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ON GENERALIZED WEAKLY SEMI-CONFORMALLY

SYMMETRIC MANIFOLDS

Shyamal Kumar Hui, Akshoy Patra, and Ananta Patra

Abstract. In this paper we introduce generalized weakly semi-conform-

ally symmetric manifold, a generalization of weakly symmetric manifold.
We study some basic properties and obtain the forms of the scalar curva-

ture of such manifold. In the last section an example is given to ensure
the existence of such manifold.

1. Introduction

The notion of weakly symmetric Riemannian manifold has been introduced
by Támassy and Binh [20], defined as follows:

A non-flat Riemannian manifold (Mn, g)(n > 2) is called a weakly symmetric
manifold if the curvature tensor R of type (0, 4) satisfies the condition

(∇XR)(Y,Z, U, V ) = A(X)R(Y,Z, U, V ) +B(Y )R(X,Z,U, V )

+H(Z)R(Y,X,U, V ) +D(U)R(Y,Z,X, V )

+ E(V )R(Y,Z, U,X)

for all vector fields X, Y , Z, U , V ∈ χ(Mn), where A, B, H, D and E are
1-forms (not simultaneously zero) and ∇ is the operator of covariant differen-
tiation with respect to the Riemannian metric g, χ(Mn) being the set of all
smooth vector fields on Mn. The 1-forms are called the associated 1-forms of
the manifold and an n-dimensional manifold of this kind is denoted by (WS)n.
The defining condition of a (WS)n can always be expressed in the form

(∇XR)(Y,Z, U, V ) = A(X)R(Y, Z, U, V ) +B(Y )R(X,Z,U, V )

+B(Z)R(Y,X,U, V ) +D(U)R(Y,Z,X, V )

+D(V )R(Y, Z, U,X),

where A, B, D are non-zero 1-forms defined by A(X) = g(X, θ), B(X) =
g(X, ρ1) and D(X) = g(X,φ1) for all X and R(Y,U, V,W ) = g(R(Y,U)V,W ).
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Later many authors works on (WS)n in different approach. For these, we may
refer to the readers [3, 5, 8, 11–15,18], etc.

The Kulkarni-Nomizu product ([16], [17]) E ∧F of two (0, 2) tensors E and
F is defined by

(E ∧ F )(X1, X2, X3, X4) = E(X1, X4)F (X2, X3) + E(X2, X3)F (X1, X4)

− E(X1, X3)F (X2, X4)− E(X2, X4)F (X1, X3),

Xi ∈ χ(M), i = 1, 2, 3, 4. As a special subgroup of the conformal transforma-
tion group, Ishii [4] introduced the notion of conharmonic transformation under
which a harmonic function transforms into a harmonic function. The conhar-
monic curvature tensor C of type (0,4) on a Riemannian manifold (Mn, g) of
dimension n ≥ 4 was defined as follows:

(1) C = R− 1

n− 2
g ∧ S,

which remains invariant under conharmonic transformation where R and S are
the Riemannian curvature and Ricci curvature tensor, respectively.

In [9], Shaikh and Hui showed that the conharmonic curvature tensor satis-
fies the symmetric and skew symmetric properties of the Riemannian curvature
tensor as well as cyclic ones. The conharmonic curvature tensor has many ap-
plications in the theory of general relativity.

The conformal transformation on a Riemannian manifold is a transformation
under which the angle between two curves remains invariant.

The Weyl conformal curvature tensor C of type (0, 4) of an n-dimensional
Riemannian manifold M , n > 3, is defined by

(2) C = R− 1

n− 2
(g ∧ S) +

r

(n− 1)(n− 2)
G,

where G = 1
2g ∧ g.

In [6], Kim introduced a type of curvature-like tensor called semi-conformal
curvature tensor such that its (1, 3) components remain invariant under con-
harmonic transformation. More precisely, the semi-conformal curvature tensor

P̃ of type (0, 4) on a Riemannian manifold (Mn, g) is defined as follows:

(3) P̃ (X,Y, Z, U) = −(n− 2)bC(X,Y, Z, U) + [a+ (n− 2)b]C(X,Y, Z, U)

for all X, Y , Z ∈ χ(Mn), where a, b are real constants not simultaneously zero.

Using (1) and (2) in (3), P̃ takes the form

(4) P̃ = aR− a

n− 2
(g ∧ S)− rb

(n− 1)
G.

In particular if a = 1 and b = − 1
n−2 , then the semi-conformal curvature tensor

reduces to conformal curvature tensor whereas for a = 1 and b = 0, such a
tensor turns into conharmonic curvature tensor. The semi-conformal curvature
tensor P̃ of type (0, 4) possesses the several symmetric and skew symmetric
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properties as well as the cyclic ones. Recently Kim [7] studied pseudo semi-
conformal symmetric manifolds.

In the sense of Dubey [2], recently Baishya [1] introduced a new type of space
called generalized weakly symmetric manifold, denoted by (GWS)n-space and
defined as follows

(∇XR)(Y,U, V,W ) = A(X)R(Y,U, V,W ) +B(Y )R(X,U, V,W )(5)

+B(U)R(Y,X, V,W ) +D(V )R(Y, U,X,W )

+D(W )R(Y, U, V,X) + α(X)G(Y,U, V,W )

+ β(Y )G(X,U, V,W ) + β(U)G(Y,X, V,W )

+ γ(V )G(Y,U,X,W ) + γ(W )G(Y,U, V,X),

where A, B, D, α, β and γ are non-zero 1-forms defined as A(X) = g(X, θ1),
B(X) = g(X,φ1) and D(X) = g(X,π1), α(X) = g(X, θ2), β(X) = g(X,φ2)
and γ(X) = g(X,π2). Generalizing the notion of weakly symmetric manifold
by Támassy and Binh [20], in this paper we introduce the notion of generalized
weakly conformally symmetric manifolds, generalized weakly conharmonically
manifolds and generalized weakly semi-conformally symmetric manifolds. A
Riemannian manifold (Mn, g), n > 2, is said to be generalized weakly semi-

conformally symmetric manifold if its semi-conformal curvature tensor P̃ sat-
isfies the following relation:

(∇X P̃ )(Y,Z, U, V ) = A(X)P̃ (Y, Z, U, V ) +B(Y )P̃ (X,Z,U, V )(6)

+B(Z)P̃ (Y,X,U, V ) +D(U)P̃ (Y, Z,X, V )

+D(V )P̃ (Y,Z, U,X) + α(X)G(Y,Z, U, V )

+ β(Y )G(X,Z,U, V ) + β(Z)G(Y,X,U, V )

+ γ(U)G(Y, Z,X, V ) + γ(V )G(Y,Z, U,X),

where A, B, D, α, β and γ are non-zero 1-forms defined as A(X) = g(X, θ1),
B(X) = g(X,φ1) and D(X) = g(X,π1), α(X) = g(X, θ2), β(X) = g(X,φ2)
and γ(X) = g(X,π2). Such an n-dimensional manifold is denoted by

(GWSCS)n. If in (6), P̃ is replaced by C and C, then the manifold M ,
n > 3, is called a generalized weakly conformally symmetric and generalized
weakly conharmonically symmetric manifold and are denoted by (GWCS)n
and (GWCHS)n, respectively.

The local expression of (6) is

P̃mnpq,k = AkP̃mnpq +BmP̃knpq +BnP̃mkpq +DpP̃mnkq +DqP̃mnpk(7)

+ αkGmnpq + βmGknpq + βnGmkpq + γpGmnkq + γqGmnpk,

where Ai, Bi, Di, αi, βi and γi are non-zero co-vectors. The beauty of such
(GWSCS)n-space is that for suitable choice of 1-forms and the real constants
a and b we get different space such as
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(i) weakly conformally symmetric manifolds [19] (for a = 1, b = − 1
n−2 and

α = β = γ = 0),
(ii) weakly conharmonically symmetric manifolds [9], [10] (for a = 1, b = 0

and α = β = γ = 0),
(iii) generalized weakly conformally symmetric manifolds (for a = 1, b =

− 1
n−2 ),

(iv) generalized weakly conharmonically symmetric manifolds (for a = 1
and b = 0).

We organized this paper as follows: Section 2 is concerned with some ba-
sic geometric properties of (GWSCS)n. In Section 3, it is shown that a
(GWSCS)n is (GWCS)n as well as (GWCHS)n and conversely. In Section
4, we study projectively flat (GWSCS)n. The last section is concerned with
an example of (GWSCS)n.

2. Some basic geometric properties of (GWSCS)n

In this section, we consider a Riemannian manifold (Mn, g) n > 2, which is
a generalized weakly semi-conformally symmetric manifold. Now, contracting
(6) over U and Z we have

− [a+ (n− 2)b]

n− 2
g(Y, V )dr(X)(8)

= − [a+ (n− 2)b]

n− 2
A(X)rg(Y, V )

− [a+ (n− 2)b]

n− 2
rg(X,V )B(Y )

− aB(R(Y,X)V )− a

n− 2
[B(X)S(Y, V ) +B(QX)g(Y, V )

−B(Y )S(X,V )− g(X,V )B(QY )]

− br

n− 1
[B(X)g(Y, V )−B(Y )g(X,V )]

+ aD(R(X,V )Y )− a

n− 2
[D(X)S(Y, V ) +D(QX)g(Y, V )

− g(Y,X)D(QV )−D(V )S(Y,X)]

− br

n− 1
[D(X)g(Y, V )−D(V )g(Y,X)]

− [a+ (n− 2)b]

n− 2
D(V )rg(Y,X)

+ (n− 1)[α(X)g(Y, V ) + β(Y )g(X,V ) + γ(V )g(Y,X)]

+ [β(X)g(Y, V )− β(Y )g(X,V )] + [γ(X)g(Y, V )− γ(V )g(Y,X)].

Taking contraction of (8) over Y and V we have

[a+ (n− 2)b]

n− 2
ndr(X)(9)
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=
[a+ (n− 2)b]

n− 2
nrA(X) +

2[a+ (n− 2)b]

n− 2
rB(X)

+
2[a+ (n− 2)b]

n− 2
rD(X)− (n− 1)[nα(X) + 2β(X) + 2γ(X)].

Again taking contraction of (8) over Y and X we get

− [a+ (n− 2)b]

n− 2
dr(V ) = − [a+ (n− 2)b]

n− 2
rA(V )(10)

− [a+ (n− 2)b]

n− 2
rB(V )

− [a+ (n− 2)b]

n− 2
r(n− 1)D(V )

+ (n− 1)[α(V ) + β(V ) + (n− 1)γ(V )].

Contracting (8) over X and V we have

− [a+ (n− 2)b]

n− 2
dr(Y ) = − [a+ (n− 2)b]

n− 2
rA(Y )(11)

− r [a+ (n− 2)b](n− 1)

n− 2
B(Y )

− [a+ (n− 2)b]

n− 2
rD(Y )

+ (n− 1)[α(Y ) + (n− 1)β(Y ) + γ(Y )].

From (9) and (10) we have

r =
(n− 1)(n− 2)

[a+ (n− 2)b]

[β(X) + (n+ 1)γ(X)]

[B(X) + (n+ 1)D(X)]
.(12)

Again from (9) and (11) we get

r =
(n− 1)(n− 2)

[a+ (n− 2)b]

[(n+ 1)β(X) + γ(X)]

[(n+ 1)B(X) +D(X)]
.(13)

From (10) and (11) we get

r =
(n− 1)(n− 2)

[a+ (n− 2)b]

[β(X)− γ(X)]

[B(X)−D(X)]
.(14)

Also from (12) and (14) we get

γ(X)B(X) = β(X)D(X).(15)

This leads the following:

Theorem 2.1. In a (GWSCS)n, the 1-forms B, D, β and γ are related by
the expression (15).

Using (15) in (14) we have

rD(X) =
(n− 1)(n− 2)γ(X)

[a+ (n− 2)b]
∀X.(16)
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Again using (15) in (13) we get

rB(X) =
(n− 1)(n− 2)β(X)

[a+ (n− 2)b]
∀X.(17)

From (16)

rg(X,π1) =
(n− 1)(n− 2)g(X,π2)

[a+ (n− 2)b]
∀X.(18)

Putting X = π2 in above we get

rg(π2, π1) =
(n− 1)(n− 2)‖π2‖2

[a+ (n− 2)b]
.(19)

Similarly putting X = π1 in (18) we get

r‖π1‖2 =
(n− 1)(n− 2)

[a+ (n− 2)b]
g(π1, π2).(20)

From (19) and (20) we easily obtain

r = ± (n− 1)(n− 2)‖π2‖
[a+ (n− 2)b]‖π1‖

.(21)

Similarly from (17) we obtain

r = ± (n− 1)(n− 2)‖φ2‖
[a+ (n− 2)b]‖φ1‖

.(22)

From (21) and (22) we have

‖π2‖
‖π1‖

=
‖φ2‖
‖φ1‖

= ± [a+ (n− 2)b]

(n− 1)(n− 2)
r.(23)

Thus we can state the following:

Theorem 2.2. The scalar curvature of a (GWSCS)n is given by (21) and
(22), provided a+ (n− 2)b 6= 0 and the associated vector fields π1, π2, φ1 and
φ2 are related by (23).

Corollary 2.3. If the associated vector fields π1, π2, φ1 and φ2 are of unit
vector fields, then the scalar curvature of the (GWSCS)n is constant and is

equal to ± (n−1)(n−2)
a+(n−1)b .

Now using (21) in (20) we get

g(π1, π2) = ±‖π1‖‖π2‖,
or, cos θ = ±1 where θ is the angle between the associated vector fields π1 and
π2 which implies that θ = 0 or θ = π, i.e., π1 and π2 are parallel vector fields.
Similar result holds for φ1 and φ1. Thus we can conclude that:

Theorem 2.4. In a (GWSCS)n, vector fields π1 is parallel to π2 and φ1 is
parallel to φ2.
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Again using (16) and (17) in (9) we get

[a+ (n− 2)b]

n− 2
ndr(X) =

[a+ (n− 2)b]

n− 2
nrA(X)− (n− 1)nα(X).(24)

If r is constant, then from (24) we have

rA(X) =
(n− 1)(n− 2)

[a+ (n− 2)b]
α(X).(25)

This gives the following:

Theorem 2.5. If the scalar curvature of a (GWSCS)n is constant, then its
forms is given by (25).

3. Some spaces which are (GWSCS)n under certain condition

We consider a Riemannian manifold (Mn, g) n > 3 which is weakly confor-
mally symmetric [19]. Then we have

(∇XC)(Y,Z, U, V ) = A(X)C(Y,Z, U, V ) +B(Y )C(X,Z,U, V )(26)

+B(Z)C(Y,X,U, V ) +D(U)C(Y,Z,X, V )

+D(V )C(Y, Z, U,X),

where A, B, D are non-zero 1-forms defined by A(X) = g(X, θ), B(X) =
g(X, ρ1) and D(X) = g(X,φ1) for all X and R(Y, U, V,W ) = g(R(Y,U)V,W ).
Using (1) and (2) in (26) we get

(∇X P̃ )(Y, Z, U, V ) = A1(X)P̃ (Y, Z, U, V ) +B1(Y )P̃ (X,Z,U, V )(27)

+B1(Z)P̃ (Y,X,U, V ) +D1(U)P̃ (Y, Z,X, V )

+D1(V )P̃ (Y,Z, U,X) + α1(X)G(Y,Z, U, V )

+ β1(Y )G(X,Z,U, V ) + β1(Z)G(Y,X,U, V )

+ γ1(U)G(Y,Z,X, V ) + γ1(V )G(Y,Z, U,X),

where A1 = A, B1 = B, D1 = D, α1 = [a+(n−2)b]
(n−1)(n−2) [rA− dr], β1 = [a+(n−2)b]rB

(n−1)(n−2)

and γ1 = [a+(n−2)b]rD
(n−1)(n−2) are non-zero 1-forms. This leads to the following:

Theorem 3.1. A weakly conformally symmetric space is necessarily a
(GWSCS)n space, provided a 6= 0.

However, the converse of the above theorem may not be true.
Again if we consider the space is weakly conharmonically symmetric [9], then

in the similar way we can show that the space is a (GWSCS)n. In this case

the 1-forms are A1 = A, B1 = B, D1 = D, α1 = b[rA−dr]
(n−1) , β1 = rbB

(n−1) and

γ1 = rbD
(n−1) . Thus we can state the following:

Theorem 3.2. A weakly conharmonically symmetric space is necessarily a
(GWSCS)n space provided a 6= 0.
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However, the converse of the above theorem may not be true.
From (2) and (4) we have

(28) aC = P̃ + a
[a+ (n− 2)b]rG

(n− 1)(n− 2)
,

which gives

(29) a(∇XC) = (∇X P̃ ) + a
[a+ (n− 2)b]dr(X)G

(n− 1)(n− 2)
.

If the space is (GWSCS)n, then using (28) and (29) in (6) we can easily deduce
that the space is (GWCS)n and conversely if the space is (GWCS)n, then it
is also (GWSCS)n. Thus we can state the following:

Theorem 3.3. A (GWSCS)n is a (GWCS)n and vice-versa, provided a 6= 0.

Again from (1) and (3) we get

(30) P̃ = aC − rbG

(n− 1)
,

which gives

(31) (∇X P̃ ) = a(∇XC)− dr(X)bG

(n− 1)
.

Again if we consider the space is a (GWSCS)n, then using (30) and (31) in
(6) we can easily show that the space is (GWCHS)n and conversely. Thus we
can state the following:

Theorem 3.4. A (GWSCS)n is a (GWCHS)n and vice-versa, provided a 6=
0.

4. Projectively flat (GWSCS)n

Let us consider a projectively flat (GWSCS)n. We know for a projectively
flat manifold the Riemannian curvature tensor R is given by

(32) R(X,Y, Z, U) =
1

n− 1
[S(Y, Z)g(X,U)− S(X,Z)g(Y,U)].

After suitable contraction (32) reduces to

(33) S(X,Y ) =
r

n
g(X,Y ),

i.e., the space is Einstein. So r is constant. By virtue of (33), (4) yields

(34) P̃ = aR−
[

2a

n(n− 2)
+

b

n− 1

]
rG.

Using (34) in (6) we have

a(∇XR)(Y,U, V,W ) = A2(X)R(Y,U, V,W ) +B2(Y )R(X,U, V,W )(35)

+B2(U)R(Y,X, V,W ) +D2(V )R(Y,U,X,W )
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+D2(W )R(Y,U, V,X) + α2(X)G(Y,U, V,W )

+ β2(Y )G(X,U, V,W ) + β2(U)G(Y,X, V,W )

+ γ(V )2G(Y,U,X,W ) + γ2(W )G(Y,U, V,X),

where A2 = A, B2 = B, D2 = D, α2 = 1
a [α + { 2a

n(n−2) + b
n−1}{dr − rA}],

β2 = 1
a [β−{ 2a

n(n−2) + b
n−1}rB] and γ2 = 1

a [γ−{ 2a
n(n−2) + b

n−1}rD] are non-zero

1-forms and hence the manifold under consideration is a (GWS)n [1].
This leads to the following:

Theorem 4.1. A projectively flat (GWSCS)n is a (GWS)n, provided a 6= 0.

Corollary 4.2. An Einstein (GWSCS)n is a (GWS)n, provided a 6= 0.

5. Example of a generalized weakly semi-conformally
symmetric space

Let (R4, g) be a 4-dimensional Riemannian manifold endowed with the Rie-
mannian metric g given by

ds2 = gijdx
idxj = −(dx1)2 + (x1)

4
3 (dx2)2 + (x1)

4
3 (dx3)2 + (x1)

4
3 (dx4)2,(36)

with x1 > 0, (i, j = 1, 2, 3, 4).
P̃1212 = 2(a+2b)

9(x1)
2
3

= P̃1313 = P̃1414,

P̃2323 = − 2(a+2b)(x1) 2
3

9 = P̃2424 = P̃3434,
r = − 4

3(x1)2 .

(37)

With the help of (37), we can find out{
G1212 = (x1)

4
3 = G1313 = G1414,

G2323 = −(x1)
8
3 = G2424 = G3434.

(38)

The non-vanishing component of covariant derivatives of semi-conformal cur-
vature tensors are P̃1212,1 = − 4(a+2b)

9(x1)
5
3

= P̃1313,1 = P̃1414,1,

P̃2323,1 = 4(a+2b)

9(x1)
1
3

= P̃2424,1 = P̃3434,1.
(39)

We consider the 1-forms as follows:

A(∂i) = Ai =

{
1
x1 for i = 1,
0 otherwise,

B(∂i) = Bi =

{
1 for i = 2,
0 otherwise,

D(∂i) = Di =

{
3x1 for i = 3,
0 otherwise,

(40)
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α(∂i) = αi =

{
− 6(a+2b)

9(x1)3 for i = 1,

0 otherwise,

β(∂i) = βi =

{
− 2(a+2b)

9(x1)2 for i = 2,

0 otherwise,

γ(∂i) = γi =

{
− 2(a+2b)

3(x1) for i = 3,

0 otherwise,

(41)

where ∂i = ∂
∂ui , ui being the local coordinates of R4.

In our R4, (36) reduces with these 1-forms to the following equations:

P̃2323,k = AkP̃2323 +B2P̃k323 +B2P̃2k23 +D1P̃23k3 +D2P̃232k

+ αkG2323 + β2Gk323 + β2G2k23 + γ3G23k3 + γ3G232k,

P̃2424,k = AkP̃2424 +B2P̃k424 +B4P̃2k24 +D2P̃24k4 +D4P̃242k

+ αkG2424 + β2Gk424 + β4G2k24 + γ2G24k4 + γ4G242k,

P̃1414,k = AkP̃1414 +B1P̃k414 +B4P̃1k14 +D1P̃14k4 +D4P̃141k

+ αkG1414 + β1Gk414 + β4G1k14 + γ1G14k4 + γ4G141k,

P̃1212,k = AkP̃1212 +B1P̃k212 +B2P̃1k12 +D1P̃12k2 +D2P̃121k

+ αkG1212 + β1Gk212 + β2G1k12 + γ1G12k2 + γ2G121k,

P̃1313,k = AkP̃1313 +B1P̃k313 +B3P̃1k13 +D1P̃13k3 +D3P̃131k

+ αkG1313 + β1Gk313 + β3G1k13 + γ1G13k3 + γ3G131k,

P̃3434,k = AkP̃3434 +B3P̃k434 +B4P̃3k34 +D3P̃34k4 +D4P̃343k

+ αkG3434 + β3Gk434 + β4G3k34 + γ3G34k4 + γ4G343k,

where k = 1, 2, 3, 4. By virtue of (37)–(41) it can be easily check that the above
relations hold and hence we can state the following:

Theorem 5.1. Let M = (R4, g) be a Riemannian manifold equipped with the
metric given by (36). Then M is a (GWSCS)4 with non-vanishing and non-
constant scalar curvature.
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