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In the present study, a hyperelastic constitutive model is built by complying with a simplified hyper-
elastic strain energy function, which yields the numerical solution for a deformed polydimethylsiloxane 
(PDMS) membrane in the case of axisymmetric hydraulic pressure. Moreover, a nonlinear equilibrium 
model is deduced to accurately express the deformation of the membrane, laying a basis for precise 
analysis of the optical transfer function. Comparison to experimental and simulated data suggests that 
the model is capable of accurately characterizing the deformation behavior of the membrane. Further-
more, the stretch ratio derived from the model applies to the geometrical optimization of the deformed 
membrane.
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I. INTRODUCTION

Polydimethylsiloxane (PDMS) has many advantages, 
such as good ductility, high optical transparency, and chem-
ical stability, so it has been widely used in many optical 
devices, such as the tunable liquid lens.

The tunable liquid lens has aroused extensive attention 
from optical researchers for its unique optical adaptability. 
This type of special lens is capable of regulating its focal 
length as required, enabling broad applications such as im-
aging optics and display systems. Numerous methods have 
been proposed for changing the shape of the liquid lens [1]. 
The first type can be summarized as the “electrical type” 
[2–11], consisting of a chamber possessing a conductive 
coating on its inner wall, as illustrated in Fig. 1(a). Such 
liquid lenses exhibit high performance and a simplified me-
chanical structure, and their volumes are usually tiny. Some 
can even act as part of a microlens array. The second type 
is the “mechanical type” [12–20], primarily containing an 
elastic membrane that divides a chamber in two as a funda-

mental structure (to eliminate the effects of gravity), as in 
Fig. 1(b). The shape of the membrane can be reformed by 
altering the pressure difference between the two chambers; 
subsequently, the focal length is transformed. As opposed 
to the electrical type, the mechanical type has more parts 
that can be studied for optical design. For this reason, the 
present study places the stress on liquid lenses with a mem-
brane. This type of liquid lens has been extensively inves-
tigated, and the imaging performance discussed at length. 
However, before the design of an excellent imaging system, 
the optical properties of every single lens should be known. 
Thus an accurate material model should be built to express 
the deformation of the membrane. On the whole, PDMS is 
adopted to manufacture the membrane of the liquid lens for 
its high light transmittance, and it notably exhibits a huge 
stretch rate at the breaking point. In addition, its character-
istics can be fully recovered after stretching.

Though the adjustment of the focal length is considered 
a significant advantage, the significant impact of lens shape 
on imaging performance should be prioritized. The shapes 
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of many different lenses employed in advanced optical 
systems have all been meticulously designed to ensure 
high imaging quality. Without accurate surfaces, however, 
aberration cannot be remedied. Numerous theories have 
been proposed to calculate the deformation of membranes 
[21–24]. To be specific, Pokorný et al. [24] employed an 
impressive energy method that noticeably simplifies the 
calculation, whereas the oversimplified theory ignores the 
shrinkage in the normal direction that is deduced from the 
theory of hyperelasticity in this study, and shrinkage related 
to the geometrical forms primarily constitutes the optimi-
zation for the surface shape. Henchy initially studied the 
plane strain issue, and Love [25] suggested internal stress 
of the membrane as a kind of plane stress. However, a slight 
deviation can be caused when a theory regarding a plane is 
adopted to express behaviors of the membrane; given this, 
a theory for a shell is proposed to improve such a process. 
Timoshenko and Woinowsky-Krieger [26] elucidated the 
equilibrium equations of shells in a range of scenarios, 
upon which the theory proposed here is based.

Conventional elasticity theory no longer applies to the 
analysis of deformation of an elastic membrane. Since the 
stretch ratio of a deformed membrane in all directions is 
significantly larger than 1, it contradicts the basic assump-
tions of elasticity. Under this circumstance, Finger devel-
oped the finite-deformation theory of hyperelastic materials 
in 1894 [27], mainly consisting of the relationship between 
strain and stress, currently termed as a strain-stress energy 
function. Such a material is generally considered incom-
pressible. In the middle of the last century, Mooney and 
Rivlin advanced the theory of hyperelasticity with the MR 
strain-stress energy function, thereby solving the most dif-
ficult problems facing the hyperelasticity theory [28, 29]. 
All theories of nonlinear deformation were summarized by 
Odgen [30]. In his book, he introduced the tensor, coordi-
nate system definition, kinematics, and other basic theories 
in detail, and made clear the basic form of Cauchy stress. 
In the discussion of green elastic materials (another name 
for hyperelastic materials), the basic form and meaning of 
the strain energy function were introduced. The boundary 

conditions and problems similar to those in this paper were 
fully discussed. Besides, it is also noteworthy whether to 
consider PDMS as a hyperelastic material. In a discussion 
at the International Symposium on Second-order Effects at 
Haifa in 1962, Rivlin highlighted if elastic materials were 
not classified as hyperelastic materials, the system would 
do non-zero work in a closed cycle of deformation, demon-
strating that materials act as a source of infinite energy [31]. 
The perspective was also mentioned in a paper by Carroll 
[32], so it is reasonable to regard PDMS as a hyperelastic 
material. Otherwise, PDMS does not exhibit special proper-
ties in different directions, suggesting that is an isotropic 
material.

In the mentioned works, researchers proposed numerous 
solutions by complying with different theories. The present 
study proposes a hyperelastic model based on a simplified 
strain-stress energy function with a concise form for calcu-
lation, and the function adequately reveals the properties of 
PDMS. Subsequently equilibrium equations are deduced, 
and the material constants are determined by performing a 
laboratory experiment. Since the yielded equation is a high-
order nonlinear differential one with a two-point boundary 
value, an analytical solution is very difficult to find. To ad-
dress this problem, the shooting method is adopted to solve 
it. Finally, the presented model is verified by the experi-
mental data. More importantly, the membrane will show 
shrinkage in the direction of its thickness when it stretches. 
In other words, the distribution of thickness significantly 
impacts the surface shape. With the theory proposed in this 
study, accurate shrinkage at any point can be deduced, and 
on that basis a thickness distribution can be redesigned to 
optimize the deformed shape of the membrane.

II. HYPERELASTIC CONSTITUTIVE MODEL 
FOR THE MEMBRANE OF A LIQUID LENS

Consider a membrane under hydraulic pressure, axisym-
metric around an axis defined as the z-axis. Figure 2 indi-
cates that the shape of the deformed membrane is described 
by the function Z(r), where r denotes the horizontal posi-

FIG. 1. Schemes of different liquid lens. (a) Scheme of an electrical liquid lens. (b) Scheme of a mechanical liquid lens, and the 
procedure for deformation.

(a) (b)



Deformation of the PDMS Membrane for a Liquid Lens... - Haipeng Gu et al. 393

tion after deformation, represented as a black dashed line. 
The clamped boundary of the membrane is expressed as a. 
There are three principal stretch directions that should be 
defined: ds, dθ , and dn. Because Z(r) is not circular, there 
are two different curvatures R1 and R2 at any two points on 
Z(r). The thickness of the membrane is uniform, and the 
membrane is incompressible.

Since PDMS is considered a hyperelastic material, three 
principal stretch ratios can be expressed as [30]

��

� � �
� � �
��
S rd h
R Rd H

θλ λ λ= = =
Θ �������������������������������������������������������

� �

, (1)

where h and H denote the thickness of the membrane after 
and before deformation respectively, and θ  and Θ are the 
angles around axis z after and before deformation. In addi-
tion, the stress related to the three principal stretch ratios, 
which is also termed as Cauchy stress, can be expressed in 
matrix form [30]
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where I1 and I2 are the first and second invariants respec-
tively, which can be expanded as [30]
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(3)

There is a special equation [30]:
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. (4)

As derived from the assumption, PDMS is incompress-
ible. 

In the equations above, B is the left Cauchy stress ten-
sor, W is the strain energy function, and p is the hydrostatic 
pressure. It is obvious that the strain energy function is 
most important for the solution of Cauchy stress. 

There are five strain energy functions usually employed 
in the calculation [28–30, 33]:
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The structure of the strain energy function should be dis-
cussed. For WNH, though an accurate result will be received 
if it is used, the equilibrium equation is full of high-order 
and complex terms. Subsequently, WMR is convenient for 
calculation, but it cannot express the nonlinear properties of 
PDMS very well when the strain ratio is excessively large 
[33]. WY indicates a special strain energy function, which 
caused Yeoh (who proposed it) to ignore the relationship 
between invariant I2 and W [34]. In fact, it only exhibits 
good performance for some nearly linear materials, and it 
cannot generate accurate results. WG has a constant n re-
lated to order, which can be considered significantly high; 
thus, it is usually adopted to express the rupture character-
istics of hyperelastic materials. WO denotes a special strain 
energy function directly related to the principal stretch ratio. 
It is beneficial for calculation, whereas a further simplified 
form of the strain energy function is expected here. It can be 
summarized that polynomial terms like In and (I − 3)n exhibit 
favorable fitting characteristics under any conditions. More-
over, some researchers think that 

��

�

W
I

∂
∂ �

�

 shall vanish under 
most conditions, whereas it cannot be simply ignored [33]. 
For this reason, the simplified strain energy function is as-
sociated with both I1 and I2. Furthermore, with the moderate 
stretch ratio estimated to be 200%, a second-order polyno-
mial form is introduced. In brief, a simplified strain energy 
function is expressed as
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� �� �W I Iα β= − + − �����������������������������������������������������
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, (6)

where a  and β  denote material constants complying with 
the Betra inequalities:
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, (7)

where a  and β  should be positive. Base forces can be de-
duced straightforwardly as

FIG. 2. Scheme of deformation of the membrane under pres-
sure in the central plane (dashed line: membrane without 
applied pressure).



Current Optics and Photonics, Vol. 5, No. 4, August 2021394

��

( )( )
( )( )

� � �
� � � � � � �

� � �
� � � � � � �

�

�

�

�

T H

T H

T

λ λ λ β β λ

λ λ λ β β λ
−

−

= − −

= − −

=

��������������������������������������������������

� �

(8)
,

where T3 vanishes, since the theory of shells is used here 
and the bending stiffness is omitted.

In summary, a unique solution for a spherical membrane 
can only be derived when the geometric construction (shape 
after deformation) is clearly known, which is a difficult 
problem for mechanics researchers. The theory of shells 
without bending offers a simple form, representing the rela-
tionship between stress and strain, so it can be conveniently 
introduced here. With the theory, the equilibrium condition 
in a cylindrical coordinate system is expressed as [26]
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where
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(10)

Nθ and Nφ respectively denote base stress in the direc-
tions ds and dθ . The shear stress Nφθ vanishes, as the defor-
mation of the membrane is axisymmetric, so terms refer-
ring to Nφθ vanish as well. With the geometrical relationship 
[26]
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a simplified form of equilibrium equations is expressed as
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where p denotes the hydraulic pressure of the optical liquid.
There are two foreseeable ways to simplify the equations 

further. If r or R is considered the independent variable, all 
unknown quantities should be converted to functions with 
r or R as independent variables. When R is considered the 
independent variable, it is termed as the Lagrange method 
in the reference configuration; when r is the independent 
variable, it is called the Euler method in the current con-
figuration. Wheres when the Lagrange method is tried the 
equation is too complex to calculate, it seems the Euler 
method is capable of simplifying the progress of calculation 
in this problem effectively, so all independent variables are 

converted to r. The equilibrium equation in the current con-
figuration is expressed as
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With the Gauss-Codazzi formulation and geometric rela-
tionships, Eq. (13) is rewritten as
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,

where r is an independent variable and T1 and T2 denote de-
pendent variables.

Two sub-equations in Eq. (14) above are differential 
equations, so boundary conditions should be verified before 
solving these equations. At the point r = a, the boundary 
conditions are determined by physical status, i.e. R = a and 
Z = 0. Furthermore, it also indicates the stretch-ratio condi-
tions, since the material is physically continuous. On the 
other hand, the point r = 0 refers to the center of geometric 
symmetry that remains 0 when the membrane is deformed, 
implying a stretch-ratio condition due to 4-symmetry. All of 
the boundary conditions are expressed as
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In the present case, the boundary condition for R has 
been satisfied since R refers to a part of l 2, so the boundary 
condition is simplified as
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(16)

III. NUMERICAL SOLUTION OF THE 
HYPERELASTIC MODEL

We can solve the differential equations with the initial 
value at the end of the solution interval, whereas for the 
problem in this study the conditions are given, instead of 
values. Another method, called the shooting method, shall 
be used. To keep the statement simple, the method can also 
be termed as the guessing method. The main procedure is 
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choosing an arbitrary value P for initial conditions:

���

� � Pλ λ= = ���������������������������������������������������������������������
� �

, (17)

and the equations can be solved on the interval [0 , a]:
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� � � �Pλ = ����������������������������������������������������������������������
� �

. (18)

If Eq. (18) is satisfied by a certain P-value, it indicates 
that the initial value is the true value for l 1 and l 2.

In fact, the choice of P is not totally arbitrary; we can 
preset an interval based on physical conditions. In con-
sideration of the tensile state of the membrane, the stretch 
ratio has to be larger than 1, and the membrane will rupture 
when the stretch ratio reaches 5. Thus the true initial values 
of l 1 and l 2 are both between the endpoints of the interval 
[1, 5]. To summarize, the conditions can be expressed as

���

� �� �����λ λ ∈ ����������������������������������������������������������������������
� �

. (19)

Through the mentioned process, stretch ratios are solved 
for instead of the shape of the membrane, so another rela-
tionship between the two parts shall be found. According to 
Fig. 2, there are two geometrical conditions [26]:
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. (20)

Equation (20) expresses another set of differential equa-
tions to be solved. With the values of l 1 and l 2 obtained 
from Eq. (13), the value of φ can be deduced, and then we 
set the initial value 0 for z(r), and the deformed shape of the 
membrane can be obtained. The procedure of the shooting 
method is summarized as: 

1. Set a reasonable interval for the initial value for Eq. 
(13), and solve Eq. (13) for every single increment of 0.001 
within the interval. Boundary conditions are given in Eq. 
(15). 

2. When l 2(a) = 1 for an initial value, stop procedure 1 
and note the initial value down; it is the true value for l 1 
and l 2. 

3. Substitute the obtained results into Eq. (19), and the 
shape of the deformed membrane is described as z(r).

IV. EXPERIMENTS AND VERIFICATION OF 
THE HYPERELASTIC THEORY

To verify the correctness of the theory in the previous 
chapter, we purchase PDMS samples (Hangzhou Bald Ad-
vanced Materials Co., Ltd., Hangzhou, China) for testing 
and calculation of material parameters. The sample type 
is KYQ-500, the thickness of the sample is 500 µm, the 
tensile strength is 5 MPa, and the elongation at breaking is 
400%.

Before calculating, there are two coefficients a  and β  
to be determined experimentally, where the uniaxial ten-
sile test is commonly used. The material is stretched in a 
single direction, demonstrating that there is no force in the 
other two orthogonal directions. The strain-stress curve can 
be obtained experimentally. The hyperelastic constitutive 
model can be simplified in uniaxial tensile form:

���

( )( ) ( ) ( )� � � � � � �� � � �xσ α λ λ λ λ β λ λ λ λ− − − −= − + − + − ������������������������������
� �

, (21)

where σx and l  are the stress and strain obtained in the uni-
axial tensile test.

The test is based on GB 13022-1991, and the shape of 
the specimen is chosen to be a dumbbell (Fig. 3). The di-
mensions of Fig. 3 are in millimeters (mm). The larger end 
is for easier clamping.

A vertical elongation apparatus with a single axis is 
adopted to determine the coefficients, and the stress-strain 
curve is obtained (Fig. 4). We fit the simplified model to 
the experimental data by Ordinary Least Squares (OLS) in 
Matlab, as schematically shown in Fig. 4. The two coeffi-
cients are determined to be

���

��������� ��������α β= = ����������������������������������������������������
� �

, (22)

and the strain energy function can be expressed as

FIG. 3. Scheme of the PDMS sample for uniaxial tensile testing.
FIG. 4. Experimental uniaxial tensile data (black line), and 
comparison to theoretical fitting results (blue line).
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�

, (23)

which represents the properties of PDMS efficiently.
A modular experimental apparatus is designed for ex-

periments to verify the theory. The main part refers to a 
chamber filled with air, where an injector driven by a ball 
screw manually is adopted to control the pressure precisely. 
Two forms of cover are designed for the experiments: 
Cover 1 employed in the present case can be attached to the 
base by a screw, and it fixes the membrane as well. Cover 2 
is designed for prospective research that requests a double-
liquid-form lens. During the experiment, the lens is fixed 
by a special fixture on a manual two-degrees-of-freedom 
platform XYWG60 (MiSUMi Co., Tokyo, Japan,), which 
is fixed on a high-precision single-degree-of-freedom plat-
form (PI Corporation). The clear aperture of the lens is D 
= 34 mm, and the membrane thickness is h = 0.05 mm. Air 
instead of liquid is used for the experiments, because when 
designing a liquid lens a double-liquid form is usually ad-
opted, to eliminate the effects of gravity. When the lens is 
designed as in Fig. 5, the liquid filling the chamber is influ-
enced by gravity, and the shape is different from that under 

nongravity conditions. 
A laser displacement sensor HGC-1050 (Panasonic Co., 

Osaka, Japan) is adopted to measure the shape of the mem-
brane [shown in Figs. 6(a) and 6(b)]. The laser displace-
ment sensor is fixed on a bracket, with the measuring dot of 
the sensor on the axis of the experimental equipment. When 
the equipment moves along the axis on the single-degree-
of-freedom platform, the relative deviation of the surface 
can be measured, and the data for the surface shape can be 
finally obtained. Before measuring, the manual platform 
should be moved to make sure that the measurement center 
coincides with the geometrical center of the lens. Then the 
shape along the generatrix can be measured. Because of the 
measurement principle of the device, the range of measure-
ment is restricted by the slope of the generatrix. Only the 
reliable range of experimental data is recorded, ranging 
from 0 mm to 6 mm. Furthermore, the measurement accu-
racy of the device is 30 µm.

The results are shown in Fig. 7. Two pressures p = 200 
Pa and p = 300 Pa are used, and the experimental values are 
compared to the data calculated with Eq. (13). The RMS 
statistics are RMS300Pa = 0.0258 mm and RMS200Pa = 0.0150 

FIG. 5. Schemes of the experimental devices. (a) Scheme of the experimental device for a membrane liquid lens. (b) Cover 2 for the 
double-liquid experiment.

(a)

(b)
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mm, suggesting that the simplified strain stress energy 
function and theory of hyperelasticity convey the constitu-
tive properties of PDMS precisely.

For further verification of the theory, a three-dimension-
al model of the membrane is built in the ABAQUS soft-
ware 6.14 (Dassault Systèmes Simulia Co., Rhode Island, 
UK), and computational results are recorded to compare to 
the experimental observations. Since the thickness of the 
membrane is extremely small compared to the diameter, the 
circular PDMS membrane is modeled as a two-dimensional 
shell, which is also appropriate for the usage of the section 
membrane in ABAQUS. PDMS is considered an elastic 

material here, with Young’s modulus and Poisson’s ratio 
determined as E = 1.2 MPa and υ = 0.42, according to the 
provider of the membrane (Hangzhou Bald Advanced Ma-
terials Co., Ltd.).

Membrane elements are adopted to mesh the part. There 
are a variety of elements for a membrane in the library of 
ABAQUS; the element type employed in this research is 
M3D8R (8-node quadrilateral membrane, reduced integra-
tion), since the element shows better performance in the 
convergence of the calculation. Comparison of the theoreti-
cal data and computational results is shown in Fig. 8. The 
RMS statistics are RMS200Pa = 0.0247 mm and RMS300Pa = 

FIG. 6. Photographs of the experimental facilities. (a) Photograph of the experimental device for measuring the deformation of the 
membrane. (b) Photograph of the measurement details of the device.

(a) (b)

        (a)          (b)

FIG. 7. Diagrams of the experimental results. (a) Comparison to theoretical results for pressure P = 200 Pa; (b) Comparison to 
theoretical results for pressure P = 300 Pa.
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(a)

FIG. 8. Diagrams of the simulation results. (a), (b) Results of deformation for the computational model under pressures P = 200 Pa 
and P = 300 Pa; (c), (d) Comparison of theoretical data (blue line) to computational results (red triangles) for two different pressures.

(b)

    (c)         (d)
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0.0846 mm, which shows the increase of RMS along with 
the pressure.

The main reason for the error is that PDMS is a kind of 
nonlinear elastic material, which can be also proved by the 
results of the uniaxial tensile test. When we set PDMS as 
an elastic material here, the difference between the com-
putational results and theoretical ones becomes larger with 
increasing strain.

V. DISCUSSION ON IMAGING 
PERFORMANCE OF THE LIQUID LENS

The reason why this study attempts to solve the deforma-
tion of the membrane is to build a continuous mathematical 
model for optical-performance analysis. With the theoreti-
cal values, an in-depth analysis is conducted using the 
Zemax software. 35 points originate from the calculation 
results (step size 0.5 mm) to generate the optical surface, 
because we use a cubic spline curve to fit the surface here. 
The transverse ray aberration is mainly discussed, since 
the aberration can reflect imaging properties most visually. 
To prepare for engineering practice, a double-liquid lens is 

modeled in Zemax. Liquid 1 is determined as water with 
lower refractive index η  =1.33, while liquid 2 is glycerine 
with refractive index η  =1.47. A spherical BK7 glass lens 
fitted by the least-squares method is compared to the liquid 
lens, the radius of which was determined as R200Pa = 39.08 
mm and R300Pa = 29.54 mm. The results are presented in 
Fig. 9. PY and PX denote the normalized coordinates in the 
meridian and sagittal planes respectively, within the inter-
val −1 to 1. EX represents the deviation between the actual 
imaging point and the ideal imaging point in sagittal plane, 
EY represents the deviation in meridian plane, which are 
all in the interval −500 µm to 500 µm. Figure 9(a) presents 
the aberration of a BK7 glass lens with radius R200Pa = 38.08 
mm. Comparing it to Fig. 9(b) indicating the aberration of 
the membrane lens under 200 Pa, this study perceives that 
there is a severe spherical aberration for the membrane lens, 
and the difference between Fig. 9(a) and 9(b) is significant. 
Figure 9(c) presents the aberration of a glass lens with ra-
dius R300Pa = 29.54 mm, and Fig. 9(d) shows the aberration 
of the membrane lens under 300 Pa. The impact of spheri-
cal aberration is more remarkable, whereas the difference 
between the glass and membrane lenses is less obvious.

(a) (b)

(c) (d)

FIG. 9. Diagrams of aberration of liquid lens. (a), (b) Comparison of transverse ray aberration for a fitted glass spherical lens 
and a membrane lens under pressure P = 200 Pa; (c), (d) the same comparison under pressure P = 300 Pa. EX and EY denote the 
transverse ray aberration, and PX and PY denote the position of the sampling point in the interval from −1 to 1.
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A critical deduction from the analysis of aberration 
is that the larger the deformation, the less the difference 
between the deformed and spherical shapes will be. The 
reason may be that the behavior of the membrane is nonlin-
ear throughout the whole deformation procedure. In other 
words, the shape of the membrane is difficult to optimize 
under every different pressure, so the optimization shall be 
conducted based on a intermediate statement.

The results are also adopted to analyze the optical per-
formance of a liquid lens that exploits the application of 
the method in optical design. There is a significant utility 
for the results of l 1 and l 2, which denote the stretch ratio 
of the membrane in two directions, and they are related to 
the geometrical deformation of the membrane; an example 
of l 1 is shown in Fig. 10. The distribution of materials can 
be optimized with the stretch ratio, so the method will be 
adopted to optimize the shapes of membrane liquid lenses 
in the future.

VI. CONCLUSION

The present study presents a hyperelastic constitutive 
model based on a simplified strain-stress energy function 
for the calculation of a deformed PDMS membrane. An 
equilibrium equation is deduced from the theory of shells to 
express the geometric condition of the membrane. To solve 
the equations consisting of the constitutive equation and 
geometrical equation, the shooting method is used, and the 
numerical solution is obtained. The results are verified by 
experiment, which shows that the numerical solution can 
express the deformed membrane lens precisely; the RMS 
errors between theoretical and experimental data are RM-
S300Pa = 0.0258 mm and RMS200Pa = 0.0150 mm. Based on 
the results obtained and the theory proposed, the aberration 
of a liquid lens can be predicted and compensated.
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