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An off-axis system refers to an optical system in which the optical axis and normal vector at the 
vertex of each surface do not match. The most important specification in an optical system is its focal 
length. Among the various methods for measuring the focal length, the most suitable method for the off-
axis system is the method that adopts magnification. However, head-mounted display (HMD) optics 
must be measured while considering the virtual image distance, which is not infinity owing to product 
characteristics. For the virtual image distance, a camera with a focusing function was used. By measur-
ing HMD optics via this magnification method, the error generated in this measurement was 0.68% of 
the HMD’s focal length, which is within the 1%–3% range of the conventionally permitted design error 
for the focal length allowed at the optical design stage. Therefore, it can be verified that the measure-
ment accuracy of the method proposed in this study is sufficiently feasible in practice.
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I. INTRODUCTION

An off-axis system refers to an optical system in which 
the optical axis and normal vector at the vertex of each 
surface do not match. Off-axis optical systems are used 
to prevent the obscuration of astronomical telescopes [1]. 
However, recently, they have been widely used in opti-
cal systems targeting consumers. Among the products 
in which off-axis optical systems are adopted, the most 
popular among consumers are head-mounted display 
(HMD) and head-up display (HUD). HMD works on the 
same principle as the product corresponding to the electric 
viewfinder (EVF) installed in the early cameras [2]. Since 
EVF is generally composed of a number of rotationally 
symmetric lenses, it is difficult to make EVF thin and light. 
Meanwhile, to realize augmented reality (AR), optical 
systems must be designed such that the external landscape 

and micro-display image are visible at the same time [3]. 
To achieve this, they must be configured with an off-axis 
optical system. Figure 1 illustrates the optical layout of the 
HMD for AR and EVF adopted in a camera. The optical 
system illustrated in Fig. 1 adopts the same size display and 
exhibits the same field angle. In addition, it is drawn in the 
same scale, and it can be observed that the HMD with the 
off-axis system can implement a smaller thickness than the 
conventional EVF. Furthermore, when configured as shown 
in Fig. 1(b), the see-through type optical system can be ad-
opted using a corrector. In addition to this, off-axis optical 
systems are also applied to HUDs, and have recently been 
installed in automobiles [4].

The focal length is a very important specification in 
an optical system, and recently, a theoretical calculation 
method was proposed for an off-axis optical system [5]. 
However, the method for measuring the focal length is only 
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possible in rotationally symmetric optical systems [6]. This 
study proposes a method for measuring the focal length of 
an off-axis optical system using the magnification method 
instead of conventional methods. 

In addition, HUD and HMD optical systems basically 
create virtual images using a micro-display that is enlarged 
to a specific distance. This distance from the eye to the vir-
tual image is a crucial specification in HMDs and HUDs. 
HUDs are installed in cars to maintain the focus of drivers 
in front of their vehicles. In cases where a car is at a high 
speed, a virtual image must be created in a long distance; 
however, when the car’s speed is slow, a virtual image must 
be created in a short distance. Therefore, the virtual image 

must be measured with the focal length. The location of 
these virtual images can be determined using the camera’s 
auto-focus function.

Using a commercially available camera, it is possible to 
obtain a virtual image created by HUD and HMD systems. 
In this paper, we will discuss how to measure the virtual 
image distance and focal length of HMDs from the cap-
tured virtual image.

II. BASIC THEORY

Figure 2 illustrates how to measure the focal length via 
the magnification method. The light emitted from the target 
with a known exact size passes through the collimator and 
becomes a collimated beam. When the collimated beam 
enters the test lens, an image is created on the image sensor. 
At this point, if the size of the target is y1, the focal length 
of the collimator is f1, and the image size is y2. The focal 
length f2 of the test lens is given by Eq. (1):
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It is considered that a method of measuring the focal 
length of the HUD or HMD using a conventional camera 
system was adopted. Equation (1) can be adopted when a 
collimated beam appears from a collimator, as illustrated in 
Fig. 2. However, in optical systems such as HUD or HMD, 
the light emitted from the micro-display does not become a 
collimated beam. Therefore, in this case, Eq. (1) cannot be 
used in its normal form.

The target in Fig. 3 is first created via micro-display. 
Then, the image created via micro-display passes through 
the HMD to create a virtual image, and when photographed 
with a camera, the image is created on the image sensor 
of the camera. The target created via micro-display cor-
responds to y1 in Fig. 2. In addition, the size of the image 
created by the image sensor is y2. Furthermore, the focal 
lengths of the HMD and camera lens are f1 and f2, respec-
tively. Because the camera lens is a rotationally symmetric 
optical system, the focal length can be measured very ac-
curately with conventional measuring equipment. Concur-
rently, the targets created in the micro-display are without 
errors. Here, the ratio between the size of the target and the 
image size in the image sensor becomes the magnification 

(a)

(b)

FIG. 1. Optical layout for (a) conventional electric viewfinder 
and (b) HMD with off-axis system.

FIG. 2. Optical layout for measuring focal length via the magnification method.
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of the optical system, and this magnification in turn be-
comes the magnification of the entire optical system.

Meanwhile, if a collimated beam is not created in the 
HMD, as illustrated in Fig. 3, the location of the virtual im-
age created by the HMD must be considered. Equation (2) 
defines the magnification of the HMD (m1) from the dis-
tance of the HMD to the virtual image (l1) and focal length 
(f1) of the HMD [7]:

� �

�
�

�

�lm
f

= − � � � � � � ����. (2)

In addition, the HMD magnification (m2) from the dis-
tance of the virtual image to the camera lens (l2) and focal 
length of the camera lens (f2) is defined by Eq. (3):
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Figure 4 presents an image obtained from an image 

sensor via a camera lens, and the boundary between the 
horizontal and vertical centers of the picture is enlarged. 
The image size can be determined by the image sensor de-
pending on how the boundary surface is determined in the 
enlarged picture. The magnification (m) of the entire opti-
cal system can be calculated from the image (y2) and target 
sizes (y1) calculated using this approach. Therefore, it can 
be summarized as expressed by Eq. (4):
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Equations (2) and (3) are substituted into Eq. (4) to 
obtain Eq. (5), which summarizes the focal length of the 
HMD optical system. l1 is the distance of the HMD to the 
virtual image, and l2 is the distance of the virtual image 
to the camera lens. Here, the HMD and camera lens are 
positioned relatively close, as shown in Fig. 3. There is no 
significant difference even when the virtual image is mea-
sured from an HMD or a camera lens. Therefore, it can be 

FIG. 3. Optical layout for measuring focal length of HMD.
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assumed that l1 and l2 are approximately equal in Eq. (5): 
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In Eq. (5), m is determined, as in Eq. (4), from the target 
size and size of the image captured by the camera lens. In 
addition, l2 can be measured by the focusing function of the 
camera. Finally, the focal lengths of the camera lens can be 
determined from an existing focal length measuring device. 
Therefore, because all values on the right side of Eq. (5) 

can be measured, it can be inferred that the focal length of 
the HMD can be determined from Eq. (5).

III. MEASURING THE MAGNIFICATION

The borderlines of the target area in the obtained images 
were determined and extracted in the following order to 
accurately measure them using Matlab (Mathworks, Incor-
porated, Natick, MA, USA), and the flowchart adopted is 
briefly illustrated in Fig. 5.

In Fig. 5, the original color images obtained by the cam-

FIG. 4. Image captured from an image sensor using a camera lens.

FIG. 5. Flowchart for borderline analysis using Matlab. (a) Original color image (b) grayscale images in R, G, and B planes, (c) 
converted binary image from an individual plane, (d) borderlines displayed from all planes with red, green, and blue solid lines on 
the original image.
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era (a) are divided into 3 individual planes, R, G, and B 
planes (b), and then converted to grayscale levels (c) [8]. 
Within the image representing the region of interest (ROI), 
the grayscale image was converted into a binary image 
by changing all the values exceeding the arbitrarily deter-
mined threshold to one, and setting all other values to zero. 
To create specific binary images, a general thresholding 
method was employed to select thresholds and minimize 
the intraclass dispersion of threshold black-and-white pix-
els. Among the various binarization algorithms, the adap-
tive thresholding method was adopted to select random 
values as thresholds, which were applied to each grayscale 
image of the R, G, and B planes to convert the grayscale 
level from 0 (black) to 255 (white) pixels into 0 (black) or 
1 (white) pixel [9]. In general, the black pixel represented 
by zero corresponds to the background, whereas the white 
pixel represented by one corresponds to the foreground 
(or vice versa). The advantage of using the binary image 
for a quantitative analysis is that it reduces the complexity 
of the data and simplifies the classification, segmentation, 
and recognition processes, thus simplifying the mathemati-
cal analysis. Using three binary images obtained from the 
original image, the borderline extractions of the ROI is pos-
sible, and the results obtained are illustrated in Fig. 5(d). 

The borderlines extracted from the binary images are 
represented in different colors (red solid and blue dotted 
lines), as illustrated in Fig. 6. As presented in the enlarged 

figure, the width (W) and height (H) of the ROI are slightly 
different because the coordinates of the boundary obtained 
from the binary image vary. Since the width and height 
obtained from the binary image of the Green plane were 
averaged from every two pixels in the Bayer filter system 
of color CMOS sensors, only two borderlines from the R 
plane (width:1,888 and height: 1,178 pixels) and B plane 
(width:1,887 and height: 1,180 pixels) are considered as a 
quantified borderline in Fig. 5.

IV. RESULT

In Section 2, we explained how the focal length of the 
HMD can be measured, and in Section 3, we focused on 
how to obtain the size of the captured image. The virtual 
image can be determined via the focusing function of cam-
era. These images are displayed on the liquid crystal display 
(LCD) of the camera such that the location of the image 
can be identified between the cameras. Using this approach, 
you can measure the virtual image distance. These magni-
fications, virtual image distances, and focal lengths inevita-
bly trigger measurement errors. Therefore, it is necessary to 
evaluate the measurement error of the HMD’s focal length 
from Eq. (5). This measurement error can be calculated by 
differentiating Eq. (5), with Eq. (6) as the result of the dif-
ferentiation for each measured value:

FIG. 6. Representative image with three borderlines obtained from R and B planes on the original image and magnification of the 
upper left region.
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In Eq. (6), the measurement errors of the magnification 
and virtual image distance, as well as the focal length of 
the camera lens are represented by dm, dl2 and df2, respec-
tively. One pixel size of the camera used in this study is 3.6 
μm [10]. Since f2/l2 in Eq. (6) is very small, the factor that 
has the greatest influence on the error is the magnification 
change. In this paper, l2 is 2 m and f2 is 20 mm and the er-
ror of l2 has very low sensitivity compared to other items. 
Therefore, it is not necessary to accurately measure the vir-
tual image.

Therefore, it can be inferred that the size of the image (y2) 
presented in Fig. 4 is 6.790 mm × 4.237 mm. In addition, 
the virtual image distance measured by the camera’s focus-
ing function is approximately 2.0 m. In addition, the dimen-
sions of the camera lens [11] adopted in the measurement 
was obtained with Trioptics’ Image Master HR [12]. The 
focal length of the camera lens was measured to be 20.65 
mm.

In accord with the borderline detection, it can be ob-
served that an error of approximately 5 pixels occurs in the 
boundary value of the image. The original image of the tar-
get and pixel size of the micro-display are 1024 × 640 pix-
els and 7.25 μm, respectively. Therefore, the dimension of 
the target (y1) is 7.424 mm × 4.64 mm. The magnification 
is the ratio of the target size (y1) displayed on the HMD’s 
micro-display and the image size (y2) of the camera’s digital 
sensor. The half diagonal sizes of image and target are 8.004 
mm (y2) and 8.755 mm (y1), respectively. Therefore, it can 
be deduced that the overall magnification of the optical sys-
tem is approximately −0.913 (y2/y1). In addition, the magni-
fication error is determined to be approximately 0.004. The 
location and measurement errors of the virtual image and 
focal length of the camera lens are approximately 20 mm 
and 0.05 mm, respectively.

The focal length of the HMD optical system calculated 
according to these values is approximately 22.596 mm, 
with a measurement error of 0.153 mm. Compared to the 
focal length measuring device of a rotationally symmetric 
optical system, a significant amount of error occurred. This 
phenomenon is owing to the simplicity of the measur-
ing device. In principle, in the case of the magnification 
method of focal length measurement, the focal length of 
the imaging optics should be three times larger than that of 
the optical system to be measured. In addition, in the case 
of an off-axis optical system, a difference in magnification 
between the horizontal and vertical directions may occur, 
and it is inferred that such an influence also affects the ac-
curacy of measurements. However, the error generated in 
this measurement was 0.68% of the HMD’s focal length, 
which is within the 1%–3% range of the conventionally 
permitted design error for the focal length allowed at the 

optical design stage. Therefore, it can be inferred that the 
measurement accuracy of the method proposed in this study 
is sufficiently usable in practice.

V. CONCLUSION

In this study, it was verified that the focal length of the 
off-axis optical system can be determined even with the 
magnification method of the focal length measurement. In 
the conventional magnification method, it is assumed that 
a collimated beam is emitted through a collimator, which 
implies that the virtual image distance by the collimator is 
infinity. However, in HMD and HUD, the virtual image dis-
tance cannot be infinity. Therefore, in this study, the focal 
length was measured by considering the optical character-
istics of HMD and HUD. In addition, error elements were 
analyzed to determine the measurement precision. Accord-
ingly, the focal length of a fabricated HMD was measured, 
and it was confirmed that its error range was approximately 
±0.68%. In this process, the virtual image distances of the 
HMD and HUD were also measured, and from the results 
obtained, we verified that the values corresponding to the 
1st-order can be measured even in an off-axis optical sys-
tem.
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