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CHARACTERIZATION OF WARPED PRODUCT

SEMI-SLANT SUBMANIFOLDS OF A LOCALLY

PRODUCT RIEMANNIAN MANIFOLD

Rifaqat Ali

Abstract. In this paper, we obtain some necessary and sufficient
conditions such that a semi-slant submanifold in a locally product
Riemannian manifold reduces to a warped product semi-slant sub-
manifold and also give an example supported this characterization.

1. Introduction

It is well know that the geometry of warped products plays an im-
portant role in differential geometry as well as physical sciences. R.
L. Bishop and B. O’Neill[11] initiated the concept of warped product
manifolds to construct examples of Riemannian manifolds with negative
curvature. These manifolds are natural generalizations of Riemannian
products manifolds. Further studied by many geometers ([1, 2, 3, 4, 5,
9, 12, 18, 19, 19, 22]). The geometry of warped product submanifolds
in a locally product Riemannian manifold is different from the geom-
etry of warped product submanifolds in a Kaehler manifold. We have
seen that there exist no warped product semi-slant submanifolds of the
forms M = Mθ ×f MT and M = MT ×f Mθ in a Kaehler manifold M̄
such that MT and Mθ are holomorphic and slant submanifolds respec-
tively(see [19]). While, M. Atceken (see examples 3.1[6]) has given an
example on the existence of warped product semi-slant submanifold of
the form M = Mθ×fMT in a locally product Riemannian manifold such
that MT and Mθ are invariant and slant submanifolds, respectively. In
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this paper, we prove existence of a warped product semi-slant submani-
fold of locally product Riemannian manifold by its characterization and
then give an example.

The paper is organized as follows. In Section 2, we recall some re-
quired basic formulas and definitions. In Section 3, we study semi-slant
submanifolds in a locally product Riemannian manifold and obtain the
integrability conditions of the distributions involved in the definition of
such submanifolds. In Section 4, we give the definition of the warped
product manifolds in details and obtain the necessary and sufficient con-
ditions for the warped product submanifold M = Mθ×fMT in a locally
product Riemannian manifold M̄ , where Mθ and MT are proper slant
and holomorphic submanifolds of M̄ respectively.

2. Preliminaries

Let M̄ be a m-dimensional manifold with a tensor field of type (1, 1)
such that

(2.1) z2 = I(z 6= ±I),

where I denotes the identity transformation. Then we say that M̄ is an
almost product manifold with almost product structure z. If an almost
product manifold M̄ admits a Riemannian metric g satisfying

(2.2) g(zU,zV ) = g(U, V ), g(zU, V ) = g(U,zV ),

for any vector fields U and V on M̄ , then M̄ is called an almost product
Riemannian metric manifold. Let ∇̄ denote the Levi-cevita connection
on M̄ with respect to g. If (∇̄Uz)V = 0, for all U, V ∈ Γ(TM̄), where
Γ(TM̄) denote the set of all vector fields of M̄ , then (M̄, g) is called a lo-
cally product Riemannian manifold with Riemannian metric g(see[18]).

Let M be a submanifold of locally product Riemannian manifold
M̄ with an induced metric g. If ∇ and ∇⊥ are induced Riemannian
connections on tangent bundle TM and normal bundle T⊥M of M ,
respectivel, then Gauss and Weingarten formulas are given by

(2.3) (i) ∇̄UV = ∇UV + h(U, V ), (ii) ∇̄UN = −ANU +∇⊥
UN,

for each U, V ∈ Γ(TM) and N ∈ Γ(T⊥M), where h and AN are the sec-
ond fundamental form and shape operator (corresponding to the normal
vector field N) respectively for an immersion M into M̄ . They are re-
lated as

(2.4) g(h(U, V ), N) = g(ANU, V ).
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Now for any X ∈ Γ(TM) and N ∈ Γ(T⊥M), then can we write

(2.5) (i) zU = PU + ωU, (ii) zN = tN + fN,

where PU(tN) and ωU(fN) are tangential and normal components of
zU(zN), respectively. The covariant derivatives of the endomorphism
z as

(2.6) (∇̄Uz)V = ∇̄UzV −z∇̄UV, ∀ U, V ∈ Γ(TM̄).

A submanifold M of a locally product Riemannian manifold M̄ is said
to be totally umbilical (and totally geodesic respectively ) if

(2.7) h(U, V ) = g(U, V )H, (( h(U, V ) = 0, respectively)

for all U, V ∈ Γ(TM). Then H is a mean curvature vector of M given by
H = 1

n

∑n
i=1 h(ei, ei), where n is the dimension of M and {e1, e2, · · · , en}

is a local orthonormal frame of a vector field on M . Furthermore, if
H = 0, then M is minimal in M̄ .

Given a submanifold M of a locally product Riemannian manifold
M̄ , then for each non zero vector U tangent to M at a point p, the angle
θ(U) between zU and TpM is called a Wirtinger angle of U . Hence,
M is said to be a slant submanifold if the Wirtinger angle is constant
and it is independent from the choice of U ∈ TpM and p ∈ M . The
holomorphic and totally real submanifolds are slant submanifolds with
slant angle θ = 0 and θ = π/2, respectively. A slant submanifold is said
to be proper if it is neither holomorphic nor totally real. More generally,
a distribution D on M is called a slant distribution if the angle θ(X)
between zX and Dx has same value of θ for each x ∈ M̄ and a non zero
vector X ∈ Dx. Thus fora slant submanifold M , a normal bundle T⊥M
can be decomposed as T⊥M = ω(TM) ⊕ ν, where ν is an invariant
normal bundle with respect to z orthogonal to ω(TM).

We recall following result for a slant submanifold of a locally prod-
uct Riemannian manifold given by H. Li (cf. [15]).

Theorem 2.1. If M is a submanifold of a locally product Rie-
mannian manifold M̄ , then M is a slant submanifold if and only if there
exists a constant λ ∈ [0, 1] such that P 2 = λI. In this case, θ is a slant
angle of M , and then it satisfies λ = cos2 θ.

We have the following relations which are consequences from The-
orem 2.1

(2.8) g(PU,PV ) = cos2 θg(U, V ),

(2.9) g(ωU, ωV ) = sin2 θg(U, V ),
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for any U, V ∈ Γ(TM).

3. Semi-slant submanifolds

Semi-slant submanifolds were described by N. Papaghiuc(cf. [16]).
These submanifolds are generalizations of CR-submanifolds with slant
angle θ = π/2.

Definition 3.1. A submanifold M of an almost complex manifold
M̄ is said to be a semi-slant submanifold if there exist two orthogonal
distributions D and Dθ such that

(i) TM = D ⊕Dθ,
(ii) D is holomorphic, i.e., z(D) ⊆ D,
(iii) Dθ is slant distribution with slant angle θ 6= 0, π/2.

The dimensions of holomorphic distribution D and slant distribu-
tion Dθ of the semi-slant submanifold of a locally product Riemannian
manifold M̄ are denoted by m1 and m2 respectively. Then M is holo-
morphic if m2 = 0 and slant if m1 = 0. It is called proper semi-slant
if the slant angle different from 0 and π/2. Moreover, if ν is an in-
variant subspace under the endomorphism z of normal bundle T⊥M ,
then, in case of semi-slant submanifold, the normal bundle T⊥M can be
decomposed as T⊥M = ωDθ ⊕ ν. A semi-slant submanifold of a locally
product Riemannian manifold is said to be a mixed totally geodesic, if
h(X,Z) = 0, for any X ∈ Γ(Dθ) and Z ∈ Γ(D). Now we obtain some
results for later use in the characterization theorem.

Theorem 3.1. Let M be a semi-slant submanifold of a locally
product Riemannian manifold M̄ . Then the distribution Dθ is integrable
if and only if

g(∇ZW,X) = csc2 θ
{
g(h((W,X), ωPZ) + g(h(W,FX), ωZ)

}
,

for any Z,W ∈ Γ(Dθ) and X ∈ Γ(D).

Proof. For any Z,W ∈ Γ(Dθ) and X ∈ Γ(D), we have

g([Z,W ], X) = g(∇̄ZW,X)− g(∇̄WZ,X)

= g(∇̄ZW,X)− g(z∇̄WZ,zX)

= g(∇̄XY,Z)− g(∇̄WzZ,zX).
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From (2.5)(i) and (2.3)(ii), we obtain

g([Z,W ], X) = g(∇̄ZW,X)− g(∇̄WPZ,zX)− g(∇̄WωZ,zX).

= g(∇̄XY, Z)− g(z∇̄WPZ,X) + g(h(W,zX), ωZ).

Then from (2.5), we get

g([Z,W ], X) =g(∇̄ZW,X)− g(∇̄WP 2Z,X)− g(∇̄WωPZ,X)

+ g(h(W,zX), ωZ).

Thus using Theorem 2.1 and (2.3)(ii), we obtain

g([Z,W ], X) =g(∇̄ZW,X)− cos2 θg(∇̄WZ,X)

+ g(h(W,X), ωPZ) + g(h(W,zX), ωZ).

Using property of the Lie bracket, we arrive at

sin2 θg([Z,W ], X) =− sin2 θg(∇ZW,X) + g(h(W,X), ωPZ)

+ g(h(W,zX), ωZ).

Hence, we get the desired result. It completes the proof of the theorem.

Theorem 3.2. Let M be a semi-slant submanifold of a locally
product Riemannian manifold M̄ . Then the distribution D is integrable
if and only if

g(∇XY, Z) = csc2 θ
{
g(h((X,Y ), ωPZ) + g(h(X,zY ), ωZ)

}
,

for any Z ∈ Γ(Dθ) and X,Y ∈ Γ(D).

Proof. From property of Lie bracket, we have

g([X,Y ], Z) = g(∇̄XY,Z)− g(∇̄YX,Z),

for Z ∈ Γ(Dθ) and X,Y ∈ Γ(D). Then from (2.2), we get

g([X,Y ], Z) = g(∇̄XY,Z)− g(z∇̄YX,zZ).

Using and (2.1) and (2.5)(i), we obtain

g([X,Y ], Z) =g(∇̄XY,Z)− g(∇̄YX,P 2Z)− g(∇̄YX,ωPZ)

− g(∇̄YzX,ωZ).

Thus from Theorem 2.1 and (2.3)(ii), we arrive at

g([X,Y ], Z) =g(∇̄XY, Z)− cos2 θg(∇̄YX,Z)

− g(h(X,Y ), ωPZ)− g(h(Y,zX), ωZ).
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Again using property of Lie bracket, we get

sin2 θg([X,Y ], Z) =− sin2 θg(∇̄YX,Z)− g(h(X,Y ), ωPZ)

− g(h(Y,zX), ωZ).

Our assertion is following from last relation. It completes the proof.

4. Warped product submanifolds with the form Mθ ×f MT

In this section, we discuss the warped product manifolds. The def-
inition of these manifolds is as follows. Let (M1, g1) and (M2, g2) be
two Riemannian manifolds and f : M1 → (0,∞), a positive differen-
tiable function on M1. Consider the product manifold M1 ×M2 with
its canonical projections π1 : M1 ×M2 → M1, π2 : M1 ×M2 → M2

given by π1(p, q) = p. and π2(p, q) = q for every t = (p, q) ∈ M1 ×M2.
The warped product M = M1 ×f M2 is a product manifold M1 ×M2

equipped with the Riemannian structure such that ||U ||2 = ||π1∗(U)||2+
f2(π1(p))||π2∗(U)||2 for any tangent vector U ∈ Γ(TtM), where ∗ is the
symbol of tangent maps. Thus the corresponding Riemannian metric is
g = g1 + f2g2 where g1 and g2 are Riemannian metrices on M1 and M2

respectively and f is called a warping function on M . So we have the
following lemma.

Lemma 4.1. Let M = M1 ×f M2 be a warped product manifold.
Then for any X,Y ∈ Γ(TM1) and Z,W ∈ Γ(TM2), we have

(i) ∇XY ∈ Γ(TM1),
(ii) ∇ZX = ∇XZ = (X ln f)Z,
(iii) ∇ZW = ∇′

ZW − g(Z,W )∇ ln f,

where ∇ and ∇′ are the Levi-Civita connections on M1 and M2

respectively. On the other hand, ∇ ln f is the gradient of ln f is defined
as g(∇ ln f, U) = U ln f . If the warping function f is constant, then
the warped product manifold M = M1 ×f M2 is called trivial otherwise
non-trivial. Furthermore in a warped product manifold M = M1×fM2,
M1 is totally geodesic and M2 is totally umbilical submanifold in M
respectively (cf. [11]). There are two types of warped product semi-
slant submanifolds M = Mθ ×f MT and M = MT ×f Mθ. For the
second case, we have following theorem from[6].

Theorem 4.1. Assume that M̄ is a locally Riemannian product
manifold and M is a submanifold of M̄ . Then there exists no a warped



Characterization of warped product 157

product semi-slant submanifold M = MT ×f Mθ in M̄ such that MT is
an invariant submanifold and Mθ is a proper slant submanifold of M̄ .

Example 4.1. [6] Let M be a submanifold of locally product Rie-
mannian manifold R8 = R4×R4 with coordinates (x1, x2, x3, x4, x5, x6,
x7, x8) such that the tangent bundle of M is spanned by

e1 = −a sinβ
∂

∂x7
+ a. cosβ

∂

∂x8
,

e2 = −a sinα
∂

∂x3
+ a cosα

∂

∂x4
,

e3 =
∂

∂x1
− ∂

∂x2
+ 2

∂

∂x6
,

e4 =
∂

∂x1
+

∂

∂x2
+cosα

∂

∂x3
+sinα

∂

∂x4
+
√

5
∂

∂x5
+cosβ

∂

∂x7
+sinβ

∂

∂x8
,

where φ(β, α, b, a) = (a+b, a−b, a cosα, a sinα,
√

5a, 2b, u cosβ, u sinβ).
It easy to see that DT = span{e1, e2} and Dθ = span{e3, e4}. Further-
more, the metric tensor of M = Mθ×MT is given by gM = gMθ

+a2gMT
,

and M = Mθ×a2 MT is a warped product semi-slant subamnifold of R8

with warping function f = a.

Now we recall some important lemmas from [17], for the character-
ization and inequality.

Lemma 4.2. Let M = Mθ ×f MT be a warped product semi-slant
submanifold of a locally product Riemannian manifold M̄ . Then

(4.1) g(h(X,zY ), ωZ) = −(Z ln f)g(X,Y )

(4.2) g(h(X,zY ), ωPZ) = −(PZ ln f)g(X,Y )

for any Z ∈ Γ(TMθ) and X,Y ∈ Γ(TMT ).

Lemma 4.3. Let M = Mθ ×f MT be a warped product semi-slant
submanifold of a locally product Riemannian manifold M̄ . Then

(4.3) g(h(X,X), ωPZ) = g(h(zX,zX), ωPZ) = (Z ln f) cos2 θ||X||2,

(4.4) g(h(X,X), ωZ) = g(h(zX,zX), ωZ) = (PZ ln f)||X||2,
for any Z ∈ Γ(TMθ and X ∈ Γ(TMT ).

We are going to prove our main characterization theorem of this
paper.
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Theorem 4.2. Let M be a semi-slant submanifold of a locally
product Riemannian manifold M̄ such that the slant and holomorphic
distributions are involutive. Then M is locally a warped product sub-
manifold if and only if

(4.5) (i) AωPZX = cos2 θ(Zλ)X, (ii) AωZzX = −(Zλ)X

for each Z ∈ Γ(TMθ) and a C∞-function λ on M with Xλ = 0 for each
X ∈ Γ(D).

Proof. If we consider M a warped product semi-slant submanifold
of a locally product Riemannian manifold M̄ , then first part directly
follows from (4.1) of Lemma 4.2and (4.2) of Lemma 4.3.

Conversely, let M be a semi-slant submanifold of a locally product
Riemannian manifold M̄ with (4.5) holds. Then from Theorem 3.1, the
distribution Dθ is integrable if and only if

g(∇ZW,X) = csc2 θ
{
g(h((W,X), ωPZ) + g(h(W,zX), ωZ)

}
,

for any Z,W ∈ Γ(Dθ) and X ∈ Γ(D). The above equation can be
written as

g(∇ZW,X) = csc2 θ
{
g(AωPZX,W ) + g(AωZzX,W )

}
.

Then using condition (4.5)(i)-(ii), we obtain

g(∇ZW,X) = 0,

its means that∇ZW ∈ Γ(Dθ) for all X ∈ Γ(D) and for all Z,W ∈ Γ(Dθ).
Then from definition, we can easily say that the leaf Mθ of Dθ is totally
geodesic in M . On the other hand, from Theorem 3.2, the holomorphic
distribution is integrable if and only if

sin2 θg(∇XY,Z) = g(h((X,Y ), ωPZ) + g(h(X,zY ), ωZ),

for each Z ∈ Γ(Dθ) and X,Y ∈ Γ(D). Now from (2.4), the above
equation can be expressed as

sin2 θg(∇XY,Z) = g(AωPZX,Y ) + g(AωZzY,X).

If the leaf of D in M is denoted by MT and hT is a the second fun-
damental form of the leaf MT in M , then from virtue (4.5)(i)-(ii), we
obtain

sin2 θg(hT (X,Y ), Z) = {(Zλ) cos2 θg(X,Y )− (Zλ)g(Y,X)},
which implies that

g(hT (X,Y ), Z) = − csc2 θ{1− cos2 θ}(Zλ)g(X,Y ).
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Now from property of gradient function and After simplification finally,
we get

hT (X,Y ) = −g(X,Y )∇λ.
This implies that MT is totally umbilical in M with mean curvature
vector HT = −∇λ. Now, we can easily prove that HT is parallel mean
curvature vector corresponding to the normal connection of MT into M .
Hence by result of Hiepko(cf. [14]), M = Mθ×fMT is a warped product
semi-slant submanifold. It completes the proof the theorem.

Corollary 4.1. Let M be a mixed totally geodesic semi-slant sub-
manifold of a locally product Riemannian manifold M̄ such that the
slant and holomorphic distributions are integrable. Then M is a locally
warped product submanifold if and only if

(4.6) (i) AωPZzX = cos2 θ(Zλ)X, (ii) AωZzX = (PZλ)X,

for each Z ∈ Γ(TMθ) and a C∞-function λ on M with Xλ = 0 for each
X ∈ Γ(D).
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