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Abstract
A generalization of the log-logistic (LL) distribution called exponentiated log-logistic (ELL) distribution on

lines of exponentiated Weibull distribution is considered. In this paper, based on progressive type-II censored
samples, we have derived the maximum likelihood estimators and Bayes estimators for three parameters, the
survival function and hazard function of the ELL distribution. Then, under the balanced squared error loss
(BSEL) and the balanced linex loss (BLEL) functions, their corresponding Bayes estimators are obtained using
Lindley’s approximation (see Jung and Chung, 2018; Lindley, 1980), Tierney-Kadane approximation (see Tierney
and Kadane, 1986) and Markov Chain Monte Carlo methods (see Hastings, 1970; Gelfand and Smith, 1990).
Here, to check the convergence of MCMC chains, the Gelman and Rubin diagnostic (see Gelman and Rubin,
1992; Brooks and Gelman, 1997) was used. On the basis of their risks, the performances of their Bayes estimators
are compared with maximum likelihood estimators in the simulation studies. In this paper, research supports the
conclusion that ELL distribution is an efficient distribution to modeling data in the analysis of survival data. On
top of that, Bayes estimators under various loss functions are useful for many estimation problems.

Keywords: balanced loss functions, Lindley’s approximation, Tierney-Kadane approximation, Markov
Chain Monte Carlo (MCMC) method, exponentiated log-logistic distribution, progressive type-II
censoring

1. Introduction

The modeling and analysis of lifetimes have played an important role in a wide variety of scientific and
technological fields. Bennett (1983) discussed the usefulness of log-logistic (LL) distribution in the
analysis of survival data. The LL distribution provides a useful alternative to the Weibull distribution
for modeling of survival data where the hazard function is non-monotonic. Also, the LL distribution
is very similar in shape to the log-normal distribution, but it is more suitable for use in the survival
analysis due to the fact that the cumulative distribution function (cdf) can be written in a closed form
in contrast with log normal distribution. Rosaiah et al. (2006) suggested the exponentiated log-
logistic (ELL) distribution as a probability model for the life time of the product. Chaudhary and
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Kumar (2014) mentioned that adding one or more parameters to a distribution makes it richer and
more flexible for modeling data.

In survival analysis or life-testing, units can be lost or removed from the experiments while they
are still alive. The loss can be happened either preassigned or out of control and the progressive
censoring schemes are very effective in such situations. The out of control case may occur when
study participants drop out of the study and because of limitation of funds or to save the time and
cost, preassigned case can be happened. Progressive type-II censoring enables compromise between
time consumption and the observation of some extreme values. Thereby, it is an important method
of obtaining data in lifetime studies. Recently, Sel et al. (2018) considered Bayesian and maximum
likelihood estimations for parameters of MacDonald extended Weibull model based on progressive
type-II censoring.

The squared error loss (SEL) function leads to estimates close to the given values but it often
leads to somewhat biased estimators. Thus, for the trade off between the goodness of fit and precision
of estimation, it needs to be considered in conjunction with balanced loss functions (BLFs) (Zellner,
1994). We have considered the estimation problem about parameters, the survival function and hazard
function of the ELL distribution based on progressive type-II censoring under the different types of
balanced loss function. The performance of these estimates are compared with those of maximum
likelihood estimators (MLEs) and we conclude that BLFs and their associated optimal Bayes estimates
will probably be useful in many estimation problems.

The Bayesian methodology needs the integration which is very difficult to calculate. Lindley’s
approximation (Lindley, 1980; Jung and Chung, 2018), Tierney-Kadane approximation (Tierney and
Kadane, 1986) and Monte Carlo Markov Chain (MCMC) methods which include Gibbs sampling
(Gelfand and Smith, 1990) and Metropolis Hastings algorithm (Hastings, 1970) are used to solve
these problems. Also, to check the convergence of MCMC chains, we use the Gelman and Rubin
diagnostic (Gelman and Rubin, 1992; Brooks and Gelman, 1997).

This paper will be developed as follows. In Section 2, reviews of the ELL distribution and pro-
gressive type-II censoring are presented. In Section 3, we present MLEs and an asymptotic variance-
covariance matrix of the three parameters. We consider the corresponding Bayes estimators under
the balanced squared error loss (BSEL) function and the balanced linex error loss (BLEL) func-
tion in Section 4. In Section 5, the Bayes estimators are derived using the Lindley’s approximation,
Tierney-Kadane approximation, and MCMC methods. In Section 6, to compare Bayes estimators
with classical estimators, the risks of the MLEs and Bayes estimators under different loss functions
are presented. Finally, we conclude with a few summary remarks in Section 7.

2. Reviews of exponentiated log-logistic and progressive type-II censoring

In order to get a generalized version of the log-logistic (LL) distribution, Rosaiah et al. (2006) devel-
oped a new distribution called exponentiated log-logistic (ELL) distribution on the lines of exponen-
tiated Weibull distribution.

The cdf of the ELL distribution is defined by raising the cdf of the LL distribution to the power of
α > 0. The cdf of the LL distribution with a shape parameters β and a scale parameter λ is given by,

G(t) =

(
t
λ

)β
1 +

(
t
λ

)β , t > 0, β > 0, λ > 0.

Therefore, the cdf of the ELL distribution with two shape parameters α, β and a scale parameter λ is
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given by,

F(t) ≡ [G(t)]α , t > 0, α > 0, β > 0, λ > 0. (2.1)

For α = 1, the model reduces to the LL distribution. The probability density function (pdf), the
survival function and the hazard function of the ELL distribution with three parameters α, β and λ are
given, respectively, by,

f (t) =
αβ

(
t
λ

)αβ
t
[
1 +

(
t
λ

)β]α+1 , (2.2)

S (t) = 1 −


(

t
λ

)β
1 +

(
t
λ

)β

α

, (2.3)

and

h(t) =
αβ

t
(
1 +

(
t
λ

)β) [(
1 +

(
t
λ

)−β)α
− 1

] , (2.4)

where t > 0, α > 0, β > 0, λ > 0.
In life-testing or survival analysis, the data are often censored. Type-I and type-II censoring are

the most popular censoring schemes. Yet, using these types of censoring can not allow removing units
at points except for the terminal point of the experiment. Thus, we consider generalizing the classical
type-II censoring scheme and it is known as progressive type-II censoring scheme.

In the case of progressive type-II censored samples, n independent units are put on a test and
censoring schemes (R1, . . . ,Rm) are previously fixed. They undergo a process in such a way that first
failure is observed at time t1, at which time R1 surviving units are removed from the experiment at
random, and second failure is observed at time t2, at which time R2 surviving units are removed from
the experiment at random. This process is continued until the time of the mth failure is observed and
the remaining Rm units are removed from the test. The m ordered failure times denoted by t1 · · · tm are
called progressive type-II censored order statistics of size m from a sample of size n with a progressive
censoring scheme (R1, . . . ,Rm). Then, n = m + R1 + R2 + · · · + Rm.

When a progressively type-II censored sample based on n independent units from a population
with continuous lifetime distribution f (t) and its cdf F(t) is observed, the likelihood function is given
by Balakrishnan and Sandhu (1995) as follows,

L
(
θ|t

)
= A

m∏
i=1

f (ti) [1 − F(ti)]Ri , t = (t1, . . . , tm) (2.5)

where A = n(n − R1 − 1) · · · (n − R1 − R2 − · · · − Rm−1 − m + 1) and θ is the vector of parameters.
Therefore, based on progressive type-II censored sample from ELL distribution, the likelihood

function L(α, β, λ|t) using (2.1), (2.2), and (2.5) is given by,

L
(
α, β, λ|t

)
∝ αmβm exp

 m∑
i=1

(
α ln Vi − ln(tiui) + Ri ln

(
1 − Vα

i

)) , (2.6)
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where ui = 1 + (ti/λ)β and Vi = 1 − 1/ui.

The log-likelihood function is proportional to,

`
(
α, β, λ|t

)
= ln L

(
α, β, λ|t

)
∝

m∑
i=1

[
ln(αβ) + α ln Vi − ln(tiui) + Ri ln

(
1 − Vα

i

)]
. (2.7)

3. Maximum likelihood estimations

Assuming that the parameters α, β, and λ are unknown, the MLEs α̂M , β̂M and λ̂M of α, β, and λ can
be obtained by solving the following simultaneous likelihood equations,

α̂M :
m
α

+

m∑
i=1

[1 − RiS i] ln Vi = 0,

β̂M :
m
β
−

m∑
i=1

[
Vi −

α

ui
(1 − RiS i)

]
ln

( ti
λ

)
= 0,

λ̂M : −
m∑

i=1

[
−

uiVi

α
+ (1 − RiS i)

]
αβ

λui
= 0, (3.1)

where ui and Vi are defined as before and S i = Vα
i /(1 − Vα

i ).

Since it is impossible to obtain the closed forms for α̂M , β̂M , and λ̂M , MLEs are obtained using
the Newton-Raphson method to solve this problem. For given t, the MLE of the survival function
(denoted by Ŝ M) in (2.3) and the MLE of the hazard function (denoted by ĥM) in (2.4) can be obtained
by replacing α, β and λ by α̂M , β̂M , and λ̂M , respectively.

Next, we compute the observed Fisher information matrix for their MLEs. It will enable us to con-
struct confidence intervals for the parameters using the asymptotic normality on MLE. The observed
Fisher information matrix for the α̂M , β̂M , and λ̂M is obtained as follows,

I
(
α̂M, β̂M, λ̂M

)
=



−
∂2`(α, β, λ|t)

∂α2 −
∂2`(α, β, λ|t)

∂α∂β
−
∂2`(α, β, λ|t)

∂α∂λ

−
∂2`(α, β, λ|t)

∂β2 −
∂2`(α, β, λ|t)

∂β∂λ

−
∂2`(α, β, λ|t)

∂λ2

 α = α̂M
β = β̂M
λ = λ̂M

, (3.2)

where `(α, β, λ|t) is in (2.7). The asymptotic variance-covariance matrix is given by,

Σ̂ = I
(
α̂M, β̂M, λ̂M

)−1
=


σ̂2
α σ̂αβ σ̂αλ

σ̂2
β σ̂βλ

σ̂2
λ

 (3.3)
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with

∂2`(α, β, λ|t)
∂α2 = −

m
α2 −

m∑
i=1

RiS iXiα
−1 ln Vi,

∂2`(α, β, λ|t)
∂β2 = −

m
β2 −

m∑
i=1

[
1 + α − αRiS i

(
1 − YiV−1

i

)] 1
uiβi

Wi ln
( ti
λ

)
,

∂2`(α, β, λ|t)
∂λ2 = −

m∑
i=1

[
ui

α
+ (βVi − 1)

(
1 − RiS i +

1
α

)
+ RiS iYiβ

]
αβ

λ2ui
,

∂2`(α, β, λ|t)
∂αβ

=

m∑
i=1

[1 − RiS i(1 + Xi)]
1
ui

ln
( ti
λ

)
,

∂2`(α, β, λ|t)
∂αλ

= −

m∑
i=1

[1 − RiS i(1 + Xi)]
β

λui
,

∂2`(α, β, λ|t)
∂βλ

=

m∑
i=1

[
(wi − 1)

(
1 − RiS i +

1
α

)
+

ui

α
+ RiS iYi ln(ui − 1)

]
α

λui
,

where Xi = S iV−αi α ln Vi, Yi = S iV−αi α/ui, and Wi = Vi ln(ui − 1). The 100(1 − a)% confidence
intervals for α, β, and λ are given, respectively, by,

α̂M ± z a
2

√
σ̂2
α, β̂M ± z a

2

√
σ̂2
β, λ̂M ± z a

2

√
σ̂2
λ, (3.4)

where za/2 is a standard normal variate and σ̂2
α, σ̂

2
β, and σ̂2

λ are defined in (3.3).

4. Bayes estimations

Now, we deal with Bayesian estimations of parameters, the survival function and hazard function of
ELL distribution under BSEL and BLEL functions. Assume that the prior distributions of parameters
α, β and λ are independently distributed to Gam(a1, b1),Gam(a2, b2), and Gam(a3, b3), respectively,
where Gam(a, b) denotes the gamma distribution with mean a/b and variance a/b2. Thus, the joint
prior density function of α, β, and λ is given by,

π(α, β, λ) ∝ αa1−1βa2−1λa3−1 exp(−b1α − b2β − b3λ), (4.1)

where α, β, λ > 0. Therefore, the joint posterior density function of α, β and λ based on the progressive
type-II censored samples t = (t1, . . . , tm) from the ELL distribution in (2.6) is obtained as,

π(α, β, λ|t)∝αm+a1−1βm+a2−1λa3−1 exp

−b1α − b2β − b3λ +

m∑
i=1

(
α ln Vi − ln(tiui) + Ri ln(1 − Vα

i )
) ,
(4.2)

where ui and Vi are defined as before.
Zellner (1994) introduced the balanced loss function to reflect both the goodness of fit and the

precision of estimation. Jozani et al. (2012) introduced the extended class of such balanced loss
function as follows,

Lq
ρ,w,δ0

(
δ(θ), δ̂(t)

)
= wq(θ)ρ

(
δ0(t), δ̂(t)

)
+ (1 − w)q(θ)ρ

(
δ(θ), δ̂(t)

)
, (4.3)
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where θ is the vector of parameters, q(θ) is a positive weight function, ρ is an arbitrary loss function,
δ̂(t) is the estimator of δ(θ) and δ0(t) is a chosen a priori “target” estimator of δ(θ), such as maximum
likelihood estimator (MLE), least-squares estimator, or unbiased estimator among others. Here, the
chosen a priori “target” estimator δ0(t) in (4.3) is considered as the MLE of δ(θ) and denoted by δ̂M .
Depending on the choice of w ∈ (0, 1), the relative importance of these criteria is controlled.

4.1. Balanced squared error loss (BSEL) function

Taking ρ(δ(θ), δ̂(t)) = (δ̂(t) − δ(θ))2 and q(θ) = 1 in (4.3), the BSEL function is given by,

LBS,w,δ0

(
δ(θ), δ̂(t)

)
= w

(
δ̂(t) − δ0(t)

)2
+ (1 − w)

(
δ̂(t) − δ(θ)

)2
, (4.4)

where δ0(t) = δ̂M is the MLE of δ(θ). Then, the Bayes estimator of δ(θ) under the BSEL function in
(4.4) is given by,

δ̂BS(t) = wδ0(t) + (1 − w)E(δ(θ)|t), (4.5)

where δ0(t) = δ̂M is the MLE of δ(θ). For example, it follows from (4.5) that the Bayes estimators of
α is given by,

α̂BS = wα̂M + (1 − w)E(α|t), (4.6)

where α̂M is the MLEs of α. Similarly, the Bayes estimators of β, λ, S (t) in (2.3) and h(t) in (2.4)
under BSEL function in (4.4) can be obtained.

4.2. Balanced linex loss (BLEL) function

Taking q(θ) = 1 and,

ρ
(
δ(θ), δ̂(t)

)
= ec(δ̂(t)−δ(θ)) − c

(
δ̂(t) − δ(θ)

)
− 1, (4.7)

in (4.3) which is called the Linex error loss (LEL) (Varian, 1975), the BLEL function is given by

LBL,w,δ0

(
δ(θ), δ̂(t)

)
= w

(
ec(δ̂(t)−δ0(t))−c

(
δ̂(t)−δ0(t)

)
−1

)
+ (1 − w)

(
ec(δ̂(t)−δ(θ)) − c

(
δ̂(t) − δ(θ)

)
− 1

)
,

(4.8)

where δ0(t) = δ̂M is the MLE of δ(θ). In the LEL function, if c is greater than 0, the function is asym-
metric with underestimation than overestimation, otherwise it is just the opposite. For small values of
|c|, the function is almost symmetric and same as squared error loss (SEL). When |c| is assumed to be
appreciable value, estimate may be quite different from which obtained with a symmetric SEL. The
Bayes estimator of δ(θ) under the LEL function in (4.7) is given by

δ̂L(t) = −
1
c

ln E
(
e−cδ(θ)|t

)
, c , 0, (4.9)

where ui and Vi are defined as before.
Therefore, the Bayes estimator of δ(θ) under BLEL function in (4.8) is given by,

δ̂BL(t) = −
1
c

ln
[
we−cδ0(t) + (1 − w)E

(
e−cδ(θ)|t

)]
, (4.10)
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where δ0(t) = δ̂M is the MLE of δ(θ). The LEL function can be obtained from BLEL function by
setting w = 0. For example, it follows from (4.10) that the Bayes estimators of α under BLEL
function in (4.8) is given by

α̂BL = −
1
c

ln
[
we−cα̂M + (1 − w)E

(
e−cα|t

)]
, (4.11)

where α̂M is the MLE of α. Similarly, the Bayes estimators of β, λ, S (t) in (2.3) and h(t) in (2.4) under
BLEL function in (4.8) can be obtained.

5. Computing methods

For a real-valued function r(θ), we can define the posterior expectation of r(θ) given t as follow

E(r(θ)|t) =

∫
α

∫
β

∫
λ

r(θ)`(α, β, λ|t)π(α, β, λ)dαdβdλ∫
α

∫
β

∫
λ
`(α, β, λ|t)π(α, β, λ)dαdβdλ

, (5.1)

where θ = (α, β, λ) is the vector of parameters. Yet, generally, the ratio of the two integrals given
by (5.1) can not be obtained in a closed form. Thus, we consider the following three approaches to
approximate the equation in (5.1) such as Lindley’s approximation, Tierney-Kadane approximation,
and MCMC methods.

5.1. Lindley’s approximation

To solve the integration problems, we rely on Lindley’s method which is a numeric integration tech-
nique. Kim et al. (2011) and Jung and Chung (2018) used Lindley’s method for two-parameter and
three-parameters Bayesian problem, respectively. According to notations in Jung and Chung (2018)
with θ = (θ1, θ2, θ3), the posterior expectation of r(θ) given data t can be approximated by,

Ê[r(θ)|t] ≈ r(θ) + A + ρ1A123 + ρ2A213 + ρ3A321

+
1
2

[
`∗300B123 + `∗030B213 + `∗003B321 + 2`∗111(C123 + C213 + C312)

+`∗210D123 + `∗201D132 + `∗120D213 + `∗102D312 + `∗021D231 + `∗012D321

]
, (5.2)

where A = 1/2
∑3

i, j=1 ri jτi j and `∗ηγι = ∂3`(θ1, θ2, θ3|t)/∂θ
η
1∂θ

γ
2∂θ

ι
3 with η, γ, ι = 0, 1, 2, 3 and η+γ+ι = 3.

For i, j, k = 1, 2, 3,

Ai jk = riτii + r jτ ji + rkτki,

Bi jk = τii

(
riτii + r jτi j + rkτik

)
,

Ci jk = ri(τiiτ jk + 2τi jτik),

Di jk = 3riτiiτi j + r j(τiiτ j j + 2τ2
i j) + rk(τiiτ jk + 2τi jτik).

And ri j = ∂2r(θ)/∂θi∂θ j, ri = ∂r(θ)/∂θi, ρi = ∂ρ(θ)/∂θi, ρ(θ) = ln π(θ), where π(θ) denotes the
joint prior density of θ and τi j is the (i, j)th element in the inverse matrix of −`i j such that `i j =

∂2`(θ1, θ2, θ3|t)/∂θi∂θ j, for i, j = 1, 2, 3. Expression (5.2) is to be evaluated at (θ̂1M , θ̂2M , θ̂3M), where
θ̂1M , θ̂2M and θ̂3M denote the MLEs of θ1, θ2 and θ3, respectively.
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We apply Lindley’s approximation in (5.2) into our case and let (θ1, θ2, θ3) ≡ (α, β, λ) and (θ̂1M , θ̂2M ,
θ̂3M) ≡ (α̂M , β̂M , λ̂M). Therefore, the elements τi j can be obtained as,

−
∂2`(α, β, λ|t)

∂α2 −
∂2`(α, β, λ|t)

∂α∂β
−
∂2`(α, β, λ|t)

∂α∂λ

−
∂2`(α, β, λ|t)

∂α∂β
−
∂2`(α, β, λ|t)

∂β2 −
∂2`(α, β, λ|t)

∂β∂λ

−
∂2`(α, β, λ|t)

∂α∂λ
−
∂2`(α, β, λ|t)

∂β∂λ
−
∂2`(α, β, λ|t)

∂λ2



−1

=

 τ11 τ12 τ13
τ22 τ23

τ33

 . (5.3)

Also `∗i jk in (5.2) can be obtained as follows,

`∗300 =
2m
α3 − α

−2
m∑

i=1

RiS iXi ln Vi(2Xi − α ln Vi),

`∗030 =
2m
β3 +

m∑
i=1

[
RiS iYi

(
3 − 2YiV−1

i + αV−1
i u−1

i

)
− (1 + α−1 − RiS i)

(
2
ui
− 1

)]
α

βui
Wi

(
ln

( ti
λ

))2
,

`∗003 =

m∑
i=1

[
2ui

α
+
(
1+α−1−RiS i

) (β2Vi

ui
− (βVi − 1)(βVi − 2)

)
+ βRiS iYi

(
3 − β

(
α

ui
+ 3Vi − 2Yi

))]
αβ

λ3ui
,

`∗210 = −

m∑
i=1

(2 + 2Xi − α ln Vi)
1
αui

RiS iXi ln
( ti
λ

)
,

`∗201 =

m∑
i=1

(2 + 2Xi − α ln Vi)
β

αλui
RiS iXi,

`∗120 =

m∑
i=1

[
−Vi + RiS i

(
(1 + Xi)(Vi − 2Yi) +

α

ui
Xi

)]
1
ui

(
ln

( ti
λ

))2
,

`∗102 =

m∑
i=1

[
1
β
− Vi + RiS i

((
Vi − 2Yi −

1
β

)
(Xi + 1) +

α

ui
Xi

)]
β2

λ2ui
,

`∗021 =

m∑
i=1

[(
1 + α−1 − RiS i

)
(2 − 2Wi + ln(ui − 1)) + RiS iYiV−1

i

(
2 −Wi −

(
α

ui
− 2Yi

)
ln(ui − 1)

)]
α

βλui
Wi,

`∗012 = −

m∑
i=1

[(
1+α−1−RiS i

)((
2Vi−

1
β

)
(1−Wi)+Wi

)
+

ui

αβ
+RiS iYi

(
(2−3Wi)+

(
1
β
−
α

ui
+2Yi

)
ln(ui−1)

)]
αβ

λ2ui
,

and

`∗111 =

m∑
i=1

[
(wi − 1)(1 − RiS i(1 + Xi)) + RiS iYi(2 + 2Xi − α ln Vi) ln(ui − 1)

] 1
λui

, (5.4)

where ui,Vi, S i, Xi,Yi and Wi are defined as before. Using the joint prior distribution (4.1), we obtain,

ρ(α, β, λ) = ln π(α, β, λ)
= (a1 − 1) lnα − b1α + (a2 − 1) ln β − b2β + (a3 − 1) ln λ − b3λ (5.5)
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and then we get

ρ1 =
a1 − 1
α
− b1, ρ2 =

a2 − 1
β
− b2, ρ3 =

a3 − 1
β
− b3. (5.6)

Utilizing the equations (5.2)–(5.6), we can obtain the Bayes estimators of α, β, λ, S (t), and h(t) under
balanced squared error loss (BSEL) and balanced linex error loss (BLEL) functions. α̂BSL , β̂BSL , λ̂BSL ,
Ŝ BSL and ĥBSL are the Bayes estimators of α, β, λ, S (t) and h(t) using Lindley’s approximation under
BSEL function in (4.5), respectively, and α̂BLL , β̂BLL , λ̂BLL , Ŝ BLL and ĥBLL are the Bayes estimators of
α, β, λ, S (t), and h(t) using Lindley’s approximation under BLEL function in (4.10), respectively.

5.2. Tierney-Kadane approximation

We obtain approximate Bayes estimators of α, β, λ, S (t) and h(t) using Tierney-Kadane approximation
which is an alternative approach to the approximation of the posterior expectation of r(θ) given t. This
method is based on the Laplace approximation for asymptotic evaluation of integrals. Recall that the
posterior expectation of a function r(θ) given data t can be written as,

E[r(θ)|t] =

$
r(θ)π(α, β, λ|t)dαdβdλ =

#
emg∗(α,β,λ)dαdβdλ#
emg(α,β,λ)dαdβdλ

, (5.7)

where g(α, β, λ) = 1/m(`(α, β, λ|t) + ρ(α, β, λ)) and g∗(α, β, λ) = g(α, β, λ) + 1/m ln r(θ). Here,
`(α, β, λ|t) is the log-likelihood function of α, β and λ in (2.7) and ρ(α, β, λ) = ln π(α, β, λ) in (5.5).
Using Tierney-Kadane approximation, the posterior expectation of r(θ) can be estimated by,

Ê[r(θ)|t] =


∣∣∣∣Σ∗ (α̂∗, β̂∗, λ̂∗)∣∣∣∣∣∣∣∣Σ (

α̂, β̂, λ̂
)∣∣∣∣


1
2

em[g∗(α̂∗,β̂∗,λ̂∗)−g(α̂,β̂,λ̂)], (5.8)

where (α̂, β̂, λ̂) and (α̂∗, β̂∗, λ̂∗) maximize g(α, β, λ) and g∗(α∗, β∗, λ∗), respectively, and Σ(α̂, β̂, λ̂) and
Σ∗(α̂∗, β̂∗, λ̂∗) are minus the inverse Hessians of g(α, β, λ) and g∗(α∗, β∗, λ∗) evaluated at (α̂, β̂, λ̂) and
(α̂∗, β̂∗, λ̂∗), respectively. Using equation (5.8), the approximate Bayes estimators of α, β, λ, S (t) and
h(t) under BSEL and BLEL functions are easily obtained.

For example, if r(θ) = α, then

Ê(α|t) =


∣∣∣∣Σ∗ (α̂∗, β̂∗, λ̂∗)∣∣∣∣∣∣∣∣Σ (

α̂, β̂, λ̂
)∣∣∣∣


1
2

em[g∗(α̂∗,β̂∗,λ̂∗)−g(α̂,β̂,λ̂)],
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where

g (α, β, λ) =
1
m

m ln(αβ) +

m∑
i=1

(
α ln Vi − ln(tiui) + Ri ln

(
1 − Vα

i

))
+ (a1 − 1) lnα − b1α + (a2 − 1) ln β − b2β + (a3 − 1) ln λ − b3λ

]
,

g∗(α∗, β∗, λ∗) =
1
m

(
`(α, β, λ|x) + ρ(α, β, λ)

)
+

1
m

ln r(θ) = g(α, β, λ) +
1
m

lnα,

Σ
(
α̂, β̂, λ̂

)
=



∂2g(α, β, λ)
∂α2

∂2g(α, β, λ)
∂α∂β

∂2g(α, β, λ)
∂α∂λ

∂2g(α, β, λ)
∂β2

∂2g(α, β, λ)
∂β∂λ

∂2g(α, β, λ)
∂λ2



−1

α = α̂
β = β̂
λ = λ̂

,

Σ∗
(
α̂∗, β̂∗, λ̂∗

)
=



∂2g∗(α∗, β∗, λ∗)
∂α2

∂2g∗(α∗, β∗, λ∗)
∂α∂β

∂2g∗(α∗, β∗, λ∗)
∂α∂λ

∂2g∗(α∗, β∗, λ∗)
∂β2

∂2g∗(α∗, β∗, λ∗)
∂β∂λ

∂2g∗(α∗,β∗,λ∗)
∂λ2



−1

α = α̂∗

β = β̂∗

λ = λ̂∗

,

where ui and Vi are defined as before. With the same argument, we can obtain Ê(β|t), Ê(λ|t), Ê(e−cα|t),
Ê(e−cβ|t) and Ê(e−cλ|t). By using these estimators, we can obtain the Bayes estimators of α, β, λ, S (t)
and h(t) under balanced squared error loss (BSEL) and balanced linex error loss (BLEL) functions.
α̂BS T K , β̂BS T K , λ̂BS T K , Ŝ BS T K and ĥBS T K are the Bayes estimators of α, β, λ, S (t) and h(t) using Tierney-
Kadane approximation under BSEL function in (4.5), respectively, and α̂BLT K , β̂BLT K , λ̂BLT K , Ŝ BLT K and
ĥBLT K are the Bayes estimators of α, β, λ, S (t) and h(t) using Tierney-Kadane approximation under
BLEL function in (4.10), respectively.

5.3. Markov chain Monte Carlo (MCMC) simulation

Markov chain Monte Carlo (MCMC) methods are considered to simulate from a complex probability
distribution (or target distribution), by generating a Markov chain with the target density as its station-
ary density. Among them, Gibbs sampling (Gelfand and Smith, 1990) is a popular tool for the analysis
of complicated statistical models. The full conditional distributions using (4.2) of the parameters α, β
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and λ are obtained as follows,

π(α|β, λ, t) ∝ αm+a1−1 exp

−b1α +

m∑
i=1

(
α ln Vi + Ri ln

(
1 − Vα

i

)) , (5.9)

π(β|α, λ, t) ∝ βm+a2−1 exp

−b2β +

m∑
i=1

(
α ln Vi − ln(tiui) + Ri ln

(
1 − Vα

i

)) , (5.10)

π(λ|α, β, t) ∝ λa3−1 exp

−b3λ +

m∑
i=1

(
α ln Vi − ln(tiui) + Ri ln

(
1 − Vα

i

)) . (5.11)

In (5.9), (5.10), and (5.11), all of the full conditional distributions cannot be reduced analytically
to well-known distributions. Therefore, the Metropolis Hastings algorithm is useful since there is
difficulty in directly sampling directly from full conditional distributions. To generate samples of α, β
and λ from (5.9), (5.10), and (5.11), respectively, their proposal distributions are given by gamma
distributions. The MCMC algorithm is working as follows,

Step 1. Select initial value (α(0), β(0), λ(0)).

Step 2. Set j = 1.

Step 3. Using Metropolis Hastings algorithm, generate α( j) from π(α|β( j−1), λ( j−1), t) in (5.9) with
gamma proposal distribution, Gam (α( j−1), 1).

Step 4. Using Metropolis Hastings algorithm, generate β( j) from π(β|α( j), λ( j−1), t) in (5.10) with
gamma proposal distribution, Gam (β( j−1), 1).

Step 5. Using Metropolis Hastings algorithm, generate λ( j) from π(λ|α( j), β( j), t) in (5.11) with gamma
proposal distribution, Gam (λ( j−1), 1).

Step 6. Set j = j + 1.

Step 7. From Step 3 to Step 6, Repeat N times.

Thus, for instance, the posterior expectation of α is given by

Ê(α|t) =
1
M

N∑
j=M+1

α( j) (5.12)

where M is the burn-in period, N = 2M. In this paper, we decide that the convergence have been
reached after 500 iterations of MCMC algorithm and set the number of total iterations to 1,000.

6. Simulation study

In the previous sections, we proposed several estimators of unknown parameters, survival function
and hazard function for the three-parameter ELL distribution. To assess the performance of these
estimates, we conducted a simulation study in terms of mean squared error (MSE). We used the
following steps to generate a sample from this model.

Step 1. We generated Z1, . . . ,Zm from U(0, 1).
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Step 2. For given values R1, . . . ,Rm, Qi = Z1/(i+Rm+···+Rm−i+1)
i for i = 1, . . . ,m.

Step 3. From Step 2, we set Ui = 1 − QmQm−1, . . . ,Qm−i+1.

Step 4. We generated a censored sample of size m from the ELL distribution using the inverse cdf as
follows,

ti = F−1(Ui) = λ
(
u−

1
α − 1

)− 1
β
.

Step 5. We obtained the MLEs α̂M, β̂M and λ̂M of the parameters α, β and λ by iteratively solving
the equation (3.1) using the Newton Raphson method. And substituting α̂M, β̂M and λ̂M into
(2.3) and (2.4), we obtained the MLE of the survival function Ŝ M and the MLE of the hazard
function ĥM at some t, respectively.

Step 6. Under BSEL function, we computed the Bayes estimates (α̂BSL , β̂BSL , λ̂BSL , Ŝ BSL , ĥBSL ) using
the Lindley’s approximation and (α̂BSTK , β̂BSTK , λ̂BSTK , Ŝ BSTK , ĥBSTK ) using the Tierney-Kadane
approximation, respectively. The MCMC estimates of r(α, β, λ) under BSEL function is eval-
uated as follows,

r̂(α, β, λ)BS MCMC = r
(
α̂M, β̂M, λ̂M

)
+

1 − w
N −M

N∑
j=M+1

r
(
α( j), β( j), λ( j)

)
, (6.1)

where α( j), β( j) and λ( j) are defined in Section 5.3, N is the number of iterations for Gibbs
sampling and M is the burn-in period for Gibbs sampling. In (6.1), r(α, β, λ) is substituted by
α, β, λ, S (t) and h(t) and the MCMC estimates of α, β, λ, S (t) and h(t) under BSEL function
can be obtained.

Step 7. Under BLEL function, we computed the Bayes estimates (α̂BLL , β̂BLL , λ̂BSL , Ŝ BLL , ĥBLL ) us-
ing the Lindley’s approximation and (α̂BLTK , β̂BLTK , λ̂BLTK , Ŝ BLTK , ĥBLTK ) the Tierney-Kadane
approximation, respectively. The MCMC estimates of r(α, β, λ) under BLEL function are
evaluated as follows,

r̂(α, β, λ)BLMCMC =
1
c

ln

we−cr(α̂M,β̂M,λ̂M) +
(1 − w)
N −M

N∑
j=M+1

e−cr(α( j),β( j),λ( j))
 , (6.2)

where α( j), β( j) and λ( j) are defined in Section 5.3, N is the number of iterations for Gibbs
sampling and M is the burn-in period for Gibbs sampling. In (6.2), r(α, β, λ) is substituted by
α, β, λ, S (t) and h(t) and the MCMC estimates of α, β, λ, S (t) and h(t) under BLEL function
can be obtained.

Step 8. We repeated above steps 1,000 times and computed the means and MSEs for different cen-
soring schemes.

The MLE and all Bayes estimates relative to BSEL (w = 0.3, 0.5, 0.7), BLEL (w = 0.3, 0.5, 0.7,
c = −1, 1) functions are computed under informative priors. Here, priors correspond to the case when
the hyper-parameters are defined as (a1 = b1 = b2 = a3 = b3 = 2, a2 = 4). For the informative prior,
the values of hyper parameters (a1, b1), (a2, b2) and (a3, b3) are chosen in the sense that the prior mean
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Figure 1: plots of the estimated PSRF sequences for α, β and λ.
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Figure 2: plot of the estimated MPSRF sequence based upon α, β and λ.

is equal to the preassigned true values of α, β and λ. The unknown parameters (α, β, λ) is assumed
that it take true values (1, 2, 1). In addition, the estimations are conducted on the basis of various
progressive type-II censoring schemes which include complete and type-II censoring. The true values
of S (t) and h(t) are evaluated to be S (t) = 0.8 and h(t) = 0.8 at t = 0.5.

We use convergence diagnostic which is proposed by Gelman and Rubin (1992) and refined by
Brooks and Gelman (1997) in an attempt to assess convergence. The diagnostic uses parallel chains
with different initial values to test whether they all converge to the same target distribution and com-
pare the variance within each chain and the variance between chains to check how similar they are.
We run five chains starting with different initial values.

To assess convergences of Metropolis-Hastings algorithm and Gibbs sampling, the univariate po-
tential scale reduction factors (PSRFs) and the multivariate PSRF (MPSRF) are estimated, respec-
tively. The MPSRF is an upper bound to the largest of the PSRFs over each of α, β and λ. For MCMC
convergence, we use the PSRF is less than 1.2. If PSRF (MPSRF) is less than 1.1, we consider that
its sampling variability is negligible.

Figure 1 and Figure 2 are plots of the estimated PSRFs and MPSRF for the three parameters α, β
and λ. They demonstrate how it reaches 1 after about 1,000 iterations (which we allowed for burn-in),
thus showing agreement between the different chains. Our simulations suggest that the chains had
reached the stationary distributions and were run for long enough.

Table 1 provides the average values of the estimates and the lengths of the corresponding 95% ap-
proximate confidence intervals for the parameters (entries within parentheses). The 95% approximate
confidence intervals for α, β and λ contain the true values of the parameters α = 1, β = 2 and λ = 1.
And, for fixed n, as m increases, length of interval decreases.

Additionally, Table 2 presents variances and covariances of α, β and λ. The comparisons of the
variance-covariance matrix of the estimators are made using the observed information matrix. We
study how much the estimated means and variances affected by censoring schemes. From the result in
Table 2, it is seen that the variance of estimates decreases with increase in m and the case of all items
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Table 1: Estimated means and lengths of 95% confidence interval (CI) for α = 1, β = 2 ; and λ = 1 (n=50,
m=25–45)

m degree of Censoring scheme α̂ β̂ λ̂
censoring (R1, . . . ,Rm) (length of CI for α) (length of CI for β) (length of CI for λ)

25(50%)

(0, . . . , 25) 1.109 1.959 0.975
(4.795) (4.677) (3.000)

(25, . . . , 0) 0.974 2.310 1.116
(3.332) (3.270) (2.262)

(5, 0 ∗ 4) ∗ 5 0.985 2.255 1.063
(3.412) (3.719) (2.212)

30(40%)

(0, . . . , 20) 1.034 2.114 1.020
(3.943) (4.219) (2.540)

(20, . . . , 0) 0.976 2.275 1.112
(3.095) (2.874) (2.089)

(4, 0 ∗ 5) ∗ 5 0.981 2.257 1.077
(3.202) (3.276) (2.077)

35(30%)

(0, . . . , 15) 1.012 2.172 1.033
(3.458) (3.618) (2.251)

(15, . . . , 0) 0.986 2.241 1.106
(2.961) (2.626) (1.974)

(3, 0 ∗ 6) ∗ 5 0.985 2.255 1.063
(2.980) (2.908) (1.966)

40(20%)

(0, . . . , 10) 0.989 2.205 1.068
(3.068) (3.071) (2.036)

(10, . . . , 0) 1.000 2.228 1.095
(2.899) (2.430) (1.837)

(2, 0 ∗ 7) ∗ 5 0.985 2.235 1.085
(2.838) (2.585) (1.828)

45(10%)

(0, . . . , 5) 0.984 2.209 1.088
(2.781) (2.542) (1.845)

(5, . . . , 0) 0.980 2.221 1.104
(2.653) (2.311) (1.783)

(1, 0 ∗ 8) ∗ 5 0.986 2.217 1.095
(2.698) (2.371) (1.775)

Table 2: Variances and covariances for α = 1, β = 2 and λ = 1 (n=50,m=25–45)

m degree of Scheme Var(α̂) Var(β̂) Var(λ̂) Cov(α̂, β̂) Cov(α̂, λ̂) Cov(β̂, λ̂)censoring (R1, . . . ,Rm)

25(50%)
(0, . . . , 25) 1.496 1.423 0.586 −1.222 −0.874 0.767
(25, . . . , 0) 0.723 0.696 0.333 −0.434 −0.390 0.349

(5, 0 ∗ 4) ∗ 5 0.758 0.900 0.318 −0.577 −0.421 0.392

30(40%)
(0, . . . , 20) 1.012 1.158 0.420 −0.855 −0.596 0.575
(20, . . . , 0) 0.623 0.537 0.284 −0.356 −0.337 0.285

(4, 0 ∗ 5) ∗ 5 0.667 0.699 0.281 −0.459 −0.369 0.329

35(30%)
(0, . . . , 15) 0.778 0.852 0.330 −0.615 −0.454 0.435
(15, . . . , 0) 0.571 0.449 0.254 −0.315 −0.304 0.249

(3, 0 ∗ 6) ∗ 5 0.578 0.550 0.252 −0.372 −0.319 0.278

40(20%)
(0, . . . , 10) 0.612 0.614 0.270 −0.420 −0.353 0.321
(10, . . . , 0) 0.547 0.384 0.220 −0.276 −0.278 0.214

(2, 0 ∗ 7) ∗ 5 0.524 0.435 0.218 −0.302 −0.282 0.227

45(10%)
(0, . . . , 5) 0.503 0.420 0.221 −0.303 −0.279 0.239
(5, . . . , 0) 0.458 0.348 0.207 −0.249 −0.250 0.201

(1, 0 ∗ 8) ∗ 5 0.474 0.366 0.205 −0.263 −0.256 0.206
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Table 3: Estimated means and MSEs (in parentheses) of MLEs and Bayes estimates; relative to BSEL and
BLEL functions of α = 1 for n = 50

Scheme MLE w BSEL c BLEL
Lindley TK MCMC Lindley TK MCMC

(0 ∗ 50) 0.670

0.3 0.900 0.811 0.866 −1 0.913 0.868 0.904

(0.153)

(0.056) (0.064) (0.039)
(0.067) (0.054) (0.032)

1 0.882 0.770 0.835
(0.051) (0.077) (0.047)

0.5 0.834 0.771 0.810 −1 0.850 0.816 0.843

(0.070) (0.085) (0.062)
(0.077) (0.072) (0.051)

1 0.814 0.740 0.784
(0.068) (0.097) (0.072)

0.7 0.768 0.730 0.754 −1 0.782 0.760 0.778

(0.095) (0.109) (0.093)
(0.097) (0.097) (0.081)

1 0.753 0.711 0.737
(0.095) (0.118) (0.102)

(0 ∗ 39, 10) 0.913

0.3 1.121 0.994 1.050 −1 1.213 1.084 1.098

(0.116)

(0.069) (0.041) (0.030)
(0.129) (0.059) (0.038)

1 1.045 0.934 1.010
(0.046) (0.039) (0.026)

0.5 1.062 0.971 1.011 −1 1.140 1.040 1.051

(0.051) (0.057) (0.044)
(0.104) (0.065) (0.046)

1 0.989 0.926 0.978
(0.028) (0.056) (0.044)

0.7 1.002 0.948 0.972 −1 1.058 0.992 1.000

(0.058) (0.078) (0.067)
(0.093) (0.079) (0.064)

1 0.949 0.919 0.950
(0.041) (0.076) (0.068)

(10, 0 ∗ 39) 0.690

0.3 0.947 0.839 0.891 −1 0.964 0.905 0.932

(0.152)

(0.057) (0.059) (0.036)
(0.078) (0.051) (0.030)

1 0.924 0.793 0.858
(0.044) (0.071) (0.043)

0.5 0.874 0.796 0.834 −1 0.894 0.848 0.869

(0.067) (0.079) (0.058)
(0.082) (0.068) (0.048)

1 0.847 0.762 0.806
(0.058) (0.091) (0.068)

0.7 0.800 0.754 0.776 −1 0.818 0.788 0.802

(0.090) (0.105) (0.090)
(0.098) (0.093) (0.078)

1 0.779 0.732 0.757
(0.087) (0.114) (0.099)

(2, 0 ∗ 7) ∗ 5 0.739

0.3 1.004 0.877 0.931 −1 1.031 0.950 0.975

(0.136)

(0.060) (0.051) (0.031)
(0.089) (0.049) (0.029)

1 0.971 0.829 0.895
(0.044) (0.060) (0.036)

0.5 0.928 0.838 0.876 −1 0.957 0.895 0.914

(0.060) (0.070) (0.051)
(0.084) (0.062) (0.044)

1 0.893 0.801 0.847
(0.048) (0.078) (0.058)

0.7 0.852 0.798 0.821 −1 0.877 0.836 0.849

(0.078) (0.093) (0.079)
(0.091) (0.084) (0.069)

1 0.825 0.775 0.801
(0.072) (0.100) (0.086)

removed at the first failure t1 is better than the other cases.
Tables 3–7 present the estimated mean of MLE and the Bayes estimates relative to BSEL and

BLEL functions of the parameters, survival function and hazard function using Lindley’s approxi-
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Table 4: Estimated means and MSEs (in parentheses) of MLEs and Bayes estimates; relative to BSEL and
BLEL functions of β = 2 for n = 50

Scheme MLE w BSEL c BLEL
Lindley TK MCMC Lindley TK MCMC

(0 ∗ 50) 2.453

0.3 2.117 2.278 2.127 −1 2.201 2.355 2.183

(0.375)

(0.073) (0.163) (0.077)
(0.104) (0.229) (0.110)

1 2.087 2.204 2.072
(0.075) (0.112) (0.053)

0.5 2.213 2.328 2.220 −1 2.287 2.385 2.271

(0.123) (0.214) (0.133)
(0.168) (0.270) (0.177)

1 2.175 2.267 2.162
(0.113) (0.160) (0.091)

0.7 2.309 2.378 2.313 −1 2.360 2.413 2.349

(0.203) (0.273) (0.212)
(0.247) (0.311) (0.253)

1 2.274 2.335 2.265
(0.181) (0.226) (0.162)

(0 ∗ 39, 10) 2.149

0.3 1.950 2.068 1.896 −1 2.099 2.157 1.946

(0.210)

(0.047) (0.088) (0.066)
(0.068) (0.126) (0.073)

1 1.882 1.993 1.846
(0.058) (0.068) (0.067)

0.5 2.007 2.091 1.968 −1 2.125 2.157 2.013

(0.054) (0.116) (0.083)
(0.092) (0.147) (0.101)

1 1.939 2.032 1.918
(0.056) (0.091) (0.070)

0.7 2.064 2.114 2.041 −1 2.140 2.155 2.072

(0.093) (0.149) (0.120)
(0.132) (0.171) (0.140)

1 2.009 2.075 2.000
(0.082) (0.126) (0.096)

(10, 0 ∗ 39) 2.432

0.3 2.058 2.246 2.090 −1 2.146 2.331 2.151

(0.375)

(0.062) (0.151) (0.070)
(0.085) (0.219) (0.102)

1 2.033 2.166 2.029
(0.070) (0.099) (0.048)

0.5 2.165 2.299 2.188 −1 2.247 2.363 2.243

(0.106) (0.203) (0.124)
(0.148) (0.262) (0.170)

1 2.127 2.232 2.124
(0.100) (0.147) (0.082)

0.7 2.272 2.353 2.286 −1 2.330 2.392 2.325

(0.186) (0.265) (0.205)
(0.232) (0.307) (0.248)

1 2.234 2.305 2.232
(0.166) (0.215) (0.151)

(2, 0 ∗ 7) ∗ 5 2.366

0.3 2.016 2.202 2.047 −1 2.123 2.290 2.106

(0.307)

(0.052) (0.121) (0.058)
(0.073) (0.181) (0.082)

1 1.979 2.122 1.989
(0.059) (0.079) (0.044)

0.5 2.116 2.249 2.138 −1 2.210 2.314 2.191

(0.080) (0.164) (0.099)
(0.120) (0.216) (0.136)

1 2.069 2.183 2.078
(0.076) (0.117) (0.067)

0.7 2.216 2.296 2.229 −1 2.280 2.336 2.266

(0.144) (0.215) (0.164)
(0.188) (0.251) (0.200)

1 2.173 2.250 2.179
(0.126) (0.173) (0.121)

mation, Tierney and Kadane approximation and MCMC methods and its corresponding MSEs for
different censoring schemes, respectively. Our experiments include three cases having different cen-
soring schemes. The first case is that all items failed, the second case is that type-II censoring, the
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Table 5: Estimated means and MSEs (in parentheses) of MLEs and Bayes estimates; relative to BSEL and
BLEL functions of λ = 1 for n = 50

Scheme MLE w BSEL c BLEL
Lindley TK MCMC Lindley TK MCMC

(0 ∗ 50) 1.454

0.3 1.205 1.327 1.226 −1 1.253 1.376 1.261

(0.276)

(0.069) (0.138) (0.073)
(0.088) (0.175) (0.094)

1 1.179 1.277 1.190
(0.064) (0.104) (0.055)

0.5 1.276 1.363 1.291 −1 1.319 1.400 1.322

(0.108) (0.172) (0.117)
(0.131) (0.203) (0.141)

1 1.248 1.323 1.257
(0.098) (0.140) (0.093)

0.7 1.347 1.400 1.356 −1 1.378 1.422 1.378

(0.163) (0.210) (0.172)
(0.184) (0.231) (0.192)

1 1.324 1.373 1.330
(0.149) (0.186) (0.148)

(0 ∗ 39, 10) 1.201

0.3 1.077 1.162 1.063 −1 1.137 1.213 1.092

(0.127)

(0.031) (0.057) (0.024)
(0.045) (0.078) (0.032)

1 1.033 1.116 1.033
(0.032) (0.041) (0.018)

0.5 1.112 1.173 1.102 −1 1.167 1.211 1.127

(0.033) (0.073) (0.044)
(0.049) (0.089) (0.054)

1 1.068 1.138 1.075
(0.029) (0.059) (0.034)

0.7 1.148 1.184 1.141 −1 1.187 1.208 1.159

(0.055) (0.093) (0.071)
(0.070) (0.102) (0.080)

1 1.113 1.161 1.121
(0.048) (0.082) (0.061)

(10, 0 ∗ 39) 1.466

0.3 1.191 1.332 1.227 −1 1.245 1.387 1.266

(0.291)

(0.064) (0.141) (0.073)
(0.086) (0.184) (0.097)

1 1.163 1.276 1.188
(0.059) (0.103) (0.053)

0.5 1.270 1.370 1.295 −1 1.320 1.411 1.329

(0.103) (0.178) (0.120)
(0.130) (0.213) (0.146)

1 1.237 1.325 1.257
(0.092) (0.142) (0.093)

0.7 1.348 1.408 1.363 −1 1.384 1.434 1.387

(0.163) (0.220) (0.179)
(0.189) (0.244) (0.201)

1 1.320 1.378 1.334
(0.148) (0.191) (0.152)

(2, 0 ∗ 7) ∗ 5 1.395

0.3 1.151 1.286 1.188 −1 1.206 1.338 1.223

(0.230)

(0.049) (0.112) (0.056)
(0.069) (0.147) (0.074)

1 1.118 1.235 1.152
(0.045) (0.081) (0.041)

0.5 1.220 1.317 1.247 −1 1.271 1.356 1.277

(0.078) (0.141) (0.093)
(0.100) (0.169) (0.113)

1 1.186 1.276 1.213
(0.069) (0.112) (0.072)

0.7 1.290 1.348 1.306 −1 1.326 1.372 1.327

(0.124) (0.174) (0.140)
(0.146) (0.193) (0.157)

1 1.262 1.321 1.280
(0.112) (0.151) (0.118)

third case is that all items removed at the first failure and the last case is that of progressive type-II
censoring, respectively. In Tables 3 and 7, it indicates that the Bayes estimates obtained using MCMC
methods are better than the MLEs and the Bayes estimates using Lindley’s approximation and Tier-
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Table 6: Estimated means and MSEs (in parentheses) of MLEs and Bayes estimates; relative to BSEL and
BLEL functions of S (t = 0.5) = 0.8 for n = 50

Scheme MLE w BSEL c BLEL
Lindley TK MCMC Lindley TK MCMC

(0 ∗ 50) 0.811

0.3 0.805 0.804 0.797 −1 0.805 0.805 0.797

(0.002)

(0.002) (0.002) (0.002)
(0.002) (0.002) (0.002)

1 0.804 0.804 0.796
(0.002) (0.002) (0.002)

0.5 0.807 0.806 0.801 −1 0.807 0.807 0.801

(0.002) (0.002) (0.002)
(0.002) (0.002) (0.002)

1 0.806 0.806 0.800
(0.002) (0.002) (0.002)

0.7 0.809 0.808 0.805 −1 0.809 0.809 0.805

(0.002) (0.002) (0.002)
(0.002) (0.002) (0.002)

1 0.808 0.808 0.805
(0.002) (0.002) (0.002)

(0 ∗ 39, 10) 0.811

0.3 0.801 0.803 0.791 −1 0.802 0.804 0.791

(0.002)

(0.002) (0.002) (0.002)
(0.002) (0.002) (0.002)

1 0.800 0.802 0.790
(0.002) (0.002) (0.002)

0.5 0.804 0.805 0.796 −1 0.804 0.806 0.797

(0.002) (0.002) (0.002)
(0.002) (0.002) (0.002)

1 0.803 0.805 0.796
(0.002) (0.002) (0.002)

0.7 0.807 0.807 0.802 −1 0.807 0.808 0.802

(0.002) (0.002) (0.002)
(0.002) (0.002) (0.002)

1 0.806 0.807 0.802
(0.002) (0.002) (0.002)

(10, 0 ∗ 39) 0.817

0.3 0.809 0.809 0.800 −1 0.809 0.810 0.800

(0.002)

(0.002) (0.002) (0.002)
(0.002) (0.002) (0.002)

1 0.808 0.808 0.799
(0.002) (0.002) (0.002)

0.5 0.811 0.811 0.805 −1 0.812 0.812 0.805

(0.002) (0.002) (0.002)
(0.002) (0.002) (0.002)

1 0.811 0.811 0.804
(0.002) (0.002) (0.002)

0.7 0.814 0.814 0.810 −1 0.814 0.814 0.810

(0.002) (0.002) (0.002)
(0.002) (0.002) (0.002)

1 0.813 0.813 0.809
(0.002) (0.002) (0.002)

(2, 0 ∗ 7) ∗ 5 0.817

0.3 0.808 0.809 0.800 −1 0.808 0.810 0.801

(0.002)

(0.002) (0.002) (0.002)
(0.002) (0.002) (0.002)

1 0.807 0.808 0.800
(0.002) (0.002) (0.002)

0.5 0.810 0.811 0.805 −1 0.811 0.812 0.805

(0.002) (0.002) (0.002)
(0.002) (0.002) (0.002)

1 0.810 0.810 0.804
(0.002) (0.002) (0.002)

0.7 0.813 0.813 0.810 −1 0.813 0.814 0.810

(0.002) (0.002) (0.002)
(0.002) (0.002) (0.002)

1 0.813 0.813 0.809
(0.002) (0.002) (0.002)

ney and Kadane approximation. In Tables 4 and 5, it reveals that the Bayes estimates obtained using
Lindley’s approximation are better than the MLEs and the Bayes estimates using Tierney and Kadane
approximation and MCMC methods. It is evident for both BSEL function and BLEL function. Also,
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Table 7: Estimated means and MSEs (in parentheses) of MLEs and Bayes estimates relative to BSEL and BLEL
functions of h(t = 0.5) = 0.8 for n = 50

Scheme MLE w BSEL c BLEL
Lindley TK MCMC Lindley TK MCMC

(0 ∗ 50) 0.653

0.3 0.717 0.682 0.724 −1 0.722 0.696 0.730

(0.034)

(0.020) (0.026) (0.018)
(0.019) (0.023) (0.018)

1 0.711 0.679 0.717
(0.020) (0.026) (0.019)

0.5 0.699 0.674 0.703 −1 0.703 0.684 0.709

(0.023) (0.028) (0.022)
(0.022) (0.026) (0.021)

1 0.694 0.672 0.698
(0.023) (0.028) (0.022)

0.7 0.680 0.665 0.683 −1 0.683 0.672 0.687

(0.026) (0.030) (0.026)
(0.026) (0.028) (0.025)

1 0.677 0.664 0.680
(0.027) (0.030) (0.026)

(0 ∗ 39, 10) 0.701

0.3 0.736 0.711 0.750 −1 0.743 0.724 0.757

(0.025)

(0.017) (0.022) (0.015)
(0.017) (0.019) (0.015)

1 0.728 0.707 0.744
(0.018) (0.022) (0.015)

0.5 0.726 0.708 0.736 −1 0.732 0.718 0.742

(0.018) (0.023) (0.017)
(0.018) (0.021) (0.017)

1 0.720 0.705 0.731
(0.019) (0.022) (0.018)

0.7 0.716 0.705 0.722 −1 0.720 0.711 0.725

(0.020) (0.024) (0.020)
(0.020) (0.022) (0.019)

1 0.712 0.703 0.719
(0.021) (0.023) (0.020)

(10, 0 ∗ 39) 0.634

0.3 0.704 0.665 0.709 −1 0.709 0.681 0.717

(0.040)

(0.024) (0.032) (0.022)
(0.023) (0.028) (0.021)

1 0.697 0.661 0.702
(0.024) (0.032) (0.023)

0.5 0.684 0.656 0.687 −1 0.689 0.668 0.694

(0.027) (0.034) (0.026)
(0.026) (0.031) (0.025)

1 0.679 0.653 0.682
(0.028) (0.034) (0.027)

0.7 0.664 0.647 0.666 −1 0.667 0.654 0.670

(0.032) (0.036) (0.031)
(0.031) (0.034) (0.030)

1 0.660 0.645 0.662
(0.032) (0.037) (0.032)

(2, 0 ∗ 7) ∗ 5 0.651

0.3 0.713 0.674 0.714 −1 0.719 0.689 0.720

(0.034)

(0.021) (0.028) (0.020)
(0.020) (0.025) (0.019)

1 0.706 0.671 0.707
(0.022) (0.028) (0.020)

0.5 0.695 0.667 0.696 −1 0.700 0.678 0.701

(0.023) (0.030) (0.023)
(0.023) (0.027) (0.022)

1 0.690 0.665 0.691
(0.024) (0.030) (0.024)

0.7 0.677 0.661 0.678 −1 0.681 0.667 0.681

(0.027) (0.031) (0.027)
(0.026) (0.030) (0.026)

1 0.674 0.659 0.674
(0.028) (0.032) (0.028)

it notes that the Bayes estimates relative to BSEL and BLEL functions using Lindley’s approxima-
tion, Tierney-Kadane approximation and MCMC methods are closer to the preassigned values of the
parameters than the MLEs in terms of MSE. It is apparent for both complete and type-II censored
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samples. In these tables, (0 ∗ 50) represents that the total number of the 0’s is 50 and (2, 0 ∗ 7) ∗ 5
represents that the total number of (2, 0, 0, 0, 0, 0, 0, 0)’s is 5.

7. Conclusions

In this paper, based on progressive type-II censored samples, we have derived the MLE and Bayes
estimators for two shape parameters, one scale parameter, survival function and hazard function of
the exponentiated log-logistic (ELL) distribution. For a number of reasons, when both goodness of fit
and precision of estimation are considered important, balanced loss function is appropriate. So, we
consider both balanced squared error loss (BSEL) and balanced linex error loss (BLL) functions. And
we have used Newton-Raphson method, Lindley’s approximation, Tierney-Kadane approximation
and MCMC methods to compute these estimates. Here, to check the convergence of MCMC chains,
the Gelman and Rubin diagnostic was used. In order to assess the performances of these estimates,
we have conducted a simulation study in terms of MSE. The results obtained from the simulation
demonstrated the superiority of Bayes estimates relative to balanced loss functions (BLFs) under
informative prior.
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