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Abstract

Herein, we estimate the direction of arrival (DOA) of non-Gaussian signals for

nested arrays (NAs) by implementing the fourth-order difference co-array

(FODC) and successive methods. In particular, considering the property of the

fourth-order cumulant (FOC), we first construct the FODC of the NA, which can

obtain O(N4) virtual elements using N physical sensors, whereas conventional

FOC methods can only obtain O(N2) virtual elements. In addition, the closed-

form expression of FODC is presented to verify the enhanced degrees of freedom

(DOFs). Subsequently, we exploit the vectorized FOC (VFOC) matrix to match

the FODC of the NA. Notably, the VFOC matrix is a single snapshot vector, and

the initial DOA estimates can be obtained via the discrete Fourier transform

method under the underdetermined correlation matrix condition, which utilizes

the complete DOFs of the FODC. Finally, fine estimates are obtained through

the spatial smoothing-Capon method with partial spectrum searching. Numeri-

cal simulation verifies the effectiveness and superiority of the proposed method.
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1 | INTRODUCTION

Direction of arrival (DOA) estimation is a hot topic in
array signal processing research, which has been widely
used in radar, sonar, wireless communication, and other
fields [1,2]. The multiple signal classification (MUSIC)
algorithm [3], estimation of signal parameters via
rotational invariance techniques (ESPRIT) algorithm [4],
the propagator method (PM) [5], Capon algorithm [6],
and other methods have been successively used in DOA
estimation. Currently, the abovementioned traditional

subspace DOA estimation methods are mainly applied for
Gaussian sources, which use the second-order cumulant
(SOC) to calculate the correlation matrix to obtain source
information. However, in practical applications, most
sources are non-Gaussian, and considerable useful infor-
mation is contained in the FOC matrix, as compared with
SOC methods [7,8]. Moreover, in the presence of
multipath propagation or unknown mutual coupling,
high-accuracy DOA estimates can be obtained using FOC
tools [8,9]. Furthermore, as the FOC methods are not sen-
sitive to the Gaussian process, regardless of the additive
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Gaussian noise being white or colored, the noise can be
completely suppressed in theory [10,11]. As a powerful
signal processing tool, high-order statistics have been
widely used in fields such as communication, radar, sonar,
geophysics, and biomedicine [12,13].

Recently, sparse arrays have been widely applied to
enhance DOA estimation performance; these arrays mainly
include coprime array (CA) [14,15], nested array (NA) [16],
and minimum redundancy array (MRA) [17], which can
expand the array aperture, increase the degrees of freedom
(DOFs), and reduce the mutual coupling effect between
the array elements. Because the FOC methods perform bet-
ter than SOC statistics with non-Gaussian signals, and the
use of sparse arrays further improves the DOA estimation
accuracy, some scholars proposed combining these two
aspects [18–20], the application of which can be introduced
from two viewpoints. In particular, first, the location of the
physical sensor exploited by vectorized FOC (VFOC)-based
methods must be obtained, which can be used to calculate
the longest possible consecutive fourth-order difference co-
array (FODC), for example, sparse array with FODC
enhancement based on CPA (SAFE-CPA) [18] and
enhanced four-level NA (E-FL-NA) [19]. In addition, the
virtual nested multiple-input multiple-output (MIMO)
radar was used in Zhe et al. [20], which extends DOFs
based on FODC and the specific characteristic of steering
vector; however, this radar is not attractive in other array
manifolds. Based on FODC and the MUSIC-like [21]
algorithm, another step is to design high-precision DOA
estimation methods. High-accuracy DOA estimates were
obtained in Yankui et al. [22] by combining FOC with the
spatial smoothing (SS) algorithm for CAs, wherein the
sparse array was used to obtain the FODC corresponding
to the VFOC matrix, followed by the application of the SS-
MUSIC algorithm to solve the underdetermined DOA esti-
mation problem. Unfortunately, the total spectral search
(TSS) process considerably increases the computational
complexity. Aiming at the array expansion property of
FOC and the difference co-array of a sparse array, other
studies [23–25] also involved the FOC-based DOA estima-
tion methods combined with SS algorithms, which failed to
use full difference co-array, reducing the DOFs. Moreover,
the spectral peak search process of these methods incurs
expensive computational complexity.

Herein, a novel method based on the FODC and
discrete Fourier transform (DFT) algorithm with low
computational complexity is proposed for the DOA
estimation of non-Gaussian signals with NA. The DFT
algorithm is applied for the vectorized long continuous
sum–difference co-array of the sparse array [26], which
only needs one snapshot covariance matrix and
could achieve high accuracy that is close to the
Cramer–Rao bound (CRB). The proposed method first

vectorizes the FOC matrix into a single snapshot
vector, then uses the completely continuous property
of the FODC to complete the correspondence between
co-array and one snapshot vector after removing the
redundancy. Subsequently, the DFT algorithm is
implemented on continuous FODC to obtain initial
estimates; finally, spectrum peaks are searched within
a limited range via the Capon method to obtain
accurate estimates.

The contributions of this paper are as follows.

1. The FODC corresponding to NA is constructed, which
obtains O(N4) virtual elements from N sensors. The
conventional FOC method without the vectorization
operation can only obtain O(N2) elements, which
results in decreased DOFs. Moreover, the closed-form
expression of the FODC position is presented to verify
the DOFs.

2. An improved DOA estimation method is proposed
based on VFOC and the DFT algorithm with NA for
non-Gaussian signals, which achieves better DOA
estimation performance than that obtained using algo-
rithms based on rotation invariance. The proposed
method can also be used to obtain DOA estimates
with an unknown number of sources.

3. Partial spectral searching is exploited by employing
the SS-Capon algorithm for fine estimation, which
effectively reduces the computational complexity
relative to algorithms based on TSS.

The rest of this paper is organized as follows. In Section 2,
the array configuration of NA is presented along with the
associated method. Section 3 elaborates on the proposed
method, the performance of which is analyzed in
Section 4. Section 5 presents numerical simulations, and
the conclusions are drawn in Section 6.

Notations: Matrices and vectors are denoted by bold
uppercase and lowercase letters, respectively. The sym-
bols

N
and

J
denote the Kronecker and Khatri–Rao

products, respectively. (�)T, (�)H, (�)�1, and (�)* represent
the operations of the transpose, conjugate transpose,
inverse, and complex conjugation, respectively. vec(�)
denotes the vectorization operation of stacking the
columns for the matrix. E(�) represents the expectation
operator, and round{�} denotes the rounding operation.

2 | DATA MODEL

2.1 | Two-level NA

Assume that K far-field narrowband uncorrelated signals
impinge on the NA with DOAs (θk, k = 1, 2, …, K), where
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θk denotes the elevation angle of the kth non-Gaussian
signal. As shown in Figure 1, the two-level NA comprises
two uniform linear arrays with M1 and M2 sensors con-
nected in series. The spacing between adjacent sensors of
subarrays 1 and 2 is d1 = λ/2, d2 = (M1 + 1)d1, respec-
tively, where λ denotes the wavelength. Furthermore,
spacing between the two subarrays is d = λ/2. The
closed-form expression of NA sensor position is expressed
as [16]

L¼ md jm¼ 1,2,…, M1f g
[ n M1þ1ð Þd jn¼ 1,2,…, M2f g: ð1Þ

Without loss of generality, suppose that the number of
sensors of two subarrays of NA is M1 = M2 = M; the
received signal x(t), 1 ≤ t ≤ L of NA can thus be stacked
as [16]

x tð Þ¼A θð Þs tð Þþn tð Þ, ð2Þ

where A(θ) = [a(θ1), a(θ2), …, a(θK)] � C2M � K repre-
sents the steering matrix of NA and a
(θk) = e j2πd sin θk=λ,…, e j2πMd sin θk=λ,e j2π Mþ1ð Þd sin θk=λ,…,

�
e j2πM Mþ1ð Þd sin θk=λ�T �C2M�1 represents the steering
vector. s(t)= [s1(t), s2(t),…, sK(t)]T�CK� 1 denotes a
non-Gaussian source matrix with mean zero, and n
(t)�C2M� 1 represents additive white Gaussian noise
with a mean value of zero and variance σ2.

2.2 | FOC method

2.2.1 | Review

Definition 1. (Difference co-array) The difference co-
array location dc can be defined as [16]

dc ¼ di�dj, di, dj � 
� �

, ð3Þ

where  represents the location set of the physical
sensors.

Definition 2. (FODC) The FODC location,
FODC, can be defined as [20]

FODC ¼ di�dj, di, dj � dc
� �

, ð4Þ

where dc represents the location set of the difference co-
array.

2.2.2 | Vectorized FOC

DOA estimation methods based on FOC exploit the
property of the received data to construct a high-order
difference (sum) co-array model, which can expand the
DOFs of the sparse array [7,8]. Further, high-precision
parameter estimation can be achieved. Cum(�) is
calculated as [27,28]

Cum xk1, xk2, x
�
k3, x

�
k4

� �¼E xk1xk2x
�
k3x

�
k4

� ��E xk1xk2ð ÞE x�k3x
�
k4

� �
�E xk1x

�
k3

� �
E xk2x

�
k4

� ��E xk1x
�
k4

� �
E xk2x

�
k3

� � ,
ð5Þ

where k1, k2, k3, k4, 1 ≤ k1, k2, k3, k4 ≤ L are integers. The
FOC matrix of the received signal x(t) is given as [7,8]

C4,x ¼
XK
k¼1

c4,sk a θkð Þ
O

a� θkð Þ
h i

a θkð Þ
O

a� θkð Þ
h iH

¼
XK
k¼1

c4,ska4,x θkð ÞaH4,x θkð Þ
,

ð6Þ
where

a4,x θkð Þ¼ a θkð Þ
O

a� θkð Þ, 1≤ k≤K, ð7Þ

whose elements can be constructed using 3 with a
specific form e�jπ di�djð Þsinθk , di, dj � . Here, c4,sk ¼
Cum sk tð Þ, sk tð Þ, s�k tð Þ, s�k tð Þ� �

denotes the FOC of sk(t)
calculated using 5.

In practice, a4,x(θk) can be considered as the steering
vector of C4,x, which expands from a(θk) (a(θk) )
a4,x(θk)). To further improve the accuracy of the DOA
estimates, C4,x is vectorized as

z¼ vec C4,xð Þ¼Avec θð Þp, ð8Þ

where p¼ c4,s1, c4,s2 ,…, c4,sK½ �T . Further,
Avec θð Þ¼
a�4,x θ1ð Þ

O
a4,x θ1ð Þ, a�4,x θ2ð Þ

O
a4,x θ2ð Þ, …, a�4,x θKð Þ

O
a4,x θKð Þ

h i
,

¼ avec θ1ð Þ, avec θ2ð Þ,…, avec θKð Þ½ �
ð9Þ

F I GURE 1 Two-level nested array structure
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whose elements are constructed using 4 with the specific
form e�jπ di�djð Þsin θk , di, dj � dc.

According to Definitions 1 and 2, the steering
vector avec(θk) corresponding to z can be regarded as
expanding from a(θk) through twice difference co-array
calculation (a(θk) ) a4,x(θk) ) avec(θk)). The closed-form
expression of steering vector a4,x(θk) location can be
stacked as [16]

L1 ¼ �Mad, � Ma�1ð Þd,…,0,…, Ma�1ð Þd, Madf g,
Ma ¼M Mþ1ð Þ�1:

ð10Þ

The closed-form expression of the steering vector avec(θk)
location obtained by FODC can be represented as

L2 ¼ �Mbd, � Mb�1ð Þd,…,0,…, Mb�1ð Þd, Mbdf g,
Mb ¼ 2Ma¼ 2 M Mþ1ð Þ�1ð Þ: ð11Þ

As depicted in Figures 2 and 3, the co-array posi-
tions of a4,x(θk) and avec(θk) are completely consecutive
with many redundant elements. Notably, avec(θk) can
be treated as an extended steering vector whose virtual
sensors are distributed uniformly. According to Pal and
Vaidyanathan [15], a (2Mb + 1) � K matrix, Αsort, is
formed by removing the redundancy from avec(θk),
with the location distributed from �Mbd to Mbd.
According to 8 and 11, the vector z1 can be con-
structed as

z1 ¼Αsortp, ð12Þ

where the value of p is as given in 8. Here,
Αsort �C 2Mbþ1ð Þ�K is the steering matrix, whose specific
expression can be given as

Asort ¼ asort θ1ð Þ, asort θ2ð Þ, …, asort θKð Þ½ �
ej

2π
λ �Mbð Þd sin θ1 ej

2π
λ �Mbð Þd sin θ2 � � � ej

2π
λ �Mbð Þd sin θK

..

. ..
. . .

. ..
.

1 1 1 1

..

. ..
. . .

. ..
.

ej
2π
λMbd sin θ1 ej

2π
λMbd sin θ2 � � � ej

2π
λMbd sin θK

2
6666666664

3
7777777775
:

ð13Þ

In addition, the locations of physical sensors, differ-
ence co-array, and FODC have been shown in Figure 4.

3 | SUCCESSIVE METHOD

The DFT algorithm requires a consecutive uniform array
[26]. Figure 4 illustrates that the steering matrix Αsort

corresponds to FODC with a completely consecutive
location L2, and the total number of the co-array is
T = 2Mb + 1 = 4(M(M + 1) � 1) + 1 with a range of
[�Mbd, Mbd].

F I GURE 2 Difference co-array location and weight value

(M = 3)

F I GURE 3 Fourth-order difference co-array location and

weight value (M = 3)
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3.1 | Initial estimation

The normalized DFT matrix F � CT � T is defined as [26]

F¼ 1ffiffiffiffi
T

p

W 1
T W 2

T � � � WT
T

W 2
T W 4

T � � � W 2T
T

..

. ..
. ..

.

WT
T W 2T

T � � � WT2

T

2
66664

3
77775, ð14Þ

where the element F corresponding to coordinates (p,q)
is Wpq

T ¼ e�j2πpq=T ,p,q� 1,T½ �. Assume that the kth
(k= 1, 2, � � �, K) steering vector is asort(θk)�CT� 1 con-
structed using 13; then, the steering vector after DFT
operation can be written as

easort θkð Þ¼Fasort θkð Þ, ð15Þ

whose qth element is

easort θkð Þ½ �q ¼

1ffiffiffiffi
T

p
sin

T
2

2π
T
q�π sin θk

� 	
 �

sin
1
2

2π
T
q�π sin θk

� 	
 � e�jT�1
2

2π
T q�π sin θkð Þ: ð16Þ

According to 16, when T sin θk/2 = qk is an integer, only
the q = qkth (for example, T = 45, θk = arcsin[30/45]) ele-
ment of easort θkð Þ is not zero, as shown in Figure 5A; when
qk(for example,T= 45, θk= 10�) is not an integer, most of
the elements in 16 are small values close to zero except
q= round{qk}th element, as shown in Figure 5B. There-
fore, the initial estimates θk can be obtained by finding

the approximate position of the nonzero elements easort θkð Þ,
which can be used to estimate the number of sources.

Remark 1. The source number K can also be esti-
mated by the methods described in Ye and Zhang
and Wu et al. [29,30].

In practical applications, the target parameter esti-
mates can be obtained by performing DFT on the
received signal z1. Assume that the vector after DFT is
yini = Fz1, whose spectrum corresponding to K largest
peaks can be given as qinik k¼ 1,…,Kð Þ, then the initial
DOA estimates can be calculated using

θinik ¼ arcsin 2qinik =T
� �

, k¼ 1,2,…,K: ð17Þ

F I GURE 4 Comparison of different locations (M = 3)

F I GURE 5 Discrete Fourier transform algorithm spatial

spectrum (M = 3)
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3.2 | Fine estimation

According to Figure 5B, when T sin θk/2 = qk is not an
integer, more accurate DOA estimates cannot be obtained
by calculating qinik . Capon methods can improve DOA
estimation performance, which costs expensive computa-
tional complexity resulting from TSS; however, the fine
estimation process that was exploited under known ini-
tial estimates can effectively reduce complexity.

This part first uses the DFT algorithm described in
Section 3.1 to obtain the initial estimation then utilizes
the SS-Capon method to obtain the fine estimation by
performing partial peak searching.

According to Shan et al. [31], SS methods require a
full-rank FOC matrix. By employing the process
described in Figure 6, the consecutive virtual array mani-
fold Αsort is divided into (T + 1)/2 overlapping subarrays,
and each subarray contains (T + 1)/2 elements, where
the position of ith subarray can be given as

�iþ1þnð Þd, n¼ 0,1,…, T�1ð Þ=2f g, ð18Þ

whose VFOC matrix z1i is from row (T + 1)/2 + 1 � i to
row T + 1 � i of z1. The covariance matrix can be con-
structed using

Ri ¼ z1izH1i : ð19Þ

Next, sum the covariance matrices of all (T + 1)/2 sub-
arrays, then the full rank SS matrix R can be calculated by

R¼ 2
Tþ1

XTþ1ð Þ=2

i¼1

Ri: ð20Þ

The SS matrix possesses a similar form as the signal
covariance matrix based on the conventional subspace
algorithm, which can be used to obtain accurate DOA
estimates. After obtaining the initial estimation θinik ,
according to the orthogonal relationship between R
and steering vector asub(θ), the spectral function of the
Capon method in the interval θinik �Δ,θinik þΔ

� �
can be

given as [6]

PSS�Capon ¼ 1
aHsub θð ÞR�1asub θð Þ , ð21Þ

where Δ represents a small value, for example, Δ = 1�.
asub(θ) denotes the steering vector of an arbitrary
subarray depicted in Figure 6 without loss of generality,
considering asub(θ) = [1, e�j2πd sin θ/λ, …, e�jπ(T � 1)d sin θ/λ],
θ� θinik �Δ,θinik þΔ

� �
. The fine estimates bθk, k¼ 1,…, Kð Þ

can be obtained by performing spectrum peak
searching 21.

3.3 | The procedure of the proposed
method

We summarize the main steps of the proposed method as
follows.

1. Compute FOC matrix C4,x of NA, and perform VFOC
on C4,x to obtain z.

2. Sort z and remove the redundancy to obtain z1.
3. Construct DFT matrix F, and obtain the position

qinik k¼ 1,2, � � �, Kð Þ of the K largest peaks of the vector
y=Fz1.

4. Construct the spectral function, and perform peak
searching using 21 within range θinik �Δ,θinik þΔ

� �
to

obtain the fine estimate bθk.

4 | PERFORMANCE ANALYSIS

4.1 | Computational complexity

In this section, the computational complexity comparison
of VFOC-SSCapon, VFOC-SSMUSIC [22], VFOC-SSESPRIT
algorithm, and the proposed method is analyzed. Based
on the times of complex multiplications, for the proposed
method, calculating the FOC matrix requires O{(2M)4L},
obtaining initial estimate needs O{T2}, and the peak
searching process costs O{2W3 + nW(W + 1)}, where
n = 400 denotes the number of peak searching iterations
in fine estimation. T = 4(M(M + 1) � 1) + 1 represents
the total number of FODC, W = (T + 1)/2. Then, the

F I GURE 6 The process of spatial smoothing

TAB L E 1 Computational complexity comparison of different

algorithms

Methods Computational complexity

Proposed O{(2M)4L + T2 + 2W3 + nW(W + 1)}

VFOC-SSCapon O{(2M)4L + 2W3 + n1W(W + 1)}

VFOC-SSMUSIC O{(2M)4L + 2W3 + n2W(2(W � K) + 1)}

VFOC-SSESPRIT O{(2M)4L + 2W3 + K2(W � 1 + K)}

Abbreviations: ESPRIT, estimation of signal parameters via rotational
invariance techniques; MUSIC, multiple signal classification; VFOC,
vectorized fourth-order cumulant.
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total computational complexity is given as O{(2M)4L + T2

+ 2W3 + nW(W + 1)}.
The computational complexity of the above algo-

rithms is summarized in Table 1, where n1 = n2 = 9000
represents the peak search times of the VFOC-SSCapon
and VFOC-SSMUSIC algorithm, respectively, and the
peak search interval is Δ = 0.01�. Further, Figure 7 shows
the computational complexity comparison versus sensors,
where K = 2, L = 1000. Figure 8 depicts the computa-
tional complexity comparison versus snapshots, where
K = 2, M = 3. Considering the TSS suffers from expen-
sive computational complexity, the proposed method per-
forms PSS, which effectively reduces cost. As illustrated
in Figures 7 and 8, the approximate low complexity of
the proposed method is attributed to the VFOC-
SSESPRIT algorithm, which is significantly lower than
that obtained using the VFOC-SSCapon and VFOC-
SSMUSIC algorithms; thus, the superior computational
efficiency of the proposed method can be proved.

4.2 | Cramer–Rao bound

The CRB represents the lower bound of the parameter
estimation error variance, which can be calculated using
the inverse of the Fisher information matrix (FIM), that
is, CRB(θk) = [FIM�1(θ)](k,k), θ = [θ1, …, θK], 1 ≤ k ≤ K.
When the number of sources is greater than the number
of sensors, conventional closed-form expressions of CRB
in Stoica and Nehorai [32] cannot be used directly

because of the nonsingular FIM. According to Mianzhi
et al. [33], the FIM under the condition of zero-mean
Gaussian noise can be given as

FIM¼L
∂z
∂η


 �H
CT
4,x

O
C4,x

 ��1 ∂z
∂η

, ð22Þ

where L represents the number of snapshots, z =

vec(C4,x), C4,x is obtained using 6, and
η¼ θ1,…, θK , c4,s1 ,…, c4,sK½ �T .

Thus, the CRB of VFOC methods can be expressed as

CRB θkð Þ¼ FIM�1 θð Þ� �
k,kð Þ, θ¼ θ1,…, θK½ �, 1≤ k≤ K:

ð23Þ

4.3 | Achievable DOFs

FOC methods use a difference co-array to expand
DOFs in contrast to SOC methods for the two-level
NA with M1 = M2 = M. Herein, the number of
achievable DOFs of conventional FOC methods is {2M
(M + 1) � 1}. However, VFOC-SSMUSIC and VFOC-
SSESPRIT lose half of the DOFs owing to the necessity
for SS. Therefore, the maximum DOFs are also {2M(M
+ 1) � 1}. Table 2 and Figure 9 illustrate the compari-
son of DOFs with 6 elements and DOFs with different
M, respectively.

F I GURE 7 Computational complexity comparison versus

sensors

F I GURE 8 Computational complexity comparison versus

snapshots
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The total virtual elements of FODC can be obtained
using 4 through twice difference co-array calculation.
Considering the physical array number is 2M = 6, then
the total elements of FODC are (2M)4 = 1296. The
position of the FODC corresponding to Figure 1 is con-
secutive, whose closed-form expression of co-array has
been presented in 11. The DOFs of FODC can be
calculated using

DOFs¼ 4 M Mþ1ð Þ�1ð Þþ1: ð24Þ

4.4 | Advantages

Based on the above discussion, the proposed method has
the following advantages.

1. The steering vector constructed by the VFOC method
corresponds to FODC, which fully improves the DOFs.

2. The initial DFT estimation process in the proposed
method can be used to estimate the number of
sources. Only the fine estimation part requires a small

number of peak searching times in small range with
low complexity, which ensures the DOA estimation
performance.

3. The computational complexity of the proposed
method is much lower than the VFOC-SSCapon and
VFOC-SSMUSIC algorithm, which is approximately
as low as the VFOC-SSESPRIT algorithm.

4. It outperforms the VFOC-SSESPRIT and VFOC-SSPM
algorithm and is slightly worse than the VFOC-
SSMUSIC algorithm in terms of parameter estimation
performance.

5 | SIMULATIONS

In this section, 500 Monte-Carlo simulations
were performed on the proposed method to validate
the method’s performance. Assume that the incident
angles are K uncorrelated far-field non-Gaussian
signals. Define the root mean square error (RMSE) as

RMSE¼ 1
K

XK
k¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
500

X500
i¼1

bθk,i�θk
 �2

vuut , ð25Þ

where θk denotes the true elevation of the kth target andbθk,i denotes the estimated value of θk in the ith (i= 1,
…, 500) Monte Carlo simulation.

5.1 | Scatter figures

Considering that K = 15 uncorrelated far-field non-
Gaussian signals are incident on the two-level NA with
M1 = M2 = M = 3, the elevations of the targets are uni-
formly distributed between �70� and 70�, where
L = 1600, SNR = 30 dB. The results of one-time
simulation and 100 times are presented in Figure 10A,B,
respectively. Figure 10 clearly illustrates that although
the number of targets is greater than the number of
physical sensors, the proposed method can effectively
obtain accurate DOA estimates.

5.2 | RMSE comparison versus the
different number of snapshots

We present the DOA estimation performance
comparison versus the different number of snapshots
in Figure 11, where (θ1, θ2, θ3, θ4, θ5, θ6, θ7, θ8) =
(0�, 10�, 20�, 30�, 40�, 50�, 60�, 70�) andM1 = M2 = M = 3.
Besides, the peak-searching range of the fine estimation

TAB L E 2 Comparison of different DOFs

Total
elements DOFs

Consecutive
DOFs

Physical array 6 6 4

Difference
Co-array

36 23 23

FODC 1296 45 45

Abbreviations: DOFs, degrees of freedom; FODC, fourth-order difference co-

array.

F I GURE 9 Achievable degrees of freedom comparison
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is θinik �Δ,θinik þΔ
� �

, Δ¼ 0:01�, and the number of
searches is 400. As the increasing number of snapshots
leads to a more accurate FOC matrix, DOA estimation
performance becomes better.

5.3 | RMSE comparison versus the
different number of sensors

In this simulation, the RMSE comparison of the proposed
method versus the different number of sensors is
provided in Figure 12, where (θ1, θ2, θ3, θ4, θ5, θ6, θ7, θ8)
= (0�, 10�, 20�, 30�, 40�, 50�, 60�, 70�), L = 1000. It is
depicted explicitly that the increased number of sensors
results in enhanced DOA estimation performance.

Because the long consecutive virtual elements can be
produced by FODC with NA, and more sensors mean
more virtual elements, improved angular resolution can
be obtained as the receiving diversity gain increases.

5.4 | RMSE comparison of different
algorithms

Figure 13 shows the DOA performance comparison of
different algorithms, including the proposed method,
VFOC-SSMUSIC [22], VFOC-SSESPRIT, and the VFOC-

F I GURE 1 0 Scatter figure of elevation estimates

F I GURE 1 1 Direction of arrival (DOA) estimation

performance comparison versus different L

F I GURE 1 2 Direction of arrival (DOA) estimation

performance comparison versus different M
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SSPM algorithm, where (θ1, θ2, θ3, θ4, θ5, θ6, θ7, θ8) =
(0�, 10�, 20�, 30�, 40�, 50�, 60�, 70�), M1 = M2 = M = 3.
We also provide the performance of initial and fine esti-
mates obtained by the proposed method. The remaining
simulation parameters in Figure 13A,B are set as
L = 1000 and SNR = 10 dB, respectively. Figure 13
clearly illustrates that the proposed method and the
VFOC-SSMUSIC algorithm outperform the VFOC-
SSESPRIT and VFOC-SSPM algorithm, benefitting from
the spectrum peak searching of the FODC. Moreover, the
proposed method performs spectrum peak searching
within a limited range, resulting in slightly worse DOA esti-
mation performance than the VFOC-SSMUSIC algorithm,
however, with much lower computational complexity.

5.5 | Resolution probability of different
algorithms

Resolution probability is an important indicator that
verifies the DOA estimation performance of different
algorithms. We compare the resolution probability
of each algorithm mentioned in Section 4.1 with the
two closely spaced non-Gaussian sources, as shown in
Figure 14. According to Stoica and Gershman [34], if
both jbθ1�θ1 j and jbθ2�θ2 j are smaller than jθ1� θ2 j /2,
the two close sources can be regarded as resolvable.
The incident angles of this simulation are θ1= 10� and
θ2=Δ+ θ1, where Δ represents the angle interval,
M1=M2=M= 3, SNR= 10 dB, L= 1000. The resolution
probability of the proposed method outperforms that of
the VFOC-SSPM and VFOC-SSESPRIT algorithms when
the angular separation enlarges. The spectral search
limits the resolution performance because the non-
Gaussian signals spaced too closely may produce only
one peak, resulting in the probability loss.

6 | CONCLUSION

Herein, we derive a successive method for the DOA esti-
mation of non-Gaussian signals with NA. We consider
the FODC to improve DOFs, wherein the vectorization
operation is performed to complete the correspondence
between the VFOC matrix and FODC. Further, a succes-
sive method is proposed to obtain DOA estimates by
exploiting DFT and SS-Capon algorithm. The DFT
algorithm is used to obtain the initial estimation with
long consecutive co-array, which can also be used to
estimate the number of sources. Moreover, partial

F I GURE 1 3 Root mean square error (RMSE) comparison of

different algorithms

F I GURE 1 4 Resolution probability of different algorithms
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spectrum peak searching via the SS-Capon method
effectively reduces the computational complexity.
Numerical simulations verify the priority of the com-
plexity, achievable DOFs, and the DOA performance of
the proposed method.

ACKNOWLEDGMENTS
This work is funded by the National Natural Science
Foundation of China, Grant Numbers 61971217,
61971218, and 61631020; the fund of Sonar Technology
Key Laboratory (research on the theory and algorithm of
signal processing for two-dimensional underwater acous-
tics coprime array); and the graduate innovative base
(laboratory) open fund of Nanjing University of Aeronau-
tics and Astronautics, Grant Number: kfjj20200421.

CONFLICT OF INTEREST
The authors declare that there are no conflicts of interest.

AUTHOR CONTRIBUTIONS
Changbo Ye designed the study, complied the models,
simulated the algorithms, and wrote the manuscript.
Weiyang Chen contributed data, model components for
the NA, and the discussion of the study. Beizuo Zhu par-
ticipated in the part of the algorithm simulation work.
Leiming Tang contributed to the data analysis and the
background of this study. All authors commented on the
manuscript draft and approved the submission.

ORCID
Changbo Ye https://orcid.org/0000-0002-3595-7916

REFERENCES
1. H. Krim and M. Viberg, Two decades of array signal processing

research: The parametric approach, IEEE Signal Process. Mag.
13 (1996), no. 4, 67–94.

2. G. J. Foschini et al., Simplified processing for high spectral effi-
ciency wireless communication employing multi-element arrays,
IEEE J. Sel. Areas Commun. 17 (1999), no. 11, 1841–1852.

3. R. O. Schmidt, Multiple emitter location and signal parameter
estimation, IEEE Trans. Antennas Propag. 34 (1986), no. 3,
276–280.

4. R. Roy and T. Kailath, ESPRIT-estimation of signal parameters
via rotational invariance techniques, IEEE Trans. Acoust.
Speech Signal Process. 37 (1989), no. 7, 984–995.

5. S. Marcos, A. Marsal, and M. Benidir, The propagator method
for source bearing estimation, Signal Process. 42 (1995), no. 2,
121–138.

6. P. Stoica, P. Händel, and T. Söderström, Study of Capon
method for array signal processing, Circuits, Syst. Signal Pro-
cess. 14 (1995), no. 6, 749–770.

7. M. C. Dogan and J. M. Mendel, Applications of cumulants to
array processing. II. aperture extension and array calibration,
IEEE Trans. Signal Process. 43 (1995), no. 5, 1200–1216.

8. N. Yuen and B. Friedlander, DOA estimation in multipath: An
approach using fourth-order cumulants, IEEE Trans. Signal
Process. 45 (1997), no. 5, 1253–1263.

9. L. Chao, Y. Zhongfu, and Z. Yufeng, DOA estimation based on
fourth-order cumulants with unknown mutual coupling, Signal
Process. 89 (2009), no. 9, 1839–1843.

10. J. K. Tugnait, On time delay estimation with unknown spatially
correlated Gaussian noise using fourth-order cumulants and
cross cumulants, IEEE Trans. Signal Process. 39 (1991), no. 6,
1258–1267.

11. M. C. Dogan and J. M. Mendel, Applications of cumulants to
array processing. II. non-Gaussian noise suppression, IEEE
Trans. Signal Process. 43 (1995), no. 7, 1663–1676.

12. A. Agarwal et al., Higher order statistics based direction of
arrival estimation with single acoustic vector sensor in the
under-determined case, in Proc. OCEANS 2016 MTS/IEEE
Monterey (Monterey, CA, USA), Sept. 2016.

13. E. Gonen, J. M. Mendel, and M. C. Dogan, Applications of
cumulants to array processing. IV. direction finding in coherent
signals case, IEEE Trans. Signal Process. 45 (1997), no. 9,
2265–2276.

14. P. P. Vaidyanathan and P. Pal, Sparse sensing with co-prime
samplers and arrays, IEEE Trans. Signal Process. 59 (2011),
no. 2, 573–586.

15. P. Pal and P. P. Vaidyanathan, Coprime sampling and the MUSIC
algorithm, in Proc. Digit. Signal Process. Signal Process. Edu.
Meet. (DSP/SPE), (Sedona, AZ, USA), Jan. 2011, pp. 289–294.

16. P. Pal and P. P. Vaidyanathan, Nested arrays: A novel approach
to array processing with enhanced degrees of freedom, IEEE
Trans. Signal Process. 58 (2010), no. 8, 4167–4181.

17. A. T. Moffet, Minimum-redundancy linear arrays, IEEE Trans.
Antennas Propag. 16 (1968), no. 2, 172–175.

18. Q. Shen et al., Extension of co-prime arrays based on the fourth-
order difference co-array concept, IEEE Signal Process. Lett. 23
(2016), no. 5, 615–619.

19. Q. Shen et al., Simplified and enhanced multiple level nested
arrays exploiting high-order difference co-arrays, IEEE Trans.
Signal Process. 67 (2019), no. 13, 3502–3515.

20. F. Zhe, P. Charge, and W. Yide, A virtual nested MIMO array
exploiting fourth order difference coarray, IEEE Signal Process.
Lett. 27 (2020), 1140–1144.

21. B. Porat and B. Friedlander, Direction finding algorithms based
on high-order statistics, IEEE Trans. Signal Process. 39 (1991),
no. 9, 2016–2024.

22. Y. Zhang et al., High-accuracy DOA estimation based on vec-
torized fourth-order cumulant with coprime array, in Proc.
IEEE Int. Conf. Commun. Technol. (Xi’an, China), Oct. 2019,
pp. 210–215.

23. A. Ahmed, Z. D. Yimin, and B. Himed, Effective nested array
design for fourth-order cumulant-based DOA estimation, in
Proc. IEEE Radar Conf. (RadarConf), (Seattle, WA, USA), May
2017, pp. 998–1002.

24. C. Guanghui et al., High accuracy near-field localization algo-
rithm at low SNR using fourth-order cumulant, IEEE Comm.
Lett. 24 (2020), no. 3, 553–557.

25. W. Zeng, X. L. Li, and X. D. Zhang, Direction-of-arrival estima-
tion based on the joint diagonalization structure of multiple
fourth-order cumulant matrices, IEEE Signal Process. Lett. 16
(2009), no. 3, 164–167.

YE ET AL. 879

https://orcid.org/0000-0002-3595-7916
https://orcid.org/0000-0002-3595-7916


26. R. Z. Cao et al., A low-complex one-snapshot DOA estimation
algorithm with massive ULA, IEEE Commun. Lett. 21 (2017),
1071–1074.

27. L. Huang et al., MMSE-based MDL method for robust estima-
tion of number of sources without eigen-decomposition, IEEE
Trans. Signal Process. 57 (2009), no. 10, 4135–4142.

28. H. D. Griffiths and R. Eiges, Sectora phase modes from circular
antenna arrays, Electron. Lett. 28 (1992), no. 17, 1581–1582.

29. Z. Ye and Y. Zhang, DOA estimation for non-Gaussian signals
using fourth-order cumulants, IET Microw. Antenna P. 3
(2009), no. 7, 1069–1078.

30. H.-T. Wu, J. F. Yang, and F. K. Chen, Source number estimator
using Gerschgorin disks, in Proc. IEEE Int. Conf. Acoust., Speech
Signal Process. (Adelaide, Australia), Apr. 1994, pp. 261–264.

31. T.-J. Shan, M. Wax, and T. Kailath, On spatial smoothing for
direction-of-arrival estimation of coherent signals, IEEE Trans.
Acoust., Speech Signal Process. 33 (1958), no. 4, 806–811.

32. P. Stoica and A. Nehorai, Performance study of conditional and
unconditional direction-of-arrival estimation, IEEE Trans.
Signal Process. 38 (1990), no. 10, 1783–1795.

33. M. Wang and A. Nehorai, Coarrays, MUSIC, and the Cramér–
Rao bound, IEEE Trans. Signal Process. 65 (2017), no. 4, 933–946.

34. P. Stoica and A. B. Gershman, Maximum-likelihood DOA
estimation by data-supported grid search, IEEE Signal Process.
Lett. 6 (1999), no. 10, 273–275.

AUTHOR BIOGRAPHIES

Changbo Ye received his BE degree
in electronic information science and
technology from the Nanjing Univer-
sity of Aeronautics and Astronautics,
Nanjing, Jiangsu, China, in 2019. He
is currently pursuing his ME degree
in electronic information from the

College of Electronics and Information Engineering,
Nanjing University of Aeronautics and Astronautics,
Nanjing, Jiangsu, China. His research interests include
array signal processing and sparse array design.

Weiyang Chen received her ME
degree from the College of Electron-
ics and Information Engineering,
Nanjing University of Aeronautics
and Astronautics, Nanjing, Jiangsu,
China, in 2011, and her PhD degree
in communication and information

systems from the College of Electronics and Infor-
mation Engineering, Nanjing University of Aeronau-
tics and Astronautics, Nanjing, Jiangsu, China, in
2019. Her research interests include array signal
processing.

Beizuo Zhu received his BE degree
in information engineering from the
Nanjing University of Aeronautics
and Astronautics, Nanjing, Jiangsu,
China, in 2019. He is currently pur-
suing his ME degree in communica-
tion and information systems from

the College of Electronics and Information Engineer-
ing, Nanjing University of Aeronautics and Astronau-
tics, Nanjing, Jiangsu, China. His research interests
include array signal processing and communication
signal processing.

Leiming Tang received his BE
degree in information engineering
from the Nanjing University of Aero-
nautics and Astronautics, Nanjing,
Jiangsu, China, in 2019. He is cur-
rently pursuing his ME degree in
communication and information sys-

tems from the College of Electronics and Information
Engineering, Nanjing University of Aeronautics and
Astronautics, Nanjing, Jiangsu, China. His research
interests include signal processing.

880 YE ET AL.


