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COMMUTATIVE RINGS AND MODULES THAT ARE

r-NOETHERIAN

Adam Anebri, Najib Mahdou, and Ünsal Tekir

Abstract. In this paper, we introduce and investigate a new class of

modules that is closely related to the class of Noetherian modules. Let R
be a commutative ring and M be an R-module. We say that M is an r-

Noetherian module if every r-submodule of M is finitely generated. Also,
we call the ring R to be an r-Noetherian ring if R is an r-Noetherian R-

module, or equivalently, every r-ideal of R is finitely generated. We show

that many properties of Noetherian modules are also true for r-Noetherian
modules. Moreover, we extend the concept of weakly Noetherian rings

to the category of modules and we characterize Noetherian modules in

terms of r-Noetherian and weakly Noetherian modules. Finally, we use
the idealization construction to give non-trivial examples of r-Noetherian

rings that are not Noetherian.

1. Introduction

We devote this opening paragraph to some conventions and a review of some
standard background material, all rings below are assumed to be commutative
with non-zero identity and all modules are non-zero unital. If R is a ring and M
is an R-module, then ZR(M) = {r ∈ R | rm = 0 for some 0 6= m ∈M}, denotes
the set of zero-divisors of R on M ; TR(M) = {m ∈ M | rm = 0 for some 0 6=
r ∈ R}, denotes the set of torsion elements of M with respect to R; Z(R) :=
ZR(R), denotes the set of zero-divisors of the ring R; QR(M) := S−1M R, denotes
the total quotient ring of R with respect to M , where SM := R \ ZR(M);
Q(M) := S−1M M , denotes the total quotient module of M ; and Q(R) := QR(R),
denotes the total quotient ring of R. Also, we denote the set of all units in R
by U(R).

For a submodule N of M , we denote by (N :R M), the residual of N by M ,
i.e., the set of all r ∈ R such that rM ⊆ N . The annihilator of N is the ideal
AnnR(N) := (0 :R N). An R-module M is said to be faithful if AnnR(M) is
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the zero ideal of R. Also, an R-module M is called a torsion-free module if
r ∈ R, m ∈ M , rm = 0 implies that either r = 0 or m = 0. Note that M is
a torsion-free R-module if and only if ZR(M) = 0. A proper submodule N of
M is a prime submodule, if for any r ∈ R and m ∈M , rm ∈ N implies either
m ∈ N or r ∈ (N :R M). We say that an R-module M is a multiplication
module [6] if every submodule of M has the form IM , for some ideal I of
R. Note that I ⊆ (N :R M) and hence N = IM ⊆ (N :R M)M ⊆ N,
so that N = (N :R M)M. It is well known that prime submodules exist in
multiplication and finitely generated modules (for details, see [9]). Also, recall
from [1] that a submodule N of M is said to be a nilpotent submodule of M if
(N :R M)nN = 0 for some positive integer n. An element m ∈M is said to be
nilpotent if Rm is a nilpotent submodule of M . We let Nil(M) to denote the
set of all nilpotent elements of M .

In [17], Mohamadian introduced the notion of r-ideals in a commutative
ring. A proper ideal I of R is said to be an r-ideal of R if, whenever ra ∈ I for
some r ∈ R\Z(R) and a ∈ R, then a ∈ I. In [13], Koç and Tekir generalized the
study of r-ideals to the context of submodules as follows. A proper submodule
N of M is called an r-submodule of M if rm ∈ N with r ∈ R \ZR(M) implies
that m ∈ N for each r ∈ R and m ∈ M. The class of r-submodules includes
pure submodules (recall from [19] that a submodule N of M is called a pure
submodule of M if IN = N ∩IM for every ideal I of R) and prime submodules
whose residual ideals are consisted entirely of zero divisors of R on M .

Among the many recent generalizations of the notion of Noetherian modules
in the literature, we find the following, due to Ndiaye and Gueye [18]. An
R-module M is said to be an endo-Noetherian module if the chain ker(f1) ⊆
ker(f2) ⊆ · · · stabilizes for each sequence (fk)k of endomorphisms of M . A ring
R is endo-Noetherian if it is endo-Noetherian as an R-module. Equivalently,
R is endo-Noetherian if the chain of annihilators AnnR(r1) ⊆ AnnR(r2) ⊆ · · ·
stabilizes for each sequence (rk)k of elements of R. In [4], Armendariz defined
almost Noetherian modules as follows. An R-module M is called an almost
Noetherian module if every proper submodule of M is finitely generated. In
[16], Mahdou and Hassani introduced the notion of weakly-Noetherian rings. A
ring R is said to be a weakly Noetherian ring if every finitely generated proper
ideal of R is a Noetherian R-module. They showed that a ring which contains
a regular element (neither a unit nor a zero-divisor) is a Noetherian ring if and
only if R is weakly Noetherian.

Let R be a ring and M be an R-module. Then R ∝ M , the trivial (ring)
extension of R by M , is the ring whose additive structure is that of the external
direct sum R ⊕M and whose multiplication is defined by (r1,m1)(r2,m2) :=
(r1r2, r1m2+r2m1) for all r1, r2 ∈ R and all m1,m2 ∈M . (This construction is
also known by other terminology, such as the idealization.) The basic properties
of trivial ring extensions are summarized in the books [10, 11]. Trivial ring
extensions have been studied or generalized extensively, often because of their
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usefulness in constructing new classes of examples of rings satisfying various
properties (see for instance [3, 5, 7, 8, 12]).

The aim of this paper is to introduce and study a new class of modules (resp.,
rings) which lies properly between the class of Noetherian modules (resp., rings)
and the class of endo-Noetherian modules (resp., rings). In fact, if R is a ring
and M is an R-module, M is said to be an r-Noetherian module if every r-
submodule of M is finitely generated. Then R is said to be an r-Noetherian
ring if it is r-Noetharian as an R-module. In Section 2, we prove (Theorem
2.9) that many properties of Noetherian modules (resp., rings) are also true
for r-Noetherian modules (resp., rings). Also, we extend the notion of weakly
Noetherian rings to the category of modules. An R-module is called a weakly
Noetherian module if all finitely generated proper submodules of M are Noe-
therian modules. The reader may find it helpful to keep in mind the following
figures with non-reversible arrows (see Example 2.5 and Remark 2.12).

Noetherian module

Almost Noetherian module Weakly Noetherian module

r-Noetherian module

�������)

PPPPPPPq

? plus
finitely generated- - Endo Noetherian module

In Theorem 2.13, we give a new characterization of Noetherian modules
in terms of r-Noetherian and weakly Noetherian modules. In fact, a finitely
generated R-module is Noetherian if and only if either (XR(M) = ∅ and M
is an r-Noetherian module) or (XR(M) 6= ∅ and M is a weakly Noetherian
module), where XR(M) = {r ∈ R \ ZR(M) | rM 6= M}. Moreover, Corollary
2.15 describes the behavior of Noetherian rings according to their total quotient
ring. Indeed, a ring R is a Noetherian ring if and only if either (Q(R) = R
and R is an r-Noetherian ring) or (Q(R) 6= R and R is a weakly Noetherian
ring). In Section 2, we investigate the transfer of r-Noetherian property to the
trivial ring extension in particular cases. At this point, we construct non-trivial
examples of r-Noetherian rings that are not Noetherian.

2. Basic results

This section initiates the study of r-Noetherian modules. Recall from the
introduction that if R is a ring and M is an R-module, then M is said to be
an r-Noetherian module if every r-submodule of M is finitely generated; and
that a ring R is an r-Noetherian ring if it is r-Noetherian as R-module, that
is, if every r-ideal of R is finitely generated.
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We begin by the following simple result.

Lemma 2.1. Let M be a finitely generated r-Noetherian R-module. Then, M
satisfies the ascending chain condition (acc) on r-submodules.

Proof. Let N1 ⊆ N2 ⊆ · · · be an ascending chain of r-submodules of a finitely
generated r-Noetherian R-module M , and set N :=

⋃
k Nk. Then N is an r-

submodule of M . Indeed, if rm ∈ N for some r ∈ R\ZR(M) and m ∈M , then
there exists a positive integer k such that rm ∈ Nk. So m ∈ Nk because Nk

is an r-submodule and hence m ∈ N. By assumption, N is finitely generated
and all generating elements are contained in Nn0

for some positive integer n0.
Hence N = Nn0

, and thus Nk = Nn0
for each k ≥ n0. �

The purpose of the following remark is to prove that the direct sense of
Lemma 2.1 is also not true in general. Before we proceed, we recall the following
proposition from [13].

Proposition 2.2 ([13, Proposition 7]). If N is a maximal r-submodule of an
R-module M , then N is a prime submodule.

Remark 2.3. Suppose that every r-Noetherian R-module satisfies the ascending
chain condition (acc) on r-submodules. Let M be an r-Noetherian R-module,
then every non-empty set of r-submodules of M has a maximal r-submodule.
By Proportion 2.2, M has a prime submodule. But, we have an example of
an r-Noetherian module which has no prime submodule. Consider the prüfer
group

Zp∞ = {x ∈ Q/Z |x = (r/pn) + Z for some r ∈ Z and n ∈ N}.

It is well known that every proper submodule of Zp∞ is cyclic (and so finitely
generated), then Zp∞ is an r-Noetherian Z-module. However, Zp∞ has no
prime submodule for any prime number p (see Example in Section 2 of [15]).

The following result proves that the r-Noetherian rings (resp., the finitely
generated r-Noetherian modules over a ring R) is an intermediate class between
the class of Noetherian rings (resp., modules) and the class of endo-Noetherian
rings (resp., modules).

Proposition 2.4. (1) Let R be a ring. Then Noetherian modules ⊆ almost
Noetherian modules ⊆ r-Noetherian modules.

(2) Noetherian modules ⊆ finitely generated r-Noetherian modules ⊆ endo-
Noetherian modules.

(3) Noetherian rings ⊆ r-Noetherian rings ⊆ endo-Noetherian rings.

Proof. It suffices to prove that every finitely generated r-Noetherian module
is an endo-Noetherian module. This in turn, follows from Lemma 2.1 because
ker(f) is always an r-submodule of M for each f ∈ EndR(M). �

The following examples show that the above inclusions are strict.
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Example 2.5. (a) Let K be a field and {Xi | i ∈ N} be a set of indeterminates
over K. Then R = K[{Xi | i ∈ N}] is a non-Noetherian domain. Moreover, the
zero ideal is the only r-ideal of R. Hence, R is an r-Noetherian ring.

(b) Let K be a field, E = K∞ be a K-vector space of infinite rank and
let R := K ∝ E be the trivial ring extension of K by E. Then R is an
endo-Noetherian ring that is not r-Noetherian. Indeed, for each (a, e) ∈ R,

Ann(a, e) =

{
(0, 0) if a 6= 0,

0 ∝ E if a = 0.

Note that R is not an r-Noetherian ring because 0 ∝ E is an r-ideal of R which
is not finitely generated.

Remark 2.6. It is interesting that an r-Noetherian module is not necessarily
a finitely generated module. So, it should not be surprising that some of r-
Noetherian modules do not contain prime submodules. For example, for any
prime number p, the prüfer group Zp∞ is an r-Noetherian Z-module. However,
Zp∞ has no prime submodules.

We next show that in the following case, the definition of r-Noetherian
property is independent of the ring.

Proposition 2.7. Let f : R −→ S be a surjective ring homomorphism and
let M be an S-module. Consider M as an R-module with rm := f(r)m for
r ∈ R and m ∈ M . Then M is an r-Noetherian S-module if and only if M is
r-Noetherian as R-module.

Proof. Straightforward. �

The following Lemma is a specialization of [14, Theorem 5], which will be
used in a proof later in this paper.

Lemma 2.8 ([14, Theorem 5]). A non-zero finitely generated R-module M is
Noetherian if and only if every prime submodule of M is finitely generated.

Recall from [2] that an R-module M satisfies Property A if for every finitely
generated ideal I of R with I ⊆ ZR(M), AnnM (I) 6= 0.

We collect some elementary results concerning r-Noetherian modules.

Theorem 2.9. Let R be a ring and M be a non-zero r-Noetherian R-module.
Then the following statements hold:

(1) Assume that M is a finitely generated module. Then:
(a) Q(M) is a Noetherian QR(M)-module.
(b) M satisfies Property A.

(2) If M is faithful, then Nil(M) is a nilpotent submodule of M .

Proof. (1) First, recall from [15, Theorem 2] that if M is a non-zero finitely
generated R-module, then Spec(M) 6= ∅.



1226 A. ANEBRI, N. MAHDOU, AND Ü. TEKIR

(a) Now, let S−1M P be a prime submodule of Q(M) where P is a prime
submodule of M such that (P :R M) ⊆ ZR(M). Then P is an r-submodule
and so P is finitely generated since M is r-Noetherian. Thus S−1M P is finitely
generated. By Lemma 2.8, we conclude that Q(M) is Noetherian as QR(M)-
module.

(b) It is not hard to show that M satisfies Property A if Q(M) does. This,
in turn, follows by combining (a) with [2, Theorem 2.2(5)].

(2) Since M is a faithful R-module, then Nil(M) is a submodule of M by
[1, Theorem 6(1)]. Moreover, Nil(M) is an r-submodule of M . In fact, if
rm ∈ Nil(M) for some r ∈ R\ZR(M) and m ∈M , then there exists a positive
integer n such that (Rrm :R M)nRrm = 0. Since r ∈ R \ ZR(M), we then
have (Rrm :R M)nRm = 0. The fact that rn(Rm :R M)nRm ⊆ (Rrm :R
M)nRm = 0 and rn ∈ R \ ZR(M) imply that m ∈ Nil(M). So Nil(M) is an
r-submodule. Also, since M is an r-Noetherian module, it follows that Nil(M)
is finitely generated. Hence, by [1, Proposition 4(6)], Nil(M) is a nilpotent
submodule of M . This completes the proof. �

Next, we state the ring-theoretic version of Theorem 2.9

Corollary 2.10. Let R be an r-Noetherian ring. Then:

(1) Q(R) is a Noetherian ring.
(2) R satisfies Property A.
(3) Nil(R) is a nilpotent ideal of R.

Definition 2.11. Let R be a ring. We say that an R-module M is a weakly
Noetherian module if all proper finitely generated submodules of M are Noe-
therian R-modules.

Remark 2.12. Let R be a ring. Then:

(1) Every R-submodule of a weakly Noetherian R-module is a weakly Noe-
therian R-module.

(2) Every Noetherian R-module is a weakly Noetherian R-module.
(3) The class of weakly Noetherian modules and the class of r-Noetherian

modules are not comparable. In fact, by Example 2.5(b) if K is a field,
then K ∝ K∞ is a weakly Noeherian ring that is not r-Noetherian.
Also, we will give via Example 3.5 an example of an r-Noetherian ring
that is not a weakly Noetherian ring.

Let R be a ring and M be an R-module. We denote by XR(M), the set
of all r ∈ R \ ZR(M) such that rM 6= M. The following theorem provides a
necessary and sufficient condition for an R-module to be Noetherian.

Theorem 2.13. Let R be a ring and M be a finitely generated R-module. Then
the following statements are equivalent:

(1) M is a Noetherian module.
(2) Either (XR(M) 6= ∅ and M is a weakly Noetherian module) or (XR(M)

= ∅ and M is an r-Noetherian module).
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Proof. It can be easily shown (1) ⇒ (2). For the reverse, let M be a finitely
generated R-module and let N be a submodule of M . We claim that N is
finitely generated. Then two cases are then possible.

Case 1. Assume that XR(M) 6= ∅. So, we can pick a non-zero element
r ∈ XR(M). So, rN ⊆ rM  M . As M is a finitely generated weakly
Noetherian module, we then have rM is a Noetherian module and thus rN is
finitely generated. It follows that N is a finitely generated submodule of M
since rN ∼= N . Therefore, M is a Noetherian module.

Case 2. Suppose that XR(M) = ∅, then

R = ZR(M) ∪ {r ∈ R \ ZR(M) | rM = M}.
By Lemma 2.8, to prove that M is a Noetherian module, it remains to show
that every prime submodule P of M is finitely generated. This, in turn, can be
done because every prime submodule of M is an r-submodule since (P :R M) ⊆
ZR(M) and M is an r-Noetherian module. This completes the proof. �

The following corollary characterizes the faithful multiplication Noetherian
modules over a ring R. It shows that these entities behave as finitely gener-
ated r-Noetherian modules when Q(R) = R and as finitely generated weakly
Noetherian modules when Q(R) 6= R.

Corollary 2.14. Let R be a ring and M be a faithful multiplication finitely
generated R-module. Then the following statements are equivalent:

(1) M is a Noetherian module.
(2) Either (Q(R) 6= R and M is a weakly Noetherian module) or (Q(R) =

R and M is an r-Noetherian module).

Proof. It was shown in [9] that if M is a faithful multiplication module, then
Z(R) = ZR(M). If Q(R) 6= R, then there exists r ∈ R such that r is not
invertible and r 6∈ ZR(M). By [9, Theorem 3.1], rM is a proper submodule
of M and hence XR(M) 6= ∅. In this case, we obtain that M is a Noetherian
module if and only if it is a weakly Noetherian module. Now, we assume
that Q(R) = R. Then R = ZR(M) ∪ U(R), which implies that XR(M) = ∅.
Thus, M is a Noetherian module if and only if it is an r-Noetherian module,
as desired. �

Corollary 2.15. Let R be a ring. Then the following statements are equivalent:

(1) R is a Noetherian ring.
(2) Either (Q(R) 6= R and R is a weakly Noetherian ring) or (Q(R) = R

and R is an r-Noetherian ring).

Proof. Combine [16, Theorem 1] and Corollary 2.14. �

Theorem 2.16. Let R be a ring and let 0 −→ M1
u−→ M2

v−→ M3 −→ 0 be
an exact sequence of R-modules. Then:

(1) If M2 is an r-Noetherian R-module and Im (u) is an r-submodule of
M2, then M1 is an r-Noetherian R-module.
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(2) Assume that ZR(M3) ⊆ ZR(M2). Then M2 is an r-Noetherian R-
module implies that M3 is an r-Noetherian R-module.

(3) Suppose that ZR(M2) ⊆ ZR(M1). If M1 is a finitely generated r-Noeth-
erian R-module and M3 is a Noetherian module, then M2 is an r-
Noetherian R-module.

Proof. For brevity, all module structures discussed in this proof will be consid-
ered as R-modules.

(1) It is easy to check that ZR(M1) ⊆ ZR(M2). Hence, every r-submodule
of M1 is isomorphic to an r-submodule of M2 and thus M1 is an r-Noetherian
module.

(2) Next, we will prove that M3 is an r-Noetherian module. The hypothesis
that ZR(M3) ⊆ ZR(M2) ensures that v−1(N3) is an r-submodule of M2 for
every r-submodule N3 of M3. Indeed, if rm ∈ v−1(N3) for some r ∈ R\ZR(M2)
and m ∈M2, then rv(m) ∈ N3 and hence v(m) ∈ N3. As M2 is an r-Noetherian
module, we get v−1(N3) is finitely generated and so N3 is finitely generated.

(3) Let N2 be an r-submodule of M2. Consider the exact sequence of R-
modules

0 −→ ker(v|N2
) −→ N2 −→ v(N2) −→ 0.

Thus, to show that N2 is finitely generated, it suffices to see that ker(v|N2) is
finitely generated. This, in turn, follows easily from the fact that M1 is an r-
Noetherian module and ker(v|N2

) is isomorphic to an r-submodule of M1 since
ZR(M2) ⊆ ZR(M1). This completes the proof. �

Corollary 2.17. Let M be an R-module and N be a submodule of M . Then:

(1) If M is an r-Noetherian R-module and N is an r-submodule of M ,
then N and M/N are r-Noetherian R-modules.

(2) If N is a finitely generated essential r-Noetherian R-module and M/N
is a Noetherian R-module, then M is an r-Noetherian R-module.

Proof. Assume that M is an R-module and let N be a submodule of M . We
will apply Theorem 2.16 to the exact sequence

0 −→ N −→M −→M/N −→ 0.

(1) Suppose that N is an r-submodule of M , we then have ZR(M/N) ⊆
ZR(M). Thus, the result follows from Theorem 2.16.

(2) Note that if N is an essential submodule of M , then ZR(M) ⊆ ZR(N).
Indeed, if r ∈ ZR(M), then rm = 0 for some non-zero element m ∈ M . As N
is an essential submodule of M , we get N ∩ Rm 6= 0 and so r ∈ ZR(N). By
Theorem 2.16(3), we obtain the desired result. �

Corollary 2.18. Let R be a ring and I be an ideal of R. Then:

(1) If R is an r-Noetherian ring and I is an r-ideal of R, then R/I is an
r-Noetherian ring.

(2) If I is a finitely generated essential r-Noetherian R-module and R/I is
a Noetherian ring, then R is an r-Noetherian ring.
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In general, a homomorphic image of an r-Noetherian ring need not be an
r-Noetherian ring as shown in the following example.

Example 2.19. Let K be a field, {Xi | i ∈ N} be a set of indeterminates over

K, R = K[{Xi | i ∈ N}] and I the ideal of R generated by the set {Xj
0Xj | j ≥

1}. It was shown in Example 2.5(a) that R is an r-Noetherian ring. However,

R/I is not an r-Noetherian ring. In fact, Xn ∈ AnnR/I(Xn
0 ) \AnnR/I(Xn−1

0 ),

that is, the chain AnnR/I(X0)  AnnR/I(X2
0 )  · · · of r-ideals does not sta-

bilize.

Let Mi be an Ri-module for each i = 1, . . . , n. Assume that M = M1×· · ·×
Mn and R = R1×· · ·×Rn. Then M is clearly an R-module with componentwise
addition and scalar multiplication.

Proposition 2.20. Let Mi be an Ri-module for each i = 1, . . . , n. Let M =
M1 × · · · ×Mn and R = R1 × · · · × Rn. Then M is a finitely generated r-
Noetherian R-module if and only if Mi is a finitely generated r-Noetherian
Ri-module for all i = 1, . . . , n.

Proof. By induction, it suffices to prove the assertion when n = 2. Suppose
that M is an r-Noetherian R-module and let N1 be an r-submodule of M1,
then N1 ×M2 is an r-submodule of M . By hypothesis, we have N1 is finitely
generated R1-module. Thus, M1 is an r-Noetherian R1-module. Moreover,
M1 is obviously a finitely generated R1-module. Similarly, we can prove that
M2 is a finitely generated R2-module and M2 is an r-Noetherian R2-module.
Conversely, let N be an r-submodule of M . By [13, Lemma 2], N = N1 ×M2

for some r-submodule N1 of M1 or N = M1 ×N2 for some r-submodule N2 of
M2 or N = N1×N2 for some r-submodules N1 of M1 and N2 of M2. The fact
that M1 and M2 are finitely generated r-Noetherian modules implies that N
is a finitely generated R-module. This completes the proof. �

Corollary 2.21. Let (Ri)1≤i≤n be a finite family of rings and R :=
∏n

i=1 Ri.
Then R is an r-Noetherian ring if and only if Ri is an r-Noetherian ring for
each i = 1, . . . , n.

Remark 2.22. Let (Ri)i∈I be a family of r-Noetherian rings. If I is not finite,
then R =

∏
i∈I Ri need not be an r-Noetherian ring. In fact,

Ann((0, 1, 1, . . .)) ⊆ Ann((0, 0, 1, 1, . . .)) ⊆ · · ·
does not terminate.

Proposition 2.23. Let M be an R-module. The following statements are
satisfied.

(1) Suppose that M satisfies ZR(M) ⊆ Z(R). If N is an r-submodule of
M, then (N : M) is an r-ideal of R.

(2) If M is a faithful multiplication module and (N : M) is an r-ideal of
R, then N is an r-submodule of M.
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Proof. (1) Suppose that xy ∈ (N : M) for some x, y ∈ R such that ann(x) =
0. Since ZR(M) ⊆ Z(R), we have annM (x) = 0. As xym ∈ N for each m ∈
M and N is an r-submodule of M, we conclude that ym ∈ N, which implies
that y ∈ (N : M).

(2) Let xm ∈ N for some x ∈ R and m ∈ M with annM (x) = 0. Let
r ∈ ann(x). Then for each m′ ∈ M, we have rm′ ∈ annM (x), which implies
that rM = 0. Since M is a faithful module, we have r = 0. Thus we conclude
that ann(x) = 0. Also note that x(Rm : M) ⊆ (N : M). As (N : M) is
an r-ideal of R and ann(x) = 0, we get (Rm : M) ⊆ (N : M). As M is a
multiplication module, we get Rm = (Rm : M)M ⊆ (N : M)M = N, which
completes the proof. �

The condition ZR(M) ⊆ Z(R) is necessary in Proposition 2.23(1). Also, we
can not remove the condition “faithful multiplication” in Proposition 2.23(2).
See, the following examples.

Example 2.24. Let n > 1 be an integer and consider R = Z-module M =
Zn. Note that ZR(M) = {x ∈ Z : x = 0 or gcd(x, n) > 1} and we have
ZR(M) * Z(R) = (0). Now consider the submodule N = (0) of M. Then by
[13, Example 1], N is an r-submodule of M but (N : M) = nZ is not an r-ideal
of R.

Example 2.25. Consider the R = Z-module M = Z2 and the submodule N =
pZ× (0) of M. Then note that M is a faithful module but not a multiplication
module. On the other hand, (N : M) = (0) is an r-ideal of R. Since p(1, 0) =
(p, 0) ∈ N , annM (p) = (0, 0) and (1, 0) /∈ N, it follows that N is not an
r-submodule of M.

Proposition 2.26. Let M be an R-module satisfying ZR(M) ⊆ Z(R). Suppose
that M is a finitely generated multiplication module and R is an r-Noetherian
ring. Then M is an r-Noetherian module.

Proof. Suppose that N is an r-submodule of M. Since ZR(M) ⊆ Z(R), by
Proposition 2.23(1), (N : M) is an r-ideal of R. As R is an r-Noetherian ring,
we can write (N : M) = a1R+a2R+· · ·+anR for some a1, a2, . . . , an ∈ R. Since
M is a multiplication module, we get N = (N : M)M =

∑n
i=1 aiM. As M is

a finitely generated module, there exist m1,m2, . . . ,mk ∈ M such that M =∑k
i=1 Rmi. Then note that N =

∑n
i=1

∑k
j=1 Raimj , which implies that N is a

finitely generated submodule of M. �

As an immediate consequence of Proposition 2.23 and Proposition 2.26, we
give the following result.

Corollary 2.27. Let M be a finitely generated faithful multiplication module
over an r-Noetherian ring R.Then M is an r-Noetherian module.
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3. Trivial extension

In this section, we investigate the transfer of r-Noetherian property to trivial
ring extension in some particular cases. Following [3], an ideal of R ∝ M is
homogeneous if it has the form I ∝ N := {(r,m) | r ∈ I and m ∈ N}, where I
is an ideal of R and N is a submodule of M such that IM ⊆ N . We say that a
trivial extension R ∝M satisfies (∗) if every r-ideal of R ∝M is homogeneous.

Theorem 3.1. Let R be a ring and M be an R-module. Then:

(1) If R ∝M is an r-Noetherian ring, then R is an r-Noetherian ring and
M is a finitely generated r-Noetherian module.

(2) Suppose that R ∝ M satisfies (∗) and Z(R) = ZR(M). Then R ∝ M
is an r-Noetherian ring if and only if R is an r-Noetherian ring and
M is a finitely generated r-Noetherian module.

Proof. (1) Since R ∝ M/0 ∝ M ∼= R and 0 ∝ M is an r-ideal of R ∝ M ,
then R is an r-Noetherian ring by Corollary 2.18 and M is a finitely generated
module. On the other hand, if N is an r-submodule of M , then 0 ∝ N is an
r-ideal of R ∝ M . So, N is finitely generated and thus M is an r-Noetherian
module.

(2) It suffices to prove the “only if” assertion. Suppose that R ∝M satisfies
(∗) and Z(R) = ZR(M). Then every r-ideal J of R ∝M has the form J = I ∝
N for some r-ideal I of R and r-submodule N of M such that IM ⊆ N . By
hypothesis, there exist finite subsets {r1, . . . , rk} ⊆ R and {m1, . . . ,ml} ⊆ M

such that I =
∑k

i=1 Rri and N =
∑l

j=1 Rmj . We then have

J =

k∑
i=1

R ∝M(ri, 0) +

l∑
j=1

R ∝M(0,mj),

which implies that R ∝ M is an r-Noetherian ring. This completes the proof.
�

Corollary 3.2. Let R be a domain and M be a torsion-free R-module. Then
R ∝ M is an r-Noetherian ring if and only if M is a finitely generated r-
Noetherian module.

Proof. It suffices to see that every r-ideal J of R ∝M has the form J = 0 ∝M
or J = 0 ∝ N for some r-submodule N of M . This, in turn, follows since
J ⊆ Z(R ∝M) = 0 ∝M . Thus, R ∝M is an r-Noetherian ring if and only if
M is a finitely generated r-Noetherian module, as desired. �

Corollary 3.3. Let R be a domain and M be a finitely generated r-Noetherian
R-module such that TR(M) 6= M . Then R ∝ (M/TR(M)) is an r-Noetherian
ring.

Proof. Clearly TR(M) is an r-submodule of M and so M/TR(M) is a torsion-
free r-Noetherian module. The result follows immediately from Corollary 3.2.

�
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Remark 3.4. Note that an r-ideal of R ∝ M need not be homogeneous. For
example, J = 〈(2̄, 1̄)〉 is an r-ideal of Z4 ∝ Z2, but J does not have the form
I ∝ N. Also, if I ∝ M is an r-ideal of R ∝ M , I is not necessarily an r-ideal
of R. Indeed, we have J = 2Z ∝ Z2 is a prime ideal of Z ∝ Z2 which consists
entirely of zero divisors of Z ∝ Z2 and so J is an r-ideal. However, 2Z is never
an r-ideal of Z.

Example 3.5. Let R be a non-Noetherian domain (e.g. Z + XQ[X]). Then,
R ∝ R is an r-Noetherian ring which is not a Noetherian ring. Also, R ∝ R is
not a weakly Noetherian ring because it contains a regular element (neither a
unit nor a zero-divisor).
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