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FUNDAMENTALS OF VAGUE GROUPS†

JU-MOK OH

Abstract. Demirci ((1999) Vague groups. J. Math. Anal. Appl. 230,
142-156) introduced the concept of vague groups as one of uncertain rea-
soning structures where indistinguishable operators separate points. In
this paper, we consider vague groups in which an indistinguishable opera-
tor does not need to separate points because it seems more appropriate to
handle ambiguous situations. For our purposes we generalize or redefine
some notions such as: vague closed subset, vague subgroup, vague kernel
and vague injectiveness.

Consequently we generalize most of the known results and obtain some
new additional fundamental properties of vague groups, some of which are
similar to ones of ordinary groups.
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1. Introduction

Demirci [2] introduced the concept of vague groups as one of uncertain rea-
soning structures by fuzzifying a binary operation on a set G in which an in-
distinguishable operator E separates points, and obtained some fundamental
properties of vague groups by defining several fuzzified notions, such as: vague
binary operation, vague closed subset, vague subgroup, vague homomorphism,
vague kernel and vague injectiveness. Imposing the condition that an indis-
tinguishable operator E separates points implies the uniqueness of the identity
and the inverse elements in a vague group (for an example, see[Proposition 2.23
(vi), [3]]). These restrictions can be eliminated if we allow the condition that
indistinguishable operators do not need to separate points. By doing this, the
concept of vague groups seems to be more adaptable to ambiguous situations.
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In a literature, there are slightly different definitions of vague groups depending
on whether the compatible properties are added (see [3, 5]). In this paper, we
use the notion of vague groups defined in [5] for simplicity’s sake.

The purpose of this paper is to investigate the mathematical properties of
vague groups. Since we consider vague groups in which indistinguishable oper-
ators do not need to separate points, for our purposes we need to generalize or
redefine some notions defined in [2], such as: vague closed subset, vague sub-
group, vague kernel and vague injectiveness. These modifications are justified
in the following section. As the results of this paper, we generalize most of re-
sults in [2] and obtain some new fundamental properties of vague groups, some
of which are similar to ones in an ordinary group theory. Furthermore, some
results of this paper can be applied directly to vague algebras (see Theorems 2.7
and 2.9).

2. Definitions and results

Throughout this paper, we always assume that L = (L,∧,∨,⊙, 0, 1) is an
algebra where

(1) (L,∧,∨, 0, 1) is a lattice with the least element 0 and the greatest element
1;

(2) (L,⊙, 1) is a commutative monoid (i.e., ⊙ is commutative, associative
and x⊙ 1 = x for all x ∈ L);

(3) if x ≤ y, then x⊙ z ≤ y ⊙ z where x, y, z ∈ L (isotonicity of ⊙).
Remark 2.1. As a special algebra, our considering algebra can be one of the
following:

(i) an algebra (L,∧,∨,⊙, 0, 1) where (L,∧,∨, 0, 1) is a lattice with the least
element 0 and the greatest element 1 and ⊙ = ∧.

(ii) an algebra (I,∧,∨,⊙, 0, 1) where (I,∧,∨, 0, 1) is a lattice on the unit
interval I and ⊙ is a t-norm (see [4]).

(iii) a residuated lattice (L,∧,∨,⊙,→, 0, 1) (see [1]).
An indistinguishable operator on a set is defined as follows.

Definition 2.1. [5] Let E be a fuzzy relation on a set X (i.e., E : X ×X → L
is an ordinary function).

(1) E is reflexive on X if E(x, x) = 1 for all x ∈ X.
(2) E is symmetric on X if E(x, y) = E(y, x) for all x, y ∈ X.
(3) E is transitive on X if E(x, y)⊙ E(y, z) ≤ E(x, z) for all x, y, z ∈ X.
(4) E is an indistinguishable operator on X if E is reflexive, symmetric and

transitive on X.
(5) An indistinguishable operator E on X separates points if E(x, y) = 1

implies x = y where x, y ∈ X.
There are slightly different definitions of a vague binary operation depending

on whether compatible properties are added or not. In this paper, we use a
vague binary operation defined in [5] for simplicity’s sake as follows.
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Definition 2.2. [5] Let G be a set with an indistinguishable operator E. An
ordinary function ◦̃ : G×G×G→ L is a vague binary operation on G if

(a) ◦̃(a, b, c)⊙E(a, a′)⊙E(b, b′)⊙E(c, c′) ≤ ◦̃(a′, b′, c′) for all a, a′, b, b′, c, c′ ∈
G,

(b) ◦̃(a, b, c)⊙ ◦̃(a, b, c′) ≤ E(c, c′) for all a, b, c, c′ ∈ G, and
(c) for all a, b ∈ G, there exists c ∈ G such that ◦̃(a, b, c) = 1.

Remark 2.2. The number ◦̃(a, b, c) can be interpreted as the degree in which
c is a ◦ b where ◦ is an ordinary binary operation on G (see [5]).

Definition 2.3. [5] Let ◦̃ be a vague operation on a set G where E is an
indistinguishable operator on G. Then (G, ◦̃) is a vague group if the following
three properties hold:

(a) Associative: for all a, b, c, d,m, q, w ∈ G,
◦̃(b, c, d)⊙ ◦̃(a, d,m)⊙ ◦̃(a, b, q)⊙ ◦̃(q, c, w) ≤ E(m,w);

(b) Identity: there exists an identity element e ∈ G such that
◦̃(e, a, a)⊙ ◦̃(a, e, a) = 1 for all a ∈ G;

(c) Inverse: for each a ∈ G, there exists an inverse element a−1 ∈ G such
that

◦̃(a−1, a, e)⊙ ◦̃(a, a−1, e) = 1.

In a vague group G, an identity element and an inverse element of a given
element are not unique in general. Abusing the notation, an inverse element of
a ∈ G is often denoted by a−1 if any confusion does not arise.

The following is proved in [2] without the condition that E separates points.

Lemma 2.4. [2, Theorem 3.6] Let (G, ◦̃) be a vague group where E is an indis-
tinguishable operator on G. Then

(1) ◦̃(a, b, u)⊙ ◦̃(a, c, u) ≤ E(b, c) for all a, b, c, u ∈ G.
(2) ◦̃(b, a, u)⊙ ◦̃(c, a, u) ≤ E(b, c) for all a, b, c, u ∈ G.

Some basic properties of vague groups are already obtained in [3].
Lemma 2.5. [3, Proposition 2.23] Let (G, ◦̃) be a vague group where E is an
indistinguishable operator on G. Then the following hold.

(1) Let e and e′ be identities of G. Then E(e, e′) = 1.
(2) Let a, b, b′ ∈ G. If both of b and b′ are inverse of a, then E(b, b′) = 1.
(3) Let a1, a2, b ∈ G. Assume that E(a1, a2) = 1. Then b is an inverse of

a1 if and only if b is an inverse of a2.
(4) If E separates points, then the identity and the inverse of each elements

are unique.

We need more basic properties of vague groups as follows.

Lemma 2.6. Let (G, ◦̃) be a vague group where E is an indistinguishable operator
on G. Then the following hold.



772 Ju-Mok Oh

(1) Let a, b, c ∈ G. If b is an inverse of a and c is an inverse of b, then
E(a, c) = 1.

(2) Let a, b, c ∈ G. If b is an inverse of a and E(b, c) = 1, then c is an
inverse of a.

(3) Let eG be an identity of G. If E(eG, d) = 1 where d ∈ G, then d is an
identity of G.

Proof. Let eG be an identity of G.
(1) By the assumption, we have ◦̃(a, b, eG)⊙ ◦̃(b, a, eG) = 1 and ◦̃(b, c, eG)⊙

◦̃(c, b, eG) = 1. Note that

1 = ◦̃(a, b, eG)⊙ ◦̃(b, a, eG)⊙ ◦̃(b, c, eG)⊙ ◦̃(c, b, eG)
= ◦̃(a, b, eG)⊙ ◦̃(c, b, eG)⊙ ◦̃(b, a, eG)⊙ ◦̃(b, c, eG)
≤ E(a, c)⊙ E(a, c) by Lemma 2.4
≤ E(a, c).

Hence E(a, c) = 1.
(2) Note that

1 = ◦̃(b, a, eG)⊙ ◦̃(a, b, eG) since b is an inverse of a
= ◦̃(b, a, eG)⊙ E(b, c)⊙ ◦̃(a, b, eG)⊙ E(b, c)

≤ ◦̃(c, a, eG)⊙ ◦̃(a, c, eG) by Definition 2.2 (a).

Hence c is an inverse of a.
(3) Let a ∈ G. Then

1 = ◦̃(eG, a, a)⊙ ◦̃(a, eG, a)
= ◦̃(eG, a, a)⊙ E(eG, d)⊙ ◦̃(a, eG, a)⊙ E(eG, d)

≤ ◦̃(d, a, a)⊙ ◦̃(a, d, a) by Definition 2.2 (a).

Thus ◦̃(d, a, a)⊙ ◦̃(a, d, a) = 1. Hence d is an identity of G.
�

The following theorem may be useful for determining whether an algebraic
structure is associative.

Theorem 2.7. Let ◦̃ : G×G×G→ L be a vague binary operation on a set G
where E is an indistinguishable operator on G. Then the following are equivalent.

(1) For all a, b, c, d,m, q, w ∈ G,

◦̃(b, c, d)⊙ ◦̃(a, d,m)⊙ ◦̃(a, b, q)⊙ ◦̃(q, c, w) ≤ E(m,w).

(2) For all a, b, c, d,m, q, w ∈ G,

◦̃(b, c, d)⊙ ◦̃(a, d,m)⊙ ◦̃(a, b, q)⊙ ◦̃(q, c, w) = 1 ⇒ E(m,w) = 1.
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Proof. (1) ⇒ (2): Assume that (1) holds. Let ◦̃(b, c, d)⊙ ◦̃(a, d,m)⊙ ◦̃(a, b, q)⊙
◦̃(q, c, w) = 1 where a, b, c, d,m, q, w ∈ G. Then

1 = ◦̃(b, c, d)⊙ ◦̃(a, d,m)⊙ ◦̃(a, b, q)⊙ ◦̃(q, c, w)
≤ E(m,w) by the assumption.

Thus E(m,w) = 1. Hence (2) holds.
(2) ⇐ (1): Assume that (2) holds. Consider

◦̃(b, c, d)⊙ ◦̃(a, d,m)⊙ ◦̃(a, b, q)⊙ ◦̃(q, c, w)
where a, b, c, d,m, q, w ∈ G. Since ◦̃ is a vague binary operation on G, there exist
r, s, t, u ∈ G such that ◦̃(b, c, r) = 1, ◦̃(a, r, s) = 1, ◦̃(a, b, t) = 1 and ◦̃(t, c, u) = 1.
Since ◦̃(b, c, r)⊙ ◦̃(a, r, s)⊙ ◦̃(a, b, t)⊙ ◦̃(t, c, u) = 1, we have by the assumption
that

E(s, u) = 1. (1)
Note that

◦̃(b, c, d)⊙ ◦̃(a, d,m)⊙ ◦̃(a, b, q)⊙ ◦̃(q, c, w)
= ◦̃(b, c, d)⊙ ◦̃(b, c, r)⊙ ◦̃(a, d,m)⊙ ◦̃(a, b, q)⊙ ◦̃(a, b, t)⊙ ◦̃(q, c, w)
≤ E(d, r)⊙ ◦̃(a, d,m)⊙ E(q, t)⊙ ◦̃(q, c, w) by Definition 2.2 (b)
≤ ◦̃(a, r,m)⊙ ◦̃(t, c, w) by Definition 2.2 (a)
= ◦̃(a, r,m)⊙ ◦̃(a, r, s)⊙ ◦̃(t, c, w)⊙ ◦̃(t, c, u)
≤ E(m, s)⊙ E(w, u) by Definition 2.2 (a)
= E(m, s)⊙ E(w, u)⊙ E(s, u) by Eq. (1)
≤ E(m,w) since E is transitive.

Hence (1) holds. �

Remark 2.3. By Theorem 2.7, the condition (a) in Definition 2.3 can be re-
placed by the condition (2) in Theorem 2.7.

We define a vague closed subset, which generalizes one defined in [2].

Definition 2.8. Let ◦̃ : G × G × G → L be a vague binary operation on a set
G where E is an indistinguishable operator on G. Let ∅ ̸= H ⊆ G (i.e., H is a
(crisp) non-empty subset of G). H is vague closed under ◦̃ if

(∀a, ∀b ∈ H)(∀c ∈ G)(◦̃(a, b, c) = 1 ⇒ E(c, c′) = 1 for some c′ ∈ H). (2)

Remark 2.4. In [2], a vague closed subset is defined as a nonempty subset H
of G satisfying the following equation:

(∀a, ∀b ∈ H)(∀c ∈ G)(◦̃(a, b, c) = 1 ⇒ c ∈ H). (3)

Theorem 2.9. Let ◦̃ : G × G × G → L be a vague binary operation on a
set G where E is an indistinguishable operator on G. Then the restriction
◦̃|H×H×H : H ×H ×H → L is a vague binary operation on H if and only if H
is vague closed under ◦̃.
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Proof. ⇒)Assume that ◦̃|H×H×H is a vague binary operation onH. Let ◦̃(a, b, c) =
1 where a, b ∈ H and c ∈ G. Since ◦̃|H×H×H is a vague binary operation on H,
there exists c′ ∈ H such that ◦̃(a, b, c′) = 1. Note that

1 = ◦̃(a, b, c)⊙ ◦̃(a, b, c′)
≤ E(c, c′) by Definition 2.2 (b).

Thus E(c, c′) = 1. Hence H is vague closed under ◦̃.
⇐) Assume that H is vague closed under ◦̃. In order to show that ◦̃|H×H×H

is a vague binary operation on H, it is enough to prove that ◦̃|H×H×H satisfies
Definition 2.2 (c).

Let a, b ∈ H. Since ◦̃ is a vague binary operation on G, there exists c ∈ G
such that ◦̃(a, b, c) = 1. Moreover, since H is vague closed under ◦̃, there exists
c′ ∈ H such that E(c, c′) = 1. Note that

1 = ◦̃(a, b, c)⊙ E(c, c′)

= ◦̃(a, b, c)⊙ E(a, a)⊙ E(b, b)⊙ E(c, c′) since E is reflexive
≤ ◦̃(a, b, c′) by Definition 2.2 (a).

Thus ◦̃(a, b, c′) = 1. Hence ◦̃|H×H×H is a vague binary operation on H. �
It is easy to see that Eq. (3) implies Eq. (2). Moreover, if E separates points,

then Eqs. (2) and (3) are equivalent. Hence we have the following.
Corollary 2.10. Let ◦̃ : G × G × G → L be a vague binary operation on a set
G where E is an indistinguishable operator on G. If H satisfies Eq. (3), then
◦̃|H×H×H : H ×H ×H → L is a vague binary operation on H.

Moreover, if E separates points, then ◦̃|H×H×H : H ×H ×H → L is a vague
binary operation on H if and only if H satisfies Eq. (3).
Remark 2.5. The first part of Corollary 2.10 is already obtained in [2].
Definition 2.11. [2] Let (G, ◦̃) be a vague group where E is an indistinguish-
able operator on G. Let ∅ ̸= H ⊆ G. Then H is a vague subgroup of G if
(H, ◦̃|H×H×H) is itself a vague group.
Remark 2.6. In [2], a vague subgroup is defined for a nonempty subset H of
G in which H satisfies Eq. (3). The condition of Eq. (3) seems to be redundant.

We need the following basic properties.
Lemma 2.12. Let (G, ◦̃) be a vague group where E is an indistinguishable
operator on G. Let H be a vague subgroup of G. Then the following hold.

(1) If eG is an identity of G and eH is an identity of H, then E(eH , eG) = 1.
(2) Let h ∈ H. If a is an inverse of h in G and b is an inverse of h in H,

then E(a, b) = 1.
Proof. (1) Let h ∈ H. Then

1 = ◦̃(h, eH , h)⊙ ◦̃(h, eG, h)
≤ E(eH , eG) by Lemma 2.4.
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Hence E(eH , eG) = 1.
(2) Let eG be an identity of G and let eH be an identity of H. Then

1 = ◦̃(h, a, eG)⊙ ◦̃(h, b, eH)

= ◦̃(h, a, eG)⊙ ◦̃(h, b, eH)⊙ E(eG, eH) by (1)
≤ ◦̃(h, a, eG)⊙ ◦̃(h, b, eG) by Definition 2.2 (a)
≤ E(a, b) by Lemma 2.4.

Hence E(a, b) = 1.
�

The following gives a necessary and sufficient condition for a nonempty subset
to be a vague subgroup.

Theorem 2.13. Let (G, ◦̃) be a vague group where E is an indistinguishable
operator on G. Let ∅ ̸= H ⊆ G. Then H is a vague subgroup of G if and only if

(∀a, ∀b ∈ H)(∀c ∈ G)(◦̃(a, b−1, c) = 1 ⇒ E(c, c′) = 1 for some c′ ∈ H). (4)

Proof. ⇒) Assume that H is a vague subgroup of G. Let ◦̃(a, b−1, c) = 1 where
a, b ∈ H, c ∈ G and b−1 is an inverse of b in G. Let b−1

H be an inverse of b in H.
Then

1 = ◦̃(a, b−1, c)

= ◦̃(a, b−1, c)⊙ E(b−1, b−1
H ) by Lemma 2.12 (2)

≤ ◦̃(a, b−1
H , c) by Definition 2.2 (a).

Thus 1 = ◦̃(a, b−1
H , c).

On the other hand, since a, b−1
H ∈ H and ◦̃|H×H×H is a vague operation on

H, there exists c′ ∈ H such that ◦̃(a, b−1
H , c′) = 1.

Now, note that

1 = ◦̃(a, b−1
H , c)⊙ ◦̃(a, b−1

H , c′)

≤ E(c, c′) by Definition 2.2 (b).

Thus E(c, c′) = 1. Hence Eq. (4) holds.
⇐) Assume that Eq. (4) holds. Let eG be an identity of G.
Claim 1: H contains an identity of G. Let h ∈ H. Since ◦̃(h, h−1, eG) = 1,

we have by the assumption that E(eG, d) = 1 for some d ∈ H. By Lemma 2.6
(3), d is an identity of G.

Claim 2: Every element of H has an inverse in H. Let e′G ∈ H be an identity
of G (this is valid by Claim 1). Let h ∈ H. Since ◦̃(e′G, h−1, h−1) = 1, we have
by the assumption that E(h−1, d) = 1 for some d ∈ H. By Lemma 2.6 (2), d is
an inverse of h.

Claim 3: ◦̃|H×H×H is a vague binary operation on H. By Theorem 2.9, it is
enough to show that H is vague closed under ◦̃. Let ◦̃(a, b, c) = 1 where a, b ∈ H
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and c ∈ G. Let d ∈ H be an inverse of b (this is valid by Claim 2). Then by
Lemma 2.6 (1), E(b, d−1) = 1. Note that

1 = ◦̃(a, b, c)
= ◦̃(a, b, c)⊙ E(b, d−1)

≤ ◦̃(a, d−1, c) by Definition 2.2 (a).

Thus ◦̃(a, d−1, c) = 1. Since ◦̃(a, d−1, c) = 1 and a, d ∈ H, we have by the
assumption that E(c, c′) = 1 for some c′ ∈ H. Hence H is vague closed under ◦̃.

Now by Claims 1-3, one can see that H is a vague subgroup of G. �

It is easy to see that the equation
(∀a, ∀b ∈ H)(∀c ∈ G)(◦̃(a, b−1, c) = 1 ⇒ c ∈ H) (5)

implies Eq. (4). Moreover, if E separates points, then Eqs. (4) and (5) are
equivalent. Hence as a corollary of Theorem 2.13, we have the following.

Corollary 2.14. [2, Theorem 4.2] Let (G, ◦̃) be a vague group where E is an
indistinguishable operator on G. Let ∅ ̸= H ⊆ G. Assume that E separates
points. Then H is a vague subgroup of G if and only if

(∀a, ∀b ∈ H)(∀c ∈ G)(◦̃(a, b−1, c) = 1 ⇒ c ∈ H).

The following gives another condition for a nonempty subset to be a vague
subgroup.

Theorem 2.15. Let (G, ◦̃) be a vague group where E is an indistinguishable
operator on G. Let ∅ ̸= H ⊆ G. Then H is a vague subgroup of G if and only if

(1) H is vague closed under ◦̃, and
(2) every element of H has an inverse in H.

Proof. ⇒) Clear.
⇐) Assume that (1) and (2) hold. Let ◦̃(a, b−1, c) = 1 where a, b ∈ H and

c ∈ G. Let b−1
H be an inverse of b in H (this is valid by the assumption (2)).

Then
1 = ◦̃(a, b−1, c)

= ◦̃(a, b−1, c)⊙ E(b−1, b−1
H ) by Lemma 2.12 (2)

≤ ◦̃(a, b−1
H , c) by Definition 2.2 (a).

Thus ◦̃(a, b−1
H , c) = 1. Since a, b−1

H ∈ H and ◦̃(a, b−1
H , c) = 1, we have by the

assumption (1) that E(c, c′) = 1 for some c′ ∈ H. Hence by Theorem 2.13, H is
a vague subgroup of G. �

Remark 2.7. When E separates points, Theorem 2.15 is the same with [2,
Theorem 4.3].

A vague homomorphism is defined in [2] as follows.
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Definition 2.16. [2] Let (G, ◦̃) and (H, ∗̃) be vague groups where E and F
are indistinguishable operators on G and H respectively. An ordinary function
f : G→ H is a vague homomorphism if

◦̃(a, b, c) ≤ ∗̃(f(a), f(b), f(c)) for all a, b, c ∈ G.

We need the following basic properties of vague homomorphisms.

Lemma 2.17. Let (G, ◦̃) and (H, ∗̃) be vague groups where E and F are in-
distinguishable operators on G and H respectively. Let f : G → H be a vague
homomorphism. Then the following hold.

(1) If eG is an identity of G, then f(eG) is an identity of H.
(2) Let a ∈ G. Then f(a−1) is an inverse of f(a).
(3) E(a, b) ≤ F (f(a), f(b)) for all a, b ∈ G.
(4) F (f(a−1), f(a)−1) = 1 for all a ∈ G.
(5) Let a, b, c ∈ G. Then

∗̃(f(a−1), f(b), f(c)) = ∗̃(f(a)−1, f(b), f(c)),

∗̃(f(a), f(b−1), f(c)) = ∗̃(f(a), f(b)−1, f(c)),

∗̃(f(a), f(b), f(c−1)) = ∗̃(f(a), f(b), f(c)−1).

Proof. (1) Let a ∈ G. Let eH be an identity of H. Then
1 = ◦̃(a, eG, a)
≤ ∗̃(f(a), f(eG), f(a)) since f is a vague homomorphism
= ∗̃(f(a), f(eG), f(a))⊙ ∗̃(f(a), eH , f(a))
≤ F (f(eG), eH) by Lemma 2.4.

Thus F (f(eG), eH) = 1. Hence by Lemma 2.6 (3), f(eG) is an identity
of H.

(2) Let eG be an identity ofG. Let a ∈ G. Since f is a vague homomorphism,
we have

1 = ◦̃(a, a−1, eG)⊙ ◦̃(a−1, a, eG)

≤ ∗̃(f(a), f(a−1), f(eG))⊙ ∗̃(f(a−1), f(a), f(eG)),

and so ∗̃(f(a), f(a−1), f(eG))⊙ ∗̃(f(a−1), f(a), f(eG)) = 1. Since f(eG)
is an identity of H by (1), one can conclude that f(a−1) is an inverse of
f(a).

(3) Since f is a vague homomorphism, one can see that
E(a, b) = ◦̃(a, a−1, eG)⊙ ◦̃(a, a−1, eG)⊙ E(a, b)

≤ ◦̃(a, a−1, eG)⊙ ◦̃(b, a−1, eG) by Definition 2.2 (a)
≤ ∗̃(f(a), f(a−1), f(eG))⊙ ∗̃(f(b), f(a−1), f(eG))

≤ F (f(a), f(b)) by Lemma 2.4.
Hence E(a, b) ≤ F (f(a), f(b)).
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(4) It follows by (2) and Lemma 2.5 (2).
(5) Let a, b, c ∈ G. Then

∗̃(f(a−1), f(b), f(c)) = ∗̃(f(a−1), f(b), f(c))⊙ F (f(a−1), f(a)−1) by (4)
≤ ∗̃(f(a)−1, f(b), f(c)) by Definition 2.2 (a)

and
∗̃(f(a)−1, f(b), f(c)) = ∗̃(f(a)−1, f(b), f(c))⊙ F (f(a−1), f(a)−1) by (4)

≤ ∗̃(f(a−1), f(b), f(c)) by Definition 2.2 (a).

Hence ∗̃(f(a−1), f(b), f(c)) = ∗̃(f(a)−1, f(b), f(c)). The remaining can
be proved similarly.

�

Remark 2.8. By Lemma 2.17 (3) and [3, Theorem 2.15], one can see that for
any vague homomorphism f : G→ H, the fuzzy relation ρ : G×H → L defined
by ρ(a, b) = F (f(a), b) is a perfect fuzzy function.

The following may be useful to construct a vague homomorphism from an
ordinary function.

Theorem 2.18. Let (G, ◦̃) and (H, ∗̃) be vague groups where E and F are
indistinguishable operators on G and H respectively. Let f : G → H be an
ordinary function. Then f is a vague homomorphism if and only if

(1) E(a, b) ≤ F (f(a), f(b)) for all a, b ∈ G and
(2) (∀a, ∀b, ∀c ∈ G) (◦̃(a, b, c) = 1 ⇒ ∗̃(f(a), f(b), f(c)) = 1).

Proof. ⇒) Assume that f is a vague homomorphism. The condition (1) holds
by Lemma 2.17 (3). Let ◦̃(a, b, c) = 1 where a, b, c ∈ G. Then

1 = ◦̃(a, b, c)
≤ ∗̃(f(a), f(b), f(c)) since f is a vague homomorphism.

Thus ∗̃(f(a), f(b), f(c)) = 1. Hence the condition (2) holds.
⇐) Assume that (1) and (2) hold. Let a, b, c ∈ G. Then there exists r ∈ G

such that ◦̃(a, b, r) = 1. By (2), we have ∗̃(f(a), f(b), f(r)) = 1. Note that
◦̃(a, b, c) = ◦̃(a, b, c)⊙ ◦̃(a, b, r)

≤ E(c, r) by Definition 2.2 (b)
≤ F (f(c), f(r)) by (1)
= F (f(c), f(r))⊙ ∗̃(f(a), f(b), f(r))
≤ ∗̃(f(a), f(b), f(c)) by Definition 2.2 (a).

Thus ◦̃(a, b, c) ≤ ∗̃(f(a), f(b), f(c)). Hence f is a vague homomorphism. �

We now define the notion of vague kernels, which generalizes one defined
in [2].
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Definition 2.19. Let (G, ◦̃) and (H, ∗̃) be vague groups where E and F are
indistinguishable operators on G and H respectively. Let f : (G, ◦̃) → (H, ∗̃) be
a vague homomorphism. Let eH be an identity of H. Define

VKer f := {a ∈ G : F (f(a), eH) = 1}.

VKer f is called a vague kernel of f .

Remark 2.9. It is clear that if F separates points, then the notion of a vague
kernel is the same with one defined in [2].

Theorem 2.20. Let (G, ◦̃) and (H, ∗̃) be vague groups where E and F are
indistinguishable operators on G and H respectively. Let f : G→ H be a vague
homomorphism. Then the following hold.

(1) VKer f is a vague subgroup of G.
(2) If K is a vague subgroup of G, then f(K) is a vague subgroup of H.
(3) If L is a vague subgroup of H and F separates points, then f−1(L) is a

vague subgroup of G.

Proof. (1) By Lemma 2.17 (1), we have f(eG) ∈ VKer f , and so VKer f ̸= ∅.
Let ◦̃(a, b−1, c) = 1 where a, b ∈ VKer f and c ∈ G. By Theorem 2.13,

it is enough to show that c ∈ VKer f .
Claim: F (f(a)−1, f(b)−1) = 1. Let eH be an identity of H. Note

that
1 = F (f(a), eH)⊙ F (eH , f(b)) since a, b ∈ VKer f

≤ F (f(a), f(b)) since F is transitive
= ∗̃(f(a)−1, f(a), eH)⊙ F (f(a), f(b))

≤ ∗̃(f(a)−1, f(b), eH) by Defintion 2.2 (a)
= ∗̃(f(a)−1, f(b), eH)⊙ ∗̃(f(b)−1, f(b), eH)

≤ F (f(a)−1, f(b)−1) by Lemma 2.4.

Thus F (f(a)−1, f(b)−1) = 1. Hence Claim is proved.
Now, note that

1 = ◦̃(a, b−1, c) by the assumption
≤ ∗̃(f(a), f(b−1), f(c)) since f is a vague homomorphism
≤ ∗̃(f(a), f(b)−1, f(c)) by Lemma 2.17 (5)
= ∗̃(f(a), f(b)−1, f(c))⊙ ∗̃(f(a), f(a)−1, eH)⊙ F (f(a)−1, f(b)−1) by Claim
≤ ∗̃(f(a), f(b)−1, f(c))⊙ ∗̃(f(a), f(b)−1, eH) by Definition 2.2 (a)
≤ F (f(c), eH) by Definition 2.2 (b).

Thus F (f(c), eH) = 1. Hence c ∈ VKer f .
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(2) Let ∗̃(a, b−1, c) = 1 where a, b ∈ f(K) and c ∈ H. Then there exist
u, v ∈ K such that f(u) = a and f(v) = b. Since K is a vague subgroup
of G, there exists w ∈ K such that ◦̃(u, v−1, w) = 1. Note that

1 = ◦̃(u, v−1, w)

≤ ∗̃(f(u), f(v−1), f(w)) since f is a vague homomorphism
≤ ∗̃(f(u), f(v)−1, f(w)) by Lemma 2.17 (5)
= ∗̃(a, b−1, f(w))⊙ ∗̃(a, b−1, c)

≤ F (f(w), c) by Definition 2.2 (b).

Thus F (f(w), c) = 1. Now by Theorem 2.13, f(K) is a vague subgroup
of H.

(3) Let ◦̃(a, b−1, c) = 1 where a, b ∈ f−1(L) and c ∈ G. Then f(a), f(b) ∈ L.
We want to show that c ∈ f−1(L). Since L is a vague subgroup of H,
there exists ℓ ∈ L such that ∗̃(f(a), f(b)−1, ℓ) = 1. Note that

1 = ◦̃(a, b−1, c)⊙ ∗̃(f(a), f(b)−1, ℓ)

≤ ∗̃(f(a), f(b−1), f(c))⊙ ∗̃(f(a), f(b)−1, ℓ) since f is a vague homomorphism
≤ ∗̃(f(a), f(b)−1, f(c))⊙ ∗̃(f(a), f(b)−1, ℓ) by Lemma 2.17 (5)
≤ F (f(c), ℓ) by Definition 2.2 (b).

Thus F (f(c), ℓ) = 1. Since F separates points, we have f(c) = ℓ, and so
c ∈ f−1(L).

�

Remark 2.10. (1) The proofs of Theorem 2.20 (2) and (3) are similar with the
proofs of [2, Theorem 4.11(ii) and (iii)]. But one can easily have [2, Theorem 4.11]
as a corollary of Theorem 2.20.

(2) In Theorem 2.20 (3), the condition that F separates points seems to be
necessary.

Definition 2.21. Let G and H be sets where E and F are indistinguishable
operators on G and H respectively. An ordinary function f : G → H is vague
injective if

(∀a, ∀b ∈ G)(F (f(a), f(b)) = 1 ⇒ E(a, b) = 1). (6)

Remark 2.11. The notion of “vague injectiveness” defined in this paper is less
restrictive than one defined in [2, Definition 4.8].

Definition 2.22. Let (G, ◦̃) be a vague group where E is an indistinguishable
operator on G. Define I(G) to be the set of all identities of G.

Lemma 2.23. Let (G, ◦̃) be a vague group where E is an indistinguishable
operator on G. Let eG be an identity of G. Then

I(G) = {a ∈ G : E(a, eG) = 1}.
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Proof. “⊆”: Let x ∈ I(G). Then by Lemma 2.5 (1), we have E(x, eG) = 1, and
so x ∈ {a ∈ G : E(a, eG) = 1}.

“⊇”: Let x ∈ {a ∈ G : E(a, eG) = 1}. Then E(x, eG) = 1. By Lemma 2.5
(3), x is an identity of G, and so x ∈ I(G). �

In an ordinary group theory, it holds that a group homomorphism is injective
if and only if its kernel is trivial. A similar result holds for vague groups as
follows.

Theorem 2.24. Let (G, ◦̃) and (H, ∗̃) be vague groups where E and F are
indistinguishable operators on G and H respectively. Let f : G→ H be a vague
homomorphism. Then f is vague injective if and only if VKer f = I(G).

Proof. Let eH be an identity of H.
⇒) Assume that f is vague injective. It is enough to show by Lemmas 2.5

(1) and 2.17 (1) that VKer f ⊆ I(G). Let a ∈ VKer f . Then
1 = F (f(a), eH)

= F (f(a), eH)⊙ F (eH , f(eG)) by Lemmas 2.5 (1) and 2.17 (1)
≤ F (f(a), f(eG)) since F is transitive.

Thus F (f(a), f(eG)) = 1. Since f is vague injective, we have E(a, eG) = 1, and
so by Lemma 2.23, we have a ∈ I(G). Hence VKer f ⊆ I(G).

⇐) Assume that VKer f = I(G). Let F (f(a), f(b)) = 1 where a, b ∈ G. Since
G is a vague group, there exists c ∈ G such that ◦̃(a, b−1, c) = 1. Note that

1 = ◦̃(a, b−1, c)

≤ ∗̃(f(a), f(b−1), f(c)) since f is a vague homomorphism
≤ ∗̃(f(a), f(b)−1, f(c)) by Lemma 2.17 (5)
= ∗̃(f(a), f(b)−1, f(c))⊙ F (f(a), f(b)) since F (f(a), f(b)) = 1

≤ ∗̃(f(b), f(b)−1, f(c)) by Definition 2.2 (a)
= ∗̃(f(b), f(b)−1, f(c))⊙ ∗̃(f(b), f(b)−1, eH)

≤ F (f(c), eH) by Definition 2.2 (b).

Thus F (f(c), eH) = 1, and so c ∈ VKer f . By the assumption, c is an identity
of G. Now note that

1 = ◦̃(a, b−1, c)

= ◦̃(a, b−1, c)⊙ ◦̃(b, b−1, c)

≤ E(a, b) by Lemma 2.4.

Thus E(a, b) = 1. Hence f is vague injective. �

Theorem 2.25. Let (G, ◦̃) and (H, ∗̃) be vague groups where E and F are
indistinguishable operators on G and H respectively. Let f : (G, ◦̃) → (H, ∗̃) be a
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bijective vague homomorphism. Then the inverse function f−1 : (H, ∗̃) → (G, ◦̃)
is a vague homomorphism if and only if

F (f(a), f(b)) ≤ E(a, b) for all a, b ∈ G. (7)

Proof. ⇒) Assume that f−1 : (H, ∗̃) → (G, ◦̃) is a vague homomorphism. Let
a, b ∈ G. Then

F (f(a), f(b)) ≤ E(f−1(f(a)), f−1(f(b))) by Lemma 2.17 (3)
= E(a, b).

Thus F (f(a), f(b)) = E(a, b). Hence Eq. (7) holds.
⇐) Assume that F (f(a), f(b)) ≤ E(a, b) for all a, b ∈ G. It is enough to show

that ∗̃(f(a), f(b), f(c)) ≤ ◦̃(a, b, c) for all a, b, c ∈ G. Let a, b, c ∈ G. Since G is
a vague group, there exists d ∈ G such that ◦̃(a, b, d) = 1. Note that
∗̃(f(a), f(b), f(c)) = ∗̃(f(a), f(b), f(c))⊙ ◦̃(a, b, d)
≤ ∗̃(f(a), f(b), f(c))⊙ ∗̃(f(a), f(b), f(d)) since f is a vague homomorphism
≤ F (f(c), f(d)) by Definition 2.2 (b)
≤ E(c, d) by the assumption
= ◦̃(a, b, d)⊙ E(c, d)

≤ ◦̃(a, b, c) by Definition 2.2 (a).

Hence ∗̃(f(a), f(b), f(c)) ≤ ◦̃(a, b, c). �

Remark 2.12. The proof of ⇐) in Theorem 2.25 is similar with the proof in
[2, Proposition 4.10 (ii)]. It is easy to see that Eq. (7) implies Eq. (6).

Definition 2.26. Let (G, ◦̃) and (H, ∗̃) be vague groups where E and F are
indistinguishable operators on G and H respectively. Let f : G → H be a
bijective ordinary function. f is a vague isomorphism if both of f and f−1 are
vague homomorphisms. When G = H, ◦̃ = ∗̃ and E = F , a vague isomorphism
f is called a vague automorphism.

By Theorems 2.18 and 2.25, one can have the following.

Corollary 2.27. Let (G, ◦̃) and (H, ∗̃) be vague groups where E and F are
indistinguishable operators on G and H respectively. Let f : G → H be a
bijective ordinary function. Then f is a vague isomorphism if and only if

(1) E(a, b) = F (f(a), f(b)) for all a, b ∈ G, and
(2) (∀a, ∀b, ∀c ∈ G) (◦̃(a, b, c) = 1 ⇔ ∗̃(f(a), f(b), f(c)) = 1).

Let (G, ◦̃) be a vague group where E is an indistinguishable operator on
G. When E separates points, Demirci [2] gave two necessary and sufficient
conditions for a vague semigroup to be a vague group. It can be seen that a little
change in their proofs gives the same result for an arbitrary indistinguishable
operator E.
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On the other hand, it was shown in [2] that an intersection of vague subgroups
is also a vague subgroup when E separates points. But this result does not hold
when E does not separate points in general.

Let f : (G, ◦̃) → (H, ∗̃) be a vague homomorphism where E and F are indis-
tinguishable operators on G and H respectively. Clearly Eq. (7) implies Eq. (6).
But the converse does not hold in general.

3. Conclusions

In this work, we have generalized the concept of vague groups introduced by
Demirci for the purpose of better handling deal with ambiguous situations. We
have considered vague groups in which an indistinguishable operator does not
need to separate points. Consequently we have generalized most of the known
results and we obtained some new additional fundamental properties of vague
groups, some of which are similar to ones in an ordinary group theory. We have
focused on theoretical results rather than applications as the main aspect of this
paper. Our future research can be to apply the results of this paper to applicable
specific problems.
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