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ON THE CLOSED RANGE COMPOSITION AND WEIGHTED

COMPOSITION OPERATORS

Hamzeh Keshavarzi and Bahram Khani-Robati

Abstract. Let ψ be an analytic function on D, the unit disc in the

complex plane, and ϕ be an analytic self-map of D. Let B be a Banach
space of functions analytic on D. The weighted composition operator

Wϕ,ψ on B is defined as Wϕ,ψf = ψf ◦ ϕ, and the composition operator

Cϕ defined by Cϕf = f ◦ ϕ for f ∈ B. Consider α > −1 and 1 ≤ p <∞.
In this paper, we prove that if ϕ ∈ H∞(D), then Cϕ has closed range on

any weighted Dirichlet space Dα if and only if ϕ(D) satisfies the reverse
Carleson condition. Also, we investigate the closed rangeness of weighted

composition operators on the weighted Bergman space Apα.

1. Introduction

Let D be the unit disk in the complex plane, G be an open subset of D and
H(G) be the class of all functions analytic on G. Let ψ be an analytic function
on the unit disc and let ϕ be an analytic self-map of D. The composition
operator Cϕ on H(D) is defined as Cϕf = f ◦ ϕ for f ∈ H(D) and Wϕ,ψf =
ψf ◦ϕ defines a linear operator from H(D) to itself; which we call the weighted
composition operator generated by ϕ and ψ. The pseudohyperbolic distance
between two points z and a in D is defined as ρ(z, a) = |ϕa(z)|, where ϕa(z) =
a−z
1−az . The pseudohyperbolic disk with center a and radius r (0 < r < 1) is

∆(a, r) = {z : ρ(z, a) < r} = ϕa(∆(0, r)) = ϕa({z : |z| < r}).
Let α > −1 and 1 ≤ p < ∞, the weighted Bergman space Apα(G) is the

space of all functions f ∈ H(G) for which

||f ||pα =

∫
G

|f(z)|p(1− |z|2)αdA(z) <∞,

where A is the normalized area measure on G. This space with the above norm
is a Banach space, we denote by Apα the space Apα(D). Also, the Besov type
spaceBα,p is the space of all functions analytic on the unit disk D such that their
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derivatives are in Apα. The space Bα,p with the norm ||f ||pα,p = |f(0)|p + ||f ′||pα
is a Banach space of analytic functions. A useful and famous relationship be-
tween the Bergman and Besov type spaces is the equivalency of their norms.
Indeed, Bα+p,p = Apα and || · ||pα,p, || · ||pα are equivalent norms, we denote this
equivalence relation by ≈. Many authors have benefited from this equivalency
to characterize the closed range composition operators on different functional
Banach spaces (for example see [3, 4, 8–12]). Because of the existence of the
multiplier ψ in weighted composition operators, we could not use this relation-
ship. So we worked with the original norm of Apα. However, we sometimes
used this equivalent norm in this paper. The weighted Dirichlet space Dα is
Dα = Bα,2 for α > −1.

If ϕ and ψ are not constant, then Wϕ,ψ and Cϕ are one to one on Banach
spaces of analytic functions. So the closed rangeness is equivalent to their being
bounded below. Hence, we study the boundedness below of these operators in
our proofs. Many authors used the reverse Carleson condition to characterize
closed range composition operators and we also use it in our studies.

Let α > −1 and 1 ≤ p < ∞. We say that G, a Borel subset of D, satisfies
the reverse Carleson condition on Apα if there exists positive constant η such
that for each f ∈ Apα,

η

∫
G

|f(z)|p(1− |z|2)αdA(z) ≥
∫
D
|f(z)|p(1− |z|2)αdA(z).

Luecking in [9] have shown that G satisfies the reverse Carleson condition if
and only if the following condition holds.

(?) There are δ > 0 and 0 < r < 1 such that A(G∩∆(a, r)) > δA(∆(a, r))
for each a ∈ D.

That is, the condition (?) holds for G if and only if G satisfies the reverse
Carleson condition on all Apα for α > −1 and 1 ≤ p <∞.

We use frequently from the following theorem (Area formula), for the proof
see [5, Theorem 2.35].

Theorem 1.1. If g and W are non-negative measurable functions on D, then∫
D
g(ϕ(z))|ϕ′(z)|2W (z)dA(z) =

∫
ϕ(D)

g(w)
( ∑
ϕ(z)=w

W (z)
)
dA(w).

For ϕ a holomorphic map on D and w 6= ϕ(0) a point of the plane, let zj(w)
be the points of the disk for which ϕ(zj(w)) = w, with multiplicities. Let
α > −1, the generalized Nevanlinna counting function is

Nϕ,α(w) =
∑
j

(1− |zj(w)|2)α,

where we understand Nϕ,α(w) = 0 for w is not in ϕ(D).
The closed range composition operators on Dα have been characterized in

the case α > 0. For α ≥ 1, Zorboska in [12], showed that Cϕ has closed range



COMPOSITION OPERATORS 219

on Dα if and only if there exists ε > 0 such that the set {z ∈ D :
Nϕ,α(z)

(1−|z|2)α ≥ ε}
satisfies the reverse Carleson condition. Pau and Perez [11], extended this result
for 0 < α < 1. Akeroyd and Fulmer [2], have been used the set ϕ({z ∈ D :

1−|z|2
1−|ϕ(z)|2 ≥ ε}), instead of the set that Zorboska used, to characterize closed

range composition operators on Apα for α > −1 and p ≥ 1. Thus if Cϕ has
closed range on some Apα, then it is also on any Apα. Moreover, Akeroyd and
Dutta in [1], addressed the question: Does closed rangeness of the composition
operator Cϕ on one space confer closed rangeness of Cϕ on a smaller space?

By using Schwarz -Pick Theorem, for any −1 < α ≤ 0 there exists ε > 0 such

that {z ∈ D :
Nϕ,α(z)

(1−|z|2)α ≥ ε} = ϕ(D). Jovovic and MacCluer in [6] showed that

if ϕ(D) satisfies the reverse Carleson condition, then the composition operator
Cϕ has closed range on D0. In this paper we show that the reverse Carleson
condition for ϕ(D) implies the closed rangeness of composition operators on
Dα for all −1 < α ≤ 0. Moreover, we show that if ϕ′ ∈ H∞(D), then Cϕ has
closed range on Dα for any α > −1 if and only if ϕ(D) satisfies the reverse
Carleson condition.

In Section 2, we will study the closed range composition operators on Dα.
In Section 3, we study the closed range weighted composition operators on Apα.
Indeed, we show that if the set

ϕ
(
{z ∈ D;

|ψ(z)|p(1− |z|2)α+2

(1− |ϕ(z)|2)α+2
≥ ε}

)
satisfies the reverse Carleson condition, then Wϕ,ψ has closed range in Apα.
Also, we prove the converse of this theorem by setting additional assumptions
on ϕ and ψ.

2. Closed range composition operators on Dα

In this section, we will study the closed range composition operators on
weighted Dirichlet space Dα. If ϕ is an analytic self-map of the unit disk
such that ϕ(0) = 0, then the boundedness or closed rangeness of Cϕ on Dα is
equivalent to the boundedness or closed rangeness on Dα,0 = {f ∈ Dα : f(0) =
0}. Since a composition operator induced by a disk automorphism is a bounded
operator on Dα, we suppose ϕ(0) = 0. Thus, in this section we assume that
the functions in Dα vanish at the origin.

Lemma 2.1. Let ϕ be an analytic self map of the unit disk and ϕ′ be a bounded
function on D. Then for each α > −1, Cϕ is bounded on Dα. Moreover if
α > 0, then

(2.1) sup
z∈D

Nϕ,α(z)

(1− |z|2)α
<∞.

Proof. If f is in Dα, then f ′ is in A2
α. Since Cϕ is bounded on A2

α we have

‖f ◦ ϕ‖2α,2 = |f(ϕ(0))|2 +

∫
D
|f ′(ϕ(z))|2|ϕ′(z)|2(1− |z|2)αdA(z)
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≤ |f(ϕ(0))|2 + ||ϕ′||2∞
(∫

D
|f ′(ϕ(z))|2(1− |z|2)αdA(z)

)
<∞.

Also, by [7, Theorem 1.3 and Remark 2.6] for α > 0, (2.1) holds. �

Theorem 2.2. Let ϕ be an analytic self-map of the unit disk such that ϕ′ ∈
H∞(D). Then the following statements are equivalent.

(i) Cϕ has closed range on Dα for some α > −1.
(ii) Cϕ has closed range on Dα for all α > −1.
(iii) ϕ(D) satisfies the reverse Carleson condition on Dα for all α > −1.
(iv) ϕ(D) satisfies the reverse Carleson condition on Dα for some α > −1.
(v) ϕ(D) satisfies the condition (?).

Proof. (i) ⇒ (ii): We show that Cϕ has closed range on Dα+2. Let f be in
Dα+2 where f(0) = 0. Consider an analytic function F on D such that F ′ = f
and F (0) = 0. There exist positive constants C1 and C2 such that

‖f‖2α+2 =

∫
D
|f ′(z)|2(1− |z|2)α+2dA(z)

≈
∫
D
|f(z)|2(1− |z|2)αdA(z)

=

∫
D
|F ′(z)|2(1− |z|2)αdA(z)

≤ C1

∫
D
|F ′(ϕ(z))|2|ϕ′(z)|2(1− |z|2)αdA(z)

≤ C1C2

∫
D
|F ′(ϕ(z))|2(1− |z|2)αdA(z)

≈
∫
D
|F ′′(ϕ(z))|2|ϕ′(z)|2(1− |z|2)α+2dA(z)

=

∫
D
|f ′(ϕ(z))|2|ϕ′(z)|2(1− |z|2)α+2dA(z)

= ‖f ◦ ϕ‖2α+2.

Akeroyd and Fulmer in [2] showed that if Cϕ has closed range on Dα for α > 1,

then there exists some ε > 0 such that Gε = ϕ(Ωε) = ϕ({z ∈ D : 1−|z|2
1−|ϕ(z)|2 >

ε}) satisfies the condition (?). Hence Gε and ϕ(D) satisfy the reverse Carleson
condition on all Apα for α > −1 and 1 ≤ p <∞. Consider β > −1.

• If β > 0, we consider Gε = ϕ(Ωε) and
• if −1 < β ≤ 0, we take Ωε = D, Gε = ϕ(D) and ε = 1.

We notice than, for −1 < α ≤ 0, by Schwarz Lemma (1−|ϕ(z)|2)α ≤ (1−|z|2)α.
Therefore,

‖Cϕf‖2β,2 =

∫
D
|f ′(ϕ(z))|2|ϕ′(z)|2(1− |z|2)βdA(z)
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≥
∫

Ωε

|f ′(ϕ(z))|2|ϕ′(z)|2(1− |z|2)βdA(z)

≥ εβ
∫

Ωε

|f ′(ϕ(z))|2|ϕ′(z)|2(1− |ϕ(z)|2)βdA(z)

= εβ
∫
Gε

|f ′(z)|2(1− |z|2)βηϕ(z)dA(z)

≥ εβ
∫
Gε

|f ′(z)|2(1− |z|2)βdA(z)

≥ εβ

η

∫
D
|f ′(z)|2(1− |z|2)βdA(z).

Where ηϕ(z) =
∑

i,ϕ(zi)=z

1, and η is a constant such that for each f ∈ Apα,

η

∫
Gε

|f(z)|p(1− |z|2)βdA(z) ≥
∫
D
|f(z)|p(1− |z|2)βdA(z).

(iv) ⇒ (v) and (v) ⇒ (iii) are proved in [8].
(ii) ⇒ (v) is proved in the proof of the preceding part.
(v) ⇒ (i): In the proof of part (i) ⇒ (ii) we showed that if ϕ(D) satisfies

the reverse Carlson condition, then for any −1 < α ≤ 0, Cϕ has closed range
on Dα. �

For any positive constant M , consider the Borel set

BM = {z ∈ D : 0 <
Nϕ,α(z)

(1− |z|2)α
≤M}.

Also, we define B̃M = BM ∪ (D \ ϕ(D)) and B̃M
c

= D \ B̃M .

Theorem 2.3. Let α > −1 and ϕ be an analytic self-map of the unit disk.
Then the composition operator Cϕ is bounded on Dα if and only if for all f in
Dα

(2.2) lim
k→∞

∫
B̃k

c
|f ′(z)|2Nϕ,α(z)dA(z) = 0.

Proof. First let Cϕ be bounded. We can easily see that the set {z ∈ D :
Nϕ,α(z)

(1−|z|2)α = ∞} has zero measure. Therefore, every function in Dα satisfies in

Equation (2.2). Conversely, let Equation (2.2) hold for each f in Dα. Consider
f in Dα. By assumption, there are positive constants M and C depending on
f such that ∫

B̃M
c
|f ′(z)|pNϕ,α(z)dA(z) ≤ C.

Thus

‖Cϕf‖2 =

∫
D
|f ′(ϕ(z))|2|ϕ′(z)|2(1− |z|2)αdA(z)
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=

∫
ϕ(D)

|f ′(z)|2Nϕ,α(z)dA(z)

=

∫
BM

|f ′(z)|2Nϕ,α(z)dA(z) +

∫
B̃M

c
|f ′(z)|2Nϕ,α(z)dA(z)

≤M
∫
BM

|f ′(z)|2(1− |z|2)αdA(z) +

∫
B̃M

c
|f ′(z)|2Nϕ,α(z)dA(z)

≤M‖f‖+ C <∞.

Hence Cϕf ∈ Dα and by closed graph theorem Cϕ is bounded. �

Consider α > 0. Kellay and Lefevre in [7] showed that if Cϕ is bounded on

Dα, then M = supz∈D
Nϕ,α(z)

(1−|z|2)α < ∞. Therefore, for any k > M and f ∈ Dα,

we have ∫
B̃k

c
|f ′(z)|2Nϕ,α(z)dA(z) = 0.

Let Cϕ be bounded on Dα, where −1 < α ≤ 0. Consider the following
equation

(2.3) lim
k→∞

sup
‖f‖α=1

∫
B̃k

c

|f ′(z)|2Nϕ,α(z)dA(z) = 0.

Clearly if supz∈D
Nϕ,α(z)

(1−|z|2)α < ∞, then Equation (2.3) holds. But non-trivial

examples of such operators are compact composition operators.

Proposition 2.4. Consider α > −1. If Cϕ is compact on Dα, then equation
(2.3) holds.

Proof. If Equation (2.3) does not hold, then there exist C > 0 and a sequence
{fk} in the unit ball of Dα such that for each k∫

B̃k
c
|f ′k(z)|2Nϕ,α(z)dA(z) ≥ C.

Since {fk} is a normal sequence, there are a subsequence {fnk} of {fk} and an
analytic function f on D such that {fnk} converges to f uniformly on compact
subsets of D as k → ∞. For convenient let {fk} := {fnk}. We can easily
see that f is in Dα. By using the compactness of Cϕ, the sequence {fk ◦ ϕ}
converges to f ◦ ϕ in the norm of Dα. But∫

ϕ(D)

|f ′k(z)− f ′(z)|2Nϕ,α(z)dA(z)

≥
∫
B̃k

c
|f ′k(z)− f ′(z)|2Nϕ,α(z)dA(z)

≥

((∫
B̃k

c
|f ′k(z)|2Nϕ,α(z)dA(z)

) 1
2 −

(∫
B̃k

c
|f ′(z)|2Nϕ,α(z)dA(z)

) 1
2

)2

.
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The first integral is greater than C and the second integral converges to zero
(by Theorem 2.3) as k →∞. Hence, the sequence {fk ◦ϕ} cannot converge to
f ◦ ϕ, and this is a contradiction. �

It is easy to see that the converse of the above proposition is not true. Indeed,
if ϕ is a disk automorphism, then Equation (2.3) is true but Cϕ is not compact.
Zorboska in [13], showed that there is an analytic self map of the unit disk ϕ
such that Cϕ is compact on D0 and supz∈DNϕ,0(z) =∞. However, Proposition
2.4 shows that Equation (2.3) holds for Cϕ. In the following theorem we say
that if Equation (2.3) holds, then for all −1 < α ≤ 0, Cϕ has closed range on
Dα if and only if ϕ(D) satisfies the condition (?). In [6], Jovovic and MacCluer
presented an example where Cϕ has closed range on D0 but ϕ(D) does not
satisfy the reverse Carleson condition. Thus Equation (2.3) is not true in
general case.

Theorem 2.5. Let α > −1 and ϕ be an analytic self-map of the unit disk such
that satisfies in Equation (2.3). Then Cϕ has closed range on Dα if and only
if ϕ(D) satisfies the condition (?).

Proof. If ϕ(D) does not satisfy the reverse Carleson condition, then there exists
a sequence {fk} in Dα such that

∫
D |f

′
k(z)|2(1− |z|2)αdA(z) = 1 and for any k,∫

ϕ(D)

|f ′k(z)|2(1− |z|2)αdA(z) <
1

k2
.

Thus

‖Cϕfk‖2 =

∫
D
|f ′k(ϕ(z))|2|ϕ′(z)|2(1− |z|2)αdA(z)

=

∫
ϕ(D)

|f ′k(z)|2Nϕ,α(z)dA(z)

=

∫
Bk

|f ′k(z)|2Nϕ,α(z)dA(z) +

∫
B̃k

c
|f ′k(z)|2Nϕ,α(z)dA(z)

≤ k
∫
Bk

|f ′k(z)|2(1− |z|2)αdA(z) +

∫
B̃k

c
|f ′k(z)|2Nϕ,α(z)dA(z)

≤ 1

k
+

∫
B̃k

c
|f ′k(z)|2Nϕ,α(z) −→ 0, k →∞.

�

3. Closed range weighted composition operators on Apα

For the positive constant ε, we define the sets

Ωε = {z ∈ D;
|ψ(z)|p(1− |z|2)α+2

(1− |ϕ(z)|2)α+2
≥ ε}, and Gε = ϕ(Ωε).

In Theorem 3.1, we show that for the set Gε, the condition (?) is a sufficient
condition for the closed rangeness of Wϕ,ψ. With some additional assumptions,
we prove that this condition is also necessary.
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Theorem 3.1. Consider α > −1 and 1 ≤ p <∞. Let ψ be an analytic function
on the unit disc and let ϕ be an analytic self-map of D such that Wϕ,ψ is a
bounded operator on Apα. If there exists ε > 0 such that the set Gε satisfies the
condition (?), then the weighted composition operator Wϕ,ψ has closed range on
Apα. Moreover with assuming the following conditions, the converse of theorem
is also true.

(i) α > 0;
(ii) ψ ∈ H∞(D) and
(iii) ϕ′ be continuous on D and ϕ′(ζ) 6= 0 for any ζ ∈ ∂D.

Proof. Let ε > 0 be such that the setGε satisfies the reverse Carleson condition.
By using Schwarz Lemma we have

(1− |z|2)|ϕ′(z)|
(1− |ϕ(z)|2)

≤ 1, ∀z ∈ D.

Thus, for any z ∈ Ωε, we have

|ψ(z)|p(1− |z|2)α

|ϕ′(z)|2(1− |ϕ(z)|2)α
≥ |ψ(z)|p(1− |z|2)α+2

(1− |ϕ(z)|2)α+2
≥ ε.

Let there exist ε > 0 such that the set Gε satisfies the reverse Carleson con-
dition. So there is a constant η > 0 such that η

∫
Gε
|f(z)|p(1 − |z|2)αdA(z) ≥∫

D |f(z)|p(1 − |z|2)αdA(z) for each f ∈ Apα. We show that Wϕ,ψ is bounded
below. Let f ∈ Apα,∫

D
|ψ(z)f(ϕ(z))|p(1− |z|2)αdA(z)

≥
∫

Ωε

|ψ(z)f(ϕ(z))|p(1− |z|2)αdA(z)

≥ ε

∫
Ωε

|f(ϕ(z))|p|ϕ′(z)|2(1− |ϕ(z)|2)αdA(z)

≥ ε

∫
Gε

|f(z)|pηϕ(z)(1− |z|2)αdA(z)

≥ ε

∫
Gε

|f(z)|p(1− |z|2)αdA(z)

≥ ε

η

∫
D
|f(z)|p(1− |z|2)αdA(z).

Conversely, let Wϕ,ψ be a closed range operator and conditions (i), (ii) and (iii)
hold. Suppose that there is no ε > 0 such that the set Gε satisfies the reverse
Carleson condition. Thus, for each k ∈ N, there is a function fk ∈ Apα such
that

∫
D |fk(z)|p(1− |z|2)αdA(z) = 1 and∫

Gk

|fk(z)|p(1− |z|2)αdA(z) −→ 0, k →∞,



COMPOSITION OPERATORS 225

where Gk = ϕ(Ωk) = ϕ({z ∈ D; |ψ(z)|p(1−|z|2)α+2

(1−|ϕ(z)|2)α+2 ≥ 1
k}). Since {fk} is a

normal sequence, there is a function f analytic on D and a subsequence {fnk}
such that fnk → f uniformly on compact subsets of D. For convenience, we
use {fk} instead of {fnk}.

Now, we claim that f ≡ 0 on D. Indeed, let 0 < r < 1, rD must have an
open subset G of positive measure such that |ψ(z)|p > δ on G for some δ > 0.
For any z ∈ G, we have

|ψ(z)|p(1− |z|)α+2

(1− |ϕ(z)|)α+2
≥ δ(1− r)α+2,

thus ϕ(G) ⊆ Gδ(1−r)α+2 and so there exists a positive integer k0 such that
A(Gk0) > 0. Consider the Banach space Apα(GK) with the norm

‖f‖pk =

∫
Gk

|f(z)|p(1− |z|2)αdA(z).

But Gk0 ⊆ Gk for every k ≥ k0. Thus, if w ∈ Gk0 and Kw denotes the point
evaluation at w on Apα(Gk0), then

|fk(w)|p ≤ ‖Kw‖pk0

∫
Gk0

|fk(z)|p(1− |z|2)αdA(z)

≤ ‖Kw‖pk0

∫
Gk

|fk(z)|p(1− |z|2)αdA(z)→ 0

as k →∞.
Now we show that there are constants 0 < r < 1 and δ > 0 such that

|ϕ′(z)| > δ for any z ∈ D \ rD. To see this, let (rn) be a sequence in (0, 1) such
that rn ↑ 1 and for each n there is a point zn ∈ D \ rnD such that |ϕ′(zn)| ≤ 1

n .
The sequence (zn) must have a limit point in ∂D. By the continuity of ϕ′ there
is some ζ ∈ ∂D such that ϕ′(ζ) = 0. This is a contradiction and the claim is
proved.

Now we prove the theorem. For each f ∈ Apα,∫
D
|ψ(z)fk(ϕ(z))|p(1− |z|2)αdA(z)

=

∫
rD
|ψ(z)fk(ϕ(z))|p(1− |z|2)αdA(z)

+

∫
(D\rD)∩Ωk

|ψ(z)fk(ϕ(z))|p(1− |z|2)αdA(z)

+

∫
(D\rD)∩Ωck

|ψ(z)fk(ϕ(z))|p(1− |z|2)αdA(z).

Since {fk} converges to zero uniformly on compact subsets of D, the first in-
tegral tends to zero as k → ∞. We address the second integral. The above
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results show that there are positive constants C1 and C2 such that∫
(D\rD)∩Ωk

|ψ(z)fk(ϕ(z))|p(1− |z|2)αdA(z)

≤ C1

∫
Ωk

|fk(ϕ(z))|p|ϕ′(z)|2(1− |z|2)αdA(z)

= C1

∫
Gk

|fk(z)|pNϕ,α(z)dA(z)

≤ C2

∫
Gk

|fk(z)|p(1− |z|2)αdA(z)→ 0

as k →∞. Now we show that the third integral tends to 0, consider 0 < β < 1
such that (α+ 2)β < α. Again we can find positive constants C1 and C2 such
that∫

(D\rD)∩Ωck

|ψ(z)fk(ϕ(z))|p(1− |z|2)αdA(z)

≤ C1

∫
(D\rD)∩Ωck

|fk(ϕ(z))|p|ψ(z)|pβ |ϕ′(z)|2(1− |z|2)(α+2)β(1− |z|2)α−(α+2)βdA(z)

≤ C1

kβ

∫
Ωck

|fk(ϕ(z))|p|ϕ′(z)|2(1− |ϕ(z)|2)(α+2)β(1− |z|2)α−(α+2)βdA(z)

=
C1

kβ

∫
Ωck

|fk(z)|p(1− |z|2)(α+2)βNϕ,(α−(α+2)β)(z)dA(z)

≤ C2

kβ

∫
D
|fk(z)|p(1− |z|2)αdA(z) =

C2

kβ
,

where this last quantity converges to zero, as k →∞. �

References

[1] J. R. Akeroyd and A. Dutta, A note on closed-range composition operators, Complex

Anal. Oper. Theory 11 (2017), no. 1, 151–160. https://doi.org/10.1007/s11785-016-
0586-8

[2] J. R. Akeroyd and S. R. Fulmer, Closed-range composition operators on weighted

Bergman spaces, Integral Equations Operator Theory 72 (2012), no. 1, 103–114.
https://doi.org/10.1007/s00020-011-1912-1

[3] J. R. Akeroyd and P. G. Ghatage, Closed-range composition operators on A2, Illinois J.

Math. 52 (2008), no. 2, 533–549. http://projecteuclid.org/euclid.ijm/1248355348
[4] J. A. Cima, J. Thomson, and W. Wogen, On some properties of composition operators,

Indiana Univ. Math. J. 24 (1974/75), 215–220. https://doi.org/10.1512/iumj.1974.

24.24018

[5] C. C. Cowen and B. D. MacCluer, Composition operators on spaces of analytic functions,

Studies in Advanced Mathematics, CRC Press, Boca Raton, FL, 1995.
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