization problem for the mth user is expressed as 
follows:

where Rm denotes the rate of the mth user that is given by 
(3). The problems (4) and (5) collectively constitute the 
Stackelberg game where BS denotes the leader and the users 
correspond to the followers.

3 |  SOLUTION TO THE 
STACKELBERG MODEL

When the BS determines �m for the mth user, the unit price �m 
and the allocated power pm satisfies (6) that is easily obtained 
by taking the derivative of its objective function [19]. This is 
expressed as follows:

It should be noted that for higher values of �m, the mth 
user does not buy any power from the BS in order to avoid de-
grading its utility. Under the aforementioned conditions, the 
M user system is reduced to an M − 1 user system.

The BS exhibits the knowledge of its follower's action, 
and it can determine the optimal price. By substituting (6) in 
(4), the revenue optimization problem is obtained as follows:

where �i = �2∕|hi|2. The constant ln 2 is omitted for purposes 
of simplicity in (7).

3.1 | Optimal power allocation
In order to solve the optimization problem (7), the Lagrange 
multiplier method is used. Each user belonging to the se-
lected user set participates in the power allocation process. 
We assume that the optimal user set is already selected with 
M users. The optimal user selection is considered in Section 
3.2. Thus, it is not necessary to consider constraints pi ≥ 0 

(2)SINRm =
�hm�2pm

�2 +
∑M

i=m+1
�hm�2pi

.

(3)Rm = log2

�
1 +

�hm�2pm

�2 +
∑M

i=m+1
�hm�2pi

�
.

max UBS(�1, �2, … , �M) =

M∑

i=1

�ipi

(4)subject to

M∑

i=1

pi ≤ Ptot,

max Um(pm) = Rm − pm�m,

(5)subject to pm ≥ 0,

(6)�m =
1

ln2

�
�hm�2pm

�2 +
∑M

i=m
�hm�2pi

�
,

if �m ≤
1

ln 2

�
�hm�2pm

�2 +
∑M

i=m
�hm�2pi

�
.

max UBS(p1, p2, … , pM) =

M�

i=1

�
pi

�i +
∑M

j=i
pj

�

subject to

M∑

i=1

pi ≤ Ptot

(7)& pi ≥ 0, ∀i = 1, 2, … , M,
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and the corresponding KKT multiplier μi. Additionally, the 
optimal solution to (7) satisfies 

∑M

i=1
pi = Ptot [19]. Thus, the 

Lagrange function for (7) is expressed as follows:

where λ denotes the Lagrange multiplier.
We take the derivative of L with respect to pi and obtain 

(9) that should be solved collectively with the total power 
constraint (10) as follows:

The set of M+1 equations are quadratic and the solution 
is generally NP‐hard. However, they are reduced to a regular 
chain of expressions with lemma 1.

Lemma 1 The set of M (9) for an M‐user system is 
reduced to a set of M−1 regular chain of expressions in 
M variables as expressed in (11) as follows:

Proof  We compare ith and (i + 1)th in (9), and it is ob-
served that the first i−1  terms on the LHS of these two 
equations are identical. After eliminating them, the ith 
equation contains only one term and (i + 1)th only includes 
two terms. They are equated to obtain (12) as follows:

Thus, (11) is obtained after a few simple algebraic manipulations.
Hence, M − 1 equations in (11) are of the form (13).

where each of the fis corresponds to a quadratic function 
in M − i + 1  variables. This is a regular chain of quadratic 
 equations. Subsequently, pm is eliminated from fm−1, pm−1 from 
fm−2, and so on. Finally, an equation that contains only the term 
pM is obtained from (10). This is readily solved via algebraic or 
numerical methods.

3.2 | Optimal user selection
A limit exists on the maximum number of users that are al-
located on a given sub‐band if the objective corresponds to 
revenue maximization. This is attributed to the power limit of 
the BS. In order to derive the condition for optimal number of 
users, we use the following lemma.

Lemma 2 The allocated power pi  to the ith  user is 
expressed in terms of power allocations of (i + 1) th to 
Mth users in (14) as follows:

Proof  After rearranging the terms in (11), pi is ex-
pressed in (15) as follows:

This is further simplified to obtain (14).
For ith user belonging to the user set, it is mandatory that 

pi in (15) should be greater than or equal to 0. Thus, we re-
write the condition as pi greater than the positive root of (16).

(8)L =

M�

i=1

�
pi

�i +
∑M

j=i
pj

�
− �

�
M�

i=1

pi − Ptot

�
,

�i +
∑M

j=i+1
pj

�
�i +

∑M

j=i
pj

�2
− � = 0, if i = 1,

−

i−1�

Q=1

pQ

�
�Q +

∑M

j=Q
pj

�2
+

�i +
∑M

j=i+1
pj

�
�i +

∑M

j=i
pj

�2
− � = 0,

(9)∀i = 2, 3, … , M−1,

−

i−1�

Q=1

pQ

�
�Q +

∑M

j=Q
pj

�2
+

�i
�
�i +

∑M

j=i
pj

�2
− � = 0,

if i=M

(10)
M∑

i=1

pi = Ptot.

1

�i +
∑M

j=i
pj

=
�i+1 +

∑M

j=i+2
pj

�
�i+1 +

∑M

j=i+1
pj

�2
,

(11)∀i = 1, 2, … , M − 2,

1

�i +
∑M

j=i
pj

=
�i+1

�
�i+1 +

∑M

j=i+1
pj

�2
, if i = M − 1.

�i+
∑M

j=i+1
pj

�
�i+

∑M

j=i
pj

�2
=

−pi
�
�i+

∑M

j=i
pj

�2
+

�i+1+
∑M

j=i+2
pj

�
�i+1+

∑M

j=i+1
pj

�2
,

(12)∀i = 1, 2, … , M − 1.

(13)

f1
(
p1, p2, … , pM

)
= 0,

f2
(
p2, p3, … , pM

)
= 0,

⋮

fM−1

(
pM−1, pM

)
= 0.

(14)pi =
pi+1

2

�i+1 +
∑M

j=i+2
pj

+ pi+1+�i+1 − �i.

pi =

�
�i+1 +

∑M

j=i+1
pj

�2

�i+1 +
∑M

j=i+2
pj

−

�
�i +

M�

j=i+1

pj

�
,

(15)∀i = 1, 2, … , M − 1.
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Hence, for pi to be positive, (17) should be satisfied as follows

where ai =1∕
�
�i+1+

∑M

j=i+2
pj

�
, bi = 1 & ci =�i+1 − �i.

The power allocation is performed in the descending order 
of i, and thus the condition (17) is initially checked for user M 
and then downwards for it to be included in the optimal user set. 
Thus, the users are checked from the strongest to the weakest.

It is observed that the optimal user set contains users from 
k to M where k denotes the minimum value that satisfies (18) 
as follows:

If k corresponds to 1, then this implies that all the users are 
selected for power allocation.

3.3 | Joint optimal user selection and 
power allocation
Algorithm for joint user selection and power distribution is 
given in Algorithm 1. In order to compute power allocation, 
(14) is used. Evidently, pm−1 is obtained if pm is known. All 
other pis are obtained from (14) in the descending order of 
i. Following the initialization, step 4 of the algorithm cal-
culates pi,∀i = 1, 2, … , M. Subsequently, pM  is obtained 

via any simple univariate iterative technique. The bi‐section 
method is used in this study with the objective function as 
e(k) wherein the minimum value is 0 where e(k) corresponds 
to that in (19). Step 8 of the algorithm computes the value. 
Updating of pM

(k) at the (k + 1)th iteration is performed using 
(20) in step 10. The initial value of PMmin  is obtained from 
(17), and PMmax is considered as Ptot.

The optimal user set is determined from (18) as discussed 
in Section 3.2. Alternatively, a simple procedure is used in 
the user selection in Algorithm 1. In an iteration of the al-
gorithm, if we obtain pi <0, then it is mandated as 0. Thus, 
users with indices less than i  are also deemed as unsuit-
able for the given sub‐band. This is performed in step 5. In 
subsequent iterations, the suitability is checked again until 
convergence is obtained. Thus, user selection is elegantly 
combined with power allocation.

3.4 | Complexity of the Algorithm
Within each iteration of Algorithm 1, pi is calculated for 
i = 1, 2, … , M − 1 by (14), and this corresponds to M−1 
computations, plus one for updating pM. The total number of 
iterations required for the bi‐section method to determine the 
optimum pM is O (log (1∕�)) where ε denotes the degree of 
tolerance. Thus, the algorithmic complexity corresponds to 
O (Mlog (1∕�)), and this is extremely low when compared to 
exhaustive search methods for combined user selection and 
power allocation.

3.5 | Outage analysis under imperfect CSI
While calculating the optimal power allocation, it is assumed 
that perfect and instantaneous CSI is available at the trans-
mitter and receiver. However, perfect CSI may not be avail-
able in the BS [16‒18], [25‒29]. In this section, we examine 
the impact of imperfect CSI on our power allocation solution.

We consider the channel gain as statistically distrib-
uted as hm = d−�

m
gm, where dm denotes the distance from 

BS to the mth receiver and γ denotes the path loss expo-
nent, and gm corresponds to gm ∼CN(0,1). It is assumed 
that d1 ≥ d2 ≥ … ≥ dM without loss of generality. Given 
the channel estimation error, the available CSI becomes 
imperfect and is represented as hm = ĥm + Δhm, where 
ĥm denotes the estimated channel co‐efficient for user m, 
Δhm ∼CN(0,�m

2d−2�
m

) denotes the corresponding CSI error, 

(16)
pi+1

2

�i+1 +
∑M

j=i+2
pj

+ pi+1 + �i+1 − �i = 0.

(17)pi+1 ≥

⎛
⎜
⎜
⎜
⎝

−bi +

�
bi

2−4aici

2ai

⎞
⎟
⎟
⎟
⎠

(18)

M�

i=k

⎛
⎜
⎜
⎜
⎝

−bi +

�
bi

2−4aici

2ai

⎞
⎟
⎟
⎟
⎠

≤ Ptot.

Algorithm 1 Proposed Joint User Selection and Power Allocation
Scheme

(19)e(k) =

M∑

i=1

pi
(k) − Ptot,

(20)pM
(k+1) =

PMmax + PMmin

2
.
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and 𝜅m
2d−2𝛾

m
> 0 denotes the variance of the channel estima-

tion error [29]. It is assumed that ĥm andΔhm are uncorrelated.
The rate for user m to detect user j’s message is given as 

follows:

Additionally, Rm = Rm,m as defined in (3).
Perfect CSI is not available at the BS, and thus an outage 

event can occur in the NOMA system. This can be interpreted 
as the inability of user m to decode its own message or the 
message of the weaker user j for j<m.

Thus, the outage probability at user m is expressed as 
follows:

where �j = 2
Rth

j − 1 and Rth
j

 denotes the targeted rate of user 
j, and F|hm|2|ĥm

(x) , x ≥ 0 denotes the conditional cumulative 
distribution of channel power gain of user m [29]. This  
corresponds to a non‐central chi‐square distribution with  
2 degrees of freedom and non‐centrality parameter 
|ĥm|

2
∕
(
𝜅m

2d−2𝛾
m

)
, 𝜅m

2 > 0. It should be noted that if perfect 
CSI is available, That is, �m

2 =0, then the outage caused by 
the channel estimation error is absent. However, F|hm|2|ĥm

(x) , 
is conditioned on x ≥ 0, and thus if pj <𝜙j

∑M

i=j+1
pi, the out-

age probability of user j always corresponds to one.
Given the power allocation, the outage probability is 

easily calculated from (22) for the given threshold rates. 
An extant study [29] solved the optimum power alloca-
tion problem under given outage threshold constraints. In 
the present study, we do not optimize power for the out-
age threshold and instead analyze the performance of our 
algorithm under imperfect CSI to obtain the degradation 
when compared to the optimal values. In Section 4.4, out-
age probabilities are evaluated. Power allocation satisfying 
outage constraints is not addressed in this study and is re-
served for a future work.

4 |  SIMULATION RESULTS

4.1 | Revenue of BS and utility of UEs
The proposed algorithm is compared with exhaustive search 
result and algorithms in [19‒21] to evaluate and compare the 
performance. The number of users that should be scheduled, 
M, is considered as 5 for the simulations, and channel gains 
hm are modeled as Gaussian random variables with variances 

corresponding to 0.2, 0.4, 0.6, 0.8, and 1 for the first to the 
fifth user, respectively, unless otherwise specified. The 
total power of the BS is considered as 30‐dBm for all the 
simulations.

Figure 1 shows the revenue of the BS vs SNR (dB). The 
proposed algorithm converges to the optimal solution ob-
tained via an exhaustive search at all SNRs as shown in the 
figures. The values exceed those in [19‒21]. This is because 
[19,20] correspond to suboptimal algorithms, and the rate 
constraint in [21] degrades the total revenue of the BS. The 
performance gap is significant at lower SNRs. For example, 
at 5‐dB, revenue of the BS in the proposed algorithm exceeds 
those in the algorithms proposed in [19], [20] and [21] by 
24.6%, 15.2%, and 17.4%, respectively.

Figure 2 shows the utility of UEs that is defined as 
Rm − pm�m,∀m = 1, 2, … , 5 relative to SNR for the given 
total Power. Evidently, increases in SNR increase the util-
ity of each and every user. Thus, the pricing strategy of the 
BS does not compromise on the utility of weaker users. The 
utilities of stronger and weaker users increase when SNR 
increases.

Power allocation between the five users, that is, 
p1, p2, p3, p4, and p5 are plotted in Figure 3. At 0‐dB, only 
three stronger users are selected for power allocation via 
the proposed algorithm. When SNR increases to 5‐dB, 
four users are allocated in the given sub‐band. At 8‐dB 
SNR, all the five users obtain non‐zero power. At higher 
SNRs, weaker users are allocated more power in order 
to generate reasonable revenue from all users because 
𝜆1 < 𝜆2 < 𝜆3 < 𝜆4 < 𝜆5 as shown in (6). Thus, user fair-
ness for the proposed method exceeds that of the sum rate‐
based power allocation where stronger users obtain more 
power and the performance of weaker users degenerates 
when SNR increases [9].

(21)Rm,j = log2

�
1 +

�hm�2pj

�2
+

∑M

i=j+1
�hm�2pi

�
.

(22)
Pout

m
= 1 − P

�
Rm,1 >Rth

1
, … , Rm,m > Rth

m

�

= F�hm�2�ĥm

�
maxj=1,2,…,m

𝜙j𝜎
2

pj −𝜙j

∑M

i=j+1
pi

�
,

F I G U R E  1  Revenue of BS relative to SNR (dB)
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4.2 | Impact of the number of UEs
Given the power limit of the BS, a limit exists on the maxi-
mum number of users that are allocated on a given sub‐band. 
The maximum number of users that are scheduled on the 
given sub‐band is given by (18). Figure 4 plots the number of 
scheduled UEs vs SNR for a given total BS power. The total 
number of users who compete for the sub‐band is considered 
as 10. Channel gains from the BS to the users are modeled 
as complex normal random variables with variances varying 
from 0.1 to 1 to yield the plot. This corresponds to a staircase 
curve. With increases in SNR, more users are occupied as 
shown in (18). For example, a minimum of -1‐dB SNR is 
required to include five users in the given sub‐band. In order 
to include all ten users for power allocation, 11‐dB SNR is 
required.

The performance of the algorithm for different number of 
users is plotted in Figure 5. The SNR for the simulation is 
considered as 11‐dB. If increases in the number of users are 
feasible for the sub‐band, then their inclusion in the power 
allocation process increases the utility of BS as shown in the 
plot. The algorithm converges within very few iterations as 
shown in the following figure.

Figure 6 shows the convergence of the proposed algorithm 
for different number of users, M = 5, 6, and 7. The algorithm 
is simulated for 10‐dB SNR to obtain plots.

4.3 | Individual Rates and Fairness
Revenue is not the only performance metric of NOMA. Thus, 
we compare a few other performance metrics with bench-
mark results available in extant studies. The sum rate of users 
is compared in Figure 7 with algorithms in [19‒21] and op-
timal value [9]. At 5‐dB, the sum rate for the proposed algo-
rithm exceeds that of the algorithms in [19‒21] by 11.2%, 
3.1%, and 25.2%, respectively. However, our solution is infe-
rior when compared to [9], which solves the power allocation 
problem to maximize the sum rate of a user. However, the 
sum rate degradation only corresponds to 10.8% for our algo-
rithm at 5‐dB SNR. The sum rate difference further decreases 
at higher SNRs.

The fairness index, that is defined as 
�∑M

i=1
Ri

�2

∕M
∑M

i=1
Ri

2 

[30] of the proposed algorithm is compared with algorithms 
in [20,21] in Figure 8. The proposed algorithm yields a better 
fairness index when compared to [20]. Furthermore, above 
15‐dB, the index reaches the optimum value of one as given 
by [21].

Individual rates of users are plotted in Figure 9. As shown 
in [9], the sum rate improvement is obtained with decreases 
in the performance of the weaker users. This does not hold for 

F I G U R E  2  Utility of users relative to SNR (dB)

F I G U R E  3  Power allocation of users relative to SNR (dB)

F I G U R E  4  Number of occupied users relative to SNR (dB)
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our proposed algorithm wherein the rates of stronger users 
and weaker users increase when SNR increases.

4.4 | Outage performance
Subsequently, we examine the outage probability of 
users under imperfect CSI. Outage probability as de-
fined in (22) of section 3.5 and is plotted in Figure 
10. The number of users, M, is considered as 5 for 
the simulation. Channel parameters are considered as 
� = 1, d1

−2 = 0.2, d2
−2 = 0.4, d3

−2 = 0.6, d4
−2 = 0.8, and d5

−2 = 1.

Outage is calculated for two rate constraints, namely 
R

th
m
= 0.1 bps∕Hz and 0.5 bps∕Hz, ∀i = 1, 2,… , 5, for 

each of the channel realizations and is averaged for 1000 
simulations. They are plotted in Figure 10A and 10B, respec-
tively. With respect to each set of simulations, two values of 
variance parameter of the channel estimation error, namely 

F I G U R E  5  Revenue of BS relative to the number of users

F I G U R E  6  Convergence of the proposed algorithm

F I G U R E  7  Sum rate of users relative to SNR (dB)

F I G U R E  8  Fairness index relative to SNR (dB)

F I G U R E  9  Individual rate of users relative to SNR (dB)
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�m
2 = 0.1 and 0.01, are used. Given that QoS is not guaran-

teed in our proposed algorithm, all users are not selected for 
power allocation at lower SNRs. Thus, outage is evaluated 
from 10‐dB SNR onwards when all the five users are allo-
cated non‐zero power.

With respect to a target rate of 0.1  bps/Hz and channel 
estimation variance parameter, �m

2 corresponding to 0.1, the 
outage probabilities of all users fall below 10–3 for all SNR 
values exceeding 16‐dB. Below the value, the outage proba-
bility of weaker users exceeds those of stronger users. When 
�m

2 corresponds to 0.01, the outage probabilities are signifi-
cantly lower. Specifically, the three stronger users exhibit 
negligible outage at the variance, and this is not shown in the 
figure. When the target rate increases (i.e., 0.5 bps/Hz), out-
age probabilities increase as expected. The higher rate con-
straint is not satisfied by the power allocation solution below 
11‐dB SNR due to the inequality pj <𝜙j

∑M

i=j+1
pi because 

the proposed algorithm is not conditioned on the value as ex-
plained in Section 3.5. It should be noted that outage until 
11‐dB SNR is caused by the allocated power values and not 
the channel estimation error. Above 11‐dB SNR, estimation 
error occurs and results in outage. At 16‐dB SNR, the outages 
of all users fall below 10−2. Decreases in the channel estima-
tion variance decreases outage probabilities.

5 |  CONCLUSIONS

An algorithm to determine an optimal solution to the rev-
enue‐based user selection and power allocation problem is 
proposed in this study. The condition of the total power for 

the existence of an optimal solution is initially derived. Based 
on the derived expression, an optimal user set is selected for 
the power allocation problem. Following user selection, the 
revenue optimization problem is converted into a system of 
quadratic equations via the method of Lagrange multipli-
ers, which are reduced to a regular chain of expressions. An 
optimal solution is obtained by a low complexity iterative 
procedure. A simple albeit efficient algorithm for joint op-
timal user selection and power calculation is presented. The 
algorithm converges to optimal values as shown in the simu-
lations. The simulation results indicate that the revenue of 
the base station for the proposed algorithm exceeds that of 
sub‐optimal schemes presented in extant studies. At 5‐dB, 
revenue of the BS for the proposed method exceeds those of 
previous methods [19‒21] by at least 15.2%. Evaluation of 
other performance metrics including sum rate of users, fair-
ness index, and outage probability reveal that the proposed 
algorithm outperforms methods proposed in previous studies 
in [19,20] and attains near‐optimal performance at moderate 
to high SNRs.
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